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Sum formulas for Schur multiple zeta values* 

Yoshinori YAMASAKI 

Graduate School of Science and Engineering 

Ehime University 

1 Introduction 

For an index k = (k1,...，如） EZらwithkd ~ 2 (such an index is called admissible), the 
multiple zeta values (MZVs) and multiple zeta-star values (MZSVs) are defined by 

く(k):= 区
1 

m k1 0く加<…<mdm~l.. ・mが'
ぐ(k):= 区

1 

m k1 O<m1S・・・Smd""1 
.. -m~d. 

It is known that there are various relations among MZVs and MZSVs. Among them, we in this 

note focus on the following relations called the sum formulas which was proved in [3] and [4]; 

For integers d 2: 1 and w 2: d + 1 

(1.1) L ((k) = ((w), 
k : admissible 
wt(k)=w 
dep(k)=d 
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Here, ((w) is the Riemann zeta values and, for an index k = (k1,..., kd), wt(k) = ~:=1 k; and 
dep(k) =dare the weight and the depth of k, respectively. These relations are fundamental 

in the sense that many other relations include them as special cases. 

The aim of this note is to generalize the above sum formulas for Schur multiple zeta values 

(Schur MZVs) introduced in [7], which are combinatoric and simultaneous generalizations of 

MZVs and MZSVs. In particular, we will establish what we call bounded-type sum formulas 

for Schur MZVs when their shapes are given by the following two specific cases: ribbons and 

those having only one corner. 

2 Notations and definitions 

A partition of n E乙1is a tuple入＝ （ふ，．．．，ふ） ofpositive integers satisfyingふ 2:...2: 
入h2 1 and n = l>-1 =入1+・・・十入h・ A skew partition入／μis a pair of partitions入＝ （入1,...，入砂

*This note is based on the author's talk at RIMS conference "Zeta functions and their representations" and 
joint paper [2] with Henrik Bachmann (Nagoya University), Shin-ya Kadota (Niihama College), Yuta Suzuki 
(Rikkyo University) and Shuji Yamamoto (Keio University). For precise proofs of the results appeared in this 
note and detailed discussions, see [2]. 
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and μ = (μ1,..., μr) satisfying μ C入， thatis, r ::; h and μ; ::::;入;for i = 1,..., h where we 

understand μ; = 0 for i > r. In the case where μ = 0 is the empty partition, we just write 
入／μ=入． Theweight of入／μ is defined by|入/μI:=|入|-|μI. With入／μ,we associate the skew 
Young diagram D（入／μ)defined by 

D（入／μ):= { (i, j) E Z2 11 ::::; i ::::; h, μ; < j ::;入t}．

An entry (i,j) E D（入／μ)is called an (outer) corner of入／μ if (i,j + 1) t/. D（入／μ)and (i + 
1,j) t/. D（入／μ).We denote the set of all corners of入／μ by C（入／μ).A Young tableau k = 
(k;,j)(i,j)ED（入／μ)of shape入／μis a filling of D（入／μ)obtained by putting k;,j E Z::,1 into the (i, j)-
entry of D（入／μ).For shorter notation, we will also just write (k叫 inthe following if the shape 
入／μ is clear from the context. A Young tableau (m叫 iscalled semi-standard if m;,j < m;+1,; 
and m;,j ::::; mi,Hl for all possible i and j. The set of all Young tableaux and all semi-standard 

Young tableaux of shape入／μ are denoted by YT（入／μ)and SSYT（入／μ),respectively. For 

k = (k;,i) E YT（入／μ),we define its weight by wt(k)＝区 K(i,j)ED（入／μ)"'i,j and call it admissible 

if Ki,Jミ2for all (i, j) E C（入／μ).
For an admissible k = (k叫 EYT（入／μ),the Schur multiple zeta value is defined by 

1 
(2.1) ((k)：＝ L II ±・ 

(m叫ESSYT（入／μ)(i,j)ED（入／μ)匹，j

Note that the admissibility of k ensures the convergence of (2.1) (see [7, Lemma 2.1]). For the 
empty tableau k = 0, we have ((0) = 1. 

Example 2.1. For integers a, b, c, e, f 2'. 1 and d, g 2'. 2, 

〈（三）＝ ▽/] 

ー

b d f g • 
m1 吋・叫呵叫・msm四 7

＾ 
m2勺m3勺m4

＾ ^ 
m5 :<:: m5 :<:: m7 

The Schur MZVs are zeta-function analogues of the Schur functions and, moreover, gener-

alizations of both MZVs and MZSVs in the sense that we recover them as special cases: 

訊...,如）＝く（口），ぐ(K1,．，K砂＝＜ （三）
Our main research object is the sum 

ふ（入／μ)：＝ L ((k). 
kEYT（入／μ)
k : admissible 
wt(k)=w 

Notice that when入＝ （1りor入＝ （d), this coincides with the left-hand side of the classical 
sum formulas (1.1). In this note, we say that we get a sum formula for Schur MZVs if we 

can establish a "good" expression of Sw（入／μ).Among v紅 iousexpressions of Sw（入／μ),we are 
interested in a "bounded-type" expression in the sense that it can be written as a Q-linear 

combination of MZVs where the number of terms does not depend on w, but just on入／μ.



84

3 Ribbons 

A skew Young diagram is called a ribbon if it is connected and contains no 2 x 2 block of boxes. 

Using integers s1 2: 0 and s2,..., Sn, r1,..., rn > 0, such a ribbon can be explicitly drawn as 

三｝rn
rib(:~:::::::):= 

2
 
r
 

、__ ＼
l
 

where n is the number of corners in the ribbon. This includes as special cases 

anti-hooks: rib(:)=~}r = D(((s + l)')/(sr-1)) (s 2: 0, r 2'. 1), 

s-1 
r 

hooks : rib(］,S] 1) =□=D(（s,1r)） （s 22,r21)． 
In this section, we study the sum Sw（入／μ)when the shape入／μ is given by a ribbon. 

For integers w, s1,..., Sn 2'. 0 and r1,...，在＞ 0,define 

Sw（釘，．．．，::):= 
r1,...'Tn ▽

]
 !,,...,In dep(li)＝s, 

k1,..., kn : admissible 
dep(k;)=r, 

~,wt(k, )+~,wt(l,)=w 

where, for indices li = (li,1,..., li,sJ of depth si and ki = (ki,1,..., ki,rJ of depth r,, 

くは，：．．：： ；nn), 
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This is nonzero only when w 2釘＋・ ・・+Sn+ r1 + ・ ・ ・ + Tn + n. Note that Sw (;~::::: ;:) = 

Sw (rib（釘，．．．，;:))only when s2,..., Sn > 0. For example, 
T1,...'Tn 

叫）＝畠亙芦工く（三）＝sw(rrB)
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but 

叫『）―：五□叫く（三）パ（三］）
3.1 A strategy 

Our basic idea to compute the sum Sw（釘，．．．，;:)is to reduce the number of corners n by using 門，．．．，rn
the following recursion formula, which can be shown by switching the inequality bi+1,1 < a;,1 in 
(3.1) (for the given i) to the opposite a;,1 :::; bi+1,1 and adding the corresponding Schur MZVs. 

Proposition 3.1. Let s1,..., Sn 2: 0 and r1,...，在＞ 0be integers. For l :::; iさn-l with 
乃2:2, we have 

Sw（釘，．．．，S9,St+1,．．., Sn) + Sw （釘，．．．， S9, St+1 + 1,．．.，Sn 
r1,．．．，r99八＋1，．．．，rn だ，．．．，八ーl,S;~:+:, 1,:::: ;:) 

`翠+＋w`1〗互亡n-tsW1(：：： ： ：:） sW2(::［：: ： ：：） 
Using this repeatedly, one can express Sw（釘，．．．，;:)in terms of the values of the type 

T1,...'Tn 

Swじ， r゚；，：： ： :~). Moreover, using the Ohno relation for MZVs together with some combina— 

toric arguments, one can get the following expression for the latter sum. 

Theorem 3.2. For w 2 0, s 2 0 and r1,...心＞ 0,we have 

Sw (;1', ~', : : : : :J -ど区＂い~l) ・ ((W1,..., W砂
t1,…，tn2'.0 w,2'.r,+t,+1 i=l 
t1+…十tn=sw,+••-+wn=W

Combining above two results, we have 

Corollary 3.3. For n 2: 1, s1,..., Sn 2: 0 and T1,..., Tn > 0, the sum Sw (;~::::: ;:) can be 

written as a (Q)-linear combination of MZVs of weight w and depthさn.

For example, when n = 2, we have 

(3.2) 、1
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+ (-1)82 ここ (W1t:1) （初2/）〈（W1,W2) ・ 
t,,t,2'.:0 w12'.:s2+r1+t1+l 2 

t, +t2=s1 w22'.:四十わ十1
w1+w2=w 

Notice that this is not a bounded-type expression in general. 



86

3.2 Results 

Using results in the previous subsection, we can actually evaluate the sum Sw (:~::::: ::) 

explicitly in some special cases. First, we consider the cases of n = l, that is, the case of 

anti-hook shapes. The following theorem is an immediate consequence of Theorem 3.2. 

Theorem 3.4. For any integers r 2 1, s 2 0 and w 2 s + r + l, we have 

叫）＝ S切（三｝r)=(w~l)((w)
Notice that this is a simultaneous generalization of the classical sum formulas (1.1) for 

MZVs (the case of s = 0) and MZSVs (the case of r = 1). 

Example 3.5. For the anti-hook shape入／μ = (3り／（2り， wehave for w 2 6 

叫）＝Sw（三）＝ご）く(w)
The next sum formula is for the "stair of tread one" shape. One can prove this by induction 

on n with Proposition 3.1 and Theorem 3.2. 

Theorem 3.6. For any integers r 2 1, n 2 1 and w 2 (r + 2)n + 1, we have 

叫掌::r! 1) = Sw 

ー＋
 
r
 

、_＼

r_l‘

r
 ＇三
＇ ＇ □
 
＇ = Cw,r(n)((w), 

where Cw,r(n) := ~ ( w-l(w-(r+l)n-2 
~(w-(~~lr-2) EZ>o• 

Example 3.7 (The case of r = 1). 

叫）＝Sw（三）＝ W；[。-4)く(w) (w24), 

叫り＝ Sw （~)＝了(w[6) 〈（W) （W27)， 

叫旦）＝Sw（口）＝ W;1(了）く(W)（Wミ10)，

叫：］］：：）＝Sw（口）＝W4-1(w-310)く（W）（W>13) 
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Let us say that the sum Sw（入／μ)has a single-type expression if it can be written as a rational 
multiple of ((w). In general, it seems to be difficult to find a shape入／μ (or, more strongly, 
a family of shapes｛入叶μn}砂forwhich Sw（入／μ)(or Sw（入叶μn)for all n) has a single-type 
expression. 

We finally give a sum formula for general ribbons with two corners. 

Theorem 3.8. For s1, s2 ~ 0,八五＞ 0and wミ釘＋的＋乃＋乃＋2,we have 

(3.3) 

叫冒）＝ （s:二）く(w)
＋区 A芦’：勾’穴(wぷ（叩）＋区 B訂，悶'”((w1,W吐
w1,w22'.2 
w,+w2=w 

w12':l,w222 
w,+w2=w 

where the integers A訂言心 andB盆言心 areexplicitly given by 

B81,S幻 1,r2: = CS1,82 -（-1)82 
W1,W2 W1,W2 

As1,s江 1,r2: 
w1,w2 . = （-1)W1c81,s2 w1,w2 

-lw,:Ss1+r1 or w2:Ss2+r,-1(w18~ 1) (:: = n 
+1叫＞s1+r1(-1)釘＋r1十w1(W18~ 1)（釘＋s：2+-r:-W1) 
+1四<w2:Ss叶い(-1)s2+r2+w2(W\~ 1) (;:—ー n,

(初lt:1) （W2t/ 1) ▽
 
t1,t220 

t12'.w1 -(s2+r1) or t2?:w2→2 
t1 +t2=s1 

with 

c:］Sら＝ （一1)S2『五：（w,'―1)(：： ＿ -:)-（-1)81 (W1s: 1) （釘＋w282二）
t+J=W1 

Here, lp is the indicator function for the condition P. 

We remark that, though the expression is complicated, this is actually of bounded-type 

because A盆言心＝ B~,1'，Sば'”=0 unless w1 :S釘十況＋r1or w2 :S max{況＋乃ー 1,釘＋乃｝．
As a special case of Theorem 3.8, we obtain the following sum formula for hook shapes. 

Corollary 3.9. Fors, r 2: 1 and w 2: s + r + 2, we have 

sw(［ 8;1)（-sw(f)  when立 2)
＝ （口）く(w)一図（：＿ー□）く(k,w-k)+ (-1)8 s喜く(k,w-k) 
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一苫—1)k(：＿一口）〈（k)((w -k) -t (w ~ ~; 2)((k)((w-k) 

s+r-1 

+ (-lY :~:(-l)k （二／＿K ［:k)((k)((w -k). 
k=T+1 

Example 3.10. For the hook shape入＝ （3, 12), we have for w 2". 7 

叫：『）＝ Sw(~)
＝ご）((w)-(w-3)((2)((w-2) -(w -5)((3)((w -3) + ((4)((w -4) 
-(w-3)((1,w -1)ーく(2,w-2) -((3,w -3) -((4,w -4). 

We here give an outline of the proof of Theorem 3.8. To get (3.3), we start from (3.2), 

which we again notice that is not a bounded-type expression. Applying the harmonic product 

formula ((w1)((w砂＝く(w1,W2)＋〈（W2,W1)＋((w1 + w2) to the first sum in the right-hand side 
of (3.2), one sees that it can be written as weighted sums of MZVs with the weight given by a 

product of binomial coefficients, that is, 

(3.4) 月(Kぃ柄） ：＝ W1:↓；苔弓;2+l(：： ＿ -］） （：: ＿ -11) •< (W1,W2)． 

More generally, for indices n = (n1,...，四）， k= (k1,...，如） andan integer l :::,, 0, define 

d 

(3.5) Pz(n; k) := w = (w,,.．どadmissibleTI (::—-~i) ・ ((w1,...，四）．

w之n;(i=l,…，d) 
wt(w)=wt(k)+l 

Put P1(k) = Pz((l,..., 1); k), which coincides with (3.4) when d = 2. We see that if k is 
admissible, then Pz(k) has the so-called Yamamoto integral representation defined in [8] as 

Pz(k) = 

ー

1

1

＿

一

＿

柘

ki：〉
kd 

i
…••…••…•• 

．．．．．．．．．． 
ー

Based on this observation, we can obtain the following bounded-type expression of Pz(k) (in 

the sense that the number of terms appearing in the expression does not depend on l but only 

on k) for not only admissible k but also those are not admissible. This is a recursive formulas 

with respect to l, which can be described by using the Schur MZVs of anti-hook shape 

(3.6) （(h,．．．，ls) k1 

k19,KT =（（口）＝臼<<a苔s>砂＞Oa『 a夕［的 bts
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Proposition 3.11. Let d：：：：： 2 and l > 0. 

(i) For an admissible index k = (kい...,k砂， wehave 

d 柘ー1

Pi(k)＝L L(-ll1+・・・+k,-i+a, Pk,-1-a,(ki-1, • • •, k1, l + 1)几（ki+1,...，如）．
i=l a,=O 

(ii) For a non-admissible index k = (k1,...，知）， wehave 
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We note that to obtain the expression of the latter case, we have used the Yamamoto integral 

representation of Schur MZVs (3.6) of anti-hook shape obtained by Kaneko and Yamamoto [6]. 

When d = 2, the above expressions can be unified as follow, which we have actually used to 

obtain (3.3). 

Corollary 3.12. For k1, k2 ~ 1 and l > 0, we have 

Pl(k占） ＝ （ー1)朽 と (-1)W1(凹-1 叩ー 1
k2 -1 w1,w2::>2 
) (W2;)く(w1)（（叩）

W1十w2=k1＋知＋l

+ (-1)柘 と （斯ー 1)（叩ー 1 l+Kl-1 1 

w1c:l,w2c:2 
k1 -l l )く(w心） ＋1知ー1( K1 -1 》(l+ K1) 

w1+w2=k1十松＋l

4 Shapes having only one corner 

In this section, we study the sum Sw（入／μ)when the shape入／μhas only one corner. To do that, 
we first introduce the notion of the semi-standard decompositions of a Young diagram; For a 

skew shape入／μ,we call a tuple (D1,..., Dr) of non-empty subsets of D（入／μ)a semi-standard 
decomposition if it satisfies the following two conditions. 

(i) D（入／μ)= D1 LJ ・ ・ ・ LJ Dr. 

(ii) The Young tableau (t;,j) E YT（入／μ)defined by t,』=afor (i,j) E Da with a= l,..., r 
is semi-st皿 dard.
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We denote by SSD（入／μ)the set of all semi-standard decompositions of D（入／μ).Notice that 

we always identify (D1,..., DサESSD（入／μ)with (t;,i) E SSYT（入／μ)defined in the condition 

(ii) above. For example, (D1,D2) = ({(1,1),(1,2)},{(2,1)}) E SSD (EP) is identified with 
日ESSYT (EP)-When入／μ has only one corner, we see that for any admissible Young 
tableau k = (k;,i) E YT（入／μ)

(4.1) 
く(K)＝ (D1 D:SD（入／μ）（(（t:Dl kiJ9 9 (t:Dr ktJ) 

For an index k = (k1,...，加）， let

聾）： ＝Pz((l,..., 1, 2); k) 

w-（い三(K古lSSlble(［: ＿ -l1) （こ］＿ー］）（：：＿ー：）く(W)，
where Pz(n; k) is defined in (3.5). Then, using (4.1), one has the following expression for 

Sw（入／μ),which is crucial for our evaluation of Sw（入／μ).

Lemma 4.1. When入／μ has only one corner, we have for w >|入/μI

(4.2) 品（入／μ)= と Qw-|入/μ1(ID叶，．・・, IDrl) ・ 
(D1,…,Dr)ESSD（入／μ)

Now we rewrite (4.2) in terms of Hoffman algebra [5]. Denote by.fj1 = Q〈ZkI k 2 1〉the
non-commutative polynomial ring in the variables zk for k 2 1. A monic monomial in.fj1 is 

called a word and the empty word will be denoted by 1. We define the stuffie product * and 

the index shuffie product won.fj1 as the Q-bilinear products, which satisfy 1 * w = w * 1 = w 
and lww = w丘1= w for any word w E.f:i¥ and for any i,j 2 1 and words w1,w2 E.fj1 

砂 1* Zj四＝ Zi（叫＊Z]四） ＋叫砂1＊四） ＋Zi+j（凹＊叫），

砂 1WZ凸＝ zi(w1w z凸）＋叫砂1w叩）．

By [5, Theorem 2.1], we obtain a commutative Q-algebra玩 Fork 2'. 1 and n E Z, define 

戒＝｛三：ロ
0 if n < 0. 

Moreover, for each index k = (k1,...，知）， weput Zk := zk, ・ ・ ・ Zk" so that we define Qz :.1)1→股
by setting Qパ叫：＝ Q1(k)and extending it linearly. Define the element cp（入／μ)of N by 

叫入／μ):= 区 ZID1I ・ ・ ・ ZIDrl • 

(D,,..,,Dr)ESSD（入／μ)
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Then, (4.2) can be written as 

(4.3) 品（入／μ)= Qw-|入／μI位（入／μ)).

Moreover, using the Jacobi-Trudi type formula for Schur MZVs (cf. [7, Theorem 1.1] and [1, 
Theorem 4. 7]), we show that r.p（入／μ)has the following determinant expression. 

Proposition 4.2. For any skew shape 入／µ,let.>..'= （入~'...,.>..:) andμ'= (µ~,..., μり bethe 
conjugates of入andμ,respectively. Then we have the identity 

(4.4) 叫／μ)= det, ［計―µ;—i+j]l<i,i<s' 
1:oi,j:os 

where det. denotes the determinant performed in the stuffie algebra足

Therefore, if we have a good evaluation formula for Qぃcombining(4.3) and (4.4), we get a 

nice expression of Sw（入／μ).Actually, since 

位ー1

Qz(k1,...，如）＝ L(-l)j叩 (k1,・ ・ ・, kd-1，如一j),
J=O 

employing Proposition 3.11, one can obtain a bounded-type expression of Sw（入／μ)when入／μ
h邸 onlyone corner. 

Example 4.3. (i) When入／μ = (2礼wehave for w ~ 5 

Sw (EE) = Qw-4 (det. [ ;~>])
= 2Qw-4(zf) + Qw-4(Z2 W z~) + Qw-4(z多）

= -(w -2)((1,w -1) + (w -4)((2,w -2) + 2く(3,w-3) 

-2く(3)〈（w-3)+(w-2)〈（2)((w-2).

(ii) When入／μ = (3り／（1),we have for w 2: 6 

sw(dE)＝QW  5 い[〗:[ ；［l) 
= 5Qw-5(z『)＋3Qw-5(z2 W zr) + 2Qw-5(z多Wz1) + Qw-5(Z3 W zi) + Qw-5(Z3 W z2) 

= (w~2) く（2)((w -2)ー：く（4)((w-4) +（丁）((2,w -2) -(w ~ 2)く(1,w-1) 
＋く(2)((2,w -4) -((2)((1, w -3) + (w -3)((3, w -3) + (w -3)((1, 1, w -2) 

-(w-5)((1, 2, w -3) -2く(l,3,w-4)＋((2,1,w -3)ーく(2,2,w -4). 

(iii) When入／μ = (2り／（1),we have for w 2:: 6 

sw (m) ＝Qw-5 (det*[:［:} ］） 
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= 5Qw-5M) + 2Qw-5(z2 W zf) + Qw-5(z多wz1) 
5 

= (w -2)((2)((w -2) + (w -5)((3)((w -3) 一—く（4)((w -4) 
4 

-〈（2)((1,w-3)十((2)((2,w-4) + (2 -w)((l,w -1) + (w -4)((2,w -2) 

+2く(3,w -3) + (w -3)((1, 1, w -2) -(w -5)く(1,2, w -3) 

-2く（1,3,w -4)＋((2, 1,w -3)一く(2,2,w-4). 

Comparing these results, one find that 

叫口）ー2Sw(m)＝(W-5)品（田）
More generally, we can show the following relation 1 among品（入／μ)for different shapes入／μ.
We remark that this can be proved without any relation among MZVs. 

Theorem 4.4. For a partition入， letAt be the rotation of入by7r. Then, we have for w :::,. 1 

(4.5) こ（入カーio)品（（入十)t)= (w-|入|-1)品(,¥t)' 
入＋＝（入i)，

where the sum runs over all pa仕itions入＋ ＝囚）iobtained by adding one box to i0-th row of入．

The following is the weighted directed graph whose weight of each arrow gives the coefficient 

of 品（（入打り， i.e. ，心— i0, in the left-hand side of (4.5) for small入．

□
/rn
□ロ

1This relation is another description of the one proved in [2, Theorem 4.8]; They are the same. 
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Example 4.5. (i) When入＝ （3, 2), we have 

訊（三口）→（EEE)-2sw（口）＝（W-6）Sw（dE)
(ii) When入＝ （2汽1),we have 

2Sw （口）— Sw (~)-3Sw（口）＝（w-6)Sw(ffi) 
Here, for each入+,thegray box of入十 representsthe box added to入．
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