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FINITE CRYSTALLINE HEIGHT REPRESENTATIONS AND 

SYNTOMIC COMPLEXES 

ABHINANDAN 

ABSTRACT. Using finite crystalline height representations and their naturally associated in-

variants, we study local and global syntomic complexes with coefficients. The text is organized 

as follows. After briefly recalling the p-adic crystalline comparison theorem and importance of 

syntomic methods in its proof we pose a question on syntomic complex with coefficients. To 

answer our question, we quickly recount the theory of finite crystalline height representations 

developed in [Abh21] and show that Galois cohomology of such representations (upto a twist), is 

essentially computed by (Fontaine-Messing) syntomic complex with coefficients in the associated 

F-isocrystal. In global applications, for smooth (p-adic formal) schemes, we show a compari-

son between syntomic complex with coefficient in a locally free Fontaine-Laffaille module and 

complex of p-adic nearby cycles of the associated etale local system on the (rigid) generic fiber. 

Proofs of aforementioned results can be found in [Abh22]. 

1. p-ADIC COMPARISON THEOREM 

Let p denote a fixed prime, K a perfect field of characteristic p, K a discrete valuation field of 

mixed characteristic with ring of integers OK and residue field Kand F = W（K)[l/p] the fraction 
field of ring of p-typical Witt vectors with coefficients in K. Fontaine's crystalline conjecture for 

an OK-scheme疋examinesthe relationship between p-adic etale cohomology of its generic fiber 

and crystalline cohomology of its special fiber. More precisely, 

Theorem 1. 1. Let疋 bea proper and smooth scheme defined over OK, with X =疋 RoKK

its generic fiber疋氏＝疋RoKK its special fiber. Then for each k E N there exists a natural 

isomorphism 

H点 (X万•,Q砂 ®IQip Bcris(O万）二 H~ris （疋,o/W(r;,)) Rw(t<) Bcris(O万．），

compatible with filtration,片obeniusand action of GK on each side. 

Here Bcris(OK) denotes the crystalline period ring constructed by Fontaine (see [Fon94a]), 

and it is equipped with a filtration, Frobenius and continuous action of GK-

In [FM87] Fontaine and Messing initiated a program for proving the statement via syntomic 
methods. By subsequent works of [KM92, Kato-Messing], [Kat94, Kato] and the remarkable 

work of [Tsu99, Tsuji] this program was concluded with a proof of the crystalline comparison 

theorem (more generally, the semistable comparison theorem). There have been several other 

proofs as well as generalizations of crystalline comparison theorem: [Fal89; Fal02, Faltings], 

[Niz98, Niziol], [Beil2; Beil3, Beilinson], [Sch13, Scholze], [YY14, Yamashita-Yasuda], [CNl 7, 

Colmez-Niziol], [BMS18, Bhatt-Morrow-Scholze] among others. 

Theorem 1.1 also holds for proper and smooth p--adic formal schemes. This was shown by 

Andreatta and Iovita in [A113] using Faltings approach of almost etale extensions. The natural 

variation of Theorem 1.1 for proper semistable p--adic formal schemes was obtained by Colmez 
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and Niziol in [CNl 7] using syntomic methods. One of the most important and difficult steps in 
proofs utilising syntomic methods is establishment of a comparison between syntomic complex 

and the complex of p-adic nearby cycles. 

2. p-ADIC NEARBY CYCLES 

Let疋bea smooth (p-adic formal) scheme over OK with X its (rigid) generic fiber and又"its 

special fiber. Let j : Xet→知 andi:ぷ，et→知 denotenatural morphisms of etale sites. 
For r 2". 0, let Yn（虚 denotethe syntomic sheaf modulo pn on ぷ，et• It can be thought of as a 
derived Frobenius and filtration eigenspace of crystalline cohomology. In [FM87], Fontaine and 

Messing constructed a period morphism 

a~翌： S'n(r)王→ i*Rj.Z/p叫）~' (2.1) 

from the syntomic complex to the complex of p-adic nearby cycles, where Z此）＇：＝ Zp(ra(r)！pa(r) P(）， 
for r =(p -l)a(r) + b(r) with O S b(r) < p -1. In the case of schemes, for O S r S p -1 

FM  and after truncating the complexes in (2.1) in degrees S r the map at~ was shown to be a r,n 
quasi-isomorphism in the work of Kato [Kat87; Kat94], Kurihara [Kur87], and Tsuji [Tsu99]. In 
[Tsu96], Tsuji generalized the result for schemes to some non-trivial etale local systems arising 

from Fontaine-Laffaille modules over OF (see [FL82]). 
FM Colmez and Niziol have shown that the Fontaine-Messing period map a~_~', after a suitable r,n, 

truncation, is essentially a quasi-isomorphism. More precisely, 

Theorem 2.1 ([CN17, Theorem 1.1]). For Os ks r, the map 

摩：が(:J'n(r)釘ー→i*R江Z/p叩）'.x-,

is a pN -isomorphism,ふe.the kernel and cokernel of this map is killed by p凡 whereN = 
N(e,p, r) EN depends on the absolute ramification index e of K, the prime p and the twist r. 

Theorem 2.1 also holds for base change of proper and smooth (p-adic formal) schemes. In 

particular, after passing to the limit and inverting p, for O S k S r we obtain isomorphisms (see 
[Tsu99, Theorem 3.3.4]) 

a[M :Hふ（文咋，r)Q二 H:t(XK,QP(r)). (2.2) 

The isomorphism in (2.2) is one of the most important step in proving Theorem 1.1 via syntomic 

methods. These ideas have been used in [FM87], [KM92], [Kat87], [Kat94], [Tsu99] and [YY14]. 
The proof of Colmez and Niziol is different from earlier approaches. They prove Theorem 

2.1 first and deduce the comparison in (2.2) via base change in proper and smooth case. To 

prove their claim, they reduce the problem to local setting and construct another local period 

map afaz, employing techniques from the theory of（ゃ，r)-modulesand a version of integral 
Lazard isomorphism between Lie algebra cohomology and continuous group cohomology. They 
show that a;az is a quasi-isomorphism and coincides with local Fontaine-Messing period map 

up to some fixed power of p. 

Remark 2.2. The results of [CNl 7] have been worked out in the setting of semistable (p-adic 

formal) schemes. So to obtain the claim for O :S: kさras in Theorem 2.1, one should work 
with log-crystalline cohomology. Working without log structures, one would obtain the p-power 

isomorphism in Theorem 2.1 for O :S: k :S: r -1 (also see Remark 4.5 (1) below). 
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2.1. Local comparison. Most of the work done for the proof of Theorem 1.1 in [CNl 7] 

involves computations in the local setting, i.e. over an etale algebra over a (formal) torus. More 

precisely, a smooth(p-adic formal) scheme疋definedover OK can be covered by affine schemes 

given as (formal) spectrum of (p-adic completion of an) etale algebra over 0叫X巴，．．．，X釣
for some indeterminates X1,..., Xd. In the local setting, Colmez and Niziol also show that it is 

enough to work with p-adic completions, i.e. formal schemes and deduce results for schemes by 

invoking Elkik's approximation theorem and a form of rigid GAGA (see [CNl 7, §5.1]). 

For simplicity, we will take R to be the p-adic completion of 0吋X戸．．．，Xf1]and let 
S := OK RoF R. Let Gs =咋（S[l/p]，可） fora fixed geometric generic point of Sp (S[l/p]). 
Let R;:; denote the (p, Xo)-adic completion of W(,-,,)[X。 ,X戸，．•．， X釣， and let R聖denotethe 
p-adic completion of the divided power envelope with respect to the kernel of the map Rよ→ S 
sending X。tow (a uniformizer of K). Further, let rlk!:_n denote the p-adic completion of the 

PD ロ

module of differentials of R~u relative to Z and one can extend the Frobenius operator <p to 
て

°如)・ The syntomic cohomology of Sis computed by the complex 

Syn(S, r) := Cone(rn~茫工王ニ Q応）［ー 1].

Theorem 2.3 ([CNl 7, Theorem 1.6]). If K contains enough roots of unity, then the maps 

a;az: T<::rSyn(S, r)→ T<::rRI'cont (GSら (r)),
a;,!z: T<::rSyn(S, r)n→ T勺 RI'cont(Gs,Z/pn(r)）→ T<::rRI'((Sp S［み］）wZ/pn(r)),

are pNr -quasi-isomorphisms for a universal constant N. 

Note that the truncation here denotes canonical truncation in literature. Having enough 

roots of unity in K is a technical condition (see [CNl 7, §2.2.1]) and if one fixes K then K((pm) 

has enough roots of unity form~ c(K) + 3, where c(K) is the conductor of K. 
In general, if K does not contain enough roots of unity (for example K = F), then one passes 
to an extension K((pm) form large enough and then using Galois descent one obtains an alaogous 

statement over K with constant N depending on the absolute ramification index e = [K : Fl, p 
and r (see [CNl 7, Theorem 5.4]). The proof of Colmez and Niziol relies on comparing syntomic 

complexes with the relative version of Fontaine-Herr complex of (<p, r)-modules computing the 
continuous G s-cohomology of Z此） （see [Her98] and [AI08]). 

Remark 2.4. Similar to Remark 2.2 let us note that in Theorem 2.3 Colmez and Niziol work 

with semistable affinoids and log-syntomic complex. Without log structures one should truncate 

in degree :Sr -1 (see Remark 4.5 (1) below). 

Our goal is to generalize Theorem 2.1 to non-trivial coefficients. Clearly, one needs to restrict 

themselves to a "friendly" category of coefficients, i.e. objects for which local computations 

similar to [CNl 7] could be carried out. In the local setting, by techniques employed in the proof 

of Theorem 2.3 (and applying K(n, 1)-Lemma of Scholze for p-coefficients, see [Sch13, Theorem 

4.9]), the problem could be formulated as 

Question 2.5. Is it possible to obtain a statement similar to Theorem 2.3 for non-trivial 

Zp―representations of G詔

Our goal in this article is to give a positive answer to the question posed above. A natural 

object to consider for a local result of this nature is a G wstable互latticeT inside a crystalline 
representation V of GR (in the sense of [Bri08, Chapitre 8]). However, as local computations 

involve complexes of (<p, r)-modules, we should further restrict ourselves to a representation 
whose corresponding etale (<p, r)-module is of "finite height" and "crystalline". Representations 
capturing these ideas are referred to as finite crystalline height representations. 
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Remark 2.6. Imposing finite height assumption on the (cp, r)-module attached to a crystalline 
representation of GR is not at all restrictive since all crystalline representations are of finite height 

(see [Abh23, Theorem 1.7]). However, in the present article we only use results of [Abh21] and 

[Abh22] so we motivate the objects of interest informally as above. 

3. FINITE HEIGHT REPRESENTATIONS 

In the classical case, i.e. for a mixed characteristic local field K, in [Fon90] Fontaine established 
an equivalence of catgeories between Zp―representations (resp. p-adic representations) of GK 

and etale (cp, r)-modules over a certain period ring AK (resp. B砂 Moreover,in [Fon79; 
Fon82; Fon94a; Fon94b] Fontaine described crystalline representations of GK in terms of weakly 

admissible filtered cp-modules over F. For K = F, by the works of [Wac96; Wac97, Wach], 
[Col99, Colmez] and [Ber04, Berger] it is known that crystalline representations of G F can also 

be described in terms of finite height (cp, r)-modules (closely related to the etale (cp, r)-module 

of Fontaine). 

In the relative case, let us now fix p 2 3 (see Remark 4.5), an absolutely unramified extension 
F over <Qp, K = F((pm) for a fixed m :2: 1 and let匂＝ ＜pm -I. Let R denote the p-adic 
completion of an etale algebra over 0吋X戸，．．．，x凸 withnon-empty geometrically integral 
special fiber and let S := OK Rop R. We also fix lift cp : R→R of the absolute Frobenius 
R/pR→R/pR given as x→呼 (see[Abh22, §2.1]). Denote by瑞 thep-adic completion of 
module of differentials of R with respect to Z. 

3.1. (cp, f)-modules. Let us fix an algebraically closed field Fr (R) containing F. Let万

denote the unio野offinite R-subalgebras R'c Fr (R) such that R'[l/p] is etale over R[l/p]. We 

write C+（R) = R as the p--adic completion, C(R) = C汀R)[1/p] and GR = Gal(R[l/p]/ R[l/p]). 
For n E N, let Fn = F（如） withring of integers OFn and let尾 denotethe integral clo-

1/pn 
X 
1/pn 

sure of R Rop OFn [xtw・'... x~w·i inside万[1/p]and let R(X) ：＝凶Rn. We set rR := 
Gal(R叫1/p]/R[l/p]),HR:= Ker (GR→丘） andwe have an exact sequence 

1 • r~ • rR → rF ---+1, 

where r~ = Gal(R=[l/p]/F=R[l/p])'.::'. Z~, and rF = Gal(F=/F)'.::'. z; (see [Abh21, §3.1.1]). 
Similarly, one can define corresponding groups for S, i.e. groups Gs and fs. 
Let C+（万）b＝ limX→xP C＋（万）／pdenote the tilt of perfectoid algebra C+（万） andlet C（万）'=
c+(TI）門1/pりwherep'= (p,p1IP,p1IP2,...) E C冗h)尺bothalgebras equipped with a natural 
action of GR. Let W(C（応） denotethe ring of p-typical Witt vectors equipped with Witt 
vector Frobenius and natural GR-action. Using a certain period ring A C W(C（万）＇）， stable
under induced Frobenius and G waction, in [And06] Andreatta generalized Fontaine's results 

to Zp―representations (resp. p--adic representations) of GR. To any Zp―representation T of G凡

Andreatta functorially attaches an etale ('-P,rR)-module D(T) = (ARzP T)HR over the period 

ring AR= A匝 Thisinduces an equivalence of categories between Zp―representations and etale 

('-P, r R)-modules over AR. Similarly, to any p--adic representation V of GR, using the period ring 

B = A[l/p], one can attach an etale (r.p, rR)-module D(V) = (B RQip V)HR over BR= BHR = 
A州1/p].Again, this induces an equivalence of categories b is induces an equivalence of categories between p--adic representations and 

etale (4ク，I―̀R)-modulesover BR. Now let Ainr(R) = W(C+(R)'), A+= AnAinr(R) c W(C(R)') 
and set n+(T) = (A+ @zP T)HR c D(T) a module over A責＝ （A +)HR equipped with induced 
('-P, r R)-action. Let c = (1，紐望•.．） EC+（応 where 如 is a primitive pn-th root of unity. 
Set 1r = [c] -1, q =ゃ（1r)/1r E A inf（R). 
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In [Abh21], we studied the notion of finite q-height representations, motivated by classical 
definition of finite crystalline height representations [Fon90; Wac96; Wac97; Col99; Ber04] (see 

[Abh21, Remark 1.4]). Moreover, finite q-height representations are closely related to crystalline 

representations of GR (see Theorem 3.3 below). We introduce the following definition: 

Definition 3.1 ([Abh21, Definition 1.3]). A Zp―representation T of GR is positive and of finite 
q-height if there exists a finite projective At-submodule N(T) C n+(T) of rank = rk互rsuch 
that: 

(1) N(T) is stable under the action of cp and rR, and ARR Ak N(T)~D(T); 

(2) The At-module N(T)屈＊（N(T))is killed byがforsome s EN; 

(3) The action of rR is trivial on N(T)片N(T);

(4) There exists R'c R finite etale over R such that At, RA! N(T) is free over At,. 

The height of T is defined to be the smallest s E N satisfying (2) above. Furthermore, a positive 
finite q-height p-adic representation V of GR is a representation admitting a positive finite 

q-height Zp-lattice T C V and we set N(V) := N(T)[l/p] satisfying properties analogous to 

(1)-(4) above. The height of Vis defined to be the height of T. 

3.2. Crystalline representations. Akin to Fontaine's methods to study p-adic represen-

tations of GF in [Fon82], Brinon studied p--adic representations of GR in [Bri08]. To classify 

relative crystalline representations, one uses the crystalline period rings Acris (R) and O Acris（R) 
which are p--adically complete R-algebras equipped with a continuous G waction, a Frobenius 

endomorphism and a filtration. Moreover, on OAcris(R) we have an Acris(R)-linear connection 

a satisfying Griffiths transversality i.e. 8(Filr0Acris（万）） C FW-10Acris（万）鉦碍 forr E Z 
(see [Bri08, Chapitre 6] and [Abh21, §2.2] for details). For a p--adic representation V of GR let 

ODcris(V) := (OBcris（万）郊 V)叫

This construction is functorial in V and takes values in the category of filtered (r.p, 8)-modules 
over R[l/p]. The representation Vis said to be crystalline if the natural map OBcris（R) <XIR[l/p] 

ODcris(V)→OBcris（万） RQpV is an isomorphism. Restricting the functor ODcris to the sub-
category of crystalline representations of GR establishes an equivalence with the essential image 
of the restriction. 

Remark 3.2. Let町＝ r.p―1け） EAinf（R) and take Aに＝ A訪[1r1]. Consider the algebra 
R露 A仏 andthe natural surjective map R露 A元ェ→ S=R回． Thekernel of the preceding 
surjection is given by the ideal J = (7r / 1r1, X心 1-lR[X1]，．．．，X認 1-lR[X乱） cRRzAk,w・ Set 
OA悶 tobe the p--adic completion of (R露 A応）［砂／k!,x E J]. We have OA認 COAcris(R) 
equipped with induced filtration, Frobenius, G waction and a connection satisfying Griffiths 

transversality with respect to filtration (see [Abh21, §4.3.1] for details). 

Finite q-height representations of仰 introducedin Definition 3.1 are related to p--adic crys-

talline representations of GR using the period ring O A慇・

Theorem 3.3 ([Abh21, Theorem 1.6]). Let V be a positive and finite q-heightだPだsentationof 

GR, then 

(l) V is a positive crystalline representation, i.e. all its Hodge-Tate weights areさ0.
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(2) We have an isomo77Jhism of R[l/p]-modules 

ODcris(V)~(OA訊 ®A! N(T))r胃],

compatible with Frobenius, filtration, and connection on each side. 

(3) 0ver OAPD R,w we have a natural isomorphism 

OA謳RR OD  eris (V)二 OA儡 RA!N(V), 

compatible with Frobenius, filtration, connection and the action of r R on each side. 

The preceding result helps us in constructing an R-submodule inside ODcris(V) satisfying 

certain key properties helpful in establishing our main local result (see Theorem 4.2). 

4. 8YNTOMIC COEFFICIENTS AND (cp, f)-MODULES 

In this section, let us consider the following class of representations: Let V be a positive finite 

q-height representation of GR with TC  Va Gwstable互latticeas in Definition 3.1 such that 
the At  module is free of rank= dimふ V.Assume that the Wach module N(T) is free of rank 

= dim<Qip V over Ai and let MC  ODcris(V) be a free R-submodule of rank= dim<Qip V such that 
M[l/p] = ODcris(V) and the induced connection over Mis p-adically quasi-nilpotent, integrable 

and satisfies Griffiths transversality with respect to the induced filtration. Furthermore, assume 

that p8M C <p*(M) and there exists a pN-isomorphism OA悶露 Mc:cOA謳 RAtN(T) 
with N = n(T, e) EN fore= [K: F] = pm-l(p-1) and compatible with Frobenius, filtration, 
connection and fwaction. See [Abh22, Example 5.2] on obtaining Mas above from N(T). 

4.1. Main results. Our objective is to relate the relative Fontaine-Herr complex (see 

[AI08]) computing continuous Gwcohomology of T(r) to syntomic complex with coefficients in 

the R-module MC  ODcris(V). Let us first consider the case of cyclotomic extension S = R同．
Let R声＝ R[Xo]equipped with a Frobenius endomorphism extending the Frobenius on R by 
setting沢Xo)= (l+X。)P-1. We have a surjective map f : R；；； → S=R回 sendingX。→ VJ.
Let R聖denotethe p-adic completion of divided power envelope of腐 withrespect to Ker f. 
The Frobenius on R声extendsnaturally to an endomorphism of R聖 (see[Abh21, §3.2-§3.3]). 
Set M聖：＝ R聖鐸M equipped with a tensor product Frobenius endomorphism, tensor 
product filtration and a connection defined using the Leibniz rule on the differential on R PD 

匂

and connection on M. The connection on M匹 furthersatistfies Griffiths transversality with 
respect to the filtration. In particular, we have a filtered de Rham complex 

Fil雪，M:Fi[TM;,0→ Fnr-1 M;,D疇 D Q応 → Fnr-2M;,D疇 D 9応→・・・ ． 

To describe the action of Frobenius on n~ R品D we fix a basis of n1Po as｛止泣幽L 虹止喫 1+Xo'ふ'..．， xd}．
For j E N, let Ij = {O ::;釘<..． <ij::; d} and for i = (i1,...，り） EIj, set 

翌
＾
 

A

翌
3
”
A
 

x

.

 

x
 

d
 

＾
 

＾
 

繹
告

＇
、
~
ヽ
＝
 

•I 

w
 

if i1 = 0, 

otherwise. 

Define the Frobenius operator cp on !1加gDbyゃ（区iEI;X凹） ＝LiEij叫（町）Wi-Note that this is not 

the usual definition of Frobenius on !1人~n. But in order to define a useful operator 1/J integrally, 
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we need to divide the usual Frobenius on Ok!, by powers of p (see [Abh22, Remark 5.3]). 

Furthermore, with the usual definition of Frobenius we have⑳ ＝如 overM C ODcris(V). 
However, using a definition similar to above for'P on Ok as well, we note that for f E M, we 

now have如 (1.p(f))＝I:f=l0心(f)屈＝ I:P'P(o;(f))w;= pゃ（如(!)).

Definition 4.1. Let r EN and define the syntomic complex of S with coefficients in Mas 

Syn(S, M, r) := [ Fil雪，M_f_王~ <!!Js,M], 
Syn(S, M, r)n := Syn(S, M, r) @Z/pn. 

Our main local result is as follows: 

Theorem 4.2 ([Abh22, Theorem 1.5]). Let V be a postive finite q-height representation of GR 

of height s with T C V a G wstable Zp-lattice as above and let r E N such that r 2': s + 1. Then 
there exists pN -quasi-isomorphisms1 

a;az: T'.or-s-1Syn(S, M, r) ~ T'.or-s-1RI'cont(Gs, T(r)), 

心： T:c;r-s-1Syn(S,M, r)n ~ T:c;r-s-1RI'cont(Gs, T/p叩）），
where N = N(T, e, r) EN depending on the representation T, the absolute ramification index e 
of K and the twist r. 

The proof of Theorem 4.2 proceeds in two main steps: First, we modify the syntomic complex 

with coefficients in M to relate it to a "differential" Koszul complex with coefficients in N(T) 

(see [Abh22, Proposition 5.30]). Next, in the second step we modify Koszul complex from the 

first step to obtain Koszul complex computing continuous Gs-cohomology of T(r) (see [Abh22, 

Theorem 5.5 and Proposition 6.1]). The key idea behind relating these two steps is provided 

by the comparison isomorphism in Theorem 3.3 and a version of Poincare Lemma (see [Abh22, 

§5.6]). The idea for the proof is inspired by the work of Colmez and Niziol [CNl 7], however our 

setting demands several non-trivial technical refinements. See [Abh22] for details. 

We can descend the quasi-isomorphism in Theorem 4.2 to R. Note that we have a filtered 

de Rham complex over R with coeffcients in M as 

Filr%，M:FiFM ---+Fnr-1M露碍一Filr-2M％虚ー....

Similar to above, one can define the Frobenius operator'P on碍

Definition 4.3. Let r E N and define the syntomic complex of R with coefficients in M as 

Syn(R, M, r) := [ Fi噂，M_f_ヱ乙咋，M];

Syn(R, M, r)n := Syn(R, M, r) R IZ/p匹

Using Theorem 4.2 for口＝炉ー1and Galois descent from [Abh22, Lemma 6.24], we obtain 

Corollary 4.4 ([Abh22, Corollary 1.6]). Let V be a positive finite q-height representation of 

GR of heights with TC  V a GR-stable Zp-lattice as above and let r E N such that r 2 s + 1. 
Then there exists pN -quasi-isomorphisms 

T:c;r-s-1Syn(R, M, r) ~ T:c;r-s-1RI'cont(GR, T(r)), 

T:c;r-s-1Syn(R, M, r)n ~ T:c;r-s-1RI'cont(GR, T /p叩）），

where N = N(p，r, s) E N depending on the prime p, the twist r and the q-height s of V. 
1 A homomorphism f : M→N of互modulesis said to be a p凡isomorphismfor some n E N, if the kernel 
and cokernel of f are killed by pn. 
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Remark 4.5. (1) Taking T =為 inTheorem 4.2 we obtain a statement similar to Theorem 
2.1. However, note that we truncate in degree ~ r -l. This is because we do not work 

with log-structures unlike [CNl 7]. Working with log-syntomic complex, where we consider 

log-structure over R;:; with respect to the arithmetic variable X。andKummer Frobenius 
(see [CNl 7, §2.2]) would enable us to show a p-power quasi-isomorphism also in degree r. 

(2) To obtain the statement overアonecould proceed as in [Abh22, Remark 1.8]. Alternatively, 
二

one could directly work over Cp = F as in [Gil21] to avoid complications arising from 
Frobenius on arithmetic variable X。・

(3) The case p = 2 is different from p 2 3 as for p = 2 the constant Nin Theorem 4.2 depends 
on the relative dimension of R (see [CN17, Lemma 3.11]. 

To conclude this section, let us note that for S as in Theorem 4.2, using the fundamental 

exact sequence in p-adic Hodge theory, one can define the local version of Fontaine-Messing 

period map (see [Abh22, §6.7]) for T as in Theorem 4.2. Then we are able to show: 

Theorem 4.6 ([Abh22, Theorem 1.10]). The Fonatine-Messing period map is pN(T,e,r)_equal to 

拿 zfrom Theorem 4.2. 

4.2. Proof of Theorem 4.2. The idea for the proof of Theorem 4.2 can be captured in the 

following commutative diagram of complexes. Note that we have Ka,'P(Fr M聖） ＝Syn(S,M,r) 
and the map afaz is obtained by composing the maps in lower boundary where we note that 

仰 (T(r))二+Rr(Gs, T(r)). The isomorphisms in the diagram indicate a p-power quasi-

isomorphism between complexes. Notations are explained after the diagram. 

k8,¢(FTM空）一仰(Ka,ゅ(F企））嬰仰(K』(Fr△PD,8)）→仰(Kcp(FrTAcris)) 

I↓T<r l ↓ 1『FES
K8,ゃ(Fr幻）ー仰(Ka,cp(Fr△[u,vl))具仰(Kcp(Fr△[u,v],8)) 仰（T(r))

t↓PL l / ］AS 
K8，訊A（Fr△悶，V]）／／／仰(K訳 TA[U,vl)）仰（K氾(TA砂(r)））

和 1 ] 
k訊 A(FrN炉） Cr(Kcp(DR00 (r))) 

叶t• i『
に，Lier(FrN位,v])+-fa;-K'P,r(Fr N位,v]) Cr(Kゃ(Dw(r)))

心叶 i『
に，Lier(N位，v](r))云：に，r(NJ:,vl(r))玉;,-/Ccp,r(N~,v]+(r)) 二=----+ Kcp,r (Dro (r)). 

In [Abh22, §2.5-§2.6] we define successively larger rings RじPcR屈cR炉 equippedwith 
compatible filtration and Frobenius operator where one can take u = (p -1)/p and v = p -1. 

The ring心 canbe thought of as analytic functions convergent on the disk vp(Xo) 2:: u/e 
[u,v] 

and similarly R¥;'"J can be thought of as analytic functions convergent on the annulus u/e S 

叫X。)Sv/e (see [CN17, Remark 2.4]). Furthermore, in [Abh22, Definition 5.22, Lemma 5.23] 
we define OA慇位 CE認 CE鳳CE閏塁 equippedwith compatible Frobenius, filtration 
rs-action and connection satisfying Griffiths transversality. Moreover, in [Abh22, Definition 
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5.22, Lemma 5.23] we define OAcris(R) C E~D C E~ 
[u,v] 

s --s equipped with compatible Frobenius, 
filtration Gwaction and connection satisfying Griffiths transversality. 

In the diagram, we take 砂＝ E~D
s 
RRM，△PD,8=（幻）B=O,T Acris = Acris（R)露 T,

△[u,v] = E塁'v]IZIR M,△［u,v],a=（△[u,v])B=D, TA[u,v] = A覧'v]RzP T,△塁，vi=E悶塁鐸 M,
TA的）＝ W（C(R)りRzpT(r), D,,,(r) = Aた"'RAt D(T(r)), N託） ＝A元喜）AtN(T(r)) and 
DR00(r) = As00 R知，口広(r)(see [Abh22, §2] for period rings). Moreover, G = Gs, r =応
with Cc and Cr denoting the complex of continuous cochains of G and r, respectively. The 

letter "K" denotes the Koszul complex (see [Abh22, §4]) with subscripts: 8 denotes the operators 

((1 + Xo)贔 ...,Xdふ） fora choice of coordinates (X。,X1,...,X心onRi, r denotes the 
operators bo -1,...,'Ydー 1)for our choice of topological generators of r, Lier denotes the 

operators（▽o,...，▽d) with▽, ＝log"(; andぬ denotes((1 + X。)峠ふ成，．．．，Xd設） as
operators on A胴 andE丁 viathe isomorphismしeye!: A悶，v]二 R炉 (see[Abh22, §2. 7]). 
The letter "K" denotes a subcomplex of the Koszul complex (see [Abh22, §6.2-§6.5]). 

Next, we describe maps between rows. FES denotes a map originating from fundamental 

exact sequences in [Abh22, §2.2.1 & §2.4.4]. AS denotes a map coming from the Artin-Schreier 
theory in [Abh22, §2.4.4]. PL denotes maps originating from filtered Poincare Lemma of [Abh22, 

§2.8]. Going from first row to the second row is induced by the inclusion R四cR悶，v]_The 
leftmost slanted vertical map from third to second row is induced by the inclusion El/:':; C E~'"J. [u,v] ~ z;,[u,v] 

R,m s 
The vertical map from second to third row is induced by taking horizontal sections [Abh22, §6.7]. 

The rightmost vertical map from fourth to third row is the inflation map from「Rto GR, using 

the inclusion R00 C R (one could use almost etale descent to obtain the quasi-isomorphism) 

and the rightmost vertical map from the fifth to fourth row uses the inclusion R C R00 (the 

quasi-isomorphism is obtained by decompletion techniques). The leftmost vertical arrow from 

fourth to fifth row is given by multplication by suitable powers of t as in [Abh22, Lemma 

6.2] and the rightmost vertical arrow from sixth to fifth row is comparison between complex 

computing continuous cohomology ofrR and Koszul complex as in [Abh22, §4.2]. The inclusions 

Al,,, C Ainr(R) C A覧'v]and Ainr(R) R A哀N(T)c Ainf国）芦 Tinduce the slanted vertical 
arrow from fifth to third row. 

Finally, we describe maps between columns. Top two maps from first to second column are 

induced by inclusions R聖 C E~0 and R塁，v]CE曰． Thebottom two maps.Caz between s s 
first and second column are Lazard isomorphisms -discussed in [Abh22, §6.2]. Bottom map 

(0,v]+ ~ A [u,v] 
from third to second column is induced canonically by A';f,:;;T C A釦!(see [Abh22, §2. 7] for 
definitions). The horizontal map from third to fourth column is induced by taking horizontal 

sections [Abh22, §6.7]. The bottom horizontal map from fifth to fourth column is obtained by 

the inclusion A 
(O,v]+ 
';,:;;T C AR,ro (see [Abh22, §6.5-§6.6]). 

5. GLOBAL APPLICATIONS: FONTAINE-LAFFAILLE MODULES 

We finally come to global applications of results described in the previous section. In this section 
we will consider locally free Fontaine-Laffaille modules introduced by Faltings in [Fal89, §II]. 

These objects are obtained by gluing together local data. Let s EN such that s <::: p -2. 

Definition 5.1. Define the category of free relative Fontaine-Laffaille modules of level [O, s], 
denoted by MF[o,s],free(R,い）， asfollows: 
An object with weights/level in the interval [O, s] is a quadruple (M, Fil• M, 8, <I.>) such that, 

(1) M is a free R-module of finite rank. It is equipped with a decreasing filtration {Filk MhEZ 
by finite R-submodules with Fi1° M = M and Fils+l M = 0 such that gr知Misa finite 
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free R-module for k E Z. 

(2) The connection o : M→ M鉱瑞isquasi-nilpotent and integrable, and satisfies Griffiths 
transversality with respect to the filtration, i.e. o(Filk M) c Fnk-l M RR瑞 forkE Z. 

(3) Let (cp*(M), cp*(o)) denote the pullback of (M, o) by cp : R→R, and equip it with 
a decreasing filtration Fil如＊（M))= ~iENP心＊（Fnk-iM) for k E Z. We suppose that 
there is an R-linear morphism <I> : cp*(M)→M such that <I> is compatible with connections, 
<!>(Fil:伶＊（M)))C炉M for O S k S s, and ~仁oP―k<J>(Fi悶 (cp*(M))) = M. We denote 

th 
<l> 

e composition M→cp*(M)→M by cp・

A morphism between two objects of the category MF1o,s],free(R, <I>, o) is a continuous R-linear 
map compatible with the homomorphism <I> and the connection o on each side. 

The category MF[o,s], free(R, <I>, o) is a full subcategory of the abelian category雲畠(R)of 
[Fal89, §II]. One can functorially attach to such a module, a free互moduleTcris(M) equipped 
with a continuous GR-action such that Vcris(M) = Tcris(M)[l/p] is crystalline ands equals the 
maximum among the absolute value of Hodge-Tate weights of Vcris(M). Moreover, in [Abh21, 

Theorem 5.4] it has been shown that Vcris(M) is a finite q-height representation of height s. 

Furthermore, ½ris(M) satisfies assumptions of Theorem 3.3 and Theorem 4.2 (with very precise 
bounds on the constant N(p, r, s), see [Abh22, Example 5.2 (iii)]). 

The category of free relative Fontaine-Laffaille modules globalizes well. Let疋bea smooth 

(p-adic formal) scheme defined over Op with X as its (rigid) generic fiber andぷ asits special 
fiber. Cover疋byaffine _{formal) schemes｛il;};EI where il; = SpecA; (resp. il; = Spf1i) su5:h 
that p-adic completions Ai satisfy assumptions for R above and fix Frobenius lifts切： Ai→Ai・

Definition 5.2. Define MF[o,s], freeぽ，<I>,o) as the category of finite locally free filtered叶
modules M equipped with a p-adically quasi-nilpotent integrable connection satisfying Griffiths 
transverality with respect to the filtration and such that there exists a covering｛il;};EI of X as 
above with MU; E MF[o,s], free（ふ,<I>, o) for all i E I and on叫 thetwo structures glue well for 
different Frobenii (see [Abh22, §8.1]). 

By [Fal89, Theorem 2.6*], the functor Tc:!:'~ssociates to any object of MF[o,s], free（文，<I>,o) a 

compatible system of etale sheaves on Spec (Ai出）． Again,these sheaves glue well to give us an 
etale sheaf on the (rigid) generic fiber X of疋． Theetale Zvlocal system on the generic fiber 

associated to M will be denoted as lL. Our global result is as follows: 

Theorem 5.3 ([Abh22, Theorem 1.11]). Let X be a smooth {p-adic formal) scheme over Op, 

M E MF10,s], freeぽ巫o)a Fontaine-Laffaille module of level [O, s] for O S s Sp -2 and let lL 
be the associated Zp-local system on the {rigid) generic fiber X of疋． Thenfor O S k S r -s -1 
the Fontaine-Messing period map 

a~応：忙(Yn(M，直） → i＊酎j,lL/p叩）'.,c,

is a pN —isomorphism for an integer N = N (p, r, s), which depends only on p, r and s. 

The theorem is proved by reducing it to the local setting, where we can directly apply 

Theorem 4.2. 

Remark 5.4. In light of Remark 4.5 (2), it should be possible to base change the isomorphism 

of Theorem 5.3 to F. 
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Remark 5.5. In [BMS19, §10] Bhatt, Morrow and Scholze have refined the definition of syntomic 

complex (using prismatic cohomology) and showed that it computes p-adic nearby cycles for 

trivial coefficients. By the work of Morrow and Tsuji on coefficients in integral p-adic Hodge 

theory and prismatic cohomology [MT20], we should be able to refine our results and obtain 

an integral result for coefficients (in the geometric case). Furthermore, by recent introduction 

of completed/analytic prismatic F-crystals on the absolute prismatic site [DLMS22; GR22], we 

should be able to further refine these results, thus including the arithmetic case. We will report 

on these ideas in future. 

Acknowledgements. The results presented here are taken from [Abh21] and [Abh22]. I would 

like to thank Denis Benois and Nicola Mazzari for several helpful discussions at various stages 

of those projects. This article is an expanded version of my talk at RJMS conference Algebraic 

Number Theory and related topics 2022. I heartily thank the organizers for providing the oppor-

tunity to speak on this topic at the conference. This work is supported by JSPS postdoctoral 

fellowship and JSPS KAKENHI Grant No. 22F22711. 

REFERENCES 

[Abh21] Abhinandan. "Crystalline representations and Wach modules in the relative case". 

In: arXiv:2103.17097 (Mar. 2021). To appear in Annales de l'Institut Fourier. 

[Abh22] Abhinandan. "Syntornic cornplcxcs and p-adic ncarby cyclcs". In: preprint (Nov. 

2022). Available at: https : / / abhinandan. perso. math. cnrs. fr/ syntomic _ 
complex. pdf. 

[Abh23] Abhinandan. "Crystalline representations and Wach modules in the relative case 

II". In: preprint (Mar. 2023). Available at: https://abhinandan.perso.math. 
cnrs.fr/wach_modules_ii.pdf. 

[And06] Fabrizio Andreatta. "Generalized ring of norms and generalized (¢, f)-modules". 
In: Ann. Sci. Ecole Norm. Sup. (4) 39.4 (2006), pp. 599-647. ISSN: 0012-9593. 

[AI08] Fabrizio Andreatta and Adrian lovita. "Global applications of relative (cp, r)-modules. 
I". In: Asterisque 319 (2008). Representations p-adiques de groupes p-adiques. I. 
Representations galoisiennes et (cp, r)-modules, pp. 339-420. ISSN: 0303-1179. 

[AI13] Fabrizio Andreatta and Adrian lovita. "Comparison isomorphisms for smooth for-

mal schemes". In: J. Inst. Math. Jussieu 12.1 (2013), pp. 77-151. ISSN: 1474-7480. 

[Bei12] Alexander Beilinson. "p-adic periods and derived de Rham cohornology". In: J. 

Amer. Math. Soc. 25.3 (2012), pp. 715-738. ISSN: 0894-0347. 

[Bei13] Alexander Beilinson. "On the crystalline period map". In: Camb. J. Math. 1.1 

(2013), pp. 1-51. ISSN: 2168-0930. 

[Ber04] Laurent Berger. "Limites de representations cristallines". In: Compos. Math. 140.6 

(2004), pp. 1473-1498. ISSN: 0010-437X. 

[BMS18] Bhargav Bhatt, Matthew Morrow, and Peter Scholze. "Integral p-adic Hodge the-

ory". In: Publ. Math. Inst. Hautes瓜tudesSci. 128 (2018), pp. 219-397. ISSN: 0073-
8301. 

[BMS19] Bhargav Bhatt, Matthew Morrow, and Peter Scholze. "Topological Hochschild ho-

mology and integral p-adic Hodge theory". In: Publ. Math. Inst. Hautes月tudesScふ
129 (2019), pp. 199-310. ISSN: 0073-8301. 



21

Finite crystalline height representations and syntomic complexes 

[Bri08] Olivier Brinon. "Representations p-adiques cristallines et de de Rham dans le cas 
relatif'. In: Mem. Soc. Math. Fr. (N.S.) 112 (2008), pp. vi+159. ISSN: 0249-633X. 

[Col99] Pierre Colmez. "Representations cristallines et representations de hauteur finie". In: 

J. Reine Angew. Math. 514 (1999), pp. 119-143. ISSN: 0075-4102. 

[CNl 7] Pierre Colmez and Wieslawa Niziol. "Syntomic complexes and p-adic nearby cycles". 

In: Invent. Math. 208.1 (2017), pp. 1-108. ISSN: 0020-9910. 

[DLMS22] Heng Du, Tong Liu, Yong Suk Moon, and Koji Shimizu. "Completed prismatic 

F-crystals and crystalline Z砂ocalsystems". In: arXiv:2203.03444 (Mar. 2022). 

[Fal89] Gerd Faltings. "Crystalline cohomology and p-adic Galois-representations". In: Alge-

braic analysis, geometry, and number theory (Baltimore, MD, 1988). Johns Hopkins 

Univ. Press, Baltimore, MD, 1989, pp. 25-80. 

[Fal02] Gerd Faltings. "Almost etale extensions". In: Asterisque 279 (2002). Cohomologies 

p-adiques et applications arithmetiques, II, pp. 185-270. ISSN: 0303-1179. 

[Fon79] Jean-Marc Fontaine. "Modules galoisiens, modules filtres et anneaux de Barsotti-

Tate". In: Journees de Geometrie Algebrique de Rennes. (Rennes, 1978), Vol. III. 
Vol. 65. Asterisque. Soc. Math. France, Paris, 1979, pp. 3-80. 

[Fon82] Jean-Marc Fontaine. "Sur certains types de representations p-adiques du groupe de 

Galois d'un corps local; construction d'un anneau de Barsotti-Tate". In: Ann. of 

Math. (2) 115.3 (1982), pp. 529-577. ISSN: 0003-486X. 

[Fon90] Jean-Marc Fontaine. "Representations p-adiques des corps locaux. I". In: The Grothendieck 

Festschrift, Vol. II. Vol. 87. Progr. Math. Birkhiiuser Boston, Boston, MA, 1990, 

pp. 249-309. 

[Fon94a] Jean-Marc Fontaine. "Le corps des periodes p-adiques". In: Asterisque 223 (1994). 

With an appendix by Pierre Colmez, Periodes p-adiques (Bures-sur-Yvette, 1988), 

pp. 59-111. ISSN: 0303-1179. 

[Fon94b] Jean-Marc Fontaine. "Representations p-adiques semi-stables". In: Asterisque 223 

(1994). With an appendix by Pierre Colmez, Periodes p-adiques (Bures-sur-Yvette, 

1988), pp. 113-184. ISSN: 0303-1179. 

[FL82] Jean-Marc Fontaine and Guy Laffaille. "Construction de representations p-adiques". 

In: Ann. Sci.版oleNorm. Sup. (4) 15.4 (1982), 547-608 (1983). ISSN: 0012-9593. 

[FM87] Jean-Marc Fontaine and William Messing. "p-adic periods and p-adic etale cohomol-

ogy". In: Current trends in arithmetical algebraic geometry (Arcata, Calif., 1985). 

Vol. 67. Contemp. Math. Amer. Math. Soc., Providence, RI, 1987, pp. 179-207. 

[Gil21] Sally Gilles. "Morphismes de periodes et cohomologie syntomique". In: arXiv:2101.04987 

(Jan. 2021). 

[GR22] Haoyang Guo and Emanuel Reinecke. "Prismatic F-crystals and crystalline local 

systems". In: arXiv:2203.09490 (Mar. 2022). 

[Her98] Laurent Herr. "Sur la cohomologie galoisienne des corps p-adiques". In: Bull. Soc. 

Math.肝ance126.4 (1998), pp. 563-600. ISSN: 0037-9484. 

[Kat87] Kazuya Kato. "On p-adic vanishing cycles (application of ideas of Fontaine-Messing)". 

In: Algebraic geometry, Sendai, 1985. Vol. 10. Adv. Stud. Pure Math. North-Holland, 

Amsterdam, 1987, pp. 207-251. 

[Kat94] Kazuya Kato. "Semi-stable reduction and p-adic etale cohomology". In: Asterisque 

223 (1994). Periodes p-adiques (Bures-sur-Yvette, 1988), pp. 269-293. ISSN: 0303-

1179. 



22

Finite crystalline height representations and syntomic complexes 

[KM92] Kazuya Kato and William Messing. "Syntomic cohomology and p-adic etale coho-

mology". In: Tohoku Math. J. (2) 44.1 (1992), pp. 1-9. ISSN: 0040-8735. 

[Kur87] Masato Kurihara. "A note on p-adic etale cohomology". In: Proc. Japan Acad. Ser. 

A Math. Sci. 63.7 (1987), pp. 275-278. ISSN: 0386-2194. 

[MT20] Matthew Morrow and Takeshi Tsuji. "Generalised representations as q-connections 

in integral p-adic Hodge theory". In: arXiv:2010.04059 (Oct. 2020). 

[Niz98] Wieslawa Niziol. "Crystalline conjecture via K-theory". In: Ann. Sci. Ecole Norm. 

Sup. (4) 31.5 (1998), pp. 659-681. ISSN: 0012-9593. 

[Sch13] Peter Scholze. "p-adic Hodge theory for rigid-analytic varieties". In: Forum Math. 

Pi 1 (2013), el, 77. 

[Tsu96] Takeshi Tsuji. "Syntomic complexes and p-adic vanishing cycles". In: J. Reine 

Angew. Math. 472 (1996), pp. 69-138. ISSN: 0075-4102. 

[Tsu99] Takeshi Tsuji. "p-adic etale cohomology and crystalline cohomology in the semi-

stable reduction case". In: Invent. Math. 137.2 (1999), pp. 233-411. ISSN: 0020-9910. 

[Wac96] Nathalie Wach. "Representations p-adiques potentiellement cristallines". In: Bull. 

Soc. Math. Fronce 124.3 (1996), pp. 375-400. ISSN: 0037-9484. 

[Wac97] Nathalie Wach. "Representations cristallines de torsion". In: Compositio Math. 108.2 

(1997), pp. 185-240. ISSN: 0010-437X. 

[YY14] Go Yamashita and Seidai Yasuda.‘、p-adicetale cohomology and crystalline coho-
mology for open varieties with semistable reduction". In: preprint (2014). 

ABHINANDAN 

UNIVERSITY OF TOKYO, 3 CHOME-8-1, KOMABA, MEGURO CITY, TOKYO, JAPAN 

E-mail: abhi@ms.u-tokyo.ac.jp, Web: https://abhinandan.perso.math.cnrs.fr/ 


