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Abstract 

In this paper, we introduce a Mann iteration of a balanced mapping of a 
countable family of nonexpansive mappings in Hadamard spaces. Further, we 
prove a strong convergence theorem with the combining projection method of 
balanced type using a finite family of mappings in a real Hilbert ball. 

1 Introduction 

Approximation of a fixed point is studied by many researchers in various spaces. As 

a most famous method of approximation technique, we know the projection method. 

In 2003, Nakajo and Takahashi introduced Nakajo-Takahashi projection method in 
Hilbert spaces [9]. In 2005, Takahashi et al. introduced the shrinking projection method 
in Hilbert spaces [11]. 

In 2011, Kimura et al. introduced another projection method, which is called the 
combining projection method. 

Theorem 1.1 (Kimura et al. [7]). Let C be a nonempty closed convex subset C 

of a Hilbert space. Let IN = {1, 2,..., N} and T J a nonexpansive mapping of C 
N 

into itself for j E IN such that n~~l Fix Tj /-0. Let { Ctn I n E N} C [O, 1], j=l 
信 Ij E IN,n EN} C [O, 1] such that Lf=1況＝ 1for n EN, bn,k I n,k E N,k::; 

n} such that L~=l rn,k = 1 for n E N, and{似 |nE N} c [O, l]. Define a sequence 
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{xn} by u心 1EC  and 

Y~ = CYnXn + (1 -an)TjXn for j E IN; 

c~ = {z EC  I llz -y~II さ ||z -Xnll} for j E IN; 

N 

叫 1=い＋（1-8n)と而，kL厖Pc戸
k=l j=l 

for each n E N, where PK is the metric projection of H onto a nonempty closed 

convex subset K of H. Suppose the following conditions hold: 

(i} lim infn→oo知く 1;

(ii}/3l > 0 for all j E IN; 

(iii) limn→OO 戸＞ O~::, al~ k EN  and江;1~;=l hr:.+~,k--1n,k I < oo; 
(iv} limn→OO似＝ 0,E:=l似＝ 00and E:=l lr5n+l -r5nl < 00. 

Then, {xn} converges strongly to PnN. FixT,u. n3=1 FixT3 

In geodesic spaces, the convex combination of more than three points are order-

dependent in general. In 2018, Hasegawa and Kimura [5] introduced another definition 

of convex combination which is order-independent for three points. Using this notion, 

Kimura and Ogihara [6] introduced the combining projection method of balanced type 
and proved a convergence to a fixed point of a nonexpansive mapping. 

In this paper, we consider approximating a common fixed point of a countable or 

finite family of mappings in Hadamard spaces. In section 3, we introduce a Mann iter-

ative scheme of a balanced mapping of a countable family of nonexpansive mappings 
and prove a delta-convergent to a common fixed point. In section 4, we introduce the 

combining projection method of balanced type of a finite family of mappings in a real 

Hilbert ball. 

2 Prelimi reliminaries 

Let X be a metric space. A set Fix T is all fixed points of a mapping T of X into 

itself. A mapping T is nonexpansive if the inequality d(Tx, Ty)'.S d(x, y) holds for 

all x, y E X. A mapping T is quasinonexpansive if Fix T :/= 0 and the inequality 

d(Tx, z) :S d(x, z) for x EX  and z E FixT. A nonexpansive mapping T with FixT :/= 
0 is quainonexpanisve. Indeed, for x EX  and z E FixT, by nonexpansiveness of T, 

it follows that 

d(Tx, z) = d(Tx, Tz)さd(x,z)

and hence T・1s quasmonexpans1ve. 

Let f be a function of X into恥 Aset ArgminyEX f (y) is defined by 

Aryり杷inf(y)= {z EX  I f(z)＝凰f(y)}.
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Let {xn} be a bounded sequence of X and xo EX. Then, xo is an asymptotic center 
of {xn} if the equality 

limsupd(xn,xo) = in!)imsupd(xn,Y) 
n→oo-,,  yEX n→OO 

holds. The set of all asymptotic centers of {xn} is denoted by AC({xn}). Further, 

{ Xn} is delta-convergent to x0 if for all subsequence { XnJ of { Xn}, AC({ XnJ) = { x0}, 
△ 

which is denoted by Xn→ Xo・

A metric space X is a uniquely geodesic space if for all x, y E X, there exists 
a unique mapping'Y of [O, d(x, y)] into X such that 1(0) = x, 1(d(x, y)) = y and 
d('Y(s), 1(t)) = Is -ti for all s, t E [O, d(x, y)]. Let x, y E X. Then, we can take 
a unique point z = 1((1 -t)d(x, y)) for each t E [O, 1], which is called a convex 
combination between x and y and is denoted by z = tx① (1 -t)y. 
Let X be a uniquely geodesic space and x, y, z E X. Then, a geodesic triangle of 

vertices x, y, z is defined by Im "/xy U Im "/yz U Im芦 x,which is denoted by△(x,y,z). 
For x, y, z E X, a comparison triangle to△(x, y, z) C X of vertices元，fl,z E lE2 is 

defined by Im'Y元fiU Im'Yfiz U Im'Yz元 withd(x, y) = dlE2（元，fl),d(y, z) = dJE2 (fl, z) and 
d(z, x) = dlE2（口）， whichis denoted by囚（元，fl,z). A point p E Im冨 iscalled a 
comparison point of p E Im石yif d(x,p) = dlE2（元，p).A uniquely geodesic space X 
is called a CAT(O) space if for all x, y, z E X, p, q E△(x, y, z) and their comparison 

points p, q E K（元，fl,z), it follows that d(p, q) ::;如(p,q). A complete CAT(O) space 
is called a Hadamard space. 

The following lemmas are important properties of a CAT(O) space. 

Lemma 2.1. Let X be a CAT(O) space. Then, 

d(tx① (1 -t)y, z)2 ::; td(x, z戸＋ （1 -t)d(y, z)2 -t(l -t)d(x, y)2 

for each x, y, z EX  and t E [O, l]. 

Lemma 2.2 (Kirk and Panyanak [8]). Let X be a Hadamard space. Then every 
bounded sequence has a subsequence which is delta-convergent to x。EX.

Lemma 2.3 (Dhompongsa, Kirk and Sims [2]). Let X be a Hadamard space and 

{xn} a bounded sequence of X. Then the asymptotic center of {xn} consists of one 
point. 

In 2018, Hasegawa and Kimura introduced a notion of a balanced mapping and 
consider its properties in Hadamard spaces. 

Theorem 2.1 (Hasegawa and Kimura [5]). Let X be a Hadamard space, Ti a non-

expansive mapping of X into itself for i = l, 2, N 
..., N such that n~~1 Fix Ti # 0, and 

｛が： i= 1, 2,..., N} c ]O, 1[ such that江:!1ai = 1. Let 

N 

ux = Argminどぶd(T心，y)2
yEX 

i=l 
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for each x E X. Then, the following conditions hold: 

(i) u i i; u is nonexpansive; 

(ii) Fix U = n;1:1 Fix Ti. 

In the following theorem, Kimura and Ogihara [6] prove properties of a balanced 
mappmg. 

Theorem 2.2 (Kimura and Ogihara [6]). Let X be a Hadamard space, Ca nonempty 

bounded subset of X, Tk a nonexpansive mapping of X into itself for k E N with 

nr=lFixTk c/-0, {0:~ I n,k E N,k ~ n} C ]0,1[ such that L;=lO:~ = 1 for all 
n EN. Let 

n 

U砂＝ Argmin区心(nx,y) 
yEX k=l 

for each n E N and x E X. Suppose the following conditions: 

• limn→OO情＞ 0fork EN; 

• L'.;;=lLに1laい—心く 00.

Then the following conditions hold: 

(i)区'.;;=1SliPxEC d(Un+1X, U砂） ＜oo; 
(ii) there exists a mapping U: X→X such that U x = limn→00 u研 foreach x EX; 

(iii) limn→c,oSUPxEcd(Unx,Ux) = O; 
(iv) U is nonexpansive and Fix U = n 

00 

k=l FixTk. 

In the following, we introduced a Halpern iteration with a balanced mapping of 
countable family of nonexpansive mappings in Hadamard spaces. 

Theorem 2.3 (Hasegawa [4], Kimura and Ogihara [6]). Let X be a Hadamard space, 

Tk a nonexpansive mapping of X into itself fork E N such that F = n 
00 

k=l FixTk i-0, 

{心 |n,k EN, k ~ n} c [O, 1] such that L;=l咋＝ 1for all n E N, and { Dn I n E 
N} c [O, 1]. Let 

n 

unX = Argmin〉心(Tkx,y)2 
yEX k=l 

for all x E X and n E N. Define a sequence { Xn} by u, x1 E X and 

Xn+l = Dn鱈 (1-8n)U⑰ n 

for each n E N. Suppose the following conditions hold: 

(i) limn→OO情＞ 0fork EN and L'.;;=1 L;=l la:い—心く oo;
(ii) limn→oo bn = 0, L'.;;=1似＝ ooand L'.;;=1 l8n+l一幻 <00.

Then, {xn} is convergent to Ppu, where Pp is the metric projection of X onto F. 

The following lemma is important to prove a delta-convergence theorem of a count-
able family of nonexpansive mappings. 
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Lemma 2.4 (Tan and Xu [12]). Let {an} and {bn} be two sequences of nonnegative 

real numbers such that an+ 1 ::; an +bn for all n E N. If区c;=l如く oo,then limn→00 an 
exists. 

3 Delta-convergence theorem using a balanced mapping 

In this section, we prove an approximation theorem of a common fixed point of a 
countable family of nonexpansive mappings in Hadamard spaces. 

Theorem 3.1. Let X be a Hadamard space, Tk a nonexpansive mapping of X into 
itself fork E N such that F = nr;=l Fix Tk,f-0, { a~ I k, n E N, kさn}c [O, 1] such 

that ~;=1 咋＝ 1 for n EN, and {tn In EN} C [O, 1[. Let 

n 

un= Argminと心(T砂， y)2
yEX k=l 

for each n E N and x E X. Define a sequence { Xn} of X by x1 E X and 

Xn+l = tnXn① (1-tn)U立 n

for all n E N. Suppose the following conditions: 

(i) limn→OO心＞ 0fork EN and江:=1L;=l laい—心< OO; 
(ii)区：＝占(1-tn) = 00. 

Then { Xn} is delta-convergent to x。EF.
Proof. Let p E F. Then p En  

n 
k=l Fix九 forn EN. Si . Since Un is quasinonexpansive 

for n E N, we get 

d(xn+l,P)さtnd(xn,P)+ (1 -tn)d(Uが恥，p):S d(xn,P) 

and hence {d(xn,P)} is nonincreasing. Then, there exists limn→oo d(xn,p). Further, 
we get 

d(xn+1,p)2 :S tnd(xn,P)2 + (1 -tn)d(U五Xn,P)2-tn(l -tn)d(xn, U五Xn)2

:S d(xn,P)2 -tn(l -tn)d(xn, Un叫）2

and hence 

tn(l -tn)d(xn, Unxn)2 :S d(xn,P)2 -d(xn+l,P)乞

Since区%':1tn(lール） ＝ oo, we get lim infn→00 d(xn, Unxn) = 0. We next show 
limn--+00 d(xn, Unxn) = 0. Let C be a nonempty bounded subset of X including {xn}-
By the nonexpansiveness of Un for n EN, we get 

d(xn+l, Un+1Xn+l):S d(xn+l, V五Xn)+ d(UnXn, Uがrn+1)+ d(U五Xn+l,Un+1Xn+1) 
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:s; d(xn+l, Uが％） ＋d(xn+l, Xn) + d(Uが％＋1,Un+lXn+l) 

= d(xn, UnXn) + d(UnXn+l, Un+lXn+l) 
:s; d(xn, Unxn) + sup d(Unx, Un+1x) 

xEC 

for all n EN. By Theorem 2.2, ~~=l supxEC d(Unx, Un+1x) < oo. By Lemma 2.4, 
there exists limn→= d(xn, Unxn) and hence limn→= d(xn, Unxn) = 0. By Theorem 
2.2, there exists a mapping U: X→X such that U x = limn→= Unx for each x EX, 
U is nonexpansive and Fix U = F. Take a subsequence { xnJ of X with AC({ xnJ) = 
{y0} arbitrary. Since { XnJ is bounded, there exists a subsequence { Xn,j } of { XnJ 

△ 
such that Xn;j→ zo EX. Then, we get 

d(x兄， Uxn)::::;d(xn;j, U叫 ”n;j)+ d(U凡 ”n;j,Uxn;j) 

さd(xn;j,Un;j Xn;j) + s1:~ d(U叫 x,Ux).
xEC 

From (iii) of Theorem 2.2, we get limn→00 d(Xn;j, U Xn;j) = 0. Then, we get 

limsupd(xn;j, Uzo) ~ limsup(d(xn;j, Uxn;j) + d(Uxn;j, Uzo)) 
J→oo j→OO 

= limsupd(Uxn;,,Uzo) 
j→OO 

さlimsup d(xn;,, zo) 
j→OO 

and hence z0 E FixU = F. Put AC({xn}) = {yb}. Then, we get 

lLrn_s~pd(xn,zo) = limsupd(x叫 'zo)
n→00 J→OO 

S limsup d(xn;,, Yo) 
j →OO 

S limsupd(xn;,Yo) 
t→OO 

さlimsupd(xni,Yb)
t→OO 

さlimsupd(xn, Yb)さlimsupd(xn, Yo) 
n→(X) n→OO 

and hence Yb= Yo = zo E F. Consequently, we complete the proof. 

4 The combining projection method of balanced type in a 

real Hilbert ball 

ロ

In this section, we introduce the combining projection method of balanced type 
and prove its convergence to a common fixed point by applying Theorem 2.3 in a real 

Hilbert ball. 
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Let (H, II ・ II) be a Real Hilbert space with inner product <•, •> and B = {x EH  I 
llxll < 1}. we define p(・, ・):Bx B→罠 by

p(x, y) = tanh―11/ 1 -
(1-llx||り(1-IIYll2) 

1-|〈x,y〉|2

for x, y EB. Then, (B, p) is a metric space, which is called a real Hilbert ball. Further, 
we know that a real Hilbert ball is an example of Hadamard spaces, and a half space 

{z EB I p(x,z):::; p(y,z)} is convex for x,y EB; see [1, 3, 10]. 
In the following theorem, we introduce a sequence generated by the combining 

projection method of balanced type using a finite mappings, and prove its convergence 
in a real Hilbert ball. 

Theorem 4.1. Let B be a real Hilbert ball with the metric with p, Ti a family of a 
quasinonexpansive and continuous mappings of B into itself for i = 1, 2,..., N such 

that F = n;:1 Fix Ti =fa 0. Let {an In EN} C [O, 1], {/3~ Ii= 1,2,...,N,n EN} C 

]O, 1[ such that L;1:1 /3~ = 1 for n E N, hn,k I n, k E N, k :::; n} C ]O, 1[ such that 
江＝1和，k= 1 for n E N, and{冗 |nE N} c [O, 1]. Let u E B and define sequences 
{xn} and {y~}, sequences {Vk} and {Un} of mappings of B into itself, and a sequence 
{C~} of a subset of B by x1 E B and 

y~ =％％① (1 -%）T凸 fori= 1,2,・・・,N; 

C~ = {z EB I p(y~,z):::; p(xn,z)} fori = 1,2,...,N and n EN; 

N 

Vkx = Ar~~in Lf3[p(Pqxn,Y)2 fork:::; n and x EX; 
yEB i=l 

unm = Argminと乃，KP(V戸，y)2forx EX; 
yEB k=l 

Xn+l = DnU① (1一似）U凸

for each n EN, where a mapping PK is the metric projection of B into a nonempty 
closed convex subset K of B. Suppose the following conditions: 

(i) liminfn→oo叫く 1;
(ii}況＞ 0for i = 1, 2,..., N and n E N; 

(iii} limn→oo 1n,k > 0 for k E N and L:=l Lに1I石＋1,k-1n,k I < oo; 
(iv) limn--+oo 1n = 0 and江:=1I石＋1-叫 <00.

Then, { Xn} is convergent to P四

Proof. Since {z EB  I p(z,u)さ p(z,v)} is convex for u, v E B and a metric p is 
continuous, C~ is closed and convex for i = 1, 2,..., N and n EN. Let p E F. Since 
Ti is quasinonexpansive for i = 1, 2,..., N, we have Fis closed convex and we get 

p(yj;,,p) = p(a戸 K⑤ (1一位）T心k,P)
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::; akp(xk,P) + (l -ak)p(T,,心k,P)

::; p(xk,P) 

and hence p EC% for i E 1, 2..., N and k EN. This implies that 

N oo N 

0 -/ n Fix Ti C n n ck. 
i=l k=l i=l 

Since a metric projection Pct is nonexpansive for i = 1, 2,..., N and k E N, and 

Theorem 2.1, we get Vk is nonexpansive fork EN and 

N N 

FixVk = n FixPc;; = n Ci. 
k k 

i=l i=l 

for k E N and hence 

oo oo N N n Fix Vk = n n CfっnFix Ti,f-0. 

k=l k=l i=l i=l 

Put C。=nc:=ln!1 ct. Since Theorem 2.3, {xn} is convergent to X。=Pc。u.Since 
xo EC。,weget 

p(y;，おo):::;p(xn, xo) 

and hence y~ • Xo for i = 1, 2,..., N. By (i), there exists { anj} C { an} such that 
limj→(X) ％ E [O, l[. Then, it follows that 

1 1 
p(x朽，Ti尻）＝

1-an p(x巧 9此） < l — 
an 

(p(x巧，xo)+ p(xo，此））

for i = 1, 2,..., N. Letting j→oo, we get limj→00 p(Xn; TiXn;) = 0. Since Ti is 
continuous for i = 1, 2,..., N, we obtain 

p(xo, T.心o)::;p(xo, x』 +p(x朽，T凸） ＋p(Tix巧，T心o)

for i = 1, 2,..., N and j E N. Letting j→oo, we get x。=Tix。fori = 1,2,...,N. 

This implies that xo E ni:, Fix Ti. Consequently, we complete the proof. ロi=l 

Remark. In Theorem 4.1, we can replace B to a Hadamard space by adding the 
condition that a half space 

{zEXld(z,x)::;d（口）｝

is convex for x, y EX. 
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