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Abstract 
In a geodesic space with curvature bounded above by a positive real number, 
a coefficient condition of the Halpern type iterative sequence is different from 
one on geodesic spaces with nonpositive curvature. In this paper, we consider a 
modified proximal point algorithm with an anchor point and resolvent operators 
of a convex function. 

1 Introduction 
To find a minimiser of a convex function, we often use iterative approximation methods 
which generate a sequence converging to a minimiser of the convex function, or a fixed 
point of a resolvent operator. The proximal point algorithm is a canonical minimiser 
approximation method, and it has many modified types. These schemes have been in-
vestigated on Banach spaces such as function spaces. Recently, they are also studied 
in geodesic spaces which are called CAT（r;,) spaces. Particularly, a CAT(l) space in-
eludes the infinite dimensional unit sphere. Kimura and Kohsaka obtained the following 
pioneering result: 

Theorem 1.1 (Kimura-Kohsaka [4]). Let X be an admissible complete CAT(l) space 
and f a proper lower semicontinuous convex function from X into ]-oo, oo] which has a 
minimiser. Let｛入n}be a positive real sequence such that infkEN入k> 0. Let {an} be a 

real sequence of ]O, 1[ such that limn→oo叫＝ 0and that区°°ふ＝ oo.For an anchor n=1 n 
point u EX  and an initial point x1 EX, generate a sequence { Xn} of X as follows: 

R心 JXn= Argmin（入nf(z)+ tand(z, Xn) sind(z, Xn)); 
zEX 

Xn+l = anU① (1 -an)R心 jXn

for each n E N. Then, { Xn} converges to the closest minimiser to the anchor point u. 
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In this theorem, we need to suppose that 区~=la; = oo. However, for instance, 
in Hilbert space, we assumed that I:~=1 an = oo. In this paper, we consider a new n=l 
coefficient condition for the Halpern type proximal point algorithm. 

2 Prelimi reliminaries 

Let (X, d) be a metric space and D E [O, oo[. We call X a uniquely D-geodesic space 
if there exists a unique geodesic for each two points in X, namely, for each x, y E X, 
there is a unique isometric mapping咋 yfrom [O,d(x,y)] into X such that ixy(O) = x 
and ixy(d(x, y)) = y. In this case, we denote a point ixy((l -t)d(x, y)) by tx⑤ (l -t)y, 
and call it a convex combination for x and y with a ratio t. 

Let X be a uniquely 1r-geodesic space. The canonical definition of a CAT(l) space 
uses geodesic triangles and their comparison triangles in the two-dimensional sphere. 
However, we can define a CAT(l) space as follows: We call X a CAT(l) space if 

cos d(tx① (1 -t)y, z) sin l 2: cos d(x, z) sin(tl) + cos d(y, z) sin((1 -t)l) 

for every x, y, z E X with d(y, z) + d(z, x) + lく 21rand t E [O, 1], where l = d(x, y). 
Moreover, X is said to be admissible if d(u, v)く n/2for any u,v EX. 

Let X be an admissible CAT(l) space and C a subset of X. We say C is convex if 
tx① (1-t)y EC  for every x,y EC  and t E [O, 1]. 

Let X be皿 admissibleCAT(l) space, x, y E X and t E [O, 1]. Then, a real valued 
function defined by 

z →tcosd(z, x) + (1 -t) cos d(z, y) 

for z EX  has a unique maximiser [6]. We denote such a point by 

tx① (1 -t)y 

and call it 1-convex combination for x and y with a ratio t. 

Theorem 2.1 (Kimura-Sasaki [6]). Let X be an admissible CAT(l) space. Then, 

l tcosd(x,z) ＋ （1 -t)cosd(y,z) 
cosd(txffi(l-t)y,z) 2: 

沢＋（1-t）2 +t(1 -t)cosd(x,y) 

for each x, y, z EX  and t E [O, 1]. 

Let X be a metric space and T a mapping on X. We call T a quasinonexpansive 
mapping if its fixed point set Fix T = { x E X I Tx = x} is nonempty and 

d(p,Tx):S d(p,x) 

for any p E FixT and x EX. On an admissible CAT(l) space, the fixed point set of a 
quasinonexpansive mapping is closed and convex. 

Let C be a nonempty closed convex subset of an admissible complete CAT(l) space X. 
Then, for x EX, there exists a unique point Px EC  such that d(x,p砂＝ infyECd(x, y). 
We call such a mapping Pc defined by Pcx = Px a metric projection onto C. The 
metric projection Pc is quasinonexpansive with the fixed point set Fix Pc = C. 
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Let X be a metric space and {xn} a bounded sequence of X. An asymptotic centre 
AC({ Xn}) of { Xn} is defined by 

AC({ Xn}) = { Z E X I Ii巳門pd(z,xn)=j叫巴悶pd(y,xn)}.

Let {xn} be a sequence of X and xo EX. We say that｛凸｝ △-converges to a△-limit x。
if { xo} = AC ({ XnJ) for any subsequence { XnJ of { Xn}. A sequence { Xn} of a CAT (1) 
space X is said to be spherically bounded if 

7r 
i11f)im sup d (xふ） ＜ー．
xEX n→00 2 

We know the following lemmas about△-convergence: 

Lemma 2.2 (Espfnola-Fernandez-Le6n [1], Kirk-Panyanak [7]). Let X be a complete 
CAT(l) space and {xn} a spherically bounded sequence of X. Then, AC({xn}) is a 
singleton and { Xn} has a△-convergent subsequence. 

Lemma 2.3 (He-Fang-Lopez-Li [2]). Let X be an admissible complete CAT(l) space. 
Then, 

d(xo,z) :=; liminfd(xn,z) 
n→OO 

for all z E X whenever a spherically bounded sequence｛凸｝ △-converges to x0 E X. 

Let X be an admissible complete CAT(l) space and fa function from X into ]-oo, oo]. 
We say that f is proper if its effective domain dom f = { x E X I f (x)く oo}is nonempty. 
We say that f is lower semicontinuous if its level set is closed everywhere. Moreover, f 
is said to be convex if 

f(tx 〶 (1 -t)y):::; tf(x) + (1-t)J(y) 

for any x, y E X  and t E ]O, 1[. 

Lemma 2.4 (Kimura-Kohsaka [3]). Let X be an admissible complete CAT(l) space 
and f a proper lower semicontinuous convex function from X into ]-oo, oo]. Then, 

f(xo):::; liminf f(xn) 
n→OO 

whenever a spherically bounded sequence { Xn} of X is△-convergent to x0 E X. 

Let X be an admissible complete CAT(l) space and fa proper lower semicontinuous 
convex function from X into]ー (X),oo].We denote its minimiser set by 

Minf = A~~呼inf(z) = { z EX  I f(z)＝凰f(y)}.

Then, Min f is closed and convex. For x E X, a function defined by 

z →f(z) +tand(z,x)sind(z,x) 

for each z E X  has a unique minimiser [3]. We define a mapping Rf on X by 

{R戸｝ ＝Argmin(f(z) +tand(z,x)sind(z,x)) C domf 
zEX 
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for each x E X, and call it a resolvent operator for f. Note that the fixed point set 
Fix Rf coincides with the minimiser set Min f and that Rt is quasinonexpansive if f 
has a minimiser. We show the following lemma: 

Lemma 2.5. Let X be an admissible complete CAT(l) space and f a proper lower 
semicontinuous convex function from X into ]-oo, oo]. Then, 

f(Rtx) さ f(w)+~ し。呼d(~ + 1) (coslcosd(RJx,x) -cosd(w,x)) 

for any w,x EX  with R戸ヂ w,where l = d(Rtx,w). 

Proof. Fix w, x EX  with R戸ヂ warbitrarily. Let TE ]O, 1[ and Wy = TW 〶 (1-T)R戸
Then, by the definition of Rt, we have 

f(Rtx) + tand(Rtx, x) sind(Rtx, x) 

さf(wT)+ tand(wn x) sind(wn x) 

:::; Tj(w) + (1 -T)j(Rtx) + tand(wnx) sind(wT, x) 

and hence 

ヴ(Rfx）三寸(w)+ tand(wnx) sind(wT, x) -tand(R1x,x) sind(R1x,x). 

Moreover, we get 

tan d(Wr, x) sin d(Wr, x) -tan d(R1x, x) sin d(R1x, x) 

sin2 d(WT,x) ＿ sin2d(Rfx,x) = 1-COS2 d(WT,x) _ l-COS2 d(Rfx,x) 

cos d(Wr, x) cos d(R1x, x) cos d(Wr, x) cos d(R1x, x) 

1 1 
= ~ -cosd(wnx) -

cosd(WT,x) cosd(R x x) 
+ cosd(R1x,x) 

f, 

cos d(R1x, x) -cos d(Wn x) 
＝ 

cos d(Wr, x) cos d(R1x, x) 
+ cos d(R1x, x) -cosd(wn x) 

1 
= (~ + 1) (cosd(R1x,x)-cosd(wr,x)). 

Thus, we obtain 

寸(R戸）さ Tf(w)+( 
1 ~ +1) (cosd(R1x,x)-cosd(wnx)). 

Dividing both sides by T > 0, we get 

f(R1x) :S f(w) + ( 
1 ,  1¥ (cosd(R1x,x)-cosd(wnx) 

cosd(WT,x)cosd(R四） ＋ 1） （ T)． 

Then, 

cosd(R1x,x) -cosd(wT,x) 

T 
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and thus 

cos d(R1x, x) sin l -cos d(w, x) sin(Tl) -cos d(R1x, x) sin((l -T)l) 

Tsinl 
(sinl -sin((l -T)l)) cosd(R1x,x) -cosd(w,x) sin(Tl) 

Tsinl 

(*) J(R1x):::;J(w)+(~+1)~ cosd(wnx)cosd(R1x,x)'~; Tsinl' 

where 
L(T) = (sinl -sin((l -T)l))cosd(R1x,x) -cosd(w,x)sin(Tl). 

Note that L(T) tends to Oas T'¥i 0. From l'Hospital's rule, we have 

L(T) "--L'(T) "--l cos((l -T)l) cosd(R1x,x) -l cosd(w, x) cos(Tl) 
lim ~ = lim ~ = lim 
,;:~o T sin l,;:~o sin l,;:~o sin l 

l 
= ===-,-• (coslcosd(R1x,x) -cosd(w,x)). 

sin l 

Thus, letting T'¥i O for the inequality (*), we obtain 

J(R1x):::; J(w) + ~い (cos2三， zj + 1) (coslcosd(R1x,x) -cosd(w,x)). 

It completes the proof. 口

Corollary 2.6. Let X be an admissible complete CAT(l) space and f a pmper lower 
semicontinuous convex function fmm X into ]-oo, oo]. Then, 

f(Rtx)さf(w)+ 2 (~ + 1) lcosd(Rtx,w) -cosd(w,x)I 

for any w,x EX. 

Proof. For l E ]O, 7r /2[, we know that 

l 7r 

inl 
＜ ーく 2.

sinl -2 

The desired inequality holds if w = Rtx, Suppose that w =J Rtx, Then, 

si：ご畠 (cos2d(~ + 1) (cosd(w,Rtx)cosd(Rtx,x) -cosd(w,x)) 

< d(W,R戸） （ 1 
-sind(W,Rfx) cos耀~ + 1) (cosd(w,Rtx)-cosd(w,x)) 

< d(W,Rfx) ( 1  
-sind(W,R戸）~ + 1) icosd(w,Rtx)-cosd(w,x)I 

::; 2し。呼d（加，zj+ 1) lcosd(w,Rtx) -cosd(w,x)I. 
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From the previous lemma, we obtain 

叫）さ f(w)+ 2 (~ + 1) icosd(w,RJx) -cosd(w,x)I, 
cos2 d(Rtx, x) 

which completes the proof. 口

3 A Halpern type proximal point algorithm 

The following lemma plays an important role for a proof of Halpern type convergence 
theorems: 

Lemma 3.1 (Kimura-Saejung [5], Saejung-Yotkaew [8]). Let {sn} be a nonnegative 
real sequence of and {tn} a real sequence. Let {f3n} be a real sequence of]O, 1] such that 

E:=l(3n = oo. Suppose that 

Sn+l：：：：： (1 -(3n)Sn +(3心

for all n E N and that lim supi→oo tn,：：：：： 0 for every subsequence { sn,} of { sn} satisfying 
that lim supi→00 (sn, -sn,+1)：：：：： 0. Then, limn→oo Sn= 0. 

Now, we can prove the following theorem: 

Theorem 3.2. Let X be an admissible complete CAT(l) space and f a proper lower 
semicontinuous convex function from X into ]-oo, oo] such that Min f is nonempty. Let 
｛入n}be a positive real sequence such that infkEN入k> 0. Let { en} be a real sequence of 
]O, 1[ such that limn→00 E:n = 0 and that E:=l E:n = oo. For an anchor point u E X  and 
an initial point x1 EX, generate a sequence {xn} of X as follows: 

R心 fXn= Argmin（入nf(z)+tand(z,xn)sind(z,xn)); 
zEX 

an E［いn+cos窪 (Ui虹 fx)＿ cosd(U,R心 fx)'ぷlc ]O, 1[; 

Xn+l = anU 〶 (1 -an)R心 fXn

for each n EN. Then, the generated sequence {xn} converges to a minimiser PMinfU, 
where PMin f is a metric projection onto Min f. 

Proof. For c E ]O, 1[ and c > 0, we have 

0<~-cく咋＜ 1.

Indeed, 

~-c> 氾ー c=O

and 

（喜戸-c)2 = c + 2c2 -2c喜+2< c + 2c2 -2c亭＝ Cく 1.

Therefore, the sequence { Xn} is well defined and limn→oo知＝ 0.Moreover, 

a;＋叫cosd(u,R心 f%）こ Cn
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for all n EN. Set p = PMinfU and Rn= R心 ffor each n E N. Since Rn is quasinonex-
pansive for each n EN, 

cosd(P,Xn+1) ~ an cosd(p,u) + (1-an) cosd(p,Rnxn) 

~ ancosd(p,u) + (l -an)cosd(p,xn) ~ min{cosd(p,u),cosd(p,xn)}. 

Therefore, for all n E N, 

n 
d(p,RがEn):::;d(p, Xn）:::; max{d(p,u),d(p,:町）｝ ＜一

2' 

which implies that { Rが％｝ isspherically bounded. Set ln = d(u, Rが％） foreach n E N. 
Let 

Sn = l -COS d(p, Xn) 

and 

(1 一％＋昌＋（~)cosd(u,p)
tn = 1-

叫＋ 20:n(1 -O:n) COS ln 

for each n EN. Further, let Mn=汽＋（1 -an戸＋ ~1 -O:n) cos ln and 

for each n E N. Note that 

1-an 
(3n = 1 -~ E ]0, 1[ 

Mn 

Mn＝汽＋（1-an)2 + 2叫 1-an) cosln:::; 2. 

Since { an} converges to 0, there exists no EN such that 1-an 2": 1/2 whenever n 2": no. 
Hence, for n E N with nミno,

/3n=l-
1 -an Mn -(1 -an) M~ -(1 -an)2 

＝ 
叫 Mn = Mn(Mn+（1-an)） 

a;,+ 2叫 1-an) cos ln, a;,＋叫cosln,En 
2 > ＞ -

6 ― 6 ―6 

which implies that 区~=1/3n=(X) ． For arbitrary fixed n E N, 

Sn+l = 1 -COS d(p, Xn+1) = 1 -COS d(p, an鱈（1-叫 Rnxn)

:::; 1-
an cos d(p, u) + (1 —%) cosd(p, R砂 n)

Mn 

さ1-
an cos d(p, u) + (1 —%） cosd(pふ）

Mn 

Mn -an COS d(p, u) -(1 -an) COS d(p, Xn) 

Mn 

l-an10 ____ 11 ____ ", Mn-(1-an)-ancosd(p,u) 

Mn 
= ~ (1 -cos d (p五）） ＋ 

Mn 

= (1-ぬ）％ ＋ 
M” ―(1-%） -ancosd(p,U). 

Mn 
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Moreover, 

Mn -(l -Ctn) -Ctn COS d(p, u) 

Mn 

= /3n 
Mn -(l -Ctn) -CtnCOsd(p,u) 0 Mn -(l -Ctn) -ancosd(p,u) 

= /3n 
ぬMn Mn -(l -an) 

= /3n 
M;-(1一％）2- Ctn(Mn + l -Ctn) COS d(p, u) 

岨— (1 -%）2 

= /3n 
a;+ 2cxn(l -Ctn) cos ln -Ctn(Mn + l -Ctn) cos d(p, u) 

a~+ 2an(l -an) cos ln 

= /3n(l-~)=/3n (1 -(1 -an +Mn)cosd(p,u) 
at +2% （ 1 一％）~)=/3n(l-~)

= /3孔n

and therefore 
Sn+l ~ (1-佐）Sn+ぬtn.

Take a subsequence {Sn;} of { sn} such that 

limsup (sn; -Sn;+l)さ0,
t→OO 

and we show that lim supi→00 tni :=; 0. Note that limn→oo an = 0 and limn→oo Mn= l. 
If limsupi→00 cos lni = 0, then 

limsuptn; = 1-liminf 
(1-°'n; + MnJ cosd(u,p) 

= -oo < 0 
i→OO i→oo am + 2ani(1 -am)coslm 

Suppose that lim supi→00 cos Zn, > 0. Then, 

。：：：： limsup (sn, -sn,+1) = lim sup (cos d(p, Xn,+1) -cos d(p, XnJ) 
t→00 i→OO 

= li巴閃p(cosd(p, an,u占(1-anJ Rn, XnJ -COS d(p, XnJ) 

~ lim sup (an, cos d(p, u) + (1 -anJ cos d(p, Rn, XnJ -cos d(p, XnJ) 
i→OO 

= lim sup (cos d(p, Rn, Xn,) -cos d(p, Xn,)) 
i→OO 

~ lim inf (COS d(p, Rn, XnJ -COS d(p, XnJ) ~ 0 
i→OO 

and thus limi→00 (cosd(p,Rn;XnJ-cosd(p,xnJ) = 0. Set Dn = d(R砂 n,Xn) for each 
n EN. From Lemma 2.5, when d(Rn;Xn;,P)ヂ0,we know that 

J(Rn;XnJ 

sind(Rn,Xm,p) co茫 ~+1)さ J(p)+~ (~+1) (cosd(R□n;,P) cosDn; -cosd(p, XnJ). 
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Since J(RniXnJ -f(p)?:: 0, we have 

d(Rn,Xn,,p) (1  
o s sind(Rn,Xm,p) co茫V::,+ 1) (cosd(RniXni,p) cosDni -cosd(p,xni)). 

Therefore, 
。：：：：： cosd(RniXni,p)cosDni -cosd(p, XnJ・ 

This inequality also holds when d(Rnixn,,P) = 0. Further, this inequality implies that 

。：：：：： cosd(RniXni,p)(cosDni-1) + cosd(RniXni,p) -cosd(p,xnJ 

and hence 

cos Dni ?:: 1 -
cosd(RniXni,p) -cosd(p, XnJ,, lcosd(RniXni,p) -cosd(p, XnJI 

COS d(Rni Xni, p) 
2:1-

COS d(Rni Xni, p) 

?:: 1 -
lcosd(RniXni,p) -cosd(p,xnJI 

cos (max{ d(p, u), d(p, x1)}) ・ 

It implies that limi→00 Dni = 0. Moreover, From Corollary 2.6, we obtain 

1 |cosd（凡心;,P)-cosd(p,xnJI 叫%)«::f(p)+2(~+1
cos2 Dn9) ％ 

«::f(p)+2(~+1) ~（加叫P)- cosd(p,%）| 
co茫Dn,+ 1) infKEN入k

for all i E N. Since { Rn; XnJ is spherically bounded, it has a△-convergent subsequence. 
Let { Rn" Xn;,} be a△-convergent subsequence of { Rn; Xn;} such that 

liminf ln, ＝ liminfd(U, Rm%） ＝ lim d(U, R叫 ”n,3)＝ lim ln,3. 
t→00.  i→00 J→00 J→OO 

Let w E X be its△-limit. Since 

lim (cosd(p，Rnij Xnij) -COS d(p, Xnij)) = 0, 
J→(X) 

letting j→oo, we have 

f(w) :S liminf f(Rni,XniJ 
j→(X) 

三f(p)＋ 2liminf (1  + 1 cosd(R叫 X凡，~OSd(p, Xnij) 
J→(X) CO呼~+1)~ふ

:S f(p) = inf 
yEX 

f(y) 

and thus w E Min f. Since p = PMin JU is the closest minimiser to u, we obtain 

lim inf l~. = lim l ni ni, = Hm d(u, Rni, Xni,)ミd(u,w)2'.'. d(u,p). 
t→(X) J→(X)J  j→(X) 
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Now, we have 

lim sup tn, = 1 -lim inf 
(1 -O!n, + MnJ COS d(u, p) 

i→OO i→oo am + 2a叫1-O!n,) COS ln, 

=1-
cosd(u,p) 

=1-
cosd(u (u,p) 

limsupi→00 cos ln, - cos (lim infi→oo伍）

：：：：： 1-
cosd(u,p) 

=0. 
cosd(u,p) 

Consequently, from Lemma 3.1, we obtain limn→00 Sn= 0, namely, {xn} converges to 

PMinfU・ ロ
In the iteration of Theorem 3.2, we can take { an} as｛訴可． InTheorem 1. 1, the sum 

of square of the coefficients sequence of convex combination should diverge. Theorem 3.2 
means that we can remove this assumption by using I-convex combination. However, we 
have not known whether we can obtain some similar result in the case of the canonical 
convex combination yet. 
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