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HIGHER SPIN DIRAC OPERATORS 

TAKUMA TOMIHISA 
WASEDA UNIVERSITY 

ABSTRACT. This manuscript is a resume of the article [HT2], which is based on the talk in 
the workshop "Geometric Structures and Differential Equations -Symmetry, Singularity, and 
Quantization-". In [HT2], we give the Weitzenbiick-type formulas among the geometric first 
order differential operators on the spinor fields with spin j + 1 /2 over Riemannian spin manifolds 
of constant curvature. 「rhenwe find an explicit factorization formula of the Laplace operator 
raised to the power j + 1 and understand how the spinor fields with spin j + 1/2 are related to 
the spinors with lower spin. As an application, we calculate the spectra of the operators on the 
standard sphere and clarify the relation among the spinors from the viewpoint of representation 
theory. Next we discuss the spinor fields coupled with differential forms and give a kind of 
Hodge-de Rham decomposition on spaces of constant curvature. Lastly we study the case of 
trace-free symmetric tensor fields with an application to Killing tensor fields. 

1. WHAT IS HIGHER SPIN DIRAC OPERATORS 

Higher spin Dirac operators are a generalization of the Dirac operator and the Rarita— 

Schwinger operator. These operators appear in the following context: 

• Dirac operator: to describe spin 1/2 fermion (electron) 
keywords: index theorem, spin geometry 

• Rarita-Schwinger operator: to describe spin 3/2 fermion (ex. gravitino) 
keywords: deformation theory, PSU(3)-structure 

• higher spin Dirac operator: to describe spin j + 1/2 fermion 
keywords: Clifford analysis (on Euclidean space) 

2. NOTATION OF Spin(n)-REPRESENTATION 

Let囮nbe an n-dimensional Euclidean space and〈,〉 bea standard inner product on応｛叫
be the standard basis of町．
Then 

炉（配）竺so(n);(u I¥ v)(w) =〈u,w〉v-〈v,w〉u,

where so(n) is the Lie algebra of the special orthogonal group SO(n) or the spin group Spin(n). 

Let {eij = ei八ejI 1 ::::; i < j ::::; n} be a basis of 炉（町）~so(n). 

We choose a Cartan subalgebra 

t = span叶e2k-1,2k11::::; k::::; m = ln/2」}

of so(n) and a basis of the dual of the Cartan subalgebra t* as｛合，e2,...，鈷｝ with

e1(e2k-l,2k)＝如．

We regard it* as the m-dimensional Euclidean space and the basis { ek = iek} as 

ek = (0,..., 0, 1, 0,..., 0). 
ヽヽ

k-1 m-k 

There is one-to-one correspondence between finite dimensional irreducible unitary represen-

tation (7r, V) of Spin(n) and 入＝区~1 入iei =（ふ，極．．．，心） inか or(Z + 1/2r with the 
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dominant condition, 

入12入22... 2入m-12 |入ml for n = 2m, 
入12入22... 2入m-12入m 2 0 for n = 2m + 1. 

We call入thehighest weight of V and write the irreducible unitary representation with highest 

weight入as(1r入， V砂
For example, the highest weight of AP（即） R C is 

(1,...,1,0,... 0). 

pヽ 

and the spinor representation is the irreducible representation with highest weight 

(1/2, 1/2,..., 1/2) for n = 2m + 1, 
or the direct sum of the irreducible representations with highest weights 

(1/2, 1/2,..., 1/2, 1/2) and (1/2, 1/2,..., 1/2, -1/2) for n = 2m. 

3. THE DIRAC OPERATOR 

Let (M, g) be an n-dimimensional spin manifold (oriented Riemannian manifold with叩 (M)= 
0). 
A spin structure on Mis a principal Spin(n)-bundle Spin(M) which satisfies the following dia-
gram. 

Spin(M) x Spin(n)竺雄 SO(M)x SO(n) 

↓ ↓ 
Spin (M) ~ SO (M) 

↓ ↓ 
M M 

The spinor space is 

Wo = {M1/2,1/2,…，1/2) for n: odd, 

凧 2,1;2,...,1;2,1/2)EB'1(1;2,1;2,...,1/2,-1/2) for n: even. 

The spinor bundle is 

s。:＝ Spin(M)Xspin(n) Wi。・
The Dirac operator is defined by 

D :＝こ釘立： r(So)→r(So)
i=l 

where { ei} is a local o.n.f. and ei・ is the Clifford multiplication. 

Remark 3.1. The Dirac operator is a formally self-adjoint elliptic first order differential operator. 

The Dirac operator satisfies the Lichnerowicz formula 

Scal. Scal 
が＝ V＊▽＋ー＝ △s。+-

4 8' 

where△is the standard (Lichnerowicz) Laplacian. This leads a v皿 ishingtheorem: 

compact皿 dScal > 0⇒Ker D = {0}. 
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4. THE STANDARD LAPLACIAN 

The standard Laplacian is a generalization of the Laplacian on the associated vector bundle 

with SO(M) or Spin(M): 

△ ＝ ▽＊▽＋ q(R), 

where q(R) = ½江，j(ei A ej).(R(e凸））＊． Forexample, 

△ =do +od 

on A*(M), 

Seal 
△＝▽＊▽＋ 

8 

on S。,
△ = （Casimir operator) 

on a homogeneous vector bundle over a Riemannian symmetric space. 

5. THE RARITA-8CHWINGER OPERATOR 

Let TMc be the complexified tangent bundle. Then, by the action of Spin(n), 

S。RTMC竺 S。①S1,

where S1 = Spin(M) Xspin(n)間 isthe associated vector bundle of Spin(M) by the representation 

with highest weight (3/2, 1/2,..., 1/2). 

This decomposition realized as follows; 

i: s。→ S。®™汽¢→ -]ェei・鱈 e29

μ: S。RTMC→s。;¢RX • X•¢, 

and S1 := Kerμ lead 

S。@TMc= i(S。)疇・

DTM =I:; (e; ・ @ id) o立： r(S。@TMり→ r(S。@TMり： thetwisted Dirac operator on 
S。RTM竺

Along the decomposition S。RTMC 竺 S。〶 S1, the twisted Dirac operator is decomposed as 
the 2 x 2-matrix 

2ユD 2P* 

DTM= （iP Q), 
where P: r(So)→r(sサisthe twistor (Penrose) operator. 

Definition 1. Q : r(S1)→r(S1) is called the Rarita-Schwinger (RS) operator. 

Remark 5.1. The Rarita-Schwinger operator is a formally self-adjoint elliptic first order differ-
ential operator. 

6. RESULTS OF HOMMA-SEMMELMANN [HS] 

Let (M, g) be a compact Einstein spin manifolds. The (twisted) Lichnerowicz formula 

D2 Scal 
TM ＝ △s。RTMC十 -Ids。RRic.

8 
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gives that 

（（号）2び＋ザ＊p 2(2n-n)DP*＋2P*Q 

デ PD+tQP Q2+iPP*) 

＝ （ふ。＋苧—苧 0。ふ＋苧—苧）
Since the twistor operator P: r(S0)→r(S1) is an overdetermined elliptic operator, the 

following decomposition holds; 

r(S1) = Ker P*① lmP, 

and Q and△preserves the above decomposition. 

Proposition 2 (Homma-Semmelmann [HS]). Let (M, g) be an Einstein spin manifolds, then 

n-2_ _ _. _ n-2 
Q o P =.:..::..______-Po D, P* o Q =.:..::..______-D o P*, 

n n 

△s。oD=Do△s。，△s。oP* = P* o△s。,
△s, oP= Po△s。，△s,0 Q = Q 0△S1・ 

Proposition 3 (Homma-Semmelmann [HS]). Let (M, g) be an compact Einstein spin manifolds, 
then 

• Q2 =△s1 ＋知芯cal on Ker P*, 

• Q2=（号）勺△s1＋苧） onImP. 

7. THE HIGHER SPIN DIRAC OPERATOR 

Let (M, g) be an n-dimimensional spin manifold, S。bethe spinor bundle, and Symb be the 
primitive irreducible component of the j-th symmetric tensor product of TMc with highest 
weight (j, 0,..., 0). 

Then, by the action of Spin(n), 

s。@Symも竺 Bj-1① sj,

where the spin j + 1/2 bundle Sj = Spin(M) Xspin(n) Wj is the associated vector bundle of 
Spin(n) by the representation with highest weight (j + 1/2, 1/2,..., 1/2) 
or the direct sum of the representations with highest weights (j + 1/2, 1/2,..., 1/2, 1/2) and 
(j + 1/2, 1/2,..., 1/2, -1/2). 

Let D(j): r(S。@Symb)→r(S。@Sym6) be the twisted Dirac operator. Along the decom-

position S。@SymiJ竺 Sj-1① Sj,the twisted Dirac operator D(j) is considered as 2 x 2-matrix 

D(j) ＝ (D;J--1T；□1) ・ 

Dj:r（ふ） →r(Sj) is called the higher spin Dirac (HSD) operator. 

Remark 7.1. Dj is a formally self-adjoint elliptic first order differential operator. 

Remark 7.2. Tj"=-i : r(Sj-1)→r(Sj) satisfies (Tj亡1)＊ = T―・ 

Remark 7.3. When j = 1, Db is the constant multiple of the Dirac operator, D1 is the Rarita-
Schwinger operator, T;訊isthe constant multiple of the twistor operator P. 

In Bures-Sommen-Soucek-Lancker [BSSL1],[BSSL2], they considered to generalize spherical 
harmonic analysis on Euclidean space to spinor fields with higher spin; 

• Polynomial solutions (called monogenic function), 
• Clifford Cauchy kernel, 
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• Factorization formula 
that is to constitute the fundamental solution of the HSD operator. On即， Djis the 

factor of△1, 
.＋1. 

J 
i.e. by using a (2j+ 1)-st order differential operator A勾＋1,

△ゲ＝ DioA勾＋1・

By the (twisted) Lichnerowicz formula 

D(j戸＝ △ 
Seal 1 

疇 ymt+ 8 ― ~Ids。 ®Rsymも'

we obtain various formulas on spaces of constant curvature. 
Let (M, g) be Riemannian manifold of constant sectional curvature K = c with a spin struc-

ture,今 bethe standard Laplacian on r(Sj)-

Proposition 4. 

DJ ＋亭(Tj~l)* ＝今ー (j(n+j-2)-~)c,

(Tj~1)*Tj~l + (Dい）2＝△j-1-(j(n+j-2)-~)c, 
n(n -1) 

8 

(Tj~l)宣＋ Dい（冗ー1)* = 0, DjTj~l + Tj~1Dい＝ 0.

Proposition 5. 

△凸＝ D凸， 今勾-1＝冗ー1△]-1, △j-1万＝ T;今

8. GENERALIZED GRADIENTS 

Composing▽and the projection 

IIj: Sj @TMC→ Sゎ
we have so-called the higher spin Dirac operator, 

～ ▽ rrj 
Dj:＝且j0▽, r（ふ） →I'(Sj @TMりーザ(Sj)-

In this manner we construct four generalized gradients on r(Sj) and name them as follows; 

万： r(名） →r(SJ+1) 

Ui: r(S]）→ r(Sj,1) 

i5j:r（ふ） → r(S]） 

方： r(ふ） →r(Sj-1) 

the (first) twistor operator, 

the (second) twistor operator, 

the higher spin Dirac opeator, 

the co-twistor opeator. 

By using Weitzenbock foumula for the generalized gradients｛切勾元』曰｝，
(n + 2j)（n -2) ～2 4(n +j -2) ～ ～ 

D. 
J ＋ n + 2j -2 -J ・ n + 2j -2,-1 

(T-）＊T-
J 

＝今＋curv,

4j 1,:;:;+'*,:;:;+, (n + 2j -4)(n -2) 
（内［1）＊互＋

n + 2j -2 n + 2j -2 
(bj-1)2 =今-1+ curv. 

Proposition 6. 

坊＝ V
(n+2j)(n-2);;..., /(n+2(j-1)-2)(n-2);; 

n+2J-2 乃叫＝一( n+2(J-1) DJ-1・

Proposition 7. 

D'・ = -
n+ 2j-2 

J n + 2j Dj. 
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9. FACTORIZATION FORMULA 

Theorem 8 (Factorization formula). On a spin manifold (M, g) of constant sectional curvature 
K=c, 

n臼—~ (~j-(s(n+s-2)-¥ 
s=O 

(n + 2j -2)2 今ー s(n+s-2)ー 8)り） ＝0. 

This formula is a generalization of the factorization formula on町

Remark 9.1. When j = 0, Theorem 8 is the Lichnerowicz formula 

D2＝△＋ 
Seal 
8. 

Sketch proof. Let 

B(s;j) := DJ―悶二：□ ：]： （ふ― (s(n+s-2)-~) c) 

We prove the theorem by induction for j. We start from the equation for j = 0, 

I゚T B(s;O) 
叫— 1)

= B(O;O) = D5 -（△。＋ c)= 0. 
8 

s=O 

Sandwich by Tt and (Tt)*, and we obtain 

。士 (]B(s,J)）町）＊ ＝ （su :；J2/）；戸B(s,J+ 1)) TJ+(T]）＊ 

(n + 2j)2(j+l) (--/--
=― (n + 2j -2)2(J+1) （リB(s;j+ 1)) B(j + l;j + 1). 

Thus we have proved theorem holds for j + 1. 口

10. THE MEANING OF THE FACTORIZATION FORMULA 

We assume that the manifold is compact. We put 

(n+2s-2)2 
B(s,j) =巧―（n+2J-2)2 （△J―(s(n+s-2)ーデ） c)'

then we obtain the filtration 
j 

Fj = Ker B(j;j) c ・ ・ ・ c Fk = Ker IT B(s;j) c ・ ・ ・ c Fi。=r(Sj)-
s=k 

Furthermore, we put 

ws = {：：；ーロ：瓜[!゜；~), : ~;'~j-1, 
J' 

s =j, 

then we get the direct sum decomposition from the filtration {Fj}, 

r(Sj)＝④ Ws, Fs = Ws① Fs+i (0 S: s S: j). 
0-C:s臼

In the case of the sphere, 

Vj(s)'：＝①Vj(k,s)'＝①Vik+Hl/2,s+l/2,1/2,…，1/2)・

k>O k2'.0 
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ぴ(So) Vo(O)' 

↓吋

だ(S3-1)＝ V3-1(O）＇ ①・・• ① Y1-1(j -1)' EB {O} 

TV3-J;(ドO)'Ell・・ Ell VT心;-Jー↓T13+-)'1 EB 
T3一↑

び(Sサ＝ V山）＇ む {O} 

叶+1↓(T03)+I'VT,+3+11j(j ↓勾 T3+1+]1↓(打j)' T3+1↑ 
ぴ(S;+1)= Vj)  Ell・・・Ell -1)'Ell Vj)  Ell V;+1(j + 1)' 

11. SPECTRA OF THE HSD OPERATOR ON THE SPHERE 

By the factorization formula, we get spectra of the HSD operator on the sphere 

Theorem 9 (Branson [Bra]). The eigenvalues of the square of the higher spin Dirac operator 
on the sphere sn = Spin(n + 1)/Spin(n) are 

(n + 2s -2)2 (T  
(n+2j-2)2 

k+j+i) (s=O,...,j, k=O,l,...). 
2 

Our method would be easier to understand than in [Bra]. 

12. ON SPINOR FIELDS WITH DIFFERENTIAL FORMS 

Let A1 = A1(T* Mりbethe bundle of (complexified) differential forms with highest weights 
(1,...,1,0,...,0). 

Tヽhen, by the action of Spin(n), 

s。 ®Aj 竺 Ej 〶 Ej-1 EB・・・ EBE。
where Ej = Spin(M) Xspin(n) Wj is the associated vector bundle of Spin(n) by the representation 

with highest weight (3/2,..., 3/2, 1/2,..., 1/2). 
、 v‘

Let D(j): f(S。RAり→r(S。RAりbethe twisted Dirac operator. Along the decomposition, 
the twisted Dirac operator D(j) is considered as (j + 1) x (j + 1)-matrix 

D(j)j T(j)j-i 

゜゜ ゜T(j―);D(fo-1 T(j)"_t_2 

゜ ゜゜
T(j)J-l D(fo-2 T(j)j-3 

゜D(j) = I 

゜゜゜
D(j)i T(j)す

゜゜゜
T(j)「D(j)。

We write 

D1 := D(j)か Ti-:= T(j)J, T]+_l = T(j)J+-1• 
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Let (M, g) be Riemannian manifold of constant sectional curvature K = c with a spin struc-
ture,ふ bethe standard Laplacian on r(Ej). 

Theorem 10 (Factorization formula). On a spin manifold (M, g) of constant sectional curvature 
K=c, 

（巧― (nり言い（今― ((j-l)(n-j+l) 一~)り）
X (DJ-(今-（j(n -j)―血P)り） ＝0. 

Proposition 11. 

Dj冗-1=
n-2j 

n -2j + 2-J Tt_1Dj-l, 

厚内＝0, TJ-=._1万＝0, Tjtl = (7:]―)＊, 

△凸＝ D凸， 今叩」＝冗-1△j-1, △j-1り＝ TJ―今．

T戸 T3-+:_1 冗 Tj五
・・・二 r(Ej-1)二 r(尾）二 r(Ej+l)こ二ど．．．

Tj~l u Tj― U T丘1 u 犀

Dj-1 凡 D3+1

Theorem 12. On a spin manifold (M,g) of constant sectional curvature K = c, we have the 
Hodge-de Rham decomposition for spinor fields coupled with differential forms, 

r（尾）＝刀□1げ(EJ-1))①T五1『(EJ+1)）①Ker（今ー c), 
n(n + 1) 

8 

Ker勾＝刀［は(EJ-1))EB Ker（今ー c), 
n(n + 1) 

8 

Ker万＝右1(r(EJ+1)）④Ker（△J― c).
n(n + 1) 

8 

13. SPECTRA ON THE SPHERE 

Theorem 13 (Branson [Bra]). The eigenvalues of DJ on the sphere sn = Spin(n + 1)/Spin(n) 
are 

(1) on ImT;: 竺 KerT;J-l ]' 

(~) ¥k + ~r (k = 1,2,...). 

(2) on KerT;-
J' 

(l + 1+守 (l= 0, 1, 2 
2 

, 1, 2,...). 

14. GENERALIZED GRADIENTS ON SYMMETRIC TENSOR FIELDS 

Let Sym6 be the primitive irreducible component of the j-th symmetric tensor product of 
TM. 

By the action of Spin(n), 

Sym6 RTMc竺 Sym6+1CD Sym6―1 ① Symが
where Sym~' J,1 : 。isan irreducible vector bundle with the highest weight (j, 1, 0,..., 0). 

We consider generalized gradients 

勾： r(Syml)芯r(Sym訪T*Mり紅(Sym6RTMc)四 r(Sym炉），
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勾： r(SymiJ)芯r(SymlRT*Mり紅(Sym砂 TMC)匹 r(Symい），

防： r(SymiJ)芯r（Sym砂 T*Mり紅(Sym認T Mり四 r(Sym忍）．

Let (M, g) be Riemannian manifold of constant sectional curvature K = c with a spin struc-

ture and今 bethe standard Laplacian on r(Symも）．

Proposition 14. 

△j = (j + l)(Tf)*T/ -(n + j -3)(Tj―)＊rj-+2j(n+j-2), 

(j + l)(n + 2j -2) 
(T五1)＊TJ五＝ T+(T]）＊． 

(n+j-2)(n+2j)-1 

Theorem 15 (Factorization formula). On a spin manifold (M, g) of constant sectional curvature 

K=c, 

n (（T]）*冗 -a(s;j)（今ー b(s;j)c))= 0, 
s=O 

where a(s;j) = • (j-s+1)（n+J+s-2) 
(j+l)(n+2j-2) , b(s;j) = j(n + j -1) + s(n + s -3). 

Let Kj(Sn) be the space of the Killing tensor fields with degree j on the sphere and pj-2i(Sn) 

be the space of the primitive Killing tensor fields with degree j on the sphere. By using the 

factorization formula, we obtain the following result in a different way from original [Tak]. 

Theorem 16 (Takeuchi [Tak]). 

知 (S門＝ ① i. pj-2i(S門．
O<:'.j<:'.[j/2J 

15. FUTURE WORK 

As a future work, we want to extend the factorization formula to Riemannian symmetric 

spaces. If we obtain the factorization formula on Riemannian symmetric spaces, we can calculate 
the eigenvalues of the higher spin Dirac operator not only the sphere but also many Riemannian 

symmetric spaces by using the method in [HTl]. 

Acknowledgements This work was partially supported by Waseda University Grant for Spe-

cial Research Projects (Project number: 2022C-430). 

REFERENCES 

[Bra] T. Branson: Spectra of self-gradients in spheres. J. Lie Theory 9 (1999), 491-506. 
[BSSLl] J. Bures, F. Sommen, V. Soucek, P. Van Lancker: Rarita-Schwinger type operators in Clifford analysis. 
J. Funct. Anal. 185 (2001), 425-455. 
[BSSL2] J. Bures, F. Sommen, V. Soucek, P. Van Lancker: Symmetric analogues of Rarita-Schwinger equations. 
Ann. Global Anal. Geom. 21 (2002), 215-240. 
[HS] Y. Homma, U. Semmelmann: The kernel of the Rarita-Schwinger operator on Riemannian spin manifolds. 
Comm. Math. Phys. 370 (2019), 853-871. 
[HTl] Y. Homma, T. Tomihisa: Spectra of the Rarita-Schwinger operator on some symmetric spaces. J. Lie 
Theory 31 (2021), 249-264. 
[HT2] Y. Homma, T. Tomihisa: The spinor and tensor fields with higher spin on spaces of constant curvature. 
Ann. Global Anal. Geom. 60 (2021), 829-861. 
[Tak] M. Takeuchi: Killing tensor fields on spaces of constant curvature. Tsukuba J. Math. 7 (1983), 233-255. 

DEPARTMENT OF APPLIED MATHEMATICS, SCHOOL OF FUNDAMENTAL SCIENCE AND ENGINEERING, WASEDA 
UNIVERSITY, 3-4-1 0HKUBO, SHINJUKU-KU, TOKYO, 169-8555, JAPAN. 

E-mail address: taku-tomihisacakane. waseda. jp 


