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Iterated Galois groups of丑＋ cover quadratic number 

field with odd class number 

1 Introduction 

1.1 Motivation 

Chih-Chiang Kao 

Department of Mathematics, 

Tokyo Institute of Technology 

This is a short introduction of a recent work of the author on the iterated Galois groups. 
The motivation comes from £-adic Galois representations associated to elliptic curves. Let 

K be a number field and E be an elliptic curve over K without complex multiplication. 

Write£ for a prime number in Z, and denote by G00 the Galois group lim Gal(K(E［仰］／K)).
← 

Serre proved his celebrated Open Image Theorem as following: 

Theorem 1.1 (Serre's Open Image Theorem, 1972). The natural injection G00 c...+ GL2（勾
has open image, that is 

[GL2ほ）： Goo]<oo. 

Moreover, [ G L心）： G00]= 1 for all but finitely many£. 

We want to give a dynamical analog of Serre's Open Image Theorem. The study of 

iterated Galois groups were initiated by R. W. K. Odoni [Odo85a, Odo85b, Odo88] in the 
1980s. He dealt with such kind of problems over function fields and gave a conjecture for 

Hilbertian fields. 
Let K be any field of characteristic 0, and X, T be algebraically independent over K and 

regard X (resp. T) as a variable (resp. parameter). The polynomials which we care about is 

fn(X, T) =茫＋Twhere kn are positive integers greater than 1. Put凡(X,T) = fi(X, T) 
and define 

Fn+1(X, T)＝凡Un+l(X, T), T). 

Odoni's main result is as follows. 

Theorem 1.2 (R. W. K. Odoni. [Odo85a, Theorem 1]). Let穴 bean algebraic closure of 

K. The Galots group of凡(X,T)overrげ） is tsomorphtc to the (natural-）wreath product 

c似 lun-1(・ ・ ・ (C柘如 (Ck2lu, Cい）・• •). 
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where Ck, is the cyclic group of order k;, for each i = 1,..., n, and U; is the set of roots of 

F;(X, T) for i = 1,..., n -1. 

Given a polynomial f (X) E K[X], we define f吋X)= f of o ・ ・ ・ of (X) for n 2:: 1. Let 

n times 

応 bethe splitting field of r(X) over K, and the Galois group of Kn over K be called the 

n-th iterated Galois group of f(X). Let九 bethe complete d-ary rooted tree of height n 
and Aut(T,叫bethe automorphism group of Tn. Odoni gave the following conjecture. 

Conjecture 1.1 (Odoni, 1985). Let K be a Hilbertian field of characteristic 0. There exists 

a monic polynomial f(X) E K[X] with degreed 2". 2 such that 

Gal(Kn/K) → Aut(Tn)~[S卯

is surjective for all n EN where [S叩 isthe n-fold wreath product of symmetric group Sd. 

Odoni showed in [Odo85b] that Gal(Kn/ K)空 [C卯 forall n E N in the case K = (Q, 

and J(X) = X2 + X + l. For f(X) = X2 + c E (Q[X] with integers c, it can be deduced 
that Gal(Kn/K) can be embedded into [C2]n according [Odo85a, Lemma 1.1]. Stoll [Sto92] 

showed that 

Theorem 1.3 ([Sto92, Main Theorem p.5]). There exist infinitely many c E Z such that 

Gal(Kn/(Q)空［C2『forall n 2". 1, 

where f(X) =炉＋ cEZ[X].

Recently, there are some related results when K is a more general number field. We refer 
the interested reader to [Li20, Li21, Loo19, BJ19, Kad20, Spe18, BIJ+19]. 

1.2 Main results 

In this paper, we will follow Odoni and Stoll's method. First, we will show that the n-th 
iterated Galois group of f(X) can be embedded into [C2]n. So the largest possible Galois 
group is isomorphic to [C2]n. Next, we will focus on quadratic number fields with odd class 

number and prove the following result. 

Theorem 1.4. Suppose K = (Q)（v'd) is a quadratic number field with odd class number 

except ford= -l, and J(X) = X2 + c E CJ叫X],then there exist infinitely many c E CJK¥Z 

such that糾 竺 [C叩forall n EN. 

1.3 Outline of this paper 

In Section 2, we will give some criteria to determine whether Gal(Kn/ K)竺 [C炉 ornot. 

In Sections 3 and 4, we will extend the work in [Sto92, Section 2] to quadratic number field 
case, and determine the quadratic residue property for the fundamental units in some real 

quadratic number fields. In Section 5, we consider the fields K whose class numbers are 

odd, and prove that Gal(Kn/ K)竺［C皐 providedsome conditions on c are satisfied. 
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2 Criteria for糾竺 [C印

In this section, let K = Q（../d) be a quadratic number field, and OK be the ring of integers 

of K. Let c be an algebraic integer such that IN(c)I (/. Q乞Inmost cases, we only consider 

CEZ［嬬＼｛0,-1}. For f(X) =炉＋ cE OK[X], we define 

『(X)= f of o ・ ・ ・ of (X) 

n times 

for n :::-1, which is called then-th iterated polynomial of f(X). Define 

C1 = -c, and Cn+l = f正 1(O）＝心＋c 

for n :::-1. Let Kn be the splitting field of r(X) over K, and denote by 

Dn = Gal(Kn/ K) 

its Galois group over K. Consider then-fold wreath product of凸 withitself (cf. [Odo88]), 

[C叩：＝ C2lun-l (・.. (C2如 (C2lu1 Cら））・・・），

where C2 is the cyclic group of order 2, and Ui is the set of roots of『(X).The ideas of this 
paper come from [Odo88], and [Sto92]. First, we have the following lemma and definition: 

Lemma 2.1 (cf. [Odo88, Lemma 4.4] and [Sto92, Lemma 1.1]). 

1. If c E Z[v'd]¥{0, -1}, then enヂ0for all n E N. 

2. There exists a sequence {bn}n>I in OK such that : 

% ＝ II加， andthe〈b〉n) are pairwise coprime for n :::-1, 

din 

where〈b砂isthe ideal generated by bn in叫．

Definition. Nonzero elements a1,..., an in a field K are called 2-independent over K if 
their residue classes in the lFrvector space K* /(K*)2 are linearly independent. 

Assume that糾竺 [C叩 forsome n. Then nn+l ~ [C叶n+lif and only if C1,..., Cn, Cn+l 
are 2-independent over K. Theorem 2.1 gives us some criteria to determine whether the 

order of then-th iterated Galois group is equal to [C2t or not. 
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Theorem 2.1 (cf. [Sto92, Main Theorem p.3]). 

1. For all n EN, the following statements are equivalent: 

(a)On~[C卯；

(b) c1, c2,..., Cn are 2-independent over K; 

(c) b1, b2,..., bn are 2-independent over K. 

2. Suppose the class number of K is odd. If none of ub; is a square in OK for i = l,..., n, 
then On竺 [C卯 whereu are any units in OK. 

Remark. Let N(•) be the norm of Kover (Q. In Theorem 2.1, if we assume further that 

none of IN(b;)I is a square in (Q for i = 1,..., n, then the restriction on cl邸 snumber is not 
necessary. 

3 lterati eration sequences associated to even polynomials 

The idea of this section comes from [Sto92, Section 2]. In this section, let K = Q(v'd) be a 

quadratic number field except for Q(《可） andf (X) = X2 + c E叫 [X].Take 

叫X)＝ {|c|X2 +sgn(c) ifd> 0, 
-cX2 -1 if d < 0. 

and put "/1 = 1,'Yn+l = g('Yn) for n ~ l. We put, for n ~ 2, 

% ＝ ｛|c| •アnif d > O, 

-c ・ "In if d < 0. 

Suppose all.enヂ0. Then it follows that "Inヂ0for all n E N, whence we can define 
6n -== ITtln'Yf(n/t). For n ~ 2, we have 

6n ={似|if d > o and c ¢ (-2,0)， 
似 ifd < 0. 

Lemma 3.1 (cf [Sto92, Lemma 2.1]). Suppose that for any positive integer n, there is an 
叫 E叫＼Ok'suchthat mn I rn＋冨叫 isprime to rn, and -1 is not a square modulo 
叫． Thenfor all i ~ 2, b; is not a square in K. 

Similarly, if there exists mn E OK¥Ok, such that mn I rn -r2n, mn is prime torn, and 
-1 is not a square modulo mn. Thenーふ isnot a square in K for all i ~ 2. 

We will take叫＝ rk土rk+lin Lemma 3.1. Then mk I咋＋ 12k,and mk is prime to rk・ 
Moreover, we have士似＝ 6n三ー1(mod m砂． Therefore,if we can show that -1 and -Ed 

are not square modulo m, then none of ub; is a square in OK where位 isthe fundamental 

unit in OK, and u are any unit in叫． InSection 5, we will show that rn + rn+l satisfying 
the conditions in Lemma 3.1, provided some conditions on c. According to the previous 

lemma, we can deduce that似 arenot squares in K. 
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4 Quadratic residue properties for the fundamental 

unit of some real quadratic number fields 

By [CH88, Corollary 18.4], the class number of (Ql(vd) is odd if and only if 

l. d = 2, q q is a prime congruent to 1 modulo 4; 

2. d = l, 2l, l1l2 l, li,らareprimes congruent to 3 modulo 4; 

3. d = -1. -2. -l l is a prime congruent to 3 modulo 4. 

Let p be an odd rational prime, and suppose p is not inertial in叫． Then@〉＝ PPor p2 
for some prime p c叫． Inthis section, we only consider Q（vd) with odd class number, 
d > 0, and N（位） ＝1, whence d = l, 2l, l山 by[Rib13, pp 173-175]. We have the following 
quadratic residue properties for位：

Lemma 4.1. Ea is a square modulo p if and only if 

1.（瓜） ＝1 ifd=l,2l; 

2.（;)=（ぼ） ＝1 if d = lil2. 

where (:) is the Legendre symbol. 

5 Some sufficient conditions for 凡 ~[C別

In this section, let K = (Q（v,1) be a quadratic number field with odd class number, and 
c = u+vvrl E Z［嬬 withIN(c)I is not a square in (Q. We want to prove that none of ubi is 
a square in OK, provided some conditions on c hold, and thus凡竺 [C炉 byTheorem 2.1. 
The main theorem is as follows: 

Theorem 5.1. Suppose c = u + vv,1 E Z［vri], and IN(c) I (j_ (Q2. Let『(X)be the n-th 
iteration of J(X) =炉＋ c.We have 

Gal(『（X)/K)空 [C2『forall n EN 

if one of the following conditions holds: 

1. (u < 0, N(c + 2) > 0 or u > 0, N(c) > 0), and 

c三 1十 v'd (mod 2) 

c三直 (mod2) 

2. (u 2: O,N(c+2) < 0 oru < O,N(c) < 0), and 

c = 1 or 3 (mod 4) 

c三 1 (mod 2) 

C = -1 + 2s直 (mod2d) wheres E Z 

if d = 2, 

if d = q, 

if d = l, 
if d = 2l, 

if d = l1l2, 
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a
 c三 1+、i(mod 2) 

c三 Vr1 (mod 2) 

if d = -2, 

if d = -l, 

where q, l, li, l2 are primes, q三 1(mod 4), and l三 l1三 l2三 3(mod 4). 

Before giving the proof of Theorem 5.1, we need some lemmas. 

Lemma 5.1. None of c1,...，仰 isa square in叫． Itfollows that all『(X)are irreducible 
over K. 

Lemma 5.2. Let c = u + vv'd E Z［況， whered > 0, for n?: 2, 

Nbn) > 0い＞ O,N(c)> 0 oru < O,N(c+2) > O; 

on the other hand, 

N（叫く 0ifu < O,N(c) < 0 oru 2". O,N(c+2) < 0. 

Corollary. Let c = u + vv'd E Z[v'd] where d > 0, for all n 2". 1, 

N(,n＋in+1) > 0 ifu > O,N(c) > 0 oru < O,N(c+2) > O; 

on the other hand, 

N（加＋rn+1)< 0 ifu < O,N(c) < 0 oru ;::o: O,N(c+2) < 0. 

Proposition. Let c = u + vvcl E Z［vcl]. We have the following results for all n EN: 

1. If d = q and c三 vc1(mod 2), then N(,n土加＋1)三 3(mod 4). 

2. If d = 2 and c三 1+、l(mod 2), then N(,n士!n+l)三 3(mod 4). 

3. If d = l and c三 1or 3 (mod 4), then N（和＋rn+l)三 1(mod 8). 

4-If d = 2l and c三 1(mod 2), then N（松＋ ？n+1)三 1(mod 8). 

5. If d = lil2 and c三ー1+ 2svci (mod 2d) for any s E Z, then N(,n + rn+i)三 1
(mod 4d). 

Lemma 5.3. Let d = l, 2l, consider m E叫． IfIN(m)I三 7(mod 8), then -Ed is not a 
square modulo m in叫．

Lemma 5.4. Consider K = Q（vcl) where d = lil2. Let m E OK  satisfy IN(m)I三 -1
(mod 4d), then -1, -Ed are not square modulo m in叫・
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Sketch of the proof of Theo詑 m 5.1. In Theorem 2.1, We proved that if the class num-

ber of K is odd, and none of ub; is a square in叫 fori = 1,..., n, then rln竺 [C炉 where
u are any units in OK. Ford< 0, it is enough to show that none of士b;is a square in OK. 

On the other hand, for d > 0, it is sufficient to show that none of 土加士€幽 is a square in 

OK. 
In Section 3, we have proved that土似＝土似三ー1(mod加土加＋1)when d < 0. Thus 

it is enough to prove that -1 (and -Ed if d > 0) is not a square modulo,n土1n+1for all 

n EN in叩． Toapply Lemma 3.1, we need to prove that mn＝況＋ 7n+1 E叩＼〇K・ By 
the hypothesis, we can deduce that the norm of mn is congruent to 3 modulo 4. Hence mn 
is not a unit in OK. 

Finally, in each case in Theorem 5.1, we can deduced that b1,..., bn are 2-independent 

over K by previous lemmas. Hence糾竺 [C卯 forall n EN. ロ

Remark. In Theorem 5.1, for each d, there exist infinitely many c E Z［況 satisfyingthe 

conditions. For example, let c = u + v凶 EZ［凶l],k EN, and 

u = 2k + 1,v = 1 

u = 2dk, v = 1 

u = -1, v = 4k 

if d = 2, -2, 

if d = q, -l, 
if d = l, 2l, lil2. 

Then糾竺 [C印 forn 2'.'. 1. All cases can be verified by direct calculation. 
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