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Catalogue of modular relations for double zeta values
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School of Information Science and Technology
Aichi Prefectural University

1 Introduction

1.1 Background. At the conference, based on my works, I overviewed the studies of modular rela-
tions of multiple zeta values

1
Clky,. .. kq) == > —— €R (ki kg €N, By > 2).
0<my<-<mg T4 Mg
As usual, a tuple k = (k1,...,kq) of positive integers is called an index and its weight and depth are

defined by wt(k) = k1 + -+ + kq and dep(k) = d, respectively. Roughly speaking, modular relations
are (homogeneous) Q-linear relations Zwt(k,):k ag C(k) = 0 of multiple zeta values of fixed weight k
whose coeflicients ar € Q are ‘originated’ from modular forms on (a subgroup of) the full modular
group I'y := SLy(Z). Several kinds of such relations, in particular, for double zeta values have been
found up to now. It is our purpose to review these results and also succinctly outline potential avenues
for future research projects.

The existence of modular relations for double zeta values was initially noted by Zagier [42, 43]. Tt
was observed that for each positive even integer k, the values ((1,k — 1),{(3,k — 3),...,((k — 3,3)
and ((k) satisfy dim¢ My (I'1) relations over Q, where My(T'1) denotes the C-vector space of modular
forms of weight k& on I'y. Broadhurst and Kreimer [6] expanded upon Zagier’s observation, extending it
to higher depths, and then, Brown [8, 10] conducted further investigations, proposing more profound
conjectural links between multiple zeta values and modular forms. These conjectures also hint at
modular relations for higher depths, but still remain open. Some of the results in this direction
(i.e. depth > 3) can be found in [11, 13, 14, 18, 27, 31, 36, 38] (we do not intend to present these works
in this note).

A formulation of modular relations for double zeta values was first established by Gangl, Kancko
and Zagier [17]. Tt uses the space of even period polynomials, which by the theory of Eichler-Shimura
is isomorphic to the space of modular forms on I'y. The first example of their modular relations is

simplified to the form

28¢(3,9) + 150¢(5,7) + 168¢(7,5) = %g(m. (1.1)

A key fact is that the above coefficients 28,150, 168 are derived from the cusp form A(z) = ¢[[,-;(1—
¢™)?* of weight 12 on I'; (later, we will describe how these coeflicients are obtained). The significance
of their result is as follows. In the purely algebraic setting (more precisely, using formal double zeta
values), their modular relations in weight k& not only capture all linear relations among ((k) and
((odd>1,0dd>3)’s of weight k, but also can be regarded as another characterization of even period
polynomials (and modular forms of weight k). Due to these significant contributions to both multiple
zeta values and modular forms, this study has received a substantial amount of interest and attention.

1.2 Contents of this note. This note provides a catalog focusing on the actual computation of
known modular relations, and it is not our purpose to give an overview of proofs (refer to the original
paper for proofs). The contents of this note are as follows.



In §2, we begin with modular relations for double zeta values ((odd>1,0dd>3) due to Gangle,
Kaneko and Zagier [17] in 2006. The relation they obtained is depicted in the formal double zeta
space, defined by double shuffle relations for double zeta values. We also mention Ma’s result [30] in
2016, where modular relations for double zeta values ((odd>3, even>s) were obtained. Every modular
relation known so far has been formulated using period polynomials. We call such relations “period
polynomial relations.”

In §3, a simpler formula for the above two modular relations coming from cusp forms (therefore,
called a cuspidal relation in this note) due to Ma and the author in [31] will be given. Its natural
lifting to double Eisenstein series obtained in [37] is also described. I believe these results are worth
discussing in the subsequent section where generalizations of period polynomial relations for various
kinds of double zeta values are presented.

§4 collects all results on period polynomial relations known so far. Hirose [19] explored further
analogues to modular relations for double zeta values, using shuffle regularized double zeta values,
consequently yielding several novel results. Some of his results deal with period polynomials for
congruence subgroups of level 2, while the double zeta values he uses are of level 1. There are several
variations on the multiple zeta values of level N. Using one of them, Bachmann [3] derived a level
2 analogue of the modular relations established by Gangl, Kaneko and Zagier. In contrast to Hirose,
Bachmann only uses even period polynomials of level 1. For N > 3, we will also review modular
relations for double zeta values of level N recently developed by Kaneko-Tsumura [24] (N = 4) and
Hirose [20] (NV: general).

It should be noted that there are several studies on the dual counterparts of modular relations, such
as the Thara-Takao relation, which are relatively easy (from experience) and even helpful to observe a
correspondence with period polynomials (cf. [5, 19, 31, 36]). Due to limitations in space and time, this
note does not delve into these results.

1.3 Notations. Some standard notations we use are summarized below. Let N be the set of a positive
integer. For NV € N, the principal congruence subgroup of level N is

a b a b\ (1 0
T(N) = {((’ d) el (c d) = (0 1) mod N}
The following congruence subgroups of level N (i.e. a subgroup of I'y which contains I'(N)) will appear:
a b a b x ok
= {(* N en (& D=(; ) mar).
a b a b 1 =*
ro={(® ) er | 9= (0 Ymanl,

where “x” means “unspecified.” For such subgroup I' C Ty, we denote by My (T) and (resp. Sk(T))
the C-vector space of holomorphic modular (resp. cusp) forms of weight k on I'. These are finite-

dimensional vector spaces. For example, for k£ > 2 even we have

dime My (Ty) = {ﬂ - {%} :

and dimc Sg(T1) = dime My (T'1) — 1. For the dimension formula, see e.g. [35] for N = 1 and [12] for
N general.
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2 Period polynomial relations for double zeta values

2.1 Period polynomials. Let us recall the theory of period polynomials (cf. [17, §5]).
For w > 0 even, denote by V,, the Q-vector space spanned by X*Y*~* (0 < a < w). For
P(X,Y) € V,,, we write

a b

(P|7)(X,Y) := P(aX +bY,cX +dY), Vy= (C d) € PGLy(2),

where PGLy(Z) := GL3(Z)/{+I}. This action of PGL3(Z) on V,, is extended to an action of the group
ring Z[PGL2(Z)] by linearity. As usual, we set

0 -1 1 1 1 -1 0 1 -1 0
=) =) o= Gow) (o) o= ()
The space of period polynomials is then defined by

W = {P €V, | P|(1+5)=P|1+U+U% =0}.

The group PSLy(Z) := T'1/{=£I} is generated by S and T and satisfies the relations S = U3 = I.
Since we have S = £§ = 8¢ and eUe = U?, the space W,, has the direct sum decomposition

W, =WJ&W,, where WI:={PeW,|P|§==+P}

By linear algebra, for w > 0 even, we have

; E] and  dimg W = dimg W —

dimg W — {w—i—?} B [w

Note that the space W, of even period polynomials always contains the polynomial X* —Y® and has
the decomposition Q( X% — Y*) @ W0, where W0 = {P € W; | P(X,0) = 0}. For example, when
w = 10, the following polynomials are a bams of each space:

XX v ewh?, XY(X?-V2)2(4x? —17X2Y2 44V e Wy,

We now relate the period polynomials with cusp forms. This is done by the Eichler-Shimura theory
of periods of cusp forms (cf. [26]). For a cusp form f € Si(T'1), let

Pi(X,Y) := /Ooo FEX Y2 2de= >

r+s=k
r,s>1

(—1)*- ( )A(f, XTIy,

where we set A(f;s) := Oioo f(2)2°"tdz. The values of A(f;s) at s =1,2,...,k —1 are called critical.

Using the transformation formula (Py|v)(X,Y) =/ " 1((0100) 2)(X — Yz)k de for v € T'y, one easily
finds that Py € Wy_o &g C for any f € Si(I'1), Wthh implies that the critical values of f satisfy many

Q-linear relations. The Eichler-Shimura theory tells us that the linear maps

, 1 )
rt S (Ty) — WE,®0C,  fr— ipf\u +0) = PF(X,Y)



are injective. In particular, the map r~ is an isomorphism due to the dimension formula:
dime Sy, ([y) = dimg W,_,, dime My (I'y) = dimg W,! .
Ezample 2.1. Let us illustrate the period polynomial of the discriminant function A(z) = ¢[],~, (1 —

q")?* € S12(T'1). We have seen that the set {X'0 — Y10 X2Y2(X? — Y2)3} forms a basis of W}, so
the polynomial PX is a linear combination of them. For the explicit description, we use Manin’s result

[29] on the ratio of critical values (e.g. % = f%) to get
+ 10 . 36 10 10 2v2( v2 2\3
PY(X,)Y) = 5 A(A;3) f@(X Y+ XYVH(XE YY) ). (2.1)
Similarly, one can verify the identity
— 10 2 22 ((ya_ 17 y0v0 4
PL(X,)Y)=— ) AA;2) XY (X2 =-Y?)? (X fZXY +Y*). (2.2)

There are generalizations of the maps r* for modular forms. What we need is to extend the period
polynomials of cusp forms to the Eisenstein series, because every modular forms is a linear combination
of the Eisenstein series and cusp forms. For one, see Zagier’s extension [41, §2]. Another construction
using 1-cocycles was given by Brown [8, §7].

Remark 2.2. We make a remark on a calculation of period polynomials. For w > 0 even, let

VE={PecV,|P

§=+P}.

The defining equations of Wi can be simplified to one equation in V;F. We only recall the case Wi
(see [17, §5] for the details):

Wr={PecV} | PX,Y)-PY -X,Y)+ P(Y - X,X) =0}.

A straightforward computation shows that, for an even polynomial P € thz, it lies in W,:iz if and

only if the coefficients > ., ars X"LY ST = P satisfy

Z ap,Cly =0 for all 7,5 > 1 with r + s =k,
htp=k
h,p>1

where for positive integers r, s, p, we let
/- (P~ 1 _yps(PT 1
Cns . 617,7" + ( 1) <7, -1 + ( 1) s—1 (23)

and 0p, is the Kronecker delta. Notably, it was pointed out in [5, Proposition 3.2] (see also [36,
Proposition 3.4]) that the latter condition is reduced to “for all r,s > 1 odd with r + s = k.” To get
a cuspidal polynomial P in W,:[z, i.e. an element in the image 7+ (Sk(Fl)), we further impose the
relation
Z (r—=1s — 1)I\(r, s)a,,s =0,
r+s=k
r,s>1:0dd

where for k > 3,7, s > 1 with r + s = k, we set (k) := 7%, where By, is the kth Bernoulli number,
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=20 (o () e e () - (st e

Jj=2

Indeed, for f € S(I'1), the coefficients 33 _; ap X"V~ = PJT(X., Y) satisfy the above relation,
which was first proved by Kohnen and Zagier [25, Theorem 9 (ii)] as a consequence of Haberland’s
formula for the Petersson inner product between the Eisenstein series and cusp forms. Here our

A(k — s, s) coincides with Akz/fl’];’l , where Ay, is given in [25, Theorem 9].

2.2 Double shuffle relations. The double shuffle relation is a family of linear relations among
multiple zeta values, resulting from two different representations of the product of two multiple zeta
values. We will use the following simplest case, which is also known as a special case of the regularized
double shuffle relation (cf. [21]).

Proposition 2.3. For positive integers r,s > 2, we have

o+ = 3 (7)) (201)) e

h+p=r+s
p>min{r,s}

Moreover, if we set ((r,1) := 0 for r > 2, then the above relation also holds for r,s > 1, r+s > 3.

Proof. We compute ¢(r){(s) = >_,, ,so™m 'n~° in two ways. Firstly, the left-hand side is obtained
by decomposing N2 into three domains {(m,n) € N? | m < n}, {(m,n) € N? | m > n} and {(m,n) €
N2 | m = n}. Secondly, using the partial fractional expansion

1 Z Gy " (7)) (2.5)
mrns it nh(m+n)p  mh(m+n)r |’ '
Wp>1

and then, summing over m,n > 1 on both sides, we get the right-hand side. The double shuffle relation
for the case r > 2 and s = 1 is the same as Euler’s sum formula ((r + 1) = Z;:Q C(r+1-p,p),
which is well-known (from the theory of the regularized double shuffle relation, one may set ((r, 1) to
be —((1,7) — ((r + 1) for instance, but the obtained relation does not depend on the choice of {(r, 1)
except for “¢(r,1) = 00”). O

Modular relations for double zeta values become more significant when formulated in terms of the
formal double zeta space, introduced by Gangl, Kaneko and Zagier [17]. For each k € N, the formal
double zeta space Dy, is defined to be the Q-vector space spanned by symbols Zy, Z,. s (r+s = k,r >
1,s > 2) which are subject to the relations

-1 -1
Zrs+Zort+ Ze= ) ((pf 1) ’ (pf 1)) “he
h+p=k r s

for all r,s > 1 with r + s = k. Hereafter, we use the convention that the condition “h +p = k”
(resp. “r +s = k7) includes “h,p > 17 (resp. “r,s > 17). Since the above relations for the cases
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r > s > 1 are linearly independent, for each k& > 3 it follows that

dimg Dy, = [%} .

By definition, there is the natural surjective linear map from Dy, to the Q-vector space DZ}, spanned
by ((k) and all double zeta values of weight k. This map is not injective in general when k is even;
According to Zagier's dimension conjecture [42, 43] stating that

dimg Dy, — dimg DZ, = dime S(T1) (k> 4), (2.6)

we might expect that the kernel of the map Dy — DZ, is related to cusp forms on I';.

k 4
=

1
dim S,(I'y) | 0

6 8 10 12 14 16 18 20 22 24 26
23 4 5 6 7 8 9 10 11 12
0 0 0 10 1 1 1 1 2 1

Let us elaborate on the conjecture (2.6) when k is even. It was shown in [17, Theorem 2| that every
Zevenss,cvens, of weight k is a Q-linear combination of Zyq4-, 0dd-,’s and Zj, where Zeyen-,,cvens, Of
weigh{ % means Zys with r,s > 2 even and r + s = k. Couintingithese generators, togethér with the
restricted sum formula explained in Example 2.5 below, we see that the set {Z;_ss |3 <s<k—1:
odd} forms a basis of Dy. Therefore, the equality (2.6) would show that the values ((odd>1,0dd>3) of
weight k satisfy dime S (T'1) relations over Q. Notably, this was first pointed out by Zagier in [42].

We also mention the case k odd. In this case, the equality (2.6) implies that every linear relation
of double zeta values is obtained from Proposition 2.3. We should have provided a clearer explanation,
but an affirmative answer to this speculation is already indicated by Zagier in [44, Theorem 2].

2.3 Modular relation for even weight double zeta values. In [17], the modular relation for
double zeta values is stated as a special type of relations in the formal double zeta space Dj.

Theorem 2.4. Let k > 4 even. For P € ngizf define ars € Q (r,s > 1) by

(k - f) ar s X"V = P(X 47, X).
> . ,
r4+s=k

Then, we have a, s = as, (r,s: even), ax—1,1 =0 and

3 z ar,sZr,s = Z (Ifr,sZr,s + ( Z (_1)7”0/7“,3) L.
k

r+s= r+s=k r+s=k
r,s:0dd r,5:even

Here we use the convention that the summation variables r,s are > 1.

Ezample 2.5. The special case P = X*~2 — Y*2 in Theorem 2.4 yields the relation

3 Z Zr,kfr = Z Zr,kfvw

1<r<k—3 2<r<k—2
odd T:éven

k
T

By Euler’s sum formula > ,;f Zyp j—r = Zy, for k > 3, the above relation is reduced to the “restricted
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sum formulas”

1 3
E Loy = =2 and E Zpjoer = =L, (k>4 :even).
’ 4 ’ 4
1<r<k—3 2<r<k—2
r:odd T:éven

Ezample 2.6. Taking P = 145110 x ( — g (X0 — y1%) 4+ X?V2(X? — Y?)3), which by (2.1) is
proportional to the period polynomial PX of the cusp form A(z), in Theorem 2.4 gives

2268071,11 + 1300673 9 — 2914575 7 — 3536427 5 + 2268079 3

42965 (2.7)

= 7560Z2,10 — 21147, 5 — Zg — 2114Z5 4 + T560Z10,2 — 1382715.

Note that (1.1) can be derived from (2.7) under the correspondence Z — (. To see this, we need to use
the harmonic product formula ¢(r,s) 4+ ((s,7) = {(r+ s) — ((r){(s) for r,s € Z>2 and Euler’s formula
C(2k) = 7% for k € Z>4, which does not hold in Dy, where By, is the 2kth Bernoulli
number. Later, we will discuss a simplification of the right-hand side of (2.7), though this simplified
relation cannot be true in the formal double zeta space.

Theorem 2.4 says that the values ( (k) and ((odd>1, odd>3)’s of weight k satisfy dimg W, ,, relations
over Q. Hence the inequality dimg Dy, — dimg DZj, > dime Sk (I'1) is valid for any k > 4 even. This
gives an affirmative answer to (2.6), because proving < (i.e. linear independence of multiple zeta values)
is a hard problem at present.

It is worth mentioning that the original statement in [17, Theorem 3| includes the opposite impli-
cation that provides another characterization of even period polynomials via regularized double shuffle
relations of double zeta values.

2.4 Modular relation for odd weight double zeta values. In [44, Theorem 3], for each odd
integer k > 5, Zagier showed that the values ((odd>1, evenss)’s of weight k satisfy [(k —5)/6] relations
over Q. Since [(k — 5)/6] = dim¢ Sk—1(I'1) + dimg Sg+1(I'1) for k£ > 5 odd, they are expected to be
related to cusp forms in two ways. This expectation was revealed by Ma [30, Theorems 1 and 2].

Theorem 2.7. Let k > 12 even.
(i) For Pe W,_,, let

> (f B DbT,SXT*IYS*l =P(X+4Y,Y)—- éP(X +Y,X).

r+s=k

Then we have by y—1 = bi—11 =0 and

Z br,sZ'r,s+1 =0 mod QZIH»L

r+s=k
r,s:0dd

(ii) For P e Wi, let

k-3 d d
XY= —P(X+Y,)Y)- —P(X+Y,X).
> (7)o Lp(x+vy) - L vix)

r—1
r4+s=k—1



Then we have ¢ y—o = cx—32 =0 and

Z CrsZrs =0 mod QZj_.
r+s=k—1

r:odd
Notice that taking P = X*=2-Y*=2 ¢ W,t , in Theorem 2.7 (i), we get ¢, s = 0 for all 7+s = k—1,
so only the subspace Wkt’g provides non-trivial relations.

Ezxample 2.8. The special case P = X2Y?(X2 —v?)3 € W5 in Theorem 2.7 (ii) and the special case
P=XY(X?-Y%2(4X* - 17X%Y2 4+ 4Y*) € Wy, in Theorem 2.7 (i) give

3
14738 + 10256 — 2127 4 = *52117 (2.8)
3
127310+ 14258 — 5Z76 — 18294 = —52137 (2.9)

respectively. Here the coefficients of Z,.¢’s in the above relations are normalized so that they are
coprime integers.

As a consequence of Theorem 2.7, we see that double zeta values ((odd>3, evens4) of weight k and
C(k) satisfy dime Sk41(I'1) relations (resp. dime Si—1(I'1) relations), whose coefficients are obtained
from odd period polynomials (resp. ‘derivative’ of even period polynomials). Since two relations ob-
tained from Theorem 2.7 (i) and (ii) are independent, for each k > 5 odd, one has

k—3
dimg(¢(k), ¢(odd>3, evens4) of weight k)g < —5 = dimg Sk+1(I'1) — dime Si—1 ().

k 5 7 9 11 13 15 17 19 21 23 25 27

E=3 1 2 3 4 5 6 7 8 9 10 11 12
dimS,,(ry) [0 0 0 1 0 1 1 1 1 1 2 1
dimS,_,Ty) 0O 0 0 0 1 o0 1 1 1 1 1 2

Using the motivic set-up, Li and Liu [28] proved that Theorem 2.7 provides all Q-linear relations
among Zy and Zodds 5, evens, s of weight k& > 5 odd.

Problem 2.9. Can we characterize odd period polynomials by reqularized double shuffle relations? For
example, do the relation in Dyi1 of the form Y yqs—i by sZrs41 =0 mod QZy i1 with by j—1 = bp_11

7,8:0
characterize all odd period polynomial of degree k — 2%

3 Cuspidal relations for double zeta values

3.1 Cuspidal part of modular relations. Recall that the coefficient of the single zeta value in the
relation of both Theorem 2.4 and Theorem 2.7 under the correspondence Z — ( is computable from
their results (see the discussion in Example 2.6). A simple formula for the coefficient was given in
[31] when the corresponding period polynomial is cuspidal. Surprisingly, this is done by just replacing
double zeta values ((r,s) with Yamamoto’s i-interpolated double zeta values ¢ 2(r,s) == ((r,s) +
1¢(r + s) (see [39]).
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Theorem 3.1. For a cusp form f € Si(I'1), define numbers a, s, by s, crs by

k—2
EI( }AX“W*4=PﬂX+xX»

r+s=k r—1
k-1 X
I =1y s—=1 . p— _ 2 p—
> (T_l)br’sX' Yoli= Pr(X + YY) = S (X +Y,X),
r4+s=k
kE—3\ d d
XY= —PHX+YY) - o PH(X +Y,X).

Z <T*1)C"'é adx f( + 71, ) dY f( +71, )

r4+s=k—1
Then we have af ; = al, (r,s: even), a£7171 =0, b{y,ﬁl = b£7171 =0, c{7k72 = c£7372 =0 and

1 1 1
Z aﬁs(?(r,s) =0, Z bfﬂsg“2(r,s+1) =0, Z 67(’542(7",8) =0.
r+s==k r+s=k r+s=k—1
r,s:odd r,s:0dd r:odd

Kohnen and Zagier [25] showed that there is a basis of the space of cusp forms such that their
critical values (at the same parity) are rational numbers. Hence the above relations can be over Q.

Ezample 3.2. Taking f = A(z) in Theorem 3.1 and then multiplying by certain constants, we get the
identities

0 =22680¢2 (1,11) + 13006 2 (3,9) — 29145¢ 2 (5,7) — 35364¢ 2 (7,5) + 22680( 2 (9, 3), (3.1)
0 =142 (3,8) + 10¢2 (5, 6) — 21¢%(7,4),
0 =12¢2(3,10) + 14¢2(5,8) — 5C2(7,6) — 18¢2 (9, 4),

where the last two identities are equivalent to (2.8) and (2.9) (and hold in the formal double zeta space,
replacing ¢ with Z), but the first identity needs an extra work to get (2.7) (and does not hold in Dys).
As another example, using the unique cusp form f = g 4 216¢> — 3348¢> + - - - € S14(T'1), we can get

0 =1081080( 2 (1,15) + 842358( 2 (3, 13) — 275295( 2 (5, 11) — 1400182(?(7,9)
— 13603952 (9,7) — 351252¢ 2 (11,5) + 1081080¢ = (13, 3),
0 =22¢%(3,12) + 30¢2 (5,10) + 7¢(7,8) — 20¢ 7 (9,6) — 33¢ 2 (11,4),
0 =156(2 (3,14) + 242¢2 (5,12) + 153¢ 2 (7,10) — 562 (9,8) — 215¢7 (11, 6) — 2347 (13, 4).

Remark 3.3. Our proof of the first identity in Theorem 3.1 relies heavily on the theory of motivic
multiple zeta values developed by Brown [7] (see [31] for the details). As a byproduct of our proof,
we found the coincidence between a rational solution to the double shuffle equation of depth 2 due
to Gangl, Kaneko and Zagier [17] and the coefficients A(r, s) defined in (2.4) in the extra relation of
critical values of a cusp form due to Kohnen and Zagier [25]. More precisely, for r,s > 1, r +s =k
even, let

Bk
(r,9) = 8(r) () — 2
Then f coincides with the Bernoulli realization of Dy given in [17], which is one of solutions to the
double shuffle equation of depth 2. Namely, 5(r, s) + (s, ) + (k) = Zhﬂ):k ((fj) + (’s’j)) S(h,p)
holds for any r,s > 1, r4+s = k > 3. Note that other solutions to the double shuffle equation of depth
2 were found by Brown [9] and by Ma and the author [31]. These solutions are unique up to solutions

— A(r, s).



to the linearized double shuffle equation modulo product of depth 2.

3.2 Double Eisenstein series interpretation. The concept of multiple Eisenstein series was first
introduced by Gangl, Kaneko and Zagier [17]. It is a holomorphic function on the upper half-plane
having the Fourier expansion whose constant term is a multiple zeta value. Since the space spanned by
multiple Eisenstein series contains the space of modular forms on I'y (cf. [17, Theorem 5]), expressing
modular forms in terms of linear combinations of multiple Eisenstein series and then comparing the
g-expansions, we get linear relations of multiple zeta values. This machinery gives a naive exposition
why modular forms yield linear relations of multiple zeta values. The purpose of this section is to
understand Theorem 2.4 (or rather, Theorem 3.1) from this viewpoint.

For ki,...,kq—1 € Z>9 and kg € Zx3 (for convergence) and z in the complex upper half-plane, the
multiple Eisenstein series G, ...k, (2) is defined by

1
Gy, ka(2) = Z W’

0=<A1<--<Ag
Ni€Z2+1L
where a lattice point A = £z + m € Zz + Z on the complex plain is said to be positive (denoted by
0 < A) if either £ > 0 or £ = 0 and m > 0 holds. Then, for {1z 4+ my,loz + ma € Zz + Z, we define
the order 1z +my < loz +mo if 0 < (f3 — £1)z + (m2 —my). The case r = 1 and k; > 4 even is
the classical Eisenstein series G, (z), which is modular. By definition, the multiple Eisenstein series
satisfies the harmonic product formula (e.g., Gy (2)Gs(2) = Grs(2) + Gsr(2) + Gris(2) for r,s € Z>3).
Let us illustrate the Fourier expansion. Using the Lipschitz formula

z:(z+m)”C ( 27” z k=1gm (k> 2)

meEZ " n>0

2miz

with ¢ := e®™#, one can compute the Fourier expansion of Gj(z) for k > 3 as follows.

Z Z Ez-i—m

m>0 meZ

— (k) 271'2 ng ) ",

" n>0

where oj,_1(n) = Zdln d*=! is the divisor function. Similarly, in [17], they computed the Fourier
expansion of double Eisenstein series Gy s(z) for r > 2,5 > 3:

GT,S(Z) = ((7”, 3) + C(T)gs(z) + gr,s(z)

+o ((—1)r<f: i) +(=1)P7* (f;’: D) C(p)gn (=), (3.2)

h+p=r+s
p>min{r,s}

where for positive integers ki,...,kq, we define the holomorphic function gy, .. x,(2) on the upper
half-plane by

(—2mi)kattha ki—1 . ka=1 fini4-+L
gkl?.“,kd(z) = (/gl — 1)! — (k;d — 1)! § n11 . ndd q it tlana
0<ly <<y
ni,...,nqg>0
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It should be noted here that the above formula (3.2) is deeply related to even period polyno-
mials, pointed out by Kaneko in [22]. Indeed, recalling (2.3), we get G, s(z) = ((r,s) + grs(z) +
> hip=rts CLsC(P)gn(z). More significantly, the Fourier expansion has an intimate connection with
the Goncharov coproduct on the space of formal iterated integrals (see [4]).

The concept of a ‘regularization” cam be applied to multiple Eisenstein series. The above formulas
ka > 2,
to which the definition of Gy, .. x,(z) can be slightly extended (we can ensure that they still satisfy

for the Fourier expansion converge rapidly and give holomorphic functions of z for all kq, ...,
the harmonic product formula). Moreover, there are extensions of Gy, .. ,(2) to all positive integers
k1, ..., kq while preserving certain families of relations: the shuffle product formulas [4] and the har-
monic product formulas [2]. In this section, we use the one given by Gangl, Kaneko and Zagier [17,
§7], which satisfies regularized double shuffle relations for all r,s > 1 with r 4+ s > 3.

For r,s > 1, set

€r,s(2) 1= 2mi(05,267 (2) = 05,197 -1(2) + 01 (95-1(2) + 95(2))) + 0r.105192(2),

—(=2m)t?

where g;(2) == ==—7—>"/ w0 tnFq'™ (k> 0), and define

G'l;esg(z) = C(T» S) + C(r)gs(z) + gns(z) + %57“,3(2)

= 2 (e (P2 e (P2) come

h+p=r+s

with ¢(r,1) := —=((r+1)—¢(1,r) for r > 2 and {(1) := 0. Then, for any r,s > 1 with r+s =k > 3, we
have G7%8(2) + G (2) + Gi(2) = 2o pmi ((f:}) + (I;j)) G % (2). Moreover, from (3.2), it follows

that G78(2) = G s(2) for r,s > 2. Using this, we let

3 re 1
Gﬁ,S(Q) = Gr,sg(q) + §Gr+5(q)

for r,s > 1 with r + s > 3.

To understand the cuspidal relations, we observe two facts: The set {G’,% s(z) | r+s=k,rs:odd}
forms a basis of the C-vector space spanned by Gx(z) and G)%(z) of weight k: Every cusp form can
be uniquely written as a C-linear combination of this basis. Giving an explicit formula for such a
combination, we can recover the cuspidal relations for ¢ 3 (odd, 0dd)’s.

Theorem 3.4. [37, Theorem 1] For a normalized Hecke eigenform f € Si(T'1), let a-f’s be as in
Theorem 3.1. Then we have

1 27i)k
> al.Gh(:) = g A,
'r,gzi:oﬁd

Ezample 3.5. After multiplication by a constant (recall that the ratio A(A; s)/A(A; ') of critical values
is rational if s = s’ mod 2), we get

(27i)'2
680

A(2) = 22680GE (=) — 35364G2 5(2) — 20145G2 () .

+13006GE o(2) + 22680G7 1, (2),
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whose constant term yields the cuspidal relation (3.1). As another example, let f = ¢ + 216¢% —
3348¢> + - -+ be the unique normalized Hecke eigenform in Sig(T'1). Then we have
(27i)16
322560

F(2) = 1081080G7 15(2) + 842358G2 15(2) — 275295G2 1, (2) — 1400182G2 o (=)
— 1360395G% 5 (2) — 351252G 2, 5(2) + 1081080G7, 4().

The proof of Theorem 3.4 is done by combining Theorem 2.4, Kohnen-Zagier’s extra relations of
critical values [25] and Popa’s decomposition formulas [33] for Hecke eigenforms in terms of two product
of the Eisenstein series. The reason why Theorem 3.4 holds only for cuspidal Hecke eigenforms is that
Popa’s formula is so. In contrast, for odd weight, since Ma’s relation (Theorem 2.7) holds in the formal
double zeta space, we can obtain

1 1
E b{,sG:,erl(z) = 07 Z C{,styS(Z) = 07
r4+s=k r+s=k—1
r,s:0dd r:odd

where, for a cusp form f of weight k, the above coefficients bfﬁs and nys are given in Theorem 3.1 .

4 Generalizations of period polynomial relations for double

zeta values

4.1 Period polynomial relations for shuffle regularized double zeta values. For a,b,c € Z>,
Hirose [19] studied the shuffle regularized double zeta value

J(a;b,c) := I4en (0%, 1, 0,1, 0°)

b+i\ (c+] ) ]
=(-n* > ( . )( .J)c(b+z+1,c+3+1), (4.1)
& i j
+j=a
,j>0
where we mean 0% = 0,...,0 and Iqen(as,...,ax) is an iterated integral of /\é?:lwaj (t;) with wo(t) =

N——
dt/t, wi(t) = dt/(1 —t), along the straight line path dch from the tangential basepoints 0’ to 1’. Note
that J(0;7 — 1,5 — 1) = ((r, s).

A key observation is that the modular relation (1.1) is in this setting written as follows:

1
28.J(0;2,8) + 150.7(0; 4, 6) + 168.J(0; 6, 4) = %4(12)‘

Analogous to this, Q-linear relations, for example, among J(even;0, even)’s, among J(odd; 1, 0dd)’s,
among J(even; even, 0)’s and so on, are studied. Some of them are given as follows.

Theorem 4.1. [19, Theorem 18; (1.5), (1.6), (1.7), (1.9)] For w > 2 even, we have

() Y papXYPeW, 1 = > alb! payJ(a;h,0) =0,
a+b=w a+b=w

(i) Z Pap XY e W — Z a'd! papJ(a;b,0) =0,
a+b=w a+b=w
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(iii) Z Pap XY e W — Z ald! gqpJ(a;0,0) =0,
a+b=w a+b=w

a,b:even

(iv) Z Pap XY €W, = Z ald! qqpJ(a;1,b) = 0.
a+b=w a+b=w
a,b:odd

Here the convention we used is as follows. The summation variables a,b are integers > 0. The number
Qab on the right are defined by >, ., Qup XY := P(X +Y,X) for P € V,. The congruence is
modulo the single zeta value ((k). The space W, is the Q-vector space of odd period polynomials
corresponding to modular forms of weight w+2 on the congruence subgroup I 4 = T'(2)UUT(2)LUT(2)
of level 2:

W

w,l A

={P eV, | P[1+U+U? = P|(S+SU+ SU?) =0}.

An important point to note here is that Hirose’s original results provide the opposite implication
(<), replacing 4., with the motivic iterated integrals I™. Namely, for example, in the motivic setting,
the relations obtained from Theorem 4.1 (i) generate all Q-linear relations among J(odd>1; 0odd>1,0)’s
of weight k& modulo Q((k). One missing thing in his results is the explicit formula for the coefficient
of ¢(k). In view of this situation, we provide these coefficients in the following examples (which can
be computed by combining known linear relations of multiple zeta values).

Ezample 4.2. Let us illustrate a few examples of relations in Theorem 4.1 (i). Bases of Wy, . for k =
6.8,10 are given by W, . = QXY (X2-Y?), Wer, =0, Wgp, = QXY (X6 -2X1Y2+2X2Y4-Y9).
Non-trivial corresponding relations are

J133,0) ~ J(31,0) = 5C00),
7J(1:7,0) — 2J(3;5,0) + 2.7 (5;3,0) — 7.J(7;1,0) = 22—94(10).

Moreover, substituting (4.1) into the above relations, we obtain

C6) =C(2,4) + 2(3,3) +2(4,2),
?g(l()) =7¢(2,8) + 14¢(3,7) + 19¢(4,6) + 20{(5, 5) + 17¢(6,4) + 14¢(7,3) + 14((8, 2).

Ezample 4.3. Using (4.1), we can recast Theorem 4.1 (ii) as follows. For P € W, ,, let a, s be as in
Theorem 2.4. Then we have

Z ars ((r,s) =0 mod Q((k).

r+s=k
For example, we have
6248
WC(H) = 14¢(3,9) +42¢(4,8) + 75¢(5,7) + 95¢(6,6) + 84¢(7,5) + 42((8,4),
185656

C(16) = 66¢(3,13) + 198¢(4, 12) + 375¢(5, 11) + 555¢(6, 10) + 686¢ (7, 9)

3617
+ 728¢(8,8) + 675C(9, 7) + 555¢ (10, 6) + 396¢ (11, 5) + 198¢(12, 4).
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Ezample 4.4. Taking P = X2Y?(X? — Y?)3 € W} in Theorem 4.1 (iii), we get

59246

14J(2;0,8) 4+ 75J(4;0,6) + 84J(6;0,4) = oL

¢(12).

Also, the special case P = XY (X2 — Y?2)2(4X* — 17X2Y? +4Y*) € Wy in Theorem 4.1 (iv) gives
48J(1;1,9) + 119.J(3;1,7) + 10J(5; 1,5) — 144.J(7; 1,3) = 640¢(13).

Problem 4.5. Find explicit formulas for the coefficients of ((k) in Theorem 4.1.

Problem 4.6. Are there corresponding relations to Theorem 4.1 in the formal double zeta space?

4.2 Period polynomial relations for double zeta values of level 2. For positive integers r >
1,s > 2, Bachmann [3] studied the double zeta value

. 1
(rs)= Y s
o<m<n (m + n) n
the special case of Apostol-Vu double zeta values or Witten zeta functions for so(5). Note that the
value ((r,s) is written in terms of double zeta values of level 2. For example, one has ((r,s) =
25*1(Li(1‘;51) +¢(r,s)) = C(r,s) = C(r + s) (see [3, (4.6)]), where we set

Li(zl,zz) L 2" 2y
ki,ka/) T ki, ko’
0<mi<mo myTmy

Using a g-analogue of é (r,s) which can be viewed as a holomorphic function on the complex
upper half-plane, Bachmann showed a similar result to Theorem 3.4, i.e., explicit formulas for Hecke
eigenforms on I'y [3, Theorem 1.1] (in contrast to Theorem 3.4, his formula does not give an expression
in terms of a basis). As a corollary, one can obtain Q-linear relations of f (r,s)’s from even period
polynomials.

Theorem 4.7. For P € Wktz: let ay s be as in Theorem 2.4. Then we have
Z ar,s C(r,s) = 0 mod QC(k).
r+s=k

Note that the resulting formula in Theorem 4.7 is similar to, but essentially different from Example
4.3 (Theorem 4.1 (ii)).

Ezample 4.8. Taking P = X*=2 — Y*=2 we get

2 1
> rs) = g ¢ (k).

The corresponding relations to X2Y2(X? —¥?2)3 ¢ W;H% and X2Y?2(X2 —Y?2)3(2X* - X2V2 42Y4) €
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W;fl’o are
1639 . . . . . )
sreorC(12) = 140(3,9) +420(4,8) + 75((5,7) + 95((6,6) + 84(7, 5) + 42((8.4),
2?287;2?7((16) = 66C(3,13) + 198C(4,12) + 375((5, 11) + 555¢(6, 10) + 686¢(7, 9) (4.2)

+ 728((8,8) + 675((9,7) + 555((10,6) 4 396((11, 5) 4+ 198((12,4).

For the explicit formulas for the coefficients of (k) in the above relations, see [3].

If Pe W,:’g, then we have a1 x—1 = a2 p—2 = ak—3,3 = ax—22 = ax—1,1 = 0. Therefore, Theorem
4.7 for the case P € W,:;’g gives a Q-linear relation among ¢(k) and ((r,s) (r > 3,5 > 4) of weight
k. On the other hand, we can observe that every Q-linear relation among them does not come from
Theorem 4.7, so the situation is different from the cases ((odd>1,0dd>3) and ((odd>3,even>,). Here
is the list of the numerical dimension of the Q-vector space spanned by ¢(k) and {(r,s) (r > 3,5 > 4)
of weight k.

k 8 10 12 14 16 18
g of generators |3 5 7 9 11 13
dimension 3 4 5 6 7 8

4.3 Conjectural period polynomial relations for double T-values. For positive integers k1, . .., kq,

Kancko and Tsumura [24] introduced the multiple T-value T(k1, . . ., kq) defined by

T (=1

k1
0<my <---<mgq my m
mj=j mod 2

j=1,2,....d

T(ky,... kq) =22

Similarly to multiple zeta values, the multiple T-value has an iterated integral expression with the
integrands 2dt/(1 + t2) and dt/t (cf. [24, Proposition 2.1]). Thus, the Q-vector space spanned by
all multiple T-values forms a Q-algebra with the product given by the shuffle product. The integral
representation also leads to an expression in terms of multiple zeta values of level 4. For example, we
have

T(r,s) = —Li(}2) + Li("h %) + Li(G L) = Li(hL).

7,8 7,8

Before going to a modular relation for double T-values found by Kancko and Tsumura, let us
observe the numerical dimension of the Q-vector space spanned by all double T-values of weight k. Set

Dﬁ::<7~“(kfs,s)‘1§s§kfl>(@

k 2 3 4 5 6 7 8 9 10 11 12 13 14
g of generators |1 2 3 4 5 6 7 8 9 10 11 12 13
dimg DTy, 1 2 3 4 4 6 6 8 7 10 9 12 10

From this and further data, for k > 2, we may expect that

k—1-— [%] k : even,

. 4.3
k—1 k : odd. (43)

dimg DT, = {



Note that the term k& — 1 is the number of generators of the space Dﬁ, and that for k > 2 even, we
have

k—2
{T} = dim S;(To(4)) — dim Sx(To(2)).
This implies that the values T'(r, s) of weight k will satisfy dim Sy(To(4)) — dim Sx(T'9(2)) relations
over Q.

To describe such relations, for each even integer w > 2 and 1 < j < w/2, define the polynomial
Sw;(X,Y) eV, by

~ 4w72j+1 1

S’Uhj (X’ Y) = mb,w+272j(Y/4, X) - z_ij’Qj ()(7 Y)
(w+2)BajByio—2j ((1—27%2 Xv 127w 22 yw
2j(w 42— 2j)Byya \1—-27%72 4 1_2-w-2 42 )’

where we set

Bun(X, V)= ) (?)Xn—ij—n+j‘

0<j<n
Jj:even

Note that gw,j(X7 Y) is obtained from 7+ (Rp;(4),w,2j—1) (I < j < w/2) which appear in the context
of “rational periods of cusp forms on I'g(N)” studied by Fukuhara and Yang [15, Theorem 1.1]. Let
W, 4 denote the Q-vector subspace of V, spanned by Sy (X,Y) (1 <j<w/2). Forw > 2 even, it
was shown in [16, Corollary 1.9] that

dimg Wi, = dimc Sy42(To(4)) = % 1

Conjecture 4.9. [24, Conjecture 2.12, 1)] Let k > 6 even. For P € W;—QA’ let Q(X,Y) = P(X +
Y,=2X +2Y) and set Q* = 3Q|(1+6) € V;",. Then we have that

dimg(Q* | P € W, )o = dime Si(Tg(4)) — dime S4(To(2)).

Moreover, define d, s € Q by

Z <k — 2>d'r,5Xr71Y571 = Q+(X +Y,X)4

r—1
r+s=k

Then we have that

Z dmf(n s) Zo.

r+s=k

Conjecture 2.12 in [24] includes other kinds of modular relations of level 2, but we only focus on
the above case.

Ezxample 4.10. For the case

~ 1 1 1
Si1(X,Y) = —5)(4 + 5X2Y2 — 51/4 e Wiy,

we have Q1(X,Y) = X* — 10X2Y? +Y*. This leads to the conjectural relation of the form

24T(1,5) + 12T(2,4) + 27(3,3) — 3T(4,2) — 3T(5,1) = 0.

115
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Remark 4.11. To prove the upper bound of the dimension conjecture (4.3), Brown’s method using the
theory of motivic multiple zeta values (cf. [7]) would be applicable. Let us sketch an outline without
going into details. Denote by T“‘(T s) the motivic version of double T-values. An advantage of the
use of the motivic version is the fact that for £ =" ax, MT"‘(kl, k2), the Q-linear combination & is a
constant multiple of the single zeta value (™(k) (or rather, the kth power of the motivic 27é) if and
only if A(¢) = 0, where A(z) := A(z) — 1@z —2x®1 is the reduced Goncharov coproduct A. Here the
Goncharov coproduct can be computed explicitly using formal iterated integrals; for our case, we have

A(T™ (1, k2)) = T (k1) © (B (k2)
+ r fer (D) e g+ o (L) e T

Li+lo=k1+ko

where (% and 7™ are motivic lifts of the values (r(k) = i+ (281 —1)¢(k) and T(k) = 2(1—2"%){(k).
Here by T° and T° we denote T™ and 7™ modulo the motivic 27i, respectively. We have T%2r)=0
and T%(2r —1) = 0 for any 7 > 1. Since the terms T%(l;) @ ¢B(l2) (I1 : odd) and T%(l;) @ T™(l3)
(11 : even) are linearly independent over Q, every left annihilator (ag, x,) of the (k—1) x (k+k/2—4)
matrix Cy = [C} : C}] gives rise to the relation Y ag, 1, T™(k1,k2) = 0, where the entries of the
matrices Cj, and C}/ are obtained from the coefficients of T%(l;) ® (F(l2) and T%(l) ® T™(ly) in
Z(Tm(kl, k2)), respectively. More precisely, Cj, is the (k — 1) x (k — 3) matrix given by

-1

o ERELIY
G = (6l"kl +=D (kl - 1>)k1+k2 ki1’
b=kl >2

and CY/ is the (k — 1) x (k/2 — 1) matrix defined by
-1
"o 1\ li—k2 1
Cr = <( b (kz - 1)) Ky +ho=k,k; >1

li+la=k,l; >2 even

where the rows and columns are indexed by (k1,k2) and (l1,1s). For example, we have

1 -1 -1 -1 -1

-1 -1 -1 2 2 3 4 5
-1 2 2 3 0 0 -3 -6 -10
ci=| 2 |,¢C=| 0o o -3 |,¢c=| 0 0o 2 4 10 |,
0 0 0 2 0o 0 0 0 -5
0 0 0 0o 0 0 0 2
0 0 0 0 0
and
0 0
0 0 0 0 1
0 0 1 0 0 -5
Cy = 1 ], Cf= 0 -3 |,cl= 0 1 10
-1 1 3 0 -3 -10
-1 -1 1 3 5
-1 -1 -1

For k > 4 even, we observed the dimension of the Q-vector space ker C of left annihilators of the
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matrix Cj and it is expected to be
. 2 |k—2 . .
dimg ker Cj, = {T} + 1 =dim Sg(To(4)) — dim Sk (T (2)) + 1.

Note that, according to (4.3), the above expectation would also imply (k) € DT, but this is already
known from the weighted sum formula

k-2
SOG4 k=1 - )+ Tk = 1,1) = (5 — DT ().
=0

See the end of §2.5 in [24]. With tedious calculation, it might be possible to prove that for d, s in
Conjecture 4.9, its vector (d, s) becomes a left annihilator of Cy.

Problem 4.12. Prove (4.3).

Problem 4.13. Mimicking the story of cuspidal relations, we consider double Eisenstein series

my 2
2

I:fr,s(z) =22 Z (=1

4012 +my)"(4laz +ma)s’
0<441 z+my <4l z+mo ( 12+ 1) ( 22 2)
m;=t mod 2, ¢;, m;,EZ

Its constant term of the Fourier expansion coincides with (r s). We might expect that there are
regqularizations of H,.,s( ) for r,s > 1 such that the linear combination Zr+s:k dnsf[,.,s(z), where d;
is defined in Congecture 4.9, is a cusp form on T'o(4). If so, characterize the subspace spanned by
such cusp forms. Note that we may apply some results of Yuan and Zhao [40] to the reqularization of
H,(2) (see also [23] for N = 2).

4.4 Period polynomial relations for colored double zeta values. For N € N, let ux be the set
of all Nth roots of unity. For ai,...,aq € Z/NZ and ky, ..., kg € N with (k4,aq) # (1,1), we define

the colored multiple zeta value (‘“Zj ) relative to pun by

<~(a1 ..... u,d) L Z H U;z\;mj
ki,o.oka/ T

0<my<--<mgq j=1

where we let ny = i

Recently, for each N € N, Hirose [20] obtained modular relations for colored double zeta values
relative to u. His result is about a correspondence between relations in the formal “colored” double
zeta space and period polynomials for a congruence subgroup due to Pagol and Popa [32], which
generalizes Theorem 2.4.

Firstly, let us define the formal colored double zeta space. For N > 1 and k > 2, let A(N) =
{(a,b) € (Z/NZ)? | (a,b, N) = 1} and define the Q-vector space

D o= (Z5, Z30, PRy | r+ s =k,r,s > 1,c € Z/NZ,(a,b) € A(N))g

7,89

spanned by symbols Z§, Z&¢ pry b satisfying the regularized double shuffle relations

7,89

a, b a, b b,a a+b __ p— 1 b—a,a p— 1 a—b,b
PRt =28t + Z0p+ 2t = Y ((T%)Zw +<871>Zh,p >

h+p=k
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for (a,b) € A(N) and r,s > 1 with r + s = k. The above relations are well-defined, because, for
(a,b) € A(N), the pairs (b — a,a) and (a — b,b) are also in A(N). In a similar manner to Proposition
2.3, we can show that colored double zeta values satisfy the same relations above (cf. [1, 34]). Hence,
there is the natural surjection Dy v — DZj, ny, where DZy, y is the Q-vector space spanned by all
colored multiple zeta values relative to pyn of weight k and depth < 2. For latter purpose, denote by
Py the subspace of Dy, n generated by Zf + (-1)¥Z;¢ (c € Z/NZ) and

PR+ (Z) P00 4 (1P 4 (1) R (r+ s =k, (a,b) € A(N)).

Note that the image of the space P;"y under the map Z — ( becomes Q(2mi)k.

Next, recall period polynomials for I'; (V) due to Pagol and Popa [32]. For simplicity, we only
treat the case w > 0 even. For a polynomial-valued function F : I'y(N)\SLz(Z) — V,,, define the
right action of v € SLa(Z) by (F‘y)(C) := F(Cy~1)|y for each representative C for the right cosets
I'1(N)\SL2(Z). Extending this action to the group ring Z[SLy(Z)], for w > 0 even and N € N, we let

Wa,n = {F : Ti(N)\SL2(Z) = Vo | F| |, ¢ =0and F(-C) = F(C), VC}.

= F|1+U+U2

Denote by Cj,p the corresponding class to (a,b) € A(N) via the bijection I'1 (NV)\SL2(Z) — A(N), T1(N) (5 3) —
(a,b). Under this notation, every function F' € W, n is identified with the polynomial vector
(F(Ca,b))(a,b)EA(N) c VJ)A(N)‘ such that

0= F(Cap) + F(CapS™")|S = F(Cap) + F(CapU™)|U + F(CapU~?)|U?

and F(C_, _p) = F(Cqyp) for all (a,b) € A(N). We set

w

WE = {F € Wy n | F(Ca,3)|0 = £F(Cay) for each (a,b) € A(N)}.

It follows that Wil is canonically isomorphic to W. From the Eichler-Shimura theory, one can
construct injections r¥ : Sy, 42(T1(N)) = W y ®g C.
We now state modular relations for colored double zeta values relative to ux due to Hirose.

Theorem 4.14. Let k > 4 even. For F € W,:;Q’N and (a,b) € A(N), define eﬁ;f cQ by

-2
> (k 1>eﬁ*sz"’1Y“’1 = F(Co—app)(X — Y, X)
. :
r+s=k

and set

a,bev __
T,8 -

1
(e + (<1)7elt),  embod = Z(emb _ (~1)rent

ens 7,8 QTS r,5)*

N =

Then we have

a,bev __ r_—a,bev __ s a,—bev __ _baev a,b,od __ r+1_—a,bod __ s+1 _a,—b,od
er,s - (71) er,s - (71) er,s - er,s ’ er,s - (71) 67‘78 - (71) 67‘,5
and
a,b,od r7a,b __ a,b,ev r7a,b a,b r7a+b ev
3 E er,s Zr,s - E €rls Z'r,s - § Erls Zr+s € Pk,N'
r+s=k r+s=k r+s=k
(a,b)eA(N) (a,b)eA(N) (a,b)EA(N)

Hirose’s statement in [20, Theorem 3] is much stronger than the above, including the case k odd.

Ezample 4.15. Let us illustrate the case N = 2. Since A(2) = {(0,1),(1,0),(1,1)}, letting Fop =
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F(Caﬂb), we identify F' € W, » with (FO,I’FI,OyFl,l) c Vlg such that
Foq1+ F1,0|S =0, F1,1)(1 +5)=0, Foq+ F1,1‘U + Fyo|U? = 0.

For example, we sce that F = (25, —y% 2% — %) € W, (which lies in the coboundary part) and this
gives

01, 01 0.1 0.1 1,0 1,0 1,0 1,1
3(Z7 + Zas + Zsy + Zyn + Zyg + Zas + Zss — Z71)

3
=28~ Zy + 2y + Zia + Zgh + 2o + 238 + 2oy — 5C(8)  (under Z+— ).

Taking F' = (15m6 —30xty? 4 152291, — 152492 + 302%y* — 1545, 450%y? — 453:2y4) € ng, we get

3(15277 + 13235 + 4205 + 3235 + 15235 — Zy'3 — AZ3)3)
1395
=278 — 225 + 1525 + 9Z)4 + 92,0 + 16233 — 32y — S5 C®) (under Z+— ().

Problem 4.16. As a corollary of Theorem 4.14, for each F € WI:——Q,N we obtain the relation of the

form
Yo enbelct (o) = e - 2m),
r+s==k
(a,b)eA(N)
where ¢ denotes the shuffle reqularized colored multiple zeta values. Similarly to Theorem 8.1, is
there a simple formula for the constant cp when F is cuspidal?

Problem 4.17. Is Conjecture 4.9 derived from Theorem 4.14%
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