
1

Spherical functions and local densities for p-adic 

sesquilinear forms 

Yumiko Hironaka 

Waseda University 

§0 Introduction 

Let 1G be a reductive linear algebraic group defined over k, and X be an affine algebraic 

variety defined over k which is IG-homogeneous, where and henceforth k stands for a 

non-archimedian local field of characteristic 0. The Hecke algebra 1i(G, K) of G with 
respect to K acts by convolution product on the space of C00(K¥X) of K-invariant <C-
valued functions on X, where K is a maximal compact open subgroup of G = IG(k) and 
X = X(k). A nonzero function in C00(K¥X) is called a spherical function on X if it is a 
common 1i(G, K)-eigen function. 

Spherical functions on homogeneous spaces are an interesting object to investigate and a 

basic tool to study harmonic analysis on G-space X. The cases of sesquiliear forms are 

particular interesting, since spherical functions can be regarded as generating functions 
of local densities, and the latter have a close connection to global theory of automorphic 

forms. We will explain this relation in §1. If one has good explicit formulas of spherical 
functions, one may have a good formulas for local densities, and vica versa. 

Although one has most interest in the case of symmetric forms, good explicit formulas of 
spherical functions nor local densities are not known. On the other hand, one may study 

some general theory of local densities without their explicit formulas (cf. [BS], [BHS], [H2], 

[H5], [Kil). In this note, we summarize such results on local densities on hermitian forms 

(unramified or ramified hermitian forms over a field and quaternion hermitian forms). In 
§1, we define spherical functions and local densities and introduce their relations. Then 

we consider linear independence of local densities in §2, and we give denominators of 

certain formal power series (Kitaoka series) attached to local densities in §3. 
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§ 1 Spherical functions and local densities 

Let k a p-adic field, and set o = Ok, 7r =冗， P= 1ro, q = lo/pl, as us叫 Weassume q 
is odd. 

We introduce the notations of unramified hermitian case (U), ramified hermitian case (R), 
and quaternion hermitian case (D). We set 

unramified quadratic extension k'of k for (U) 
L = { ramified quadratic extension k'of K for (R 

division quaternion D over k for (D}, 
(1.1) 

and 0=切， and豆 tobe the prime element of L such that 

豆＝｛Ir (JI2 = 1r) 鷹；［闊皿d(D) (1.2) 

For matrix A E Mmn(L), we denote its complex conjugate by A* E Mnm(L), where 

(A*)ij = Aj;* by nontrivial k-automorphism on k'for (U) and (R), or by the canonical 
involution on D. One may refer [H7, §1] for basic notions and properties of case (D). 

Set G = Gn = GLn(L) and K =Kn= GLn(O). Then the spaces of hermitian forms are 

defined as follows (by the corresponding L) 

Vn = {x E Mn(L) I x* = X}っXn= { X E Gn I x* = X}, 

冒＝ Vnn Mn(O)っx；； =Xn n Mn(O), (1.3) 

where Gn acts on Vn and Xn by g ・ x = gxg*, and Kn acts on V/ and X；；・ SetB = Bn 
the set of lower triangular matrices in G. For a matrix x of size n, we denote by砂 its

upper left (ix i)-block. We define relative B-invariants di(x)(E k), 1:::; iさnonXn as 

follows: 

知）＝ det(x叫 for(U) and (R), 

d扉＝心（砂） for(D), 

where Nrd（砂） isthe reduced norm on V;(D). The action of b E B is given by 

山(b・ x) =｛い(det(b叫）山(m) for (U) and(R) 

Nrct(b(il) di(x) for (D) 

For XE Xn ands Ere尺weconsider the integral 

叫； s） =J  |d(K.X)「dk, ld(y)ls = {『＝1は(y)1s, 
Kn 

if y E X0P 

otherwise, 

(1.4) 

(1.5) 

(1.6) 

where dk is the normalized Haar measure on Kn and 11 is the absolute value on k and 

X匹＝｛XEXn I d;(x)ヂ0,1 ~ i ~ n}. 
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The integral (1.6) is absolutely convergent if Re（ふ） ：：：：： o, 1 ::; iさn-1, and continued to 
a rational function on q81,..., qsn. Then it becomes an element of 

C00(K¥X) =｛屯： X → C |屯(k・ x)＝w(x), k EK}, (1.7) 

and we use the notation w(x; s) in such sense. Let 1-l(G, K) be the Hecke algebra of G 
with respect to K and recall the action of 1-l(G, K) on c=(K¥X) 

1 * w(x) = l f(g)IJ!(g―1 ・ x)dg, (f E 1-l(G, K), iJ! E炉 (K¥X),x E X), (1.8) 
G 

where dg is the normalized Haar measure on G. We call w(x; s) is a spherical function on 
X, since it is a common eigenfunction with respect to the above 1-l(G, K)-action. (This 
is a general theory for spherical functions on homogeneous spaces, see [H6], for example.) 

For A EX嘉andB E X;t with m ~ n, we define local density of B by A邸 follows:

μ(B,A) = Ji 
i｛可EMmn(O/召0)I A[v] -B E Mn（心）｝

= Im 
tn(＊＊） £→= q 

炉 (B,A) = Ji 
i{mE M品(0/召0)I A[v] -B E Mn（心）｝

Im 
tn(＊＊） £→= q 

(1.9) 

where we identify Mmn(O/が0)with Mmn(O)/Mmn（廿0),A[v] = v* Av E Vn(O), 

M品(0)＝叫(0)Con)'and(**)=｛ご；n+l[ご闊and(R) (1.lO) 

It is known that the above ratios in (1.9) are stable if£ is big enough, and for that it is 
enough to assume that 

The Kn-orbit containing B(EX;;) decomposes into cosets modulo Vn（召0). (1.11) 

For A E X;;,, B E X；；皿deEN, we have the following 

μ（ザB，がA)=qt*)・ μ(B, A), μpr（がB,研A)=q(*).戸（B,A), (1.12) 

where 

（＊） ＝ ｛州 for(U) and(R) 
n(2n -1) for (D). 

Hence we may define local densities for any A E Xm and B E Xか

The following relations are known (cf. [Hl], [H7]), and by these relations we may regard 
spherical functions as generating functions of local densities. 

Theorem 1.1 (Induction Theorem) Assume that m ~ n and Re(s』~ 0, 1 ::; i ::; n and 
take anyA EX盃

w(A; s1,..., Sn, 0,..., 0) 

阿 (B,A)
C (*)・ I: n,mμ(B,B)  ・ w(B; X1,..., Xn) 

BEKn¥Xす
n 

μ(B, A) 
Cn,mH. rr(l -q―h,(s)). L ・w(R;X1,..., Xn), 

i=l 
μ(B, B) 

BEKn¥X;: 
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where 

Cn,m(l) = 
rr~=l (lーが）rr:了(1ーが） 一1

閂（1-tり
, (*) = ~(0/(II) = { ~ q -2 

for (R) 
for (U) and (D), 

2均十・・ ・ + 2sn + m -i + 1 for (R) 

叫s)= ｛ 瓦＋・・・ + 2% ＋ 2m -2t + 2 for (U) 
Si+・・・+ Sn+ 2m -2i + 2 for (DJ. 

The values of w(x; s) and μ(x, y) are determined by the Kn orbit of x E Xn and Km-orbit 
of y E Xm. Set 

rk = {, E zk I,1 ~ ・ ・ ・ ~,k} っ rt = {, E rk I,k ~ o}, £ = {1, <5} (1.13) 

where t5 E o八o.Then the orbit space Kn＼ふ（resp.Kn ¥X;t) corresponds bijectively to 
An (resp. A!), where, for each case of (U), (R) or (D), it is given as 

心（U) =且，

心(R) = {（入，€） ＝ （沖..．籾，（E1,...'匂）
入E几，入1>...＞入t,ni > 0 (1 ::::; i ::::; t) 
€ E g, nt isevenif入isodd } 

ふ(D)=｛入 E□ | t{j |ふ＝入， 1::::; jさn}is even if入isodd} (1.14) 

The set At () is defined by using rt instead of r n for each case. Here, for (U), the 
representatives are diagonal consisting of shape〈が〉 or〈7f吐〉， whilefor (R) and (Q), 

they are orthogonal sums of shape〈が〉 or〈7f吐〉 if入＝ 2rand shape（土 IIt)if 

入＝ 2r+ 1. Because of the shape An(R), we should consider spherical functions with 
characters for (R) (cf. [Hl]). 

We define the pairing〈,〉： VnX Vn→ k by 

〈A,B〉={ trace(AB) for (U) and (R) 
LiAii凡＋ Li<jT rd (Aij的） for(Q), 

(1.15) 

where Trd is the reduced trace on D. 

We take and fix an additive character心onk of conductor p. For any£> 0, we define 

the character切 ofconductor p£ by砂(x)=心（ず％）， anddenote by Xe the induced 

character on o/pe, which is nontrivial on p£-l／ 付．（1.16)

By the orthogonal relation of characters, we have the following: 

Lemma 1.2 For A E Xm and B E Xn with m ~ n, on has 

μ(B,A) = c0 ・ [-dy 1 い(〈A[v]-B,y〉)dv,
Vn JMmn(O) 

where dy and dv are normalized Haar measures on Mmn (L) and Vn (L), respectively, and 
the integral over Vn is understood as 

[n =凰[n(,r―to)'Co={ !-n(n-l)羹：腐 and(D) 
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For the calculation of local densities for (R) and (D), it is convenient to use the following 
的(B,A) and Vn (1r, £): 

μ(B,A) = Jim 
Ne(B,A) 

£•~ qln(4m-2n-1)-n(n+l)' 

Ne(B,A) = ~ {v E Mmn(0/1「ea)I A[v] -BE Vn(1r, £)} 

Vn(1r,£) = {y E Vn I Yii E Pe, Yij E P2f-l (vi,j)}. (1.17) 

§2 Linear independence of local densities 

We consider local densities μ(B, A) as functions of B E心 andstudy their linear inde-
pendence when A EX嘉variesby scaling hyperbolic plains. We have studied in [BHS] 
the similar problem on local densities of symmetric forms and applied it on global study 
of Siegel modular forms. Here we concentrate local theory. 

In order to state the results, we need some more notation. 
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where,佑 ＝化(k,S, T) is a constant independent of入

(2) As functions ofT E Xt, the set { μ(T, H,¥..lS) I入Ert,t} 
n+i 

spans a (n; £)-dimensional 

Q-space, and the set { μ(T, Hi-'..lHk-n..lS) Iμ Eげ，c}forms a basis. 

Recall the character'lj; defined in (1.16). For a function f on Vn we define its Fourier 
transform if the following integral is well-defined: 

m)（y) ＝J f(x)心(-〈x,y〉)dx.
Vn 

(2.4) 

For A E Vm皿 dC E Vn, we define the Gauss sum by 

g(A,C)＝J 心(〈A[v],C〉)dv.
Mmn(O) 

(2.5) 

It is easy to see that the value of Q(A, C) is determined by GLm(O)-orbit containing A 
and GLn(O)-orbit containing B. By Lemma 1.2, we see 

扉 (A,))(B)= c。μ(B,A),
if f g(A,x)'ljJ(-〈x,B〉)dxis well-defined. (2.6) 

Vn(D) 

For x E Vn = Vn(L), we define a constant v[x] as follows. If x E Vn(O), we set v[x] = l; 

if x has eigenvalues of negative汀・L-exponents and 1r LT',..., 1r LT, are the all, we set 

r 

v[x] = qlTI, ITI＝LT;(> 0). (2.7) 
i=l 

It is clear that Q(A, C) decomposes into products if A or C decomposes into orthogonal 
sums. 1.e. 

s s 

g(A上:=1Aぃ号＝1Cj)= IT IT Q(Aぃ切）． (2.8) 
i=l j=l 

Hence the calculation of Gauss sums is reduced to that within size 1 or 2, which is possible 
to calculate (for details, see [H4], [H7]). We note here the following for convenience. 

Lemma 2.2 Q(A, C) is a product of the following quantities for each case. 

For (U), I(a) = 1心（冠Nk'jk(x))dx= (-qrin{O,a}, (a E Z). 

゜
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For (R), I(a; E) = 1心(IlaENk'jk(x))dx (a E 2Z, EEぷ）

= { ：(a+1) ／2:。（ (-1)；/2+1€) ，（€o E 0，噂＝（T）） 
J(b) = 1い(Tr炉／k(Ilbxy))dxdy= qmin{O,b十1}, (bEZ). 

OxO 

For (D), I(a) = 1心(Ila心 (x))dx= qmin{O,a+l}, (a E 2Z), 

゜J(b) = 1い(Trct(Ilbxy))dxdy= q2min{O,b+l}, (b E Z). 
OxO 

Proposition 2.3 For A E Xm and C E Vn, it holds 

IQ(A,C)I::; c(A)｛虚『:/2j::［靡 and(D) }-

where, c(A) is a constant adjusted for each case. 

if a> 0, 

if a< 0, 

(2.9) 

It is known that the integral (singular series) i_ v[x]―8dx is absolutely convergent if 
Vn 

Re(s) > 2n -1 for (U) and (R) (cf. [Shi, Th.13.6]. (2.10) 

For case (D), we embed Mn(D) into M2n(k') by !f!n where {1, E, II, ell} is the standard basis 

of Dover k and k'= k(E) is unramified, and consider a similar integral 1咋 (y)-sdy.
M2n(k1) 

Here for y E M2n(k'), if y has eigenvalues of negative 1r-exponents and those sum is c(y), 
we set四 (y)= q12c(y)I; while we set加 (y)= 1 if y is integral. Then v[x]2 =加（五(x))for 

x E Mn(D). This integral is absolutely convergent if Re(s) > 4n -1 (cf. [Shi, 3.14]). 

Hence, together with (2.6) and Proposition 2.3, we obtain the following Proposition. 

Proposition 2.4 For A E Xm and T E Vn, the Fourier transform F(Q(A,))(T) is 
absolutely convergent if m, n satisfy the condition 

m 2: 2n for (U), m 2'. 4n -1 for (R), m 2'. Sn -1 for (DJ. 

Then, for B E Xn, one has 

F(Q(A,))(B) = c0μ(B, A), 

where勾＝ 1for (U), while c0 = q―n(n-l) for (R) and (D) (cf. Lemma 1.2). 

Proposition 2.5 Assume m and n satisfy the condition in Proposition 2.4, and let A; E 
x』0),1さiさN.Then the following are equivalent: 
(i) As functions ofT on X;;, μ(T,A;), 1さiさN are linearly independent over(Ql． 

(ii) As functions of X on Vn(k'), Q(A;, X), 1さi::; N are linearly independent over IC. 
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Proof of Theorem 2.1: 
We prepare some more notation. For each X E Vn ¥ Vn (0), let 7r L冗．．．， 7r戸 bethose 
elementary divisors of X which紅 eof negative powers of 刀皿d 町~ ・ ・ ・ Tr ~ l, where 
7r£ is the prime element of L = k'or D given in (1.2). Set 

and 

T =T(X) ＝ { ° E At ifX E %（O) 
（巧，．．．,Tr) E At(C A;t-) if X (/_ Vn(O), 

び＝ a（X)＝ { ° EAtifX  E%（O) 
（町ー 1,...,Tr -l) E A;(C A;t) if X tf_ Vn(0), 

We note that v[X] = qlTI (cf. (2.7)). 

Assume入Ert and XE  Vn＼見（0)with T(X) and a(X) (cf. (2.11), (2.12)). Then 

Q(H¥X) = qc（入，x),

where 

c（入，X)= 

2区を0m>,(t) L (t-乃） for(U) 
1 :S j :Sr, 
巧＞ t 

区だ0m>.(t) と （t-叫 for (R) 
1 :Si :Sr, 
er,> t 

2兄?:O叫 (t) 区（t-叫 for(D), 
1 ::; i::; r, 
CTi > t 

(2.11) 

(2.12) 

and m入(t)= Hi I入;= t}. When X E V(O), c（入，X)= 0 by definition of T(X) and 
r,(X), which is consistent with g(H¥ X) = l. On the other hand, by a combinatorial 
calculation of the right hand of c（入，X),which is the same as in [BHS, p.58], we obtain 

g(H¥X)＝ qe（入，X）， C（入，X)＝｛〗：：［二k||T| ；：: :[： 
2〈3:,り-2k1(51 for (D) 

(2.13) 

In order to prove Theorem 2.1 (1), we tale入 E且，£ and T E X；；・ Underthe given 
condition on k, n and r, the assumption of Proposition 2.4 is satisfied as m = 2k + r, 
hence local densities μ(T, H入l_S)are expressed as the Fourier transform of Gauss sums 
(cf. (2.6)). Here, we write down only for the quaternion hermitian case (D), since the 
other case will be done quite similarly. 

9-

呻 (T,H入J_S) ＝ J后〈い(X)〉q―2klu(X)IQ(S, X)心(-〈T,X〉)dX,
Vn 
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where〈;:,五応〉 isdetermined by五汎 lさi:::; £ with £ coming from入E几，£・ Hence 

we have 

μ(T,H江S)

＝ぷ区 q心〉J q―2klu(X)lg(S, X)心(-〈T,X〉)dX.
TEぃ{XEVn 14豆＝Ti,1豆i夕｝

（＊） 

The value (*) is independent of入andonly dependent on k, T, S, T. Putting c計• (*) as 
佑 wehave the required formulation. 

Now we prove Theorem 2.1 (2). Denote by W the (Q-space spanned by functions 

{μ(T, H汀 S)I入Eい｝ onTE Xn. Then, by Proposition 2.5, W R <C is isomorphic to 

the <C-space spanned by functions位(H江 S,X)I入Eい｝ onX E Vn. The space W 

is isomorphic to the (Q-space Wi。spannedby functions { q応〉入 Eい｝ onTE几，£

by (1). The space Wi。coincideswith that considered in [BHS, p.59], where q2 should be 

replaced by q, and it is proved there that dim(Wi。)＝ ~(r叫＝ n＋凸． I

§3 Kitaoka series 

3.1. Let us consider the following formal power series P(B, A; X) for A E Xm and BE Xn 

with m ~ n. 

P(B,A;X)＝区μ（がB,A)Xr. (3.1) 
r~O 

Kitaoka introduce the similar power series for symmetric forms ([Kil), and conjectured it 

is rational and proved for some special case, hence we call P(B, A; X) as Kitaoka series. 
Then Bi:icherer and Sato proved the rationality by using Denif's theory and calculated its 

denominator for certain case ([BS]). And the author determined the denominators in [H2] 

and [H5] by an elementary method, where the rationality is also assured. Following the 

same method, we prove the rationality and determine the denominators for hertmitian 

cases. We note here all the results for convenience. 

Theorem 3.1 Assume that A E Xm and B E Xn with m 2:: n. Then the Kitaoka series 

P(B, A; X) becomes a polynomial of X if it is multiplied by the following polynomial 
corresponding to each case. 

For case (S) and even m, IT (1 -(EAq½(n+i-m+l)r-ix), where旦＝土1is given 

i=O 

explicitly by A, (for details, see [H5]). 
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n-1 
For case (S) in general, (1 -X) IT (1 -qtn-i)(n+i-m+l)炉）．

i=O 
n 

For case (U), II (1-(-1r(n-i)q(n-i)(n+i-m)x). 

i=O 
n 

For case (R) and -1 is square modulo jJ or m is even, IT (1 -q伍ーi)(n十i-m-1)X). 

i=O 
n-1 

For case (R) in general, (1 -X) IT (1 -q2(n-i)(n+i-m-l)炉）．

i=O 
n 

For case (D), IT (1 -q(n-i)(2n+2i-2m-1) X). 

i=O 

3.2. Because of (1.12), it suffices to consider integral forms. From now on, we concentrate 

the case (D), and give the outline of its proof (for details see [H7, §4, §5]). 

When we consider Kitaoka series P(B, A; X ; X), A E X;;; and B E X m are fixed, so we take 

and fix£ to be big enough for B to satisfy the condition (1.11), and recall the character 

Xe on o／討 in(1.16). 

For a locally const皿 tcompactly supported function f on Vn (i.e. for f E S(Vn)), we 

define its Fourier transform with respect to心Rby 

(f)加）＝Jf(y)切(-〈Y,z〉)dy,
Vn 

(3.2) 

where dy is the Haar measure on Vn normalized by vol(Vn(O)) = 1. For A E X嘉and

CE Vn(O), we define (finite Gauss sum) 

Se(A, C) = こ定 Mmn(O/P吟

X£(〈A[v],C〉)． (3.3) 

Sinceゆ£(〈A[v],C〉)＝ゆ(7r―£〈A[v],C〉)， wesee for A E X嘉， CEVn(O) 

SR(A, C) = q4£mn Qけ―RA,C). (3.4) 

We write here the correspondence of A!皿 dGLn(O)＼立explicitly.Any'Y =（冗...，'Yn)E 

A! (cf. (1.14)) is writen as 

,=r『..・r『Eか； r1> ・ ・ ・ >乃：：：：： 0,釘＞ 0,e; is even if r; is odd, 

and we associtate the elementが EX;t such as 

が＝がこ．．．上が:tE X土 (3.5) 

〈ザ〉上・・・〈ザ〉 Ex: if r = 2u, 

戸＝ ｛〈（＿TOuII7fu。”)〉上上〈し°u”7fu。”)〉 EXe+ lfr = 2u+ 1 

By Lemma 2.2, we obtain 
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．． 
Proposition 3.2 For a E A;;; and (3 E A;;,-m and(3E At, it holds n, 

m n 

S仄，臼）＝ q2fmn.(-l)c IT IT qmin{2f,a，十あ十1}'

i=l j=l 

c = t { (i, j) I ai and均areeven, and 2£ >①十功＋ 1}.

In particular, if 2£ > a1 +凡＋ l,then 

＆（訊臼） ＝ q凶mn.(-ltqnlal+mlf!l+mn_ 

The group GLn(O/炉） actson Vn(O/P叫， andthe coset space bijectively corresponds 
to the set 

A!,2£ = { 1 E A! I /1 <::'. 2/i,}. (3.6) 

We recall Np(B,A) defined in (1.17). Further we define for IE A!,u 

N『（炉，訂）＝は {gE GLn(O/P2p) I 7r'[g] -7f'E Vn(1r,C)}. (3.7) 

We note here that欧（炉，印） ＝Ng（炉，印） if/1 < £. 

By Lemma 1.2 and (1.17), we have the following expression of local densities. 

p roposition 3.3 Assume that A E X;;; m and BEX:: n with m ~ n and that £ satisfies the 
condition (1.11). Then one has 

μ(B,A) = q―fn(4m-2n+l)-n(n-1)的(B,B)L Se(A，が）

N『（が，が）
(c加）パが），

-yEA!,2e 

where chB is the characteristic function of Kn ・ B. 

Lemma 3.4 Assume 2£ 2': a+ 2, where a is the maximal II -exponent of all the elementary 
divisors of A E X嘉． Then

St(A, ln) 

Nt(ln, 1砂
= coq £n(2m-2n-1) ， SAA,Hn/2) £n(2m-2n-1) 

N[(Hn/2,Hn/2)' 
= c1q 

where匂 andc1 are constants determined by A and n, and independent of£. 

Proposition 3.5 Assume that£ satisfies the condition (1.11). Then 

where 

P(B,A;X) = q―£n(4m-2n+l)-n(n-1) Nc(B, B) I:（叫）；（T芍)P'f(A; X), 

予EA+
n,2£ 

几(A;X) 文(q知 (n-m)xr L 叩 (A，が）

r=O 沢：A（'y,r)
Nに（m，炉）＇

A（テ，r) { I E A!,2(f+r) I I =予（mod2£)}. 

(3.8) 
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Fix a予EA!,2£ and set i =四（2£)(= HJ I 1さjさn,刃＝ 2£}).Then we may write 

う＝ （2£)切withsome v E Aい，2£_1,and 

if i = 0 

A（テ，r) = {『（~2;/;p)v E A!,2(£+r) I PE Aふ｝ lf t 2 1, （3 9) 

We calculate the main quotient term of P7(A;X)((3.8)) as follows. 

Lemma 3.6 Assume予EA!,2£ and i＝四（2£).Take any IE A（う，r)written as in (3.9). 
Then, for sufficiently large r with respect to A, one has 

喜戸「こ7]＝{ ：toqqrr(nn（ロニn--2:-2t-1)&（A, TP） か＝ 0 

N戸（ザ，呼）
if lさiS:: n 

where ai is a constant determined by£, A andう， andindependent of r. 

For formal power series R1(X) and凡(X)of X, we write R1(X)～凡(X)if凡(X)-

凡(X)is a polynomial of X. 

.. ~ 
Proposition 3. 7 Assume'1 E A ＋ 

n,2£ and set i =四（2£).Then it holds 

Po(A; X) ~ {：二°:qqnn((22:＿ーニー:））十〗r-2m+1)X)r ど：？悶二） ：；：::, 
pEA甚

where a; is the same constant as in Lemma 3. 6. 
Especially, if i = 0, then R可(A;X). (1-qn(2n-2m-l)X) is a polynomial of X. 

3.3. Now we consider for；；； EAれ図 W社hi = m7(2£) 2: 1. By Propos面⑳ 3.7,we have t〇

calculate the sum for p E At2r. When r = 0, we have 

A(:X:, 0) =｛:X:}, A贔＝ ｛O}, 

which gives the constant term of P弓(A;X). Hence it suffices to consider the sum for r 2: 1 

in (3.8). Hereafter we assumer 2: 1 and we decompose A五asfollows. 

,-1 

塁＝LJ A(J)，A(J) = A(J+） LJA(J-)A(J-） = 0 unless i三 j (mod 2), (3.10) 

J=O 

A(0+)={(2b)il o::::;b::::;r}, 

A(O-) = {(2b+ l)i I 0さbさr-1}ifi三 0 (mod 2), 

AU+)= { (2b)i + (/3,Oi-j) EA五。::::;b::::; r -1, /3 E AJ:2(r-b)'/3J 2 1} if j 2 1, 

AU-)= { ((2b)j +/3）（2b-l)i-j EA贔 1::::;b::::; r,/3E AJ:2cr-b)} if j 2 1, i = j (mod 2), 
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We set for 1さiさn,according to the summation range 

Q;(X) 

Q罰X)

Q砂(X)

i-1 

・一 区xr区 ふ(A,Jrり

r::>1 
N戸(7rP，炉）

＝区Q罰X),
pEA贔r.',, j=O 

・一 Lxr L 
ふ(A,刑）

r〉1 pEAUl 
Nr（炉，炉）

＝区 Q;Jk)(X)，
k=+,-

・一 区xrL ふ(A,7rP) 

r::>1 pEA(jk) 
N『（砂，刑）＇

(0 :S j :S i -1, k =土）． (3.11) 

Then, the assertion for the case i = m孔2£)~ 1 in Proposition 3. 7 can be written as 
follows. 

P-;:;(A,X) ~ a叫 qn(2n-2m-l)+i(2i-2m+l)X), (3.12) 

where ai is the same constant as in Proposition 3.7. The assertion (3.12) is valid also for 
i = 0 by putting Qo(X) = I:rc':l xr (cf. Proposition 3.7). 

Hereafter we calculate Q~j) according to the decomposition of A贔 (fordetails, see [H8, 
§5]). 

For j = 0, one has 

(1-q4i(m-i)x). Q~O-)(X) ~ C L(l(2m-2i-l)xr, 

r~l 

(l _ q4i(m-i) X). Q巳(X) ~ C'区(lc2m-2i-1)xr, 

r~l 

where c and c'are constants independent of r, actually c = c1, c'= c。inLemma 3.4. 
Since Q~0\x) = Q~0+\x) + Q~0-\x), we have 

(1 _ q4i(m-i) X)(l _ l(2m-2i-1) X). Q四(X)is a polynomial in X. (3.13) 

Recalling the de且nitionof Qi(X) and adjusting the variable (cf. (3.12)), we have 

p roposition 3.8 AssumeうEAn,2£ and m7(2£) = 1. Then 

(1 -q4(m-l) X)(l -q2m-3 X) • Q1(X) is a polynomial i is a polynomial in X, 

(1-qn(2n-2m-l)+2m-1x)(l -qn(2n-2m-1lx). P1(A,X) is a polynomial in X. 

Next we consider the case j：：：： 1. We have, with a suitable constant c, 

(l _ q4i(m-i) X). Q?-¥x) ~ cX. Qj(q(i-j)(2m-2i-2j-1) X) (j：：：： 1). (3.14) 
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3.4. In order to calculate Q臼(X)for j 2 1, we need to decompose A(i+l(c A泣） as
follows (r 2 1 i is assumed): 

li/2] 
A(j+) = LJ A(j+,k) 

k=O 

for：゚：：：： K ：：：：： [j/2] and j -2k > 0, 

A(j+,k) = { ((2b + 2)j-2k +,)(2b + 1)2k(2b)i-j EA心゚：：：：： b ：：：：： r -l, I E A7-2k,2(r-b-1)}, 

for even j and k = j /2, 

A (j+,j/2) = { (2b + 1)j (2b)i-j E Ai,2r I゚：：：：： b ：：：：： r-1}, (3.15) 

and define Q?+,k¥X) as before. 

Then, for゚：：：：： K ：：：：：且],j -2k > 0, together with a suitable constant ak, which is new and 
independent of r, we obtain,, 

(1 _ q4i(m-i) X). Qij+,k¥X) ~ ak X. Qj-2k(q(H+2k)(2m-2i-2j+4k-l) X). (3.16) 

Finally, for even j, we obtain, with a suitable constant a0, 

(1 -q4i(m-i) X)(l -qi(2m-2i-l) X). Q?+,il2¥x) is a polynomial, (3.17) 

which is the same type as the c邸 eQ門(X)(cf. (3.13)). 

3.5. We recall that 

,-1 i-1 / li/2] 

Q,(X)= 〗切(X) ＝Q門(X)＋苫 (Q:J)(X)＋竺:J+k)(X))

Then, by (3.13), (3.14), (3.16), and (3.17), we obtain 

(l _ q4i(m-i) X)(l _ l(2m-2i-l) X). Qi(X) 

~ (1 -q"(m-,) X)(l -q'(,,,,_,._,) X)にー1(釘(X)+ と
0'.'o k'.'o [j/2] 
j -2k > 0 

Q;J+，K)(X)） } 

ヽ
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where Cjk and Cj are constants. We adjust the variable by (3.12), i.e. we substitute 
qn(2n-2m-l)+i(2i-2m+i)x for X in (3.18). Th en we obtain. with suitable constants c~ 

J' 

(1 _ qrn-i)(2n+2i-2m-1) X)(l _ qn(2n-2m-1) X). Qi(qn(2n-2m-l)+i(2i-2m+l) X) 

~ (1 _ qn(2n-2m-1) X) (~ Cj X. Qj(qn(2n-2m-l)+j(2j-2m+l) X)). 

(3.19) 

Thus, by induction, we obtain for 1 :::; i :::; n, 

t 

IJ (l _ qrn-j)(2n+2j-2m-1) X) X Q;(qn(2n-2m-l)+i(2i-2m+l) X) is a polynomial. 

j=O 

Hence, by (3.12), we obtain for anyうEA!,2t (even if i = m;:;;(2£) = 0, cf. Proposition 3.7). 

n rr (1 _ q(n-j)(2n+2j-2m-1) X) X凡(A,X) is a polynomial. 

j=O 

Since A!,2£ is a finite set in Proposition 3.5, we complete the proof of Theorem 3.1, i.e. 

we have proved that 

n 

IJ (1 -q(n-i)(2n+2i-2m-l) X) x P(B, A; X) is a polynomial. I 

i=O 

Remark 3.9 It is easy to see that the polynomials of X appearing in Theorem 3.1 have 

rational coefficients. 

It is difficult to calculate local densities in general. By a direct calculation, we give a small 

example consistent with the asse廿ionof Theorem 3.1. 

P(l, 12;X) = (1-q―2) (1+~—l x 1 +q―2 いx)
1 -q-3. l -X ―l-q-3・1-q-3x • 
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