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ABSTRACT: We investigate a structure of a 4-dimensional bulk space constructed from the
O(N) invariant critical ¢* model in 3-dimension using the conformal smearing. We calculate
a bulk metric corresponding to the information metric and the bulk-to-boundary propagator
for a composite scalar field ¢? in the large N expansion. We show that the bulk metric
describes an asymptotic AdS space at both UV (near boundary) and IR (deep in the bulk)
limits, which correspond to the asymptotic free UV fixed point and the Wilson-Fisher IR fixed
point of the 3-dimensional ¢* model, respectively. The bulk-to-boundary scalar propagator,
on the other hand, encodes A2 (the conformal dimension of ¢?) into its z (a coordinate
in the extra direction of the AdS space) dependence. Namely it correctly reproduces not
only Aj> =1 at UV fixed point but also A2 = 2 at the IR fixed point for the boundary
theory. Moreover, we confirm consistency with the GKP-Witten relation in the interacting
theory that the coefficient of the Z2¢% term in z — 0 limit agrees exactly with the two-point
function of ¢? including an effect of the ¢?* interaction.
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1 Introduction

The AdS/CFT correspondence [1-3] plays a crucial role in understanding the holographic
nature of gravity and may give a hint on its quantization, but it is still mysterious even
though plenty of evidences and applications exist after the first proposal. While a large part
of the AdS/CFT correspondence can be understood in the context of the closed string/open
string duality with D branes, a complete understanding of this duality has not been attained
yet. It is widely accepted, however, that a particular type of CF'T can be holographic dual
to bulk gravity theories, and such theories are called holographic CF'T.

On the other hand, it is generally believed that the AdS radial direction emerges as
the energy scale of a renormalization group transformation applied to the dual CFT at the



boundary. (For example, see ref. [4]). Among studies in such a direction, the continuum
version of multi-scale entanglement renormalization ansatz (¢c(MERA) has been employed as
a real space quantum renormalization group, in order to generate the extra dimension as
a level of the coarse-graining [5—7]. In their approach, the geometric structure of the bulk
spacetime at a given time slice is determined from a quantum information metric for a CFT
state on the equal-time (boundary) surface. Indeed the bulk space-time becomes AdS for
the vacuum state, and thus the AdS spacetime naturally emerges from the boundary CFT.
More interestingly, their bulk construction can be applied not only to holographic CFT but
also to generic CFT or even to non-conformal field theories.

Following the philosophy of refs. [5-7], one of the present authors has proposed a similar
but different method to construct the Euclidean AdS space from Euclidean CFT by employing
a different coarse-graining technique called flow equations and applied it to various cases [8—
16]. Recently, an improved version of the flow equations has been found [17], and we call the
corresponding method a conformal smearing since the conformal transformations applied
to CFT fields on the boundary are literally mapped to a part of the general coordinate
transformations of the smeared fields in the bulk, which is the full isometry of the AdS space.

In this paper, in order to obtain deeper understanding of a mechanism for an emergent
extra dimension in AdS/CFT correspondences, we apply the conformal smearing to the O(N)
invariant critical Ap? model in 3-dimensions, which has the asymptotic free UV fixed point
and the Wilson-Fisher IR fixed point, where A has mass dimension one and breaks conformal
symmetry. This model is thought to be dual to higher spin theories [18], and this duality has
been investigated in terms of a bi-local field, where a magnitude of its relative coordinate is
interpreted as an extra bulk dimension [19-22]. The conformal smearing approach is different
from theirs. In particular, while the bulk geometry is assumed to be AdS in their approach,
it is determined by the information metric in our approach. Indeed, the previous study
employing the Gaussian smearing [9] has shown that the bulk space becomes the asymptotic
AdS space at both UV limit(near boundary) and IR limit (deep in the bulk), whose AdS
radii are different in two limits. Since the Gaussian smearing keeps only a part of the relation
between the conformal transformation and the AdS isometry [11], however, results in ref. [9]
are insufficient to understand the duality between the bulk theory and the boundary CFT.
For example, inequality for the AdS radii between two limits can not be determined, and
a change of the conformal dimension of the composite scalar operator between two limits
has not been investigated in terms of the bulk language. We, therefore, investigate this
duality using the conformal smearing in this paper.

We here summarize the main results of our study.

(1) The bulk space constructed from the interacting O(N) invariant critical ¢* model at
d = 3 by the conformal smearing is the 4-dimensional AdS space at the leading order
(LO) in the large N expansion. While, at the next-to-leading order (NLO), it becomes
the asymptotic AdS space both in the UV and the IR limit, which correspond to the
asymptotic free UV fixed point and the Wilson-Fisher IR fixed point, respectively. We
also observe that the AdS radius increases from UV to IR as RK}{S < RE}iS at the
NLO. Our naive interpretation is as follows. Since the number of dynamical degrees of
freedom decreases from UV to IR by the renormalization group, the corresponding bulk
space becomes less “AdS”, meaning that the negative cosmological constant reduces in



magnitude and gets closer to the flat space. Therefore the AdS radius increases. This
result, however, is opposite to the prediction of the F-theorem that RY Y. AdS > R Ads 123-28].

(2) The bulk-to-boundary propagator of the O(/N) invariant scalar field has been calculated.
In the z — 0 limit where z is the radial coordinate of the bulk space, this propagator
behaves as 2!, showing that the conformal dimension of the corresponding O(N)
invariant scalar operator at the boundary is one [29]. This values agrees correctly with
Ag2 =1, the conformal dimension of the composite scalar operator ©? (the spin zero
“current” J in ref. [18]) at the UV fixed point. On the other hand, in the IR limit

(z = 00), the bulk-to-boundary propagator behaves as

—9 z 2
z :(2’2—#:1:2)’ (1.1)

where x is the boundary coordinates. This behavior corresponds to A2 = 2, which is
the conformal dimension of ¢? at the IR fixed point.

These two findings show that the non-trivial dynamics of the boundary theory generated by
the non-conformal interaction term is correctly encoded in the bulk geometry and dynamics.
2 Model and conformal smearing

Throughout the paper, we are working on d = 3, where d is the dimension of the boundary.

2.1 O(N) model in 3 dimensions

We consider an O(N) invariant model for scalar fields, whose action is given by

m?Zp, AZ)
N/d3 l S0 o+ = Lo <p+TZ2( )%, (2.1)
where @-@ 1= SN | p%p® with a being an O(N) index, and Zy, Zm and Zy are renormalization

constants which relate bare to renormalized quantities as p@ = \/Z,¢®, m3 = m*Z,,, and
Ao = AZ), respectively. Note that we have extracted a factor N to consider the large N
expansion, and m?Z,, in our notation includes the additive mass counter terms.

We calculate correlation functions necessary in this paper in the large N expansion, by
employing the Schwinger-Dyson equation in appendix A, and results are summarized below.

In this paper, we consider the critical case, where the renormalized mass is tuned to
be zero. The 2-pt function N(p%(x)¢’(y)) := §%T(z — y) in this case (m? = 0) is given
at the NLO in the large N expansion as

t) = [ [fo) + 10| [ = [ 22 22

_ 1 - X (p? 1 1 —2)
Lo(p) = —, Tilp) = (pQ)a X (p%) 3:/Q |:(62_p)2 - QQ] WB(EQQ) (2.3)




The 4-pt function is decomposed as

K™10298% (g1 3, w3, 24) 1= N2 (™ (21) 0" (22) 9" (23) 9™ (24))
= 0N ONNK (21, w9503, 24) + (24 3) + (2 4),  (24)

where K at the LO is given by

4 . 4
e'PiTi -2
Ko(x1, 20523, 2 ——Il/ x (27)353) g i . 2.5
ol w2i s, 21 i=1"Pi z2 (2m) g L+ XoB((p1 + p2)?) (25)

p i=1

2.2 Conformal smearing

In ref. [17], the conformal smearing has been introduced to construct bulk field ¢ from p* as
() = [y St -y 2" 0) = [ S e, (26)
P

where X := (z,z), $*(p) and S(p,z) are the Fourier transforms of ¢%(x) and S(z,z),
respectively, and the smearing kernel in the momentum space is given with the modified
Bessel function K as

S(p,2) :=pzKi1(pz), p:=|pl. (2.7)

It is easy to see that ¢?(X) is the solution to the (conformal) flow equation [17] as

—Uagﬁba(X) =U,0%(X), ¢%(0,2) =¢"(z), n:= Vi (2.8)
Furthermore, we define the normalized smeared field as
“(X
()= T () = Yo ()6 (1)) (2.9)

where (- - -) is a vacuum expectation value in the O(N) model. It was shown that the conformal
transformations to ¢%(x) generate a part of general coordinate transformations applied to
the scalar 0?(X) [17]. The translational invariance tells us that v only depends on z.

At the NLO in the large N expansion, we explicitly obtain

V(=) = 0(2) + %w(z), (2.10)

where

2 z
0l = | 5 jf;‘ ) ) = [ w6 Ex ). (2.11)

3 Bulk metric via the conformal smearing

In the smearing approach, the bulk metric corresponding to the vacuum state of the boundary
theory! can be defined in terms of the normalized smeared field [8] as

gaB(X) = £2(040%(X)0po* (X)), (3.1)

'The bulk metric depends on the boundary state. See [30] in the case of the metric for the thermal state.



which can be interpreted as the Bures (quantum) information metric [11, 17], where ¢ is
some constant of the length scale. Note that a similar definition using Bures metric was
employed in ref. [5].

Non-zero components of the metric are given at the NLO as

u2) = 3455 [Role) + AE)].

_ 72(2) 2_'72(2)
4= (355) = %0

[Go(z) + 101(,2)} 4

- HoG)+ G 62)

1
v(2)

where 7,(z) = B (z) and the LO contributions are expressed as
z
S.(p,z)S(p.z S.(p,2z)S,(p.z
R = [ 80,2, Goloy= [ ZRIICE g o [ER2ERD gy
p p p p p
with S, (p, z) := 0,5(p,z). On the other hand, NLO corrections are
S2(p, z
e = [ 20 ),
p P
Sz , 2 S y 2 Sz y % SZ ) %
Gl(z) :/ (p gg(p )X(p2), Hl(z) :/ (p )2 2(]) )X(pQ). (34)
p (%) p (%)
3.1 Results at the LO
Using the integration formula (C.1), we obtain
3 45 3 27
) =G P =g )= g MG = B9
Therefore, the metric at the LO is given by
5026 502 1
LO( .y _ 28" Quv Lo _ 2t L
which is the Euclidean AdS metric with the AdS radius [30]
10 _ V5 _, [Acld=Ay)
Rigs =4 1 =/ P (3.7)
at d = 3, where A, = (d —2)/2 is the conformal dimension of a free massless scalar.
3.2 Results at the NLO
The metric at the NLO is given by
1
POE) = i) |1+ 6ul)]
1
$O() = g0(2) |1+ 5 Gol2)]. (38)

where G4(z) and G,(z) are defined in egs. (B.2) and (B.3). Their behaviors are shown in
figure 1 as functions of g = Aoz/8.
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Figure 1. The 1/N corrections to the metric, G5(z) (gray) and G,(z) (red), as a function of
g = Xoz/8. The horizontal axis is on a logarithmic scale for g. Also, g04Gs = 20,G; is depicted for
later convenience.

In the UV limit that z — 0, from explicit expression of F;(g) in eq. (C.14), we see that
the Di; term in F;(g) dominates in the limit. Therefore the metric becomes

NLO(Z) LO(Z) [1 _ g128D%1‘| ’

g/,Ll/ = gMV N 37_[_4
g 128D}
A0 =0 [1- 1320, (3.9)

as g := \oz/8 — 0, where D}; = —72/4 is given in eq. (C.17) with ¢; = 1. This means that
the NLO correction is sub-leading of the order z in the UV limit so that the AdS radius is
unchanged: RK(\{S = RIASS and the metric describes the asymptotic AdS space.

In the IR limit that z — oo, on the other hand, eq. (C.20) leads to

4
NLO[_\ ~, ,LO
) = k() L= 55O
4 48
NLO LO
=~ I+ =<+ 1
0 = 10) |1+ oo (5 +30m) (3.10)
as g — oo, where
512 [ 5 (15 2) 9 9 7
= T K 1 =—. A1
Cir 457r2/0 dpp (16 P’ ) Ki(p)In(p?) 20 (3.11)
By the change of the z coordinate as
4 24
=z |14 5 (= +2 12
z Z{+3772N<5+CIR>]’ (3.12)
we finally obtain
- - 0AB 4 48
NLO 2\ ~ (pLO \2
gap (%) ~ (Rjgs) = {1 t3ay (5 + 3CIR>} ; (3.13)



which describes the AdS space with the radius given by

2 48
— _— 14
RiYs = RE9s |1+ SIN ( z +3CIR> (3.14)
Since
48 19
— 4 3C 3.15
5 TOCIR = 1p (3.15)

the radius in the IR limit is larger than the one in the UV limit: RY4s — RRYg = O(1/N) > 0.
As an interpolation between UV and IR, we may define the “effective AdS radius” by
RSt AdS = 1/A’ where A is the exponent of the warp factor in the line element written as
ds? = e*4dz? 4 dr? and the prime is the derivative with respect to r := — [ dz\/g-=, whose
difference from the AdS radius in the UV limit RH(\{S, normalized by RIA{(\{S, is given by

Faas — Bads _ Go £ 0.6 +0(N72). (3.16)
RN 2N

As shown in figure 2, this quantity is positive, and increases from g = 0, the UV limit, to
g ~ 10. Then, it decreases toward its asymptotic value 19/1572 in the IR limit with g — oo
corresponding to r — —oo. This can be understood as follows. Since the number of effective
degrees of freedom decreases from UV to IR by the renormalization group (smearing in our
case), corresponding contributions to the negative cosmological constant in the bulk also
decrease, so that the AdS radius increases. This result, however, is opposite to the prediction
by the F-theorem in quantum field theories at d = 3 [26-28]. Since the free energy F on a
3-sphere is expected to decrease from UV to IR and the AdS/CFT correspondence predicts
Fx Rids, the AdS radius decreases accordingly. In the pioneering work on the holographic
c-theorem [23], it is discussed that the monotonically decreasing behavior of RS = 1/A4’
is equivalent to the null energy condition when the bulk theory is the Einstein gravity plus
matter fields. Applied to our model, it means that our bulk theory (analytically continued
to the Lorentzian one) should not be the Einstein gravity with the null energy condition
always satisfied. While we do not understand the reason for this discrepancy precisely at this
moment, one of the most plausible explanations is that a decrease or increase of the AdS
radius is NOT universal under the renormalization group transformation. Indeed, in our
previous work for the same model by the different smearing [9], we have found at the NLO
that RY{Y. Xds < RIR Aqgs for the Gaussian smearing while RYY. Ads > R Aqg if we add an interaction
term to the Gaussian smearing. Therefore it is reasonable to expect that we may realize
RXXS > R}&S by modifying the conformal flow.

4 Bulk-to-boundary scalar propagator
In this section, we consider the O(N) invariant scalar field

O(y) = " (1) (y) 1, (4.1)

where : : denotes the normal ordering. The bulk-to-boundary propagator for this operator
can be defined as the correlation function with the corresponding bulk (smeared) operator:

(X, y) == (0" (X)a"(X)O(y)) - (4.2)
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Figure 2. The difference between the effective AdS radius and the one in the UV limit (3.16) is shown
as a function of g = A\oz/8 as in figure 1. Here, we have taken the large N limit after multiplying it
by N. Its non-monotonicity comes from z0,G, which has the bump as seen in figure 1.

At the LO in the large N expansion, we obtain

I(X,y) = % [2[y(z — y,2) + I\(z —y,2)] + O (1\1[2> (4.3)
where
2
(@ ~1.9) = = | [ #5050, T00) (1.4
1 4 z

@ s 2o )| ] ws)

Y0(2) = 3n2 [zQ—l—(m—y)

which is nothing but the bulk-to-boundary propagator (except a factor two) in the free
theory [17]. This behavior tells us that the conformal dimension of the O(N) invariant
composite scalar operator (? is given by Ag2 =1 in the free theory.

On the other hand, the contribution coming from the interaction is given by

1
y\(z —y,2) := ) /d3y1 Bys S(x —y1,2)S(x — y2, 2) Ko(y1, y2; 9, 9) (4.6)

which is evaluated as

1 , —2X0B(p?
H)\<JZ‘ — v, Z) _ / ez(p1+p2)(x—y) S(ph Zg‘s;(p?a Z) )f) (p122) (47>
Yo(2) P1,p2 P1D3 1+ Ao B(p1a)
_ 1 / E1(p1)K1(P2) i(pr+p2)(e—y)/=_—29 (4.8)
Y0(2)2% Jp1ps  |P1lIP2] pi2+g

where p1y = \p1 + p2!-



Combining (4.4) and (4.7), the LO contribution in eq. (4.3) turns out to be

2 i T— S(plaz)S(pQ,Z) 1
M(z —y,2) = N / ei(P14p2)(z—Y) o W
Y0(2) Jp1,p2 Pips + Ao B(pis)
_ 2 / K1(p1)Ki(p2) cilprpa)(@—y)/z_ P12 (4.9)
Nvo(2)2% Jpipo  ID1lID2] pi2+g

Note that the factor 1+ \gB(p35) on the first line is nothing but the wavefunction renormal-
ization Zo of the composite operator O = ¢? in eq. (A.52) with the renormalization scale u
replaced by p12, as expected from the construction (4.2). We use this expression to discuss
the IR limit later. Now we start with the UV limit.

4.1 UV limit
Since S(p, z) = 1+ O(z?) in the UV limit (2 — 0), eq. (4.7) leads to
128)Xgz
Mz —y.2) = =5 |z —y) + O], (4.10)
where
i(p1+p2)T 1
e
O(z) = / . (4.11)
(@) ppe PiP5 8p12 + o
The explicit form of 2 is given in eq. (A.58). In total, we obtain
64z 1 1 1
X,y —— |=——————5 — 22z — 4.12
Xo) = 5 [ga =g — 2ofa ) (412

as z — 0, where the second term represents a correction due to the non-zero coupling Ag.
Therefore, even in the presence of the interaction, we see

AUV

X,y = 7 x S (H @ @ P W) +0G), =0 (113)

where the connected correlation function of ¢? is obtained in eq. (A.57), and Agzv =1
corresponds to its conformal dimension at the asymptotic free UV fixed point of the boundary
theory. Moreover, as shown in appendix A.3.2, we see
P 1
|‘73 - y| ) |$ - y‘ < )\70 (UV)7
(¢" (@) (@) )" ) x ) (4.14)
e =yI™% Je—yl> - (IR).
0
4.2 TR limit

Let us expand the factor pi12/(pi2 + ¢) in eq. (4.9) for g oc z — co. Then we get

0.0]
Iz —y,z2) = Z I, (z —y, 2), (4.15)
n=1
where "
2 -1 K K -
I (e,2) = o [ R ey, )
N'YO(Z)Z g" P1,P2 p1p2



The leading contribution is the n = 1 term, which can be further expanded as

k
1 512 & (B+1)(-1)kA, (22
II = — 4.1

ir2) = 32 37T4A0k§ 2k+3) \z2)° (4.17)

where

A= [ " dpy /O’” dp K (1) K1 (p2) [(01 + p2)™4 — (o1 = p2)™ 4] . (4.18)

This integral converges, and especially, we find Ag = 372/2.
Thus, at large z, the bulk-to-boundary propagator behaves as

1 25649 1y 1128 1
0(X.9) = g0 [1+0 ()] = o [1+o ()], (4.19)
where the NLO contribution oc 272 in the large z comes from IIy(x — y, z). This behavior is
consistent with the LO behavior of the bulk-to-boundary propagator for the scalar field with

R

the conformal dimension AR in the presence of conformal symmetry, which is

©

7AIR
2

. am
] TNz , Z—o00. (4.20)

The zfAi’Rz behavior also satisfies the EOM of the free scalar field at z — oo, whose mass m
is given by m? AL%(A(IP% — d). Therefore the z dependence of the bulk-to-boundary scalar
propagator at z — oo in eq. (4.19) correctly reproduces Ag% = 2 (the conformal dimension
of ¢?) at the Wilson-Fisher IR fixed point.

In this section, we have shown that z — 0 and z — oo behaviors of the bulk-to-boundary
propagator constructed by the conformal smearing correspond to conformal dimensions of (2
at the asymptotic free UV and Wilson-Fisher IR fixed points, respectively, in the interacting
theory. Note that this property is robust in the sense that it holds even for a general smearing
function S(z, z) rather than the conformal smearing, as discussed in the appendix D.

5 Conclusion

In this paper, we have investigated the bulk space dual to O(N) invariant critical p* model
in 3-dimensions combining the conformal smearing with the large N expansion, and obtained
the following results, which are also schematically summarized in figure 3.

The metric in the bulk space at the NLO is given by eq. (3.8), which describes the
asymptotic AdS space both UV (z — 0) limit in eq. (3.9) and IR (z — oo) limit in eq. (3.10).
Moreover, the AdS radii satisfy RIRq — R\Y = O(1/N) > 0, which reflects the fact that the
number of the degrees of freedom decreases from UV to IR by the renormalization group.
This result, however, is opposite to the prediction by the F-theorem [23-28]. To understand
this discrepancy is left to future investigation.

The bulk-to-boundary propagator in eq. (4.2) at the LO encodes A2 (the conformal
dimension of the composite scalar operator ¢?) in its z dependence at UV as eq. (4.13) and
at IR as eq. (4.19), corresponding to A2 = 1 at the asymptotic UV fixed point and A2 = 2
at the Wilson-Fisher IR fixed point, respectively. Interestingly, the UV limit in eq. (4.13)

,10,
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Figure 3. A schematic figure for the (effective) AdS radius (RS5(2)) and the (effective) conformal
dimension of (? (Afjﬁ(z)) as a function of Agz.

reproduces an expected GKP-Witten relation for the interacting theory with non-zero Ag,
whose z°¢? behavior is controlled by Age =1, the value at the UV fixed point, while the
|z — y| behavior of the two-point function for ¢? shows complicated behavior that |z —y|~2 at
Mol —y| < 1 (UV in the O(N) model)) or |z —y|~* at Ag|z —y| > 1 (IR in the O(N) model).
As the conformal smearing approach works well for the O(NN) invariant critical ¢* model
in 3-dimensions, one may use it to derive some properties of the higher spin theories in
4-dimensions [31], which is expected to be dual to the O(N) model in 3-dimensions.
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A O(N) model in 3 dimensions

A.1 Schwinger-Dyson equation

The Schwinger-Dyson equation (SDE) for the action S(¢) in eq. (2.1) is compactly written as

(o) = (0953) o

where

(O(p)) = %/D@O(@)G*S(”), Z = /Dcpefs(“"). (A.2)

— 11 —



We define the connected part of n-point functions with appropriate powers of N as

L (z,y) = N{o"()¢"(y)), (A.3)
K = NPHeM (21) 9% (22) - 9% () (A.4)
for n = 4,6,,---. The O(N) symmetry tells us
Iz, y) == 6%T(x — y) (A.5)
K 1020304 =102 5930 [ (g 90 w3, 13) + (2 4 3) + (2 > 4), (A.6)
K927 (g g, - -+, xg) = 9192093595 H (21, x9; k3, T4; T5.76) + (14 perm.).  (A.7)

Taking O = ¢*(z), the Schwinger-Dyson equation leads to
6 (@ —y) = [0 +m?Zn, + A\22Z,1(0)] Z,T(z — y)

DL (14 2 K r MO )] (A8

while the one for O = ¢ (z2)9p* (z3)p* (x4) gives

2
0= [_D+m22m+AZAZ¢ <1+ N) F(o)] Z2K (21,2273, 24)

2|

2
+)\Z>\Z[2F(;rl—x2) {2F(9:1—x3)r(x1 —x4)F <1+N> K(a:l,:vl;xg,m)—l—K(xl,xg;xl,m)}

AV
N
PAVAVAS
_|_
N
where eq. (A.8) has already been used.

2 2
KH—N) H(ﬂvh561;3317362;553,£U4)+NH(SC1,962;£U17$3;9€17l’4)

[(z1—23)K(z1,22;21,24) + (21 —24) K (21, 22; 21, 23)], (A.9)

A.2 Large N expansion
A.2.1 2-pt function at the LO

Using the Fourier transformation of the 2-pt function that

dBp .o - - 1
I'x) = wre I'(p)="T —T e A.10
@)= [ Grpe™ T, ) =Tol) + yTa) +--- (A.10)
the 2-pt function at the LO satisfies
2 2 = d3p =
1= [p? + m?Z + A2, Z,T6(0)] Z,To(p), To(0) —/wro(p). (A.11)
We adopt the renormalization conditions for the 2-pt function that
- d -
-1 2 2 -1 —
Lo ()] ,_ . =m" 47, a2l (p) T 1, (A.12)
which lead to
9 9 m A
where we use
d3p 1 A m
I'g(0) = =— - — A.l4
0(0) /(27r)3 p?P+m? 272 Arw ( )

with A being the momentum cut-off and m > 0 being assumed.

— 12 —



A.2.2 4-pt function at the LO

The SDE relevant for the 4-pt function at the LO is written as
(=01 + m?) Ko(12;34) + AZ\To(12) Ko(11;34) = —2XZ\['o(12)T(13)T(14), (A.15)

where we expand K = Ky + K;/N + ---, and employ short-handed notations such as
Lo(ij) = I'(xi — x;) and Ko(ij; kl) = K (24, 2552k, 71)-
Introducing the amputated 4-pt function in the momentum space as

4

43 ; etpii 4
0(12;34) H (/ b 2+m2> (2m)35® (Zm) Go(p1,p2;p3,D4), (A.16)

i=1

the SDE becomes

2

dgqi 1
Go(p1.p2;p3:pa) + AZx [ ] (/ e ) Go(ar,q2;13,p4)6® (a1 + g2 + ps + pa)
i=1 (2m)? ¢f +n?

= —2)\Z,, (A.17)

where p1 + p2 + p3 + ps = 0.
The solution to the above equation is given by Go(p1,p2;ps + pa) = Go(p?s) with

p12 = p1 + p2 and

—2AZ)
Go(p?) = ———2 A.18
0(p ) 1 —|—>\Z)\B(p2)’ ( )
where ,
d°q 1 1 7w — 2arctan(2m/|p|)
B(p?) = / _ , A19
#") 2m)3 ¢* +m? (p— q)* + m? 87p| (8.19)
which becomes simple in the massless limit as
lim B(p?) = — (A.20)
im — .
m2—0 8|p| ’
and thus
—2)\Z),
lm G , D23 D3, A.21
m, Golp1, p2i s pa) = L+ AZy/(8Ipr2l) (4.21)
We take the renormalization condition for the amputated 4-pt function as
G(p1sp2ip3: Pa)lp2 =2 = =2, (A.22)
which gives Go(u?) = —2\ at the LO. We thus obtain
1 1
Zy = m? — 0. (A.23)

L-ABG2)  1- M)

Now all renormalization constants are fixed at the LO.
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A.2.3 2-pt function at the NLO

The 2-pt function at the NLO, necessary in the main text, is also calculated here.
At the NLO, we write

1
Zo=1+ 520, Zn=20+ NZ}n), 7, =27+ NZ/(\I), (A.24)
where the LO parts have already been determined.
The SDE relevant for the 2-pt function at the NLO reads

(1)
0= (-0+mA)T1(12) + [m*(Z{) + Z ZM) + Xo(T1(0) + “ot 22&”]
Z)\
+ Ao [Ko(12;11) 4 2T (0)[g(12)] (A.25)

where \g := A\Z )(\0) at this order. Using the relation obtained from eq. (A.15) as

Ao [Ko(z, z;0x,0) + 2T (0)To(z)] = — T 0) (=01 + m?) Ko(z1, z;2,0) , (A.26)

0 r1=x

the SDE becomes
2 2( (1) | 70 5(1) zy" (1)
(=04 m )T (12) = — [m (Zm + Z5 Zy ) + Ao (Fl(O) + E +2Z; )]
—0y +m?
5 T1=T)> A.2

+ FO(O) K(](ﬂl'l,l’,l‘,()) | 1 ( 7)

whose last term is further evaluated as
B / z' T / d3Q GO( )
St ) amp Q= pP 4
' 1 —2)Xo
)

_ d3 T de
a / (2m)3 p* + m? / (27m)3(Q —p)2 +m2 1 + Ao B(Q?)
(A.28)

-0 + m?

K ;2,0
P(O) 0(1’1,5(},1', )

Using the expression in the momentum space as

cp XY
N0 = [ Gl e (429

the SDE leads to

(1)
X(p?) = — lm2 (zgp + ZSL))ZQ) + o (Fl(O) + % +220) + 2Y(p2)>] . (A30)
Z>\
where by definition
P’p  X(p?)
I'1(0) = / @n ) (2 3 m?) (A.31)
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while

V() = / (ZW

SQ 1

1

Inserting eq. (A.30) into eq. (A.31), we obtain

P (Q = p)* +m? 1+ AB(Q?)

(1)
m? (242 + 20 787) + xo (n(o) + 2 +225) + 2Y(p2)>
A

T(0) = —

where

1+ )\of(mQ)

1 d

I(m?) 1:/(d3p

27)3 (p? + m?)?

 dm?2 To(0) =

1 1

87T /m2

The 2-pt function at the NLO in the momentum space is expressed as

1+ Lz8)

Z,0(p) = (1 - ﬁZé,”) Lo(p) + %fl(p) =

P+

and thus the renormalization condition at p? = u? reads

1
1— —
(¥

1 2 2
ZSE,)> (u”+m*) — =X

1 1
1—NZ§,>

1
N

1 d

- NTPQX(pQ)

(p°

)

p2=p?

)

A X0P)

+m?,

which leads to relations among renormalization constants at the NLO as

m? (Z0+202))) = 20+ m®) = (F1<o>

(1)_2

We then finally obtain

X(p*) = —2X0Y;(p?

d

)\od

)

2

Y (p?)

p2=p?

1 2 2
_Za(p)(u +m )7

which is UV-finite, thanks to the subtraction.

In the main text, we consider the case with m? = pu? = 0, which leads to

Y, (p?) :

ZV

(0)

X(pg):/ a3Q [ 1 _1} —2X\o _ 2)\0pL()\0
2m)3 L(Q—P)2 Q%] 1+XB(Q?) (2m)2 \8p
where
2 _ _
L(m):x— {ln2x+1 - <lnx ! —27j7r)lnx ! +4lna:—|—1]
2 T T T T
T T
L —Li
+o H) 2 (5]
with (- t)
Lig(z / dt .
In two limits (z — 0 or x — oo), we have
2
21 +Inz)r — —a2 +-- -, x — 0,
L(x) — 5 2
——14+3nz)+---, T — 0.

9z

,15,

+22{ )+2Y(u2)> :

Y(pz) - Y(:u2)7

).

(A.32)

(A.33)

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A1)

(A.42)

(A.43)

(A.44)



A.3 Renormalization group analysis in the massless case at the LO
A.3.1 Beta function

We define a dimension less coupling constant as gr := A/u at the LO, which is written
in terms of Ao at m? = 0 as

_ Xo/p
JgR = 1 h/(80) (A.45)

Since Ag is p independent, the 8 function for gr can be calculated as

(o) = n-0m(10) = o (1= % ). (4.1

Therefore gr = 0 corresponds to an asymptotic free (UV) fixed point, while ggr = 8 is the
Wilson-Fisher (IR) fixed point.

A.3.2 Anomalous mass dimension of the composite scalar operator
We calculate the anomalous dimension of the O(N) invariant scalar operator, given by

Or = Zowgry = ZoZ,0" ", (A.47)

where Zp is the renormalization factor, from which the anomalous mass dimension of O
is defined as

d
Yo = —,u@ InZo. (A.48)

At the LO where Z, = 1, we have

ZO 5a3a4

(O(w1) @™ (w3)p™ (24)) = =3

[2T(13)T0(14) + K (o(11;34)] (A.49)

whose Fourier transformation should be equal to the tree-level contribution that

4
- B o 3

11 /d?’ﬁfz‘e’p’x’ (O(z1 = 0)p" (23) " (24)) |tree = ]\‘;24 2T0(p3)To(pa) (A.50)

i—3

at p3, = p?. Since

ﬁ/df}x,eipixiK (11;34) = I ( )f ( )/ d’p Go(p3a) (A.51)
L e ROUE RO | or s [+ m [(psa — p2 4 m?]
we obtain
1 —1
Zo= |14 3GolMBGR)| =1+ 2B, (A.52)
Therefore the anomalous dimension is calculated as
A d
Y0 = - B(?). (A.53)

eSS
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In the massless case (m? = 0), we obtain

IR )\0 0 (:U’_>OO)7

(A.54)
1 (n—0).

Therefore, the total conformal (mass) dimension of O in the IR fixed point at p — 0 becomes
Ap :=2A4, +70 =2, (A.55)

where A,, = 1/2 is the conformal dimension of g, while Ap = 1 in the UV fixed point
(1 — o0).

From the above result, it is straightforward to calculate the connected 2-pt function of
©? without Zp at the LO in the large N expansion. In the massless limit, it becomes

2 ei(p1+p2)-(x—y) 1

2 2
PAX)PN\Y))e = 77 A.56
" (@)e"v) N Jpip p%p% 1+)‘OB(p%2) ( )
2 1
=— |5 — Az — A.
where Q(z) is defined in eq. (4.11), whose explicit form can be written as
LTSN : A.58
Q) = 12 (Ci(x) sin(x) ~ si(x) cos()] (A58
with x := |z|A\o/8 and the trigonometric integrals
. > cost . > gint
Ci(z) = — / At si(z) = - / a2 (A.59)

In the UV limit that |z — y| < 8/\o, we get Q(z — y) ~ |r — y|~!/256m, and thus, the
tree level contribution oc (z — y)~2 in (A.57) dominates the 2-pt function.
In the IR limit that | — y| > 8/Ag, on the other hand, we have

ey, 28/ o
Qx—y) = 1672 1 @ —y)? +(9<(:c Y) ) ) (A.60)
Therefore, the 2-pt function (A.57) behaves as
1 16 1
2 2 o 1+ 10
(P (2)"(y)e » N 72 (=gt (A.61)

as expected from (A.55).

B Metric at the NLO
The metric at the NLO is given in eq. (3.8) in the main text as

POE) =g [1+ 3 6ua)] . OE) =g 14 3 6aa)] . B

,17,



G2 = ) - 28 =20 (L R o)~ Fho)]. (B.)
Gole)i= g (G - 18 ) P [C Ry o) - Fa )} - Fho) . (B3)

with g := Xgz/8 and
Fyl9) = [ dor o), o)L (2. (B.4)

Analytic expressions of F}}(g) are given in the appendix C in two limits that g — 0 (UV)
or — oo (IR).

C Momentum integrals

Here we present several momentum integrals used in the main text.

C.1 Integral formula for Bessel functions

We present useful formulas for integrals of Bessel functions.

(1) 6.576-4 in [32]:

o0 272 Aqr Ay 1-A+ 1—Atp—
[~ () 1
+

T(1-\) 2 2
X2F1(1—)\—;-M+V71—)\;,LL+V;1_)\;1_ZZ> h
for Re(a +b) > 0, Re A < |Re p| —|Re v|.
(2) 6.671-5 in [32]:
/oo e Koy sin(o) = T — i [(\/b? T+ b)” B ( /b2 + a2 — b) V} o
0 4 sin(vm/2) Va2 + b2

forRea>0,b>0,|Rev|<2 v#0.
C.2 FZ’; in two limit

We split F%(g) defined in eq. (B.4) into two part as F[}(g) = F;%(g) + Fg’b(g), where

Fyo) = [ o K, 0)Lo /o). F' )= [ dop" K) () afp), (C3)

and evaluate it in UV and IR limits.
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C.2.1 IR limit

We first consider the IR (¢ — oo) limit.
Using an expansion in terms of 1/g at g = oo as
dg
d(1/g)

9 00 1
/0 da:f(x):/o dmf(x)%—;glggof(g) + - (C.4)

we have

F(g) ~ /JOO dpp" Ki(p)K;(p)L(g/p) — L Jim 9" Ki(9)K;(9)L(1) + - -

g g—0o0

2 oo
~ o [ A K () (L4 310 /)

o 1 2 2 +1 +1
_—39[(3+1ng)c;; e (C.5)

where the second term in the first line vanishes exponentially, the asymptotic behavior of
L(z) in (A.44) is used to obtain the second line, and constants in the third line are defined as

cn = /O dpp"Ki(p)K;(p), Ll = /O dp Inp? p" I (p) I (p). (C.6)

On the other hand, Fg’b is evaluated by the steepest-descent method after a change
of variable p = gy as

F(g) = g™ / T dyy Ki(gy) K (g9) L(L/y) ~ 0" K (gy0) K3 (gu0) (L /o), (C.7)

which vanishes exponentially as g — oo, where 1 < yg < oo is a point which gives the largest
contribution to the integral. The point yo is either given as a solution to S’(y) = 0, where

S(y) == In[y"K;i(9y) K;(gy)L(1/y)], (C.8)

or yo = 1 if no solution exists.
In total we obtain

1 2
Fl(g) ~ 34 [(3 +In g2) Ccptt — Lt (C.9)
in the IR (¢ — oo) limit.
C.2.2 UV limit
In the UV (g — 0) limit, F7" is evaluated with p = gy as
n,a 1 1 1 .

F%(g)=g"" /0 dyy" Ki(9y)K;(9y)L(1/y) = cicjg /0 dy (gy)" 7 L(1/y), (C.10)
where ¢; is given in the small = expansion of the Bessel function as K;(z) = cix Tt + -+ with
7" read as Inz for i = 0. For example, ¢cg = —1, ¢; = 1, and ¢ = 2. The y integral is

convergent for n — i — j > —2 since L(1/y) ~ yIny for small y as seen in (A.44).
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Forn—i—j >0, Fg’b is evaluated straightforwardly as

Fl*(g) ~ 29 /0 h dpp" " Ki(p)K;(p) [1 + In(g/p)]

For n = i = j = 1, we calculate FZ-".’b as

11—/ dPP[Kl()—] (9/p) +c1/ dy 1/9)

(C.11)

(C.12)

where the second term is a g-independent constant, while the first term can be evaluated

using the UV limit of L(z) in (A.44) by

e’} 02 02
/ dpp le(p) pll L(g/p) =~ 29/ dp [Kf(p) - p% (1+1n(g/p)) -
g
In total, we have
Fji(g) = —g |2 +Img?)Cp ' — L = gDy,
for n —i —j > 0, where Cf; and L7} are already given in eq. (C.6), and
1 o
Dy = cicj/o dyy" "7 L(1/y),
while for n = i = j = 1 one should replace CY; and L}, with
Y ::/Ood {KQ —Cl], LY _/Ood [KQ _Cl} In p?,
11 0 p 1(p) D2 11 - 0 P i(p) 2 p
respectively, and
D=t [y L(1/y).

C.3 Some calculations in the IR limit

In the IR limit, we have a universal formula as

X1 (2) 4 [2 }
~—— 1 - C X=~FG,H,
Xo(2) 32 |3 +Ing* - Cx V> 1
where
32 512
Cy = 37T2L117 Cr = 452 1D
64 512 4 ) 8 64
CG: ﬁLOI :Cry+2, CH: WLOOZ_ch—FgCV—F?

By combining these, we have

48

4 4
GS(Z) =~ YD) CIR, GU(Z) =~ a9
3m 3m2 \ 5

+ BCIR>

where

512 /15

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

(C.20)

(C.21)

Importantly, In g2 terms are cancelled in G4(z) and G, (), so that the metric describes the

AdS space in the IR limit.
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C.4 II,i(z,z) in the IR limit

We here evaluate Iy ;(x,2) in the IR limit. Integrating the angle between a vector p + po
and a vector z, we have
™

4 o0
(%)%/ Pldp1p2dP2K1(p1)K2(p2)/O sinfdfsin(p1ar),  (C.22)

yi(z,2) = ———F—1
a(@) Y0(2)z%g 0

where 7 := |z|/z and 6 is an angle between p; and po, so that pja = \/p% + p3 + 2p1p2 cos b.
By expanding sin(piar), the € integral is performed as

00 ( l)k 2k+1

2 (2k +1)!

/ da ( p1 +p2 + 2p1p2a)k+1/2
k=0

0 1)k 2k+1
Z:: 2k —|— 3)p1p2(2k + 1

)2k+3

I [(m + p2 —|p1 — pzl2k+3] : (C.23)

which leads to eq. (4.17) with eq. (4.18).

D Bulk-to-boundary propagator by a general smearing

In this appendix, we investigate the UV and the IR behaviors for the bulk-to-boundary
propagator of the composite scalar operator using a general smearing function S(7, z), which
satisfies S(p,0) = 1 since ¢%(x, z = 0) = p*(x) by construction. In order to keep the rotational
symmetry at the boundary and to avoid the introduction of extra dimensionful parameters,
we assume S(p,z) = S(pz) with p := [p].

The bulk-to-boundary is compactly written in terms of S(pz) as

(X, y) = / pi(p1tp2)-(z— y)S(plz)S(pQZ) 1 (D.1)
(Z) P1,p2 pip3 1+ X B(p)
2 / i)z SIS P2) _pro (D.2)
(z) P1,P2 pips  pi2+g
where $2(p2) $2(p)
pz c / p
z) = = -, C = . D.3
W)= [FRE =L e [ 25 (D3)
In the z — 0 limit, the first expression leads to
2z ei(P1+P2)'(fE*y) 1 z
lim TI(X, y / = 2(p%(2)* ())e D.4
KN =N P8 1+ aaBGR) o DF W (D)

In the z — oo limit, on the other hand, the second expression gives

1 16 D12 1
lim TI(X, S(p1)S ~ 3
Zl}ﬂolo ( y) 22 NC)\O \/pl7p2 (pl) (pZ)p1p2 2%’

(D.5)

which leads to As02 =
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bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

— 21 —


https://creativecommons.org/licenses/by/4.0/

References

1]

2]

J.M. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. Theor.
Math. Phys. 2 (1998) 231 [hep-th/9711200] [INSPIRE].

S.S. Gubser, L.R. Klebanov and A.M. Polyakov, Gauge theory correlators from noncritical string
theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109] [INSPIRE].

E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253
[hep-th/9802150] [NSPIRE].

I. Heemskerk and J. Polchinski, Holographic and Wilsonian Renormalization Groups, JHEP 06
(2011) 031 [arXiv:1010.1264] [INSPIRE].

M. Nozaki, S. Ryu and T. Takayanagi, Holographic Geometry of Entanglement Renormalization
in Quantum Field Theories, JHEP 10 (2012) 193 [arXiv:1208.3469] [INSPIRE].

M. Miyaji and T. Takayanagi, Surface/State Correspondence as a Generalized Holography,
PTEP 2015 (2015) 073B03 [arXiv:1503.03542] [iNSPIRE].

M. Miyaji et al., Continuous Multiscale Entanglement Renormalization Ansatz as Holographic
Surface-State Correspondence, Phys. Rev. Lett. 115 (2015) 171602 [arXiv:1506.01353]
[INSPIRE].

S. Aoki, K. Kikuchi and T. Onogi, Geometries from field theories, PTEP 2015 (2015) 101B01
[arXiv:1505.00131] [iNSPIRE].

S. Aoki, J. Balog, T. Onogi and P. Weisz, Flow equation for the scalar model in the large N
expansion and its applications, PTEP 2017 (2017) 043B01 [arXiv:1701.00046] [INSPIRE].

S. Aoki, J. Balog, T. Onogi and P. Weisz, Flow equation for the large N scalar model and
induced geometries, PTEP 2016 (2016) 083B04 [arXiv:1605.02413] INSPIRE].

S. Aoki and S. Yokoyama, Flow equation, conformal symmetry, and anti-de Sitter geometry,
PTEP 2018 (2018) 031B01 [arXiv:1707.03982] [INSPIRE].

S. Aoki and S. Yokoyama, AdS geometry from CFT on a general conformally flat manifold, Nucl.
Phys. B 933 (2018) 262 [arXiv:1709.07281] INSPIRE].

S. Aoki, J. Balog and S. Yokoyama, Holographic computation of quantum corrections to the bulk
cosmological constant, PTEP 2019 (2019) 043B06 [arXiv:1804.04636] [INSPIRE].

S. Aoki, S. Yokoyama and K. Yoshida, Holographic geometry for nonrelativistic systems emerging
from generalized flow equations, Phys. Rev. D 99 (2019) 126002 [arXiv:1902.02578] [INSPIRE].

S. Aoki, J. Balog, S. Yokoyama and K. Yoshida, Nonrelativistic hybrid geometries with
gravitational gauge-fizing terms, Phys. Rev. Res. 2 (2020) 013169 [arXiv:1910.11032] [INSPIRE].

S. Aoki, T. Onogi and S. Yokoyama, What does a quantum black hole look like?, Phys. Lett. B
814 (2021) 136104 [arXiv:2004.03779] INSPIRE].

S. Aoki, J. Balog, T. Onogi and S. Yokoyama, Special flow equation and the GKP-Witten
relation, PTEP 2023 (2023) 013B03 [arXiv:2204.06855] [INSPIRE].

L.R. Klebanov and A.M. Polyakov, AdS dual of the critical O(N) vector model, Phys. Lett. B 550
(2002) 213 [hep-th/0210114] [INSPIRE].

S.R. Das and A. Jevicki, Large N collective fields and holography, Phys. Rev. D 68 (2003) 044011
[hep-th/0304093] [INSPIRE].

R. de Mello Koch, A. Jevicki, K. Jin and J.P. Rodrigues, AdS,/CFT3 Construction from
Collective Fields, Phys. Rev. D 83 (2011) 025006 [arXiv:1008.0633] INSPIRE].

— 922 —


https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.48550/arXiv.hep-th/9711200
https://inspirehep.net/literature/451647
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.48550/arXiv.hep-th/9802109
https://inspirehep.net/literature/467202
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.48550/arXiv.hep-th/9802150
https://inspirehep.net/literature/467400
https://doi.org/10.1007/JHEP06(2011)031
https://doi.org/10.1007/JHEP06(2011)031
https://doi.org/10.48550/arXiv.1010.1264
https://inspirehep.net/literature/872272
https://doi.org/10.1007/JHEP10(2012)193
https://doi.org/10.48550/arXiv.1208.3469
https://inspirehep.net/literature/1128036
https://doi.org/10.1093/ptep/ptv089
https://doi.org/10.48550/arXiv.1503.03542
https://inspirehep.net/literature/1351894
https://doi.org/10.1103/PhysRevLett.115.171602
https://doi.org/10.48550/arXiv.1506.01353
https://inspirehep.net/literature/1374521
https://doi.org/10.1093/ptep/ptv131
https://doi.org/10.48550/arXiv.1505.00131
https://inspirehep.net/literature/1365809
https://doi.org/10.1093/ptep/ptx025
https://doi.org/10.48550/arXiv.1701.00046
https://inspirehep.net/literature/1507467
https://doi.org/10.1093/ptep/ptw106
https://doi.org/10.48550/arXiv.1605.02413
https://inspirehep.net/literature/1456805
https://doi.org/10.1093/ptep/pty013
https://doi.org/10.48550/arXiv.1707.03982
https://inspirehep.net/literature/1609796
https://doi.org/10.1016/j.nuclphysb.2018.06.004
https://doi.org/10.1016/j.nuclphysb.2018.06.004
https://doi.org/10.48550/arXiv.1709.07281
https://inspirehep.net/literature/1624679
https://doi.org/10.1093/ptep/ptz026
https://doi.org/10.48550/arXiv.1804.04636
https://inspirehep.net/literature/1667433
https://doi.org/10.1103/PhysRevD.99.126002
https://doi.org/10.48550/arXiv.1902.02578
https://inspirehep.net/literature/1718910
https://doi.org/10.1103/PhysRevResearch.2.013169
https://doi.org/10.48550/arXiv.1910.11032
https://inspirehep.net/literature/1760762
https://doi.org/10.1016/j.physletb.2021.136104
https://doi.org/10.1016/j.physletb.2021.136104
https://doi.org/10.48550/arXiv.2004.03779
https://inspirehep.net/literature/1790425
https://doi.org/10.1093/ptep/ptad002
https://doi.org/10.48550/arXiv.2204.06855
https://inspirehep.net/literature/2067409
https://doi.org/10.1016/S0370-2693(02)02980-5
https://doi.org/10.1016/S0370-2693(02)02980-5
https://doi.org/10.48550/arXiv.hep-th/0210114
https://inspirehep.net/literature/599484
https://doi.org/10.1103/PhysRevD.68.044011
https://doi.org/10.48550/arXiv.hep-th/0304093
https://inspirehep.net/literature/616775
https://doi.org/10.1103/PhysRevD.83.025006
https://doi.org/10.48550/arXiv.1008.0633
https://inspirehep.net/literature/864202

[21]

[22]

[23]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

R. de Mello Koch, A. Jevicki, K. Suzuki and J. Yoon, AdS Maps and Diagrams of Bi-local
Holography, JHEP 03 (2019) 133 [arXiv:1810.02332] [INSPIRE].

O. Aharony, S.M. Chester and E.Y. Urbach, A Derivation of AdS/CFT for Vector Models,
JHEP 03 (2021) 208 [arXiv:2011.06328] [INSPIRE].

D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, Renormalization group flows from
holography supersymmetry and a c theorem, Adv. Theor. Math. Phys. 3 (1999) 363
[hep-th/9904017] [INSPIRE].

R.C. Myers and A. Sinha, Seeing a c-theorem with holography, Phys. Rev. D 82 (2010) 046006
[arXiv:1006.1263] [iNSPIRE].

R.C. Myers and A. Sinha, Holographic c-theorems in arbitrary dimensions, JHEP 01 (2011) 125
[arXiv:1011.5819] INSPIRE].

D.L. Jafferis, I.LR. Klebanov, S.S. Pufu and B.R. Safdi, Towards the F-Theorem: N = 2 Field
Theories on the Three-Sphere, JHEP 06 (2011) 102 [arXiv:1103.1181] [INSPIRE].

LR. Klebanov, S.S. Pufu and B.R. Safdi, F-Theorem without Supersymmetry, JHEP 10 (2011)
038 [arXiv:1105.4598] [INSPIRE].

S.S. Pufu, The F-Theorem and F-Maximization, J. Phys. A 50 (2017) 443008
[arXiv:1608.02960] [INSPIRE].

T. Banks, M.R. Douglas, G.T. Horowitz and E.J. Martinec, AdS dynamics from conformal field
theory, hep-th/9808016 [INSPIRE].

S. Aoki, K. Shimada, J. Balog and K. Kawana, Bulk modified gravity from a thermal CFT by the
conformal flow, Phys. Rev. D 109 (2024) 046006 [arXiv:2308.01076] [INSPIRE].

M.A. Vasiliev, Higher spin gauge theories in four-dimensions, three-dimensions, and
two-dimensions, Int. J. Mod. Phys. D 5 (1996) 763 [hep-th/9611024] [InSPIRE].

1.S. Gradshteyn and .M. Ryzhik, Table of Integrals, Series, and Products, eighth edition,
Academic Press (1943) [D0I:10.1016/C2010-0-64839-5].

— 23 —


https://doi.org/10.1007/JHEP03(2019)133
https://doi.org/10.48550/arXiv.1810.02332
https://inspirehep.net/literature/1696984
https://doi.org/10.1007/JHEP03(2021)208
https://doi.org/10.48550/arXiv.2011.06328
https://inspirehep.net/literature/1829802
https://doi.org/10.4310/ATMP.1999.v3.n2.a7
https://doi.org/10.48550/arXiv.hep-th/9904017
https://inspirehep.net/literature/497764
https://doi.org/10.1103/PhysRevD.82.046006
https://doi.org/10.48550/arXiv.1006.1263
https://inspirehep.net/literature/857215
https://doi.org/10.1007/JHEP01(2011)125
https://doi.org/10.48550/arXiv.1011.5819
https://inspirehep.net/literature/879083
https://doi.org/10.1007/JHEP06(2011)102
https://doi.org/10.48550/arXiv.1103.1181
https://inspirehep.net/literature/891599
https://doi.org/10.1007/JHEP10(2011)038
https://doi.org/10.1007/JHEP10(2011)038
https://doi.org/10.48550/arXiv.1105.4598
https://inspirehep.net/literature/900880
https://doi.org/10.1088/1751-8121/aa6765
https://doi.org/10.48550/arXiv.1608.02960
https://inspirehep.net/literature/1480387
https://doi.org/10.48550/arXiv.hep-th/9808016
https://inspirehep.net/literature/474214
https://doi.org/10.1103/PhysRevD.109.046006
https://doi.org/10.48550/arXiv.2308.01076
https://inspirehep.net/literature/2684597
https://doi.org/10.1142/S0218271896000473
https://doi.org/10.48550/arXiv.hep-th/9611024
https://inspirehep.net/literature/407324
https://doi.org/10.1016/C2010-0-64839-5

	Introduction
	Model and conformal smearing
	O(N) model in 3 dimensions
	Conformal smearing

	Bulk metric via the conformal smearing
	Results at the LO
	Results at the NLO

	Bulk-to-boundary scalar propagator
	UV limit
	IR limit

	Conclusion
	O(N) model in 3 dimensions
	Schwinger-Dyson equation
	Large N expansion
	Renormalization group analysis in the massless case at the LO

	Metric at the NLO
	Momentum integrals
	Integral formula for Bessel functions
	F(ij)**(n) in two limit
	Some calculations in the IR limit
	Pi(lambda,1)(x,z) in the IR limit

	Bulk-to-boundary propagator by a general smearing

