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TOPICS RELATED TO RSZ SHIMURA VARIETIES 

YUTA NAKAYAMA 
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, 

THE UNIVERSITY OF TOKYO 

ABSTRACT. This article is concerned with PEL unitary Shimura varieties and their integral models by 
Rapoport, Smithling and Zhang in relation to the arithmetic Gan-Gross-Prasad conjecture. We call these 
Shimura varieties RSZ Shimura varieties. We include two results here. One is about the comparison of these 
integral models with the ones by Kisin and Pappas. The other is about the curve case of the variant of the 
last conjecture formulated on the above Shimura varieties 
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1. NOTATIONS 

In this section, we introduce common notations in the two results. We follow [6] here. Let F be a CM 
number field. Let F,。beits m邸 imaltotally real subfield. Let <l¥ be a CM type of F. Set W to be a 

nondegenerate n-dimensional F / F,。-Hermitianspace. Here we take n to be positive. For each rp E <I>, write 

応心） forthe signature of W 幻，'PIC. We take a unitary group G := U(W) over F,。anda {Q-torus zQ such 
that for each (Q-algebra R, 

炉 (R)= {z E ResF/Q釦 (R)I NmF/F:。(z)←か｝．

We note that we also have a Z-model of zQ_ Put G := zQ x Res凡／IQ)G. This is the group for which we mainly 
consider Shimura varieties. We refer the reader to [6, Remark 2.6] for the motivation behind introducing 
this group. We also refer to [6, §2, §3] or [3, §3.2] for a precise definition of the Shimura data (ZQ,{hzQ}), 

G, {he}) and others. Let Ebe the reflex field of the Shimura datum for G. ,{ 

2. THE FIRST RESULT: THE COMPARISON OF INTEGRAL MODELS 

Here we discuss the comparison of the integral models by Rapoport, Smithling and Zhang with the ones 

by Kisin and Pappas. Let p be an odd prime. Let ij be the algebraic closure of IQ in IC. We fix an embedding 
Q →Qp. Let全Pbe the prime-to-p completion. 

2.1. Integral models by Rapoport, Smithling and Zhang. We first describe the former integral models. 

We refer to [6, Theorem 5.4] and [3, §4, §5] for details. 
For the description, we need auxil避yin竺~ral models for the Shimura varieties of ZQ. Let v be the 

p-adic place of E that the embedding IQ→む induces.Set nヂ0to be an ideal of OF:。primeto p. The 
auxiliary integral model Mg can be constructed as a category fibered in groupoids over the category of locally 

noetherian OE-schemes. It carries an object S of the source category to the groupoid of tuples (A。,io,入o),
where 

• A。isan abelian scheme over S, 
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• io: OF→Ends(A。)satisfiesthe Kottwitz condition that for every a E巧， thecharacteristic 
polynomial of io (a) acting on Lie A。is

IT (T-rp(a)), 
匹中

and 
●入。： A。→ Aぷisan OF-linear polarization with kernel A。[a].

Morphisms of this groupoid are isomorphisms of abelian schemes preserving the other structures. The moduli 
problem is represented by a finite etale OE-scheme by the argument of [1, Proposition 3.1.2]. Also, Mg is 
nonempty for some a. 

Let (A。心o)be a pair of an invertible OF-module and an alternating OF/OF:。-balancedform心o:A。xAo→
Z such thatゆo（ぶ＊，＊） ispositive definite and the dual of A。withrespect toゆo,Qis n-1A。•

There is a clopen subset M;，［Ao] of Mg with the generic fiber ShZ頭）・(zQ{h叫）． Also,we can equip 

the moduli problem over Spec OE,(p）with the usual level structure trivializing the prime-to-p Tate module 

of A。withrespect to A。.Thisway, we obtain an integral model M。ofSh凡 "(Z史{hz"}),where KzQ = 

炉 (Zp)Kらforan open subgroup Kらof炉（恥．
We move on to the integral model that we discuss in our result. We need more notations for that. For 

a p-adic place w of F, fix a uniformizer 1l'w of Fw, When a place v of F,。splitsinto w and布 inF, we 
assume that冗＝ 7r布． Fora p-adic place v of F,。,let叩：＝四 ifw is the unique place of F above v, and let 
匹：＝ （1l'w,咋） €凡＝ Fw xF布 ifv splits into w and而 inF.

Set (*, *)o: A。xA。→巧 tobe the hermitian form satisfyingゆo= TroF;z,/E.-"(*,*)o. Similarly, let 

心＝ TrF/Q,/E.―1(*,*)for the hermitian form(*,*) on W. We take an叶 latticeA of W such that for a 

p-adic place v of F,。,wehave Av C::: A~ C::: 7r:;;1ふ forthe symplectic dual * v. Let K名bean open compact 
subgroup of G(A~) small enough. Also define 

Kc,v := Stabc(F:ぃ(Av),

Kc,p := II Kc,v, 

vlp 

KG :＝ KG,pkも

応：＝知kGC改的）．

Set g := K匹，p知，pof 8心）． Inthe case of [3], it can be seen as a connected parahoric group scheme 

associated with a point in the extended Bruhat-Tits building of G心）． PutL := HomoF (A。,A).Also put 
V = LQ, This admits a hermitian form satisfying 

(x,x')(m,m')o = (xm,x'm') 

for m,m'EA。andx,x'EL. 
We consider a category M閉;~e fibered in groupoids over the category of locally noetherian叫，（p)-schemes.

The pseudo-functor associates with a test scheme S the groupoid of (A。 ,io ，入。，€見 A,i，入，沖）， where

• (A。,io，入。，EP)E Mo(S), 
• A is an abelian scheme over S 

• i: OF→Ends(A) satisfies the Kottwitz condition that for a E叫， thecharacteristic polynomial of 
i(a) acting on Lie A is 

IT (T -rp(a)）凡
咋 Hom(F，豆）

●入 EHomoF(A,A刈0zZ(p) is a IQl-polarization, and 

• 7/P trivializes Homo;P（万(Ao),T叫A))in terms of (LP)s, preserving the hermitian forms of their 

rational variants. Here, the hermitian forms on HomA,;,,(VP(Ao), VP(A)) is defined by carrying its 
F,f 

two sections x, x'to入尉 oxIV。入oxseen as a section of End(VP(A。)） '.:::'(A匂）S・
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We require the tuple to satisfy the following two conditions. We have 

A厨]= IT A[v(X)］， 

where v is a p-adic place of Fi。andthe quotient OF:。,＂of oF。@zZp acts on A[v00] through i. The first 
condition is that for each v, the kernel of入v=A[v00]--+ A汀v00]induced by入shouldbe of rank #(A訂ふ）
and in A［四］ ＝Ker(i（加）： A →A). The second condition is called the sign condition. This condition is 
about the failure of the Hasse principle. Morphisms of M需;~e(S) are pairs consisting of a morphism in Mo 

and an isomorphism of the other abelian schemes preserving the other data. 
The model MW!ve is not necessarily flat. Thus, we take its closed subscheme M 的 withthe same generic Ka 

fiber. The conditions defining it are derived from local models by Rapoport-Zink, Pappas-Rapoport, and so 

on. We cite [3, §5.4] and [6, Theorem 5.4] for details. 

By varying K8 := KiQKもweobtain a family of integral models (MKa)K8 and morphisms 

`,K;: M年）K；；→M年）Ka'

where K'!! C K12.. 
G - G 

2.2. Integral models by Kisin and Pappas. This subsection is based on [4, §8]. More generally, let (G, X) 
be a Hodge type Shimura datum with reflex field E such that G splits over a tamely ramified extension of IQp 

and that p日 (Gder(°Q;)).Let Kp = Q(Zp)こG（如 besuch that g is a connected parahoric group scheme 
associated with a point in the extended Bruhat-Tits building of G(IQp)-Let KP c;; G(A門bea sufficiently 

small open compact subgroup. Also put K == KpKP. Let v be the p-adic place of E that the embedding 

百→°Q;induces. Then for some nondegenerate symplectic space V over IQ, the associated Siegel double space 

生 andsome互latticcAc;; Av c V匹迄 thereexists a Hodge embedding i: (G, X)→(GSp(V),S芍
and a group scheme homomorphismぃg→GL(A) extending Gi:iv→GSp(V厄→ GL(V)i:i"such that the 
latterしhasthe scalars !Gm in its image and comes with the corresponding equivariant closed immersion of 
Pappas-Zhu local models 

Mloc→Gr（閂戸，A）• 
°瓦

Pet K; == GSp(Vi:i") n GL(A). There is an open compact subgroup K',P c GSp(V @Q砧） suchthat for 

炉：＝樗K',P,the morphism ShK(G,X)--+ S恥 (GSp(V),S芍@QEis a closed immersion. Under a choice 

of a laitice in V, the Shimura variety S恥 (GSp(V),S打isthe generic fiber of a Z(p)-scheme巧ゃ given
by a moduli of polarized abelian schemes. Let公 bethe normalization of the closure of ShK(G,X)→ 
ShK, (GSp(V), s±)匹 E→ダmRz(P)叫，（v)・

We can specialize the construction in this subsection to the case (G, X) = (G,｛怜｝）． Theauthor showed 
the following result in [3]. 

Theorem 2.1. The system in §2.1 is canonical with respect to (g,M10c), in terms of [4]*. Especially, the 

following holds. 

(1) Th e morphism 1r K'!:.K". is finite etale. 
G'G  

{2) For a discrete valuation ring R of mixed characteristic (O,p), the map 

(2.2) 胃％（R）→胃叫（R鳳）
is bijective. 

{3) For each K8, there exists on the p-adic formal completion of M 知 alocally universal (g, M10c)-

display associated with the pro-etale system on S国（a,怜） obtainedfrom the covering 

shKafa(a，知） →Sh叫 G,h扮，

*Our K~ is more restrictive than the open compact subgroups considered in [4] because the former is of the form K;炉
G ZQ G 
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where Kし runsthrough open compact subgroups o厄(Z叫． These(Q, M10c)-displays are compatible 
G,p 

with respect to the base change by 7r K'!'.K". 
G'G  

We cite [4] for unexplained terminology. As a corollary, we have M知~グKaas the same characterization 

is known forダKainstead of MKa・ 

2.3. Rough sketch of the proof. The first and second points of Theorem 2.1 are classical. For the second 
point, a main tool is Neron-Ogg-Shafarevich criterion. This is useful because for each element of the target of 

(2.2), its level structures give trivializations of the prime-to-p Tate modules of the abelian schemes involved. 
The third point is something not seen in the classical unramified case. This condition is about the 

comparison of the completion of the strict henselizations of local rings of MK5 and M10c. In our case, we 

can take l to be the forgetful map G→GSp(Wi。① W)on groups, where the alternating form on Wi。① W 
is心o+ゅ． Thecorresponding map of Shimura varieties is the generic fiber of f: M四→ダ即 carryinga 

scheme-valued point (A。,•.．， A,···)to(A。 x A,・・・). This f also induces a morphism g: M知→ダkg

p roposition 2.3. If x E M的図）， thenthe homomorphism 

°ダkb,f(x)→0…G'缶

of the completion of the strict henselizations is suガective.

This proposition is proved by the deformation theory of p-divisible groups. 

By this proposition and by counting dimensions, combined with known properties of MKa, the following 
induced by g is an isomorphism: 

叩％，g（エ） → O狐 G'の・

This and the known canonicity ofダKaadd up to show the required property. 

3. THE SECOND RESULT: THE CURVE CASE OF A VARIANT OF THE ARITHMETIC GAN-GROSS-PRASAD 

CONJECTURE 

Here we discuss a variant of the arithmetic Gan-Gross-Prasad conjecture on RSZ Shimura curves. 

First, we fix notations. Choose one'Po E屯 Assumethat n = 2. We also assume that r'P = 0 if'Poヂ'PEcp 

and that r'P。＝ 1.Take u E W such that (u,u) is negative when we embed F to IC in any way. Let W'be 
the orthogonal complement of Fu. 

We can construct Hand ii with respect to W'similarly to G and G. Also, put HG:= ii x匹 G.In this 

section, we investigate the compactified Shimura curve蔀（廿豆{h祁｝） overE. 

Let訊加） bethe set of irreducible admissible representations of伝叩知f)appearing in 

H園（加，｛疇｝）（C）， C)：＝皿が（亨（加，｛量｝）（C）， C)．
K' 

Let 7r be an irreducible tempered automorphic representation of伝印知） whoserestriction to zlJ!（伍） is

trivial and町 E叫甘も）． Wecan think of 7r as an automorphic representation 1r1 [8J 1r2 of H（恥。） xG（圧）
as well. 

Let z民，。 bethe cycle defined by Sh和通（紐f)(ii,｛%｝）→面酎囮｛攣｝） modifiedin a certain way 

so that its Betti cohomology class is trivial. For details we refer to [2, §2.3]. We see z応 0as an element of 

J(E)露 IC.Let Z和，。 bethe Hecke submodule of Ch1（蔀屈加，｛h病｝））飯ICgenerated by z和，0.Below 

is a theorem from [2] and is a part of [5, Conjecture 6.12]. 

Theorem 3.1. Assume that 1r2,= is cohomologicaft. The following a柁 equivalentfor a sufficiently compact 
~. ~ ・ ~ 

open subgroup K'c HG(AQ,t)-

• Neron-Tate height pairing〈*，z~ 〉 和
K',o)NT is nontrivial on Z和，0匂］．

tThis is in terms of the first "(g, K)" -cohomology. 
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• The order of zero of L(s,BC(1r1) x BC（四）） ats = 1/2 is 1 and Homii(知）匂，IC)has dimension 1 

with a generator nonvanishing onザ
This is proved by modifying as follows a theorem of Xue in [7, Appendix A], which refines the original 

arithmetic Gan-Gross-Prasad conjecture. Take decomposable vectors ¢ = 0仇 E町 andが＝ R呪 E
句， thelatter representation being the contragradient representation. Choose a locally constant function 

f伍＇：師（紐， f）→ ICwith compact support that induces ¢ 0がon町皿dO on other representations in 

d(HG). Here, for the definition and normalization of measures and volumes, we cite [2]. The function t,i,，の＇

acts on the Jacobian J of蔀糾屈｛攣｝） viathe Hecke action T. 

Theorem 3.2. When the levels ar-e sufficiently small, we have 

volS屈（加）（C）vol'屈T(z和，a),z和，0〉NT

=[E: <pa(F)] 
vol和Sh忍恥(C)坊(1/2,BC(1r1)x BC（四））

2/3ー 1 幻(1,1r1, Ad)与（l,1r2,Ad)
II心仇忍）．

We comment on a few notations. The notation BC（術） meansthe base change of 1r;. It is a representation 

of GL;(AF). Set fJ to be the sum of the number of the irreducible cuspidal automorphic representations that 
appear in the expression of BC(1r;) as isobaric sums for i = 1,2. The L-function L(s,BC(1r1) x BC（乃）） is
the R皿 kin-Selbergconvolution. The subscript f of L-functions means that we are only considering their 
finite part. Finally, a~ is a local period. 

REFERENCES 

1. B. Howard, Complex multiplication cycles and Kudla-Rapoport divisors, Ann. of Math. (2) 176 (2012), no. 2, 1097-1171. 
MR 2950771 

2. Y. Nakayama, Arithmetic Gan-Gross-Prasad conjecture for RSZ unitary Shimura curves, arXiv:2210.13105 
3. _,  The canonicity of the integral models of RSZ Shimura varieties, arXiv:2112.14558. 
4. G. Papp邸， Onintegral models of Shimura varieties, Math. Ann. (2022). 
5. M. Rapoport, B. Smithling, and W. Zhang, Arithmetic diagonal cycles on unitary Shimura varieties, Compos. Math. 156 

(2020), no. 9, 1745-1824. MR 4167594 
6. _,  On Shimura varieties for unitary groups, Pure Appl. Math. Q. 17 (2021), no. 2, 773-837. MR 4257601 
7. H. Xue, Arithmetic theta lifts and the arithmetic Gan-Gross-Prasad conjecture for unitary groups, Duke Math. J. 168 (2019), 

no. 1, 127-185. MR 3909895 

Yuta Nakayama 
Graduate School of Mathematical Sciences, The University of Tokyo, 3-8-1 Kornaba, Meguro-ku, Tokyo, 

153-8914, Japan 
nkyrn@rns.u-tokyo.ac.jp 

東京大学大学院数理科学研究科中山裕大


