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Let K be a nonempty subset of a metric space X and f: K x K →尺 abifunction. 
An equilibrium problem is to find a point xo EK  such that f(xo, y) ~ 0 for ally EK. 
The set of solution to the equilibrium problem Equil f, that is, 

Equil f = { x E K 凰f(x,y)~o}.

Equilibrium problems were first studied intensively by Blum and Oettli on topo-
logical vector spaces and Banach spaces. They proposed a mapping called a resolvent 
of a bifunction for an equilibrium problem and showed that its domain is the whole 
space. Further, Combettes and Hirstoaga studied resolvents of equilibrium problems 
in Hilbert spaces and they obtained several important properties of the resolvent. 
The following is one of the most important theorems. 

Theorem 1.1 (Combettes-Hirstoaga [1]). Let H be a Hilbert space, and K a 
nonempty, closed convex subset of H. Suppose that f: K x K →良 satisfiesthe 
conditions (E1}-(E4}. 

(El} f(x,x) = 0 for all x EK; 
(E2} f(x, y) + f(y, x)さ0for all x, y E K; 
(E3} f(x, ・): K→罠 islower semicontinuous and convex for all x E K; 
(E4} f(・, y): K→民 isupper hemicontinuous for all y E K. 
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Define the resolvent JJ by 

みx= {Z EK  inf (f(z,y) +<z-x,y-z>)~0} 
yEK 

for x EH. Then JJ has the following properties: 

1. The domain of Jf is H; 
2. J f is single-valued and firmly nonexpansive; 
3. the set of all fixed points of JJ coincides with Equil f and it is closed and convex. 

Let X be a metric space and assume that C C X is nonempty, closed, and convex. 
Then, for all x E X, there exists a unique point z E C such that 

d(x,z) = inf.d(x,y). 
yEC 

Using this point, we define a metric projection Pc: X→C by Pcx = z for x EX. 
In 2008, Takahashi, Takeuchi, and Kubota prove a strong convergence theorem by 
shrinking projection method as follows: 

Theorem 1.2 (Takahashi, Takeuchi, and Kubota [5]). Let H be a Hilbert space and 
C c H a nonempty closed convex set. Let T: C→C be a nonexpansive mapping 
such that F(T) cf-0. Let u E H and {an} C [O, 1[ be a sequence. Let {xn} be a 
sequence and {Cn} subsets of H defined by C1 = C, x1 EC  and 

珈＝ ％ Xn + (1 -O:n)Tx加
Cn+l = {z EC  I IIYn -zll ::; llxn -zll} n Cn, 
Xn+l = Pcn+l u. 

Then,％→ PF(T)U EC. 

Further in 2023, Kimura proved the△-convergence theorem by modified shrinking 
projection method for a nonexpansive mapping in CAT(O) space. 
In this paper, we obtain a strong convergence theorem of an iterative sequence to 
a solution to an equilibrium problem on a CAT(l) space. We use projection method 
to generate the approximate sequence. 

2 Prelimi reliminaries 

Let X be a metric space. For x, y E X we define a geodesic between these points by 
a mapping c: [O, d(x, y)]→X such that c(O) = x, c(d(x,y)) = y, and d(c(u),c(v)) = 
lu -vi for any u, v E [O, d(x, y)]. We say Xis uniquely 1r-geodesic if for any x, y EX  
satisfying d(x, y) < 1r, there exists a unique geodesic c between these points. In this 
case, we can define a convex combination between x, y EX  if d(x, y) < 1r. That is, for 
such x, y E X and t E [O, 1], we define tx E9 (1 -t)y = c((1 -t)d(x, y)). A 1r-geodesic 
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space X is called a CAT(l) space if 

cos d(tx EB (1 -t)y, z) sin d(x, y) 2: cos d(x, z) sin td(x, y) + cos d(y, z) sin(l -t)d(x, y) 

for all x, y EX  with d(x, y) < 1r and t E [O, 1]. We say Xis admissible if d(u, v)く n/2
for all u,v EX. 
Let X be a metric space and T: X→X. If the point x E X satisfying x = Tx, 
then x is called a fixed point of T and we denote the set of all fixed points of T by 
F(T). An admissible complete CAT(l) space X has the convex hull finite property if 
every continuous selfmapping on cl co E has a fixed point for every finite subset E of 

X, where cl co E is the closure of the convex hull of X. 

Theorem 2.1 (Kimura [2]). Let X be an admissible complete CAT(1) space having 
the convex hull finite property and K c X a nonempty closed convex set. Suppose 
?yatf:K x K［股 sahsfiesthecondotoons (E1)-（E4)．Define the resolvent Rf °ff 
R戸＝ zEK  I j~l(f(z, y) -log cos d(x, y) + log cos d(x, z)) 2: O} 

yEK 

for all x E X. Then the following hold: 

1. Rt= X→K is defined as a single-valued mapping; 
2. Rt satisfies the following inequality for any x, y E X: 

cosd(x, Rty), cosd(y, Rtx) 
＋く2cos d(RFX, R 

cosd(x, Rtx)'cosd(y, Rty) -
(RJX,Rjy); 

3. F(R月＝ Equilf and it is closed and convex. 

Let X be CAT(l) space and {xn} C X a sequence. An asymptotic center AC({xn}) 
of { Xn} is defined by 

AC(｛Xn}） ＝ {Z E Xinf limsupd(x,Xn) ＝ limsupd(z,Xn)}. 
xEX n→oo n→OO 

A sequence { Xn} C X is said to be△-convergent to x。EXif AC({xnJ) = {xo} for 
△ 

all subsequences {xnJ of {xn}-It is denoted by Xn→ Xo. 

Lemma 2.1 (Kimura and Oguchi [4]). Let X be an admissible complete CAT(1) 
space having the convex hull finite property. Let K is a nonempty closed convex 
subset of X, and suppose that f: K x K→艮 satisfies(E1)-(E4). Let｛入n}C ]O, oo[ 

△ 
and { Xn} C X be sequences satisfying infれ心＞ 0,Xn→ x。andd(xn, R心f%）→ 0.
Then, xo E Equil f. 

3 Main Result 

We show a convergence theorem for an equilibrium problem defined on an admissible 

complete CAT(l) space. 
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Theorem 3.1. Let X be an admissible complete CAT(l) space having the convex hull 
finite property and C C X a nonempty closed convex set. Suppose that f: C x C→良
satisfies the conditions (E1}-(E4), and Equil fヂ0.Let｛入n}C ]O, oo[ be a sequence 
satisfying infn心＞ 0.Suppose that{z EX  I d(x,z)：：：：： d(y, z)} is convex for all x, y E 
X. Let R心f: X →C be the resolvent of入nffor each n EN. Let {xn} be a sequence 
and Cn a convex subset of X defined by x1 EC, C1 = C, and 

Cn+l = {z EC I d(R心f咋，z)さd(xn,z)} n Cか
Xn+l = Pcn+l Xn 

△ 
for each n EN. Then, {xn} is well-defined and Xn→ xo E Equil f. 

Proof. We first show by induction that F(R心JX)C Cn and Xn is well-defined for 
all n E N. F(R入1J)c C1 is obvious. Suppose F(R心f)C Ck. Let x E C and 
z E F(R心f)．Then

cos d(x, R心1z),cos d(z, R叫 x)
＋く2cos d(R 

cosd(x, R心1x)'cosd(z,R心 z)―
(入kfx,R心JZ).

Since z E F(R心J),we have cos d(R心JX,z) cos d(x, R心1x)2'.'. cos d(x, z) and thus 
d(x,R心1x):S d(x, z). This implies that z E Ck+1 and hence F(R入k+if)C Ck+l cf-0. 
Therefore F (R心1)C Cnヂ0for all n E N.恥 rther,we know that Cn is closed and 
convex for all n E N and thus { Xn} is well-defined. 

△ 
Next, we show that Xn..::::l..xo E Equilf. Let u E F(R心J).Since {Pen} is quasi-
nonexpansive, d(xn+l, u) = d(P,ら＋1,u) :S d(xか u)and thus { d(Xn, u)} converges to 
some c E [O, 7r /2[. From the definition of CAT(l) space, we have 

cos d(xn+l, Xn) sin d(u, Xn+l) 

= cos d(Pcn+i Xか％）sind(u, Pcn+i Xn) 

2:: cos d(tu① (1 -t)Pcn+l Xn, Xn) sin d(u, Pcn+l Xn) 

2:: cos d(u, Xn) sin td(u, Pcn+l Xn) + cos d(Pcn+l％ふ）sin(l-t)d(u, Pcn+l Xn) 
= cos d(u, Xn) sin td(u, Xn+1) + cos d(xn+l, Xn) sin(l -t)d(u, Xn+1) 

and hence 

(sin d(u, Xn+1) -sin(l -t)d(u, Xn+1)) cos d(xn+l, Xn) 2'.'. cos d(u, Xn+1) sin td(u, Xn+1). 

Using sum to product formulas, we have 

(sin d(u, Xn+1) -sin(l -t)d(u, Xn+1)) cos d(xn+l, Xn) 

= 2cos 
(2 -t)d(u, Xn+1) _• td(u, Xn+1) _ t 

~sin~ cos ~d(xn, Xn+1). 
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From half angle formulas, we get 

2cos 
(2-t)d(u,xn+i). td(u,xn+d 
2 Sln 2 cosd(％心＋1)

2:: cos d(u, Xn) sin d(u, Xn+1) 

t t 
= cos d(u, Xn)2 sin id(u, Xn+1) cos id(u, Xn+1). 

2 2 

This implies that 

(2 -t)d(U,Xn+1) t 
COS~ COS d(xn, Xn+1) 2:: COS d(u, Xn) COS id(u, Xn+l), 

2 2 

and letting t→0, we get 

cosd(u,xn+1)cosd(xn,Xn+d 2:: cosd(uふ）．

Since d(xn, u)→c, 

1 2:: cosd(xn+1,xn) 2:: 
COS d(u, Xn). COS C 

→ = 1 
-COS d(u, Xn+l) ・ COS C 

as n→oo, and thus d(xn+l,%)→0. Since Xn+l E Cn+l and d(xn+l,%）→ 0, we 
have 

and hence 

。：：：：： d(R心f咋ふ） ：：：：： d(R心f％五＋1)+ d(xn+l五）

：：：：： d(xn心＋1)+ d(xn+l+%）→ 0 

d(R心JXn,%）→ 0.

Since { Xn} is spherically bounded, every subsequence { XnJ of { Xn} is spherically 

bounded. Let {xo} = AC({xn}) and {wo} = AC({xnJ). We can take a subsequence 

{ Xnij } C { Xni} such that△-convergence to some z0 E C. Since d(R心JXn,%）→ 0,
by Lemma 2.1 we get z。EEquil f. From the definition of asymptotic center, we get 

li:11s~p d(xn, zo) = limsup d(x凡 'zo)
n→00 J→OO 

：：：：： limsup d(xni,, wo) 
j→OO 

：：：：： lim sup d(Xni, wo) 
t→OO 

：：：：： lim sup d(Xni, xo) 
t→OO 

：：：：： limsup d(xn, xo)：：：：： limsupd(xn,zo). 
n→(X) n→00 

Therefore x0 = w0 = z0 and thus we get {x0} = AC({xnJ) for all {xnJ C {xn}-
△ 

Consequently, Xn→ xo E Equilf. ロ
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Theorem 3.2. Let X be an admissible complete CAT(l) space having the convex hull 
finite property and C C X a nonempty closed convex set. Suppose that f: C x C→良
satisfies the conditions (E1}-(E4), and Equil fヂ0.Let｛入n}C ]O, oo[ be a sequence 
satisfying infn心＞ 0.Suppose that{z EX  I d(x,z)：：：：： d(y, z)} is convex for all x, y E 
C. Let R心f: X →C be the resolvent of入nffor each n EN. Let {xn} be a sequence 
and Cn be a convex subset of X defined by x1 EC, C1 = C, and 

Cn+l = {z EC  I d(R心f咋，z)さd(xn,z)} n Cか
Xn+l = Pcn+l Xn 

for each n E N. Let D c X be closed and convex such that Equil f c D c n~=l Cn. 
Then, Pvxn→x0, where x0 is the△-limit of { Xn}. 

△ 
Proof. We suppose that XnーxoE Equil f and show P巧→xo.Since 

d(Pvxn+l心＋1)::::;d(Pv％心＋1)= d(Pvxn, Pcn+l%）さ d(PD％心），

{ cos d(Pvxn, Xn)} is a Cauchy sequence. Hence, there exists { an} C 恥 suchthat 

％ →0 and cos d(Pv％心）一cosd(Pvxn, Xn) :=:; °'n if m 2 n. We have 

叫＞ cosd(P戸 m9%） cosd(PD％心）
cosd(P叩 m9%）-cosd(P戸 m9%）― cosd(PD叫，叫）＇

and thus 

COS d(PDXn, Xn) 
2: 1 

an, 
2: 1 

an 

cosd(PDXm,Xm) ~ - cosd(PDXm心m)~ - COS d(PDXl心1)

Further, since cos d(PD%i,Xm)cosd(P戸 m,PD%）2:cosd(PD％心m),we have 

COS d(PDXm, PDXn) 2: 
cosd(PD％心m)

-cosd(PD％心m)

＞ 
cosd(P厄 n,Xn) an 

2: 1 -
-cosd(PD叫m叫） cosd(P加 1,x1) 

Hence, {PDxn} is a Cauchy sequence and we get {PDxn} converges to some y0 EC. 
△ 

Since Xn ~ xo E Equil f, we have 

limsup d(yo, Xn) ~ limsup(d(yo, PDxn) + d(PDXn, Xn)) 
n→OO n→(X) 

= limsupd(PD％心） ：：：：： limsupd(xo,xn)-
n→(X) n→(X) 

Therefore, Yo= x。andwe get Pnxn→xo E Equil f. ロ
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