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1 Introduction 

This article is a summary of our work [8]. The molecules of nematic liquid crystal flows as 

in a liquid phase; however, they have the orientation order. In order to analyze the biaxial 

nematic liquid crystal flows, Beris and Edwards [3] proposed the N x N symmetric, trace-

less matrix as the director fields, which is called (Ql-tensor. In this article, we consider the 

coupled system by the Navier-Stokes equations with a parabolic-type equation describing 

the evolution of the director fields (Ql. 
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in酎 fortE (0, T), 

in酎 fortE (0, T), 

in酎 fortE (0, T), 

in股N.

(1.1) 

Here, Ot = 8/ot, t is the time variable, u(x, t) =（附(x,t),..., uN(x, t)f is the fluid 
velocity, where MT denotes the transposed M, and p = p(x, t) is the pressure. For a 

vector of functions v, we set div v =区f＝1切Vj,and also for N x N matrix field A 

with (j, k)th components Ajk, the quantity Div A is an N-vector with ih component 

立 ぶAjk,where 8k = 8/oxk. The tensors S(Vu, Q), T(Q), and噂） are

S(Vu, Q) = ((D(u) + W(u)) (Q + ¾1 
+ （Q十い）伍D(U)-WN(：))-2((Q＋い）Q ▽u, 

噂）＝ 2(H:Q (Q + ¾1) -(［叫Q＋責1)+ (Q＋い） H]-VQ 0 VQ, 

び(Q)= QH-HQ, 
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where D(u) =（▽u+（▽uf)/2 and W(u) =（▽u-（▽uf)/2 denote the symmetric 
and antisymmetric part of▽u, respectively. A scalar parameter, E良 denotesthe ratio 
between the tumbling and the aligning effects that a shear flow would exert over the 
directors. Moreover, I is the N x N identity matrix, 

H=△Q -aQ + b(Q2 -tr(Q2)1/N) -ctr(QりQ,

and the (i, j) component of▽Q① ▽Q is~:,(3＝18iQa(3むQa(3 ．
In this article, we consider the global well-posedness for (1.1) for small initial data in 

the following solution class: 

uE n W}((O,T)，ら（酎）N)nら((0,T), W,点記）州，
q=q1,q2 

QE nw以(0,T), WJ（酎；S。））nら((0,T)，叩（酎；§o))
q=q1,q2 

(1.2) 

with certain p, q1, and q2. 
Mathematically the Beris-Edwards model (1.1) has been studied by many authors 

in recent years. Concerning strong solutions, Abels, Dolzmann, and Liu [1] showed the 
existence of a strong local solution and global weak solutions with higher regularity in 
time in the case of inhomogeneous mixed Dirichlet/Neumann boundary conditions in a 
bounded domain without any smallness assumption on the parameter~- Liu and Wang [7] 
improved the spatial regularity of solutions obtained in [1] and generalized their result to 
the case of anisotropic elastic energy. Abels, Dolzmann, and Liu [2] also proved the local 
well-posedness with Dirichlet boundary condition for the classical Beris-Edwards model, 
which means that恥 idviscosity depends on the (Q-tensor, but for the case ~ = 0 only. 
Cavaterra et al. [4] showed the global well-posedness in the two-dimensional periodic case 
without any smallness assumption on the parameter ~- Xiao [13] proved the global well-
posedness for the simplified model with ~ = 0 in a bounded domain. He constructed a 
solution in the maximal Lp-Lq regularity class. Recently, Schonbek and the second author 

in [10] proved the global well-posedness for any~ and small initial data in the class (1.2). 
The difference between [10] and the present article is the linear terms of the model. More 
precisely, the problem (1.1) is separated into the linear part and nonlinear part as follows: 
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in酎 fortE (0, T), 

in酎 fortE (0, T), 

in酎 fortE (0, T), 

in JR凡

(1.3) 

where 

(3 = 2~/N, 

f(u,Q) = -(u• • )u + Div [2~H: Q(Q + 1/N)-（い＋ l)HQ+ (1一訊）QH― ▽ 応 匹l
-(3Div {b(Q2 -tr(Qり1/N)-ctr(QりQ},

G(u,Q) = -(u• ▽)Q 十叩(D(u)Q + QD(u)) + W(u)Q-QW(u) -2訊(Q+ 1/N)Q: Vu 

+ b(Q2 -tr(Qり1/N)-ctr（ざ）Q.
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On the other hand,△(Ql-a(Ql is removed from the tensor T((Ql), and sou part and (Ql part 
of linearized equations are essentially separated in [10]. This is a big difference between 
[10] and the present article. 

Before stating the main result of this article, we summarize several symbols and func-
tional spaces used throughout the article. N,股 andC denote the sets of all natural 
numbers, real numbers and complex numbers, respectively. We set N。=NU{O} and 

股＋ ＝（0, oo). For any multi-index a = (aい•.．，知） EN岱wewrite lal = a1 +・・・＋知

and的＝叩・ • • 8笠withx = (x1,..., XN). For scalar function f, N-vector of functions 
g, and N x N matrix fields G, we set 

▽勺＝（的fI lal = k)，▽kg= (8砂 Ilal = k, j = 1,..., N), 

▽℃ =（的GjRI lal = k, j, £ = 1,..., N). 

For Banach spaces X and Y,.C(X, Y) denotes the set of all bounded linear operators from 
X into Y,.C(X) is the abbreviation of.C(X, X), and Hol (U,.C(X, Y)) the set of all.C(X, Y) 
valued holomorphic functions defined on a domain U in C. For any 1：：：：： p,q：：：：： oo, Lq(罠汀
w;:（記） andBん（町） denotethe usual Lebesgue space, Sobolev space and Besov space, 

while II ・||ら（訟）， II・ lltt'.『⑱)andII ・ IIBg_p⑱ )denote their norms, respectively. We set 

wi（罠N)= Lq（股N)and W,;（恥N)= B;,q(〗屯N). coo（股N)denotes the set of all C00 functions 
defined on記ら((a,b), X) and W;:'((a, b), X) denote the standard Lebesgue space and 
Sobolev space of X-valued functions defined on an interval (a, b), respectively. The d-

product space of X is defined by X叫whileits norm is denoted by 11 ・ llx instead of 11 ・ llxd 
for the sake of simplicity. Let 

S。=｛QE良N2I (Ql =び，tr(Ql= O}. 

The space for a tensor is defined by 

N 

這疇。） ＝ ｛G：酎→ S。|||Gllx=区||G』|X< 00 it IIGijllx < oo} 

for the Banach space X. We set 

w戸（酎）＝ ｛（f,G)lfEW;'（記）凡 GEWバ酎；S。）｝,

ll(f, G)II~炉'£(RN) ＝||f||w『(RN)+IIGllwJ（炉）・

Let Fx = F and F;1 ¢ = F-1 denote the Fourier transform and the Fourier inverse 
transform, respectively, which are defined by setting 

1 
加＝左fl(t)=Jかい勺(x)dx, 庁［g](x)= ~ 1か□g(t)d( 

The letter C denotes generic constants and the constant Ca,b,… depends on a, b,.... The 
values of constants C and Ca,b,... may change from line to line. We use small boldface 
letters, e.g. f to denote vector-valued functions and capital boldface letters, e.g. G to 
denote matrix-valued functions, respectively. Furthermore, we set spaces and norms: 

Jq(JRN) = {u Eら(R州NIdivu = 0 in恥汀，

Dq,p（民N)= {(u,(Ql) I u E (B;,~-l/p) （股N)N n Jq（股N)),(Ql E B~,!2(1-1/p) （股凡 S。)}，

Xp,q,t = {(u, (Ql) I u E Lp((O, t), w;（股N)N)n w;((o, t), Lq（政N)N),

(Ql E Lp((O, t), W;（良凡島）） nW以(0,t), W,;（股凡S。)）｝，
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N(u,Q)(T) 

= L (11 <tジ (u,(Q) IILoo((O,T),W:炉（訟）） ＋II < t >b 8t(u, (Q)||ら（（0，T)，W炉（訟）））

q=q1,q2 

+II< t >b▽(u, (Q)||ら（（0，T)，W訳（砂）） ＋11 < tジ (u,(Q)||ら((O,T),W:が（訟））’

where < t >= (1 + t2)112, bis given in Theorem 1.1 below. 
The following theorem is our main result of this article. 

Theorem 1.1. Assume that N 2". 3. Let O < Tく oo,0 < IJ'< 1/2, and let p = 2 or 
p = 2 + /J'. Let q1 and q2 be numbers such that 

ql =2+6, 「：：：：： NN]2(::：) tJ N=  3,4, 

ゅ＞ N if N ：：：：： 5● 

Suppose that b = (Nーび）／（2(2+0'))if p = 2 and b = N/(2(2十び）） ifp = 2+0'. Then, there 
exists a small number E > 0 such that for any initial data (u0, (Q。)En:=1 Dq;,p（記） n 
児゚；位（股州 with

2 

1 :=Lll(u遠 o)||尻 ,p(か)+||（llo，ふ）1|W晶 団 ） ＜乳
i=l 

problem (1.1) admits a unique solution (u, <Q) with 

(u, <Q) EX紅 1,rn Xp,q2,r 

satisfying the estimate 

N(u,<Q)(T) 三€．

Remark 1.2. T > 0 is taken arbitrarily and E is chosen independent of T; therefore, 
Theorem 1.1 yields the global well-posedness for (1.1). 

2 Idea of the proof of Theorem 1.1 

Theorem 1.1 can be proved by the Banach fixed point argument. To explain our idea 
more precisely, we rewrite symbolically (1.1). 

{枷-::0=f(u) 
ult=O = u。

in酎 fortE (0, T), 

in艮凡

where u = (u, (Q)) and f(u) = (f(u), G(u)). Moreover, A is a linear operator 

Au= (P△u-(3PDiv（△(Q) -a(Q))'(3D(u)＋△Q-aQ) 

defined for (u, (Q)) E D(A), where P denotes the solenoidal projection and 

D(A) = (W.加（記）N n Jq（酎）） x叩（酎；So)．
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Let p, q1, andゅ beexponents given in Theorem 1. 1. Let E be a small positive number 

and let Ir,c be the underlying space defined as 

石，c= {u EX屈 1,TnX欧 2,Tlult=O = uo, N(u)(T) 三€，

sup IIQ(・, t)IIL00（か）::;1}. 
O<t<T 

Given v E Ir,c, let u be a solution to the equation: 

{伽-::0=f(v) 
ult=O = u。

in酎 fortE (0, T), 

in恥N・

The key estimate to apply the Banach fixed point argument is 

N(u)(T):s; C乳

(2.1) 

(2.2) 

Assuming that we know the linear operator A is the sectorial operator and the following 
several theorems concerning the estimates for the solutions of the linearized problem, we 

explain the outline of the proof of (2.2). For this purpose, we set u =附十四， whereu1 
satisfies the time-shifted equations: 

『凸＋入凶1-A附＝ f(v),

叫t=O= Q 

in酎 fortE (0, T), 

in股N

with some large constaJ1t入1and u2 satisfies the compensation equations: 

｛知—ふ＝入直1,
叫t=O= U。

in酎 fortE (0, T), 

in恥N・

Firstly, we consider (2.3). Replacing f(v) with f, we have the linearized problem: 

｛如＋入1;-Au= f, 
ult=D = 0 

in酎 fortE (0, T), 

in尺N.

(2.3) 

(2.4) 

(2.5) 

The solution of (2.5) satisfies the maximal Lが伝 regularityestimates as follows. 

Theorem 2.1. Let l < p, q < oo. Let b ~ 0. Then, th ere exists a constant入l > 1 

such that the following assertion holds: For any f Eら((0,T), W,虚'1（酎））， problem(2.5) 
admits a unique solution u E Xp,q,T possessing the estimate 

II < t >b OtU||伍((O,T),W:炉（か）） ＋II < t >b ullLp((o,T),W:戸（か））

~ CII < t >b JIILp((O,T),W:炉（応）・

By Theorem 2.1 and the estimates for nonlinear terms, we have 

駅叫（T)さCN(v)(T)2さC召，

where 

(2.6) 

N(u1)(T)=L II< t >b [)団1IILp((O,T),W:炉（詑）） ＋II< t >b]|ら((O,T),W:戸（砂））・
q=qi/2,qi,q2 
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Secondly, we consider (2.4). Note that the linear operator A generates a continuous 

analytic semigroup { eAth~o on 

ふ（酎）＝み（酎） x叩（酎；§o)

for 1 < q < oo such that u = eAtu。isa unique solution of (2.1) with f(v) = 0. Moreover, 

there exist constants,1 and C such that 

llu(t)llxq(RN):::; Ce11tlluollxq(RN), ll8tu(t)llxq(RN) :::; Ce11tt―1 lluo llxq(RN), 

II如 (t)llxq（か）:::;Ce11tlluollD(A) 
(2.7) 

for any t > 0. (2.7) and a real interpolation method (cf. Shibata and Shimizu [11, Proof 
of Theorem 3.9]) yield the following theorem. 

Theorem 2.2. Let 1 < p, q < oo. Then, for any u0 E Dq,p（記），（2.1)with f(v) = 0 
admits a unique solution u = eAtu0 possessing the estimate: 

lie―’rtatull1ク(R+,W;），1(RN)）＋ ||e―̂rtull1」p(IR+,Wi'3(JRNJ)~ Clluo llnq,p(JRN) (2.8) 

for any 1211・

Moreover, { eAt}t~0 satisfies the decay properties and a standard estimate. 

Theorem 2.3. Let u be the solution of (2.1) with f(v) = 0 for u。EXq（酎）． Then,u 

satisfies the following estimate: 

II▽u||w炉困）:::;Ct憎 (i-i)-打||uo||w炉（股N)+ lluollW:炉（砂）），

llotullW:炉（か）:::;Ct骨(½-;,)-l(lluollw:炉(JRN)+ lluollw,炉（か））

fort 2 1, 1 < qく 2:::;p < oo, j = 0, 1, 2. Moreover, 

llullw;・3（旧N）+ ||0tu||wg,1(RN)さ:C||Uo||w;，3(RN)

for O < t < 1. 

(2.9) 

(2.10) 

Remark 2.4. (2.10) follows from the fact that { eAt}t:".0 is the continuous analytic semi-

group. 

The Duhamel's principle implies that 

t 

匹＝ eAtuo+入lf eA(t-s)附(・,s) ds. 

゜
(2.11) 

For the first term of (2.11), we use (2.9) if t > 1 and (2.8) if O < t < 1. On the 

other hand, for the second term of (2.11), we use (2.9) and (2.10) in order to esti-
mate ft。~-1 eA(t-s)町(・,s) ds and JL1 eA(t-s)町(-,s) ds, respectively. For the later part, what 

阻 (t)E D(A) fort> 0 is a key observation. Therefore, by (2.6), we have 

N（四）（T):S C(I +.N（祖）（T)):SC召．

Combining (2.6) and (2.12), we have (2.2). 

(2.12) 
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3 R-boundedness of solution operators 

According to section 2, the key statements to prove Theorem 1.1 are the maximal LP― 

Lq regularity for the time-shifted equations, the generation of the continuous analytic 
semigroup { eAth2".o, and the estimates for { eAth2".□・ In order to show these statements, 
we analyze the following resolvent problem: 

｛入u―△u十▽p+/3Div（△? ; a!Q) = f, divu = 0 

入Q-/3D(u)―△IQ+a!Q = G 

where入isthe resolvent parameter varying in a sector 

9

9

 

N

N

 

股

股
.
m
.
m
 

(3.1) 

江，入。＝ ｛入 E(C 11 arg入I<7r - E,|入|ミ：入o}

for 0 ＜ €く -rr/2 and入。＞ 0.Moreover, we set an angleびoE (0, 1r /2) by 

び0= { ~rg(l + ii(3|）［［: ; ［ (3.2) 

In this section, we especially consider R-boundedness of solution operator families for 
(3.1). Here, we introduce the definition of R-boundedness of operator families. 

Definition 3.1. A family of operators T C £(X, Y) is called R-bounded on £(X, Y), 
if there exist constants C > 0 and p E [1, oo) such that for any n E N,｛刀｝j=lCT, 
仏｝J=lC X and sequences｛巧｝J=lof independent, symmetric, {-1, 1}-valued random 
variables on [O, 1], we have the inequality: 

{111|言叫）刀f』|vdu} 11P:::; c{ 1111 t叫）f』い｝l/p

The smallest such C is called R-bound of T, which is denoted by R.c(X,Y)(T). 

The following theorem is the main result of this section. 

Theorem 3.2. Let l < q < oo and入。＞ 0. Then, for any (J E ((J。頂／2),there exist 
operator families 

A（入） EHol（こ心o,£(W摩'1（酎），W；（記）州）

B（入） EHol（江，入。，£（W切'1（酎），w:国；§o)))

such that for any入＝ I+iT E I:r,，入。， fE Lq（町）N,and G E  WJ（か；S。)，

u=A（入）（f,G), Q=B（入）（f,G) 

are unique solutions of problem (3.1), and 

四w炉(JRN),Aq（応）（｛（喝）芯A（入） I 入€瓦び，入。｝）::; r, 

R£(W炉（か），尻（砂））（｛（喝）n冗B（入） I入E江，入。｝）さ r

(3.3) 

(3.4) 

for n = 0, 1, where S直＝ （炉u，入1/2▽u,>..u)，冗Q = (V℃，入1/2▽℃，入Q),Aq（記） ＝ 
Lq（町）い＋炉＋N,Bq（記） ＝ Lq（酎；良州 xLq（記；民N•)xWi（酎； S。）， andr is a constant 

independent of入．
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Remark 3.3. (i) Since Definition 3.1 with n = l implies the uniform boundedness of 
the operator family'T, solutions u and Q of equations (3.1) satisfy the resolvent 

estimate for any入E江，入。； therefore,the linear operator A generates a continuous 
At analytic semigroup {eAt}t20 satisfying (2.7). 

(ii) By Theorem 3.2 and the Weis operator valued Fourier multiplier theorem [12], we 
have Theorem 2.1. 

From now, we explain the outline of the proof of Theorem 3.2. Firstly, we calculate a 

solution formula of (3.1). Taking divergence of the first equation of (3.1), we have 

p = -/3(divDiv(Q-a△-1 divDivQ)＋△ー1div f. (3.5) 

Inserting (3.5) into the first equation of (3.1), we have 

（入—△)u-/3▽ divDiv (Q-a△-l(Q)+(3Div（△Q-a(Q) = f-v'△-1 div f. (3.6) 

Since the second equation of (3.1) yields 

（入—△ +a)Q = /3D(u) + G, 

Q can be represented by u; therefore, we only consider a solution formula for u below. 

Applying 入—△ +a to (3.6) we have 

u=P（入）―1{（入—△ +a)(f ―▽△-1 div f) 

+/3▽(divDivG -a△-1 div Div G) -/3Div（△G-aG)}, 

where P（入） ＝ （入—△）（入—(△ -a))+虎（△2_a△)．Thusu = (u1,..., UN) has form: 

Uj =A]（入）（f,G)

with 

where 
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心(IW= -(1年＋り土喜— a/3知—伊1~14
which has the following expansions : 

｛入(|<|） ＝ -（1 ＋炉薗＋ 0（|（ド），
入＿（IW= -(1-/32)1~12 -a+ o(|（ド） as1~1 • 0, 

入土(IW= (-1 土 il/31)1~12 + 0(1) as l~I ➔ 00. 

By (3.7) and (3.8), P（~'入） has the following estimate. 
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Lemma 3.4. Let a。bethe angle defined in (3.2). Then, for anyびE（びo,1r /2) and 
(~,入） E良Nx ~u,o, we have 

IP(~,..\)I ~ Gび，f3（|入|1;2+ IW4 

with some constant Cu,/3 independent of~ and入．

Secondly, we prove R-boundedness of A（入）， wherewe have set A（入）（f,G) is a vector 
whose lh component is A]（入）（f,G). We introduce the following lemma proved by [5, 
Lemma 2.1], [6, Theorem 3.3], and [9, Lemma 2.5]. 

Lemma 3.5. Let l < q < oo, 6 > 0. Assume that k(~, 入），£(~,入）， and m(~,..\) are 
functions on（記＼ ｛0}) x喜0such that J or any a E（a0, 1r /2) and any multi-index 
a E N~ there exists a positive constant Ma,cr such that 

l8fk(＜,入)|さ:Ma,ul~11-1°'1, 1a『£(＜，入）1さ： Ma,cr|＜|―|al,

|8tm(C，入）1：：：：： Ma,u(|入|1/2+|（|）―1|＜|―|al

for any（も入） E （股.N¥ {0}) X ~び，0. Let K（入）， L（入）， andM（入） beoperators defined by 

[K（入）f](x)= F-1[k({，入） f(~)](x)

[L（入）f](x)= F-1[£（も入）f(~)](x)

[M（入）f](x)= F―l[m(~, 入）f(~)](x)

Then, the following assertions hold true: 

（入 EI:u,o), 

（入 E江，o),

（入 EX叫・

(1) Theset{K（入） I入EI;<T,o} is R-bounded on,C(WJ（旧N),1り（旧N))and there exists a 
positive constant CN,q such that 

殴 (WJ（か），Lq（砂））（｛k（入） I入EI;び，o｝） < cN,q max Ma,0• 
lal：：：：N+l 

(2) Let n = 0, l. Then, the set { L（入） I入E~u,o} is R-bounded on L(W,切（酎）） and
there exists a positive constant CN,q such that 

図 w閉（砂））（｛L（入） I入E江，o})さCN,q max Ma,6• 
la|夕N+l

(3) The set { M(〉＼)|>\E~(T,6} is R-bounded on £(1呵（〗ぇN) ， W] （股N)) and there exists a 
positive constant CN,q such that 

殴伝（砂），WJ（か））（｛M入 I入E江，6｝） < cN,q,6 max Ma,6• 
lal：：：N+l 

By Lemma 3.4 and Bell's formula, P(~, 入） satisfies the following estimates. 

Lemma 3.6. Let a > 0 and n = 0, 1. Then, for any u E (u0, 1r /2) and any multi-index 
a EN{;', there exists a positive constant C depending on at most a, E and b such that for 

any（ふ入） E良VX江，0with入＝ I+iT, 

|0[｛（Tt)T)nP(＜，入）ー1}1~ C(|入|1/2+ iw-4-lal_ 
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Therefore, we can verify（入，入1/2ら，C心）A（入）fwith j, k = l,..., N satisfies the as-
sumption of Lemma 3.5, which yields (3.3) in Theorem 3.2. Similarly, we have (3.4) in 
Theorem 3.2. 

Finally, we mention (2.9) in Theorem 2.3. Theorem 3.2 implies that there exist oper-

ators 
S(t) E,C(Xq（良N),W;（恥州N),T(t) E,C(Xq（旧州，w:（股凡S。)）

such that for any (u0, (Ql。)EXq（政N),u = S(t)(u0, (Ql。)and(Ql = T(t)(u0, (Ql。)satisfy
(1.3) with (f(u, (Ql), G(u, (Ql)) replaced by (0, 0). In this article, we only explain the L砂 q

decay estimates of the operator S(t). For this purpose, we decompose the solution into 

low and high-frequency parts. Let ({) E C0（股州 bea function such that O :S: ({)（()さ 1,

t_p(() = 1 if 1(1 :S: 1/3 and t_p(() = 0 if 1(1 ~ 2/3. Let ({)。 and(()00 be functions such that 

({Jo(()= t_p((/A。)， (()00(()= 1ー t_p((/A。),

where A。E(0, 1) is a sufficiently small number. Moreover, we set 

1 
2 

品(t)(u⑳ o)＝ 正ご [J立（い）五fiod入］ （x) 
j=l r 

＋旦；r-1［Jre入冗（い）({Jn疇 d入］ （x), 

where n = 0, oo, 

釘（(,入）U。＝ 入＋ I呼＋ a ^  
P（い）

Uo, 
入＋野＋ a t 

犀，狐o= - -5t. u。,
P（い） ltl

•一―→--叫（い）DivQ。=- 炭：――-
P((,入）

＜ •DivQ。, —一―→--• •一―→--•匹（い）DivQ。=
/3|tl2 
P（い）

Div(Q。,

--―→-ー-叫（い）DivQ。=-
a(3 ＜ --

一<• 
P((, A) 1(12 DivQ。, ~ a/3 ~ 

叫（い）DivQ。=
P（ふ入）

DivQ。•

Here, we set the integral path r = r+ U r-as follows: 

戸＝｛入 ECI入＝入。位） ＋se土i(1r-cr),S: Q→oo} 

for o。＜〇く 1r/2with ~0(r,) = 2入。／sinr,, where入。 isthe same as in Theorem 3.2. In 

view of (3.7), the LP―伍 estimatesof the heat kernel are helpful for the low-frequency 
part. On the other hand, since we have the resolvent estimates by using Theorem 3.2 
if the integral path belongs to ~叩，入。 and otherwise Fourier multiplier theorem, we have 
exponential decay estimates for the high-frequency part if t 2': 1. Therefore, we have (2.9) 
in Theorem 2.3. 
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