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STRONG CONVERGENCE THEOREMS FOR A SOLUTION OF 

SPLIT FEASIBILITY PROBLEM IN BANACH SPACES 

HIROKO MANAKA 

ABSTRACT. We treat with Split Feasibility Problem in Banach spaces. We 
show diverse characterizations of a solution of SFP with a metric projection, a 
generalized projection and a sunny generalized nonexpansive retraction. Then 
we show strong convergence theorems for a solution of SFP by hybrid methods 
with these projections. These theorems imply that the convergence to a point 
of solutions of SFP also mean the convergence to a common fixed point of 
some nonlinear mappings. 

1. INTRODUCTION 

Let E and F be Banach spaces, let A: E→F be a bounded linear operator, 
and let C and D be convex and closed subsets of E and F, respectively. Then we 

called the following problem Split Feasibility Problem (SFP): 

Find a point 

zECnA―l(D). 

In the case of finite dimensional linear spaces, C. Byrne treated the following iter-
ative algorithm with metric projections ([6]); 

Xn+l = Pc(Xn + rAT(Pv -I)A%）→ z EC  n A-1(D), 
where n E N, A is represented as a matrix which can be selected to impose con-

sistency with measured data and, Pc and Pv are metric projections to C and D, 
respectively. 

Characterization of a solution of SFP and a strong convergence theorem for a 

solution of SFP with metric projections are given by W. Takahashi ([19], 2014), as 

follows: 

Theorem 1.1. For closed convex subsets C and D of uniformly convex and smooth 
Banach spaces E and F, resp. Let A: E→F be a bounded linear operator. Then 
the following are equivalent: 

(i) z EC  n A―l(D) 

(ii) z = Pc(IE -rJE1 A* ]p(Ip -Pv)A)z, 

where Pc and Pv are metric projections, IE and Iv are identity mappings, JE and 
Jp are duality mappings on E and F, respectively. 
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Theorem 1.2. Let E and F be a uniformly convex and smooth Banach space, let 
JE and JF be duality mappings on E and F, respectively, let C and D be nonempty, 
closed and convex subsets of E and F, respectively, let A : E→F be a bounded and 
linear operator with A cf-0, let A* be the adjoint operator of A and let r E (0, oo). 
Suppose that C n A-1(D) cf-0. Let x1 EE  and let {xn} be a sequence generated by 

｛己 ：『ZEE-Cr/(z［竺誓ご旦喜”;90}，
Qn = {z E Qn-1:〈％ -z,J訊X1-%)>~ O}, 
Xn+l = P,ら nQ訊汀

for any n E N, where D。=C. Then { Xn} is strongly convergent to a point 
zo EC n A-1(D) for any r E (0, r1IAll2), where zo = PcnA-l(D)互

In this paper, we show some diverse extensions of Takahashi's result with not 
only a metric projection, but also a generalized projection and a sunny generalized 
nonexpansive retraction. At first we show diverse characterizations of a solution 
of SFP by these projections. Then we show strong convergence theorems for a 
solution of SFP by using hyblid methods with these projections. 

2. PRELIMINARIES 

For a closed and convex subset C of a Banach space, we introduce definitions 
and properties of a metric projection Pc, a generalized projection Ile and a sunny 
generalized nonexpansive retraction Re・

A metric projection Pc is defined by the following. 

Definition 2.1. Let E be a strictly convex and smooth Banach space, and C a 
nonempty, closed and convex subset of E. For any x E E, there exists a unique 
element z E C such that 

and so we denote 

llx -zll = mi!_! llx -YII, 
yEC 

z = Pc(x) 

and we call Pc a metric projection of E onto C. 

A generalized projection Ile is defined by a following function V(・, ・). 

Definition 2.2. Let Ebe a smooth Banach space, and for all x, y EE  we denote 

V(x,y) = llxll2 + IIYll2 -2〈x,J(y)〉，
where J is a normalized duality mapping, that is, 

J(x) =｛が EE*:〈x,x*〉＝ ||xll2, llx*II = llxll} 

and〈,〉 isa duality pair. 

Remark 1. J(x) is a singleton for any x E E when E is a smooth Banach space. 
It is trivial that O :::; (llxll -||引|）2:::; V(x, y) for all x, y EE. It is well-known that 
if Eis a smooth and strictly convex Banach space, V(x, y) = 0 {::::::::} x = y. If E 

is a Hilbert space, V(x, y) = llx -Yll2. In a general Banach space, this function V 
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is a special version of Bregman distance D八x,y)with respect to f = 11・112, where 
功 (x,y) = f(x) -f(y) -〈x-y，▽f(y)〉and▽isa gradient. 

There are many mappings which are characterized by this function V. We give 
two examples, as follows. 

Example 1. A mapping T : E→E is called a generalized nonexpansive if for 
any fixed point p of T 

V(Tx,p)：：：：： V(x,p) 

for any x E E. There are a lot of results with respect to convergence theorems for 
fixed points of T. (cf. [9]) 

Example 2. A mapping T : E→Eis called a V-strongly nonexpansive mapping 
if there exists a入＞ 0such that the following inequality holds for all x, y E E 

V(Tx,Ty)さV(x,y) -V((I -T)x, (I -T)y), 

where I is an identity function on E. 

Remark 2. We also obtained some convergence theorems for a common fixed point 
with respect to this V-strongly nonexpansive mapping and maximal monotone op-
erators in Banach spaces (see [11]), and it is showed that this mapping is a firmly 
nonexpansive in a Hilbert space, however it is not a nonexpansive mapping in some 

Banach space (see [13]). 

Now we give a definition of a generalized projection Ile・

Definition 2.3. Let E be a smooth and strictly convex Banach space, and C a 
nonempty, closed and convex subset of E. For any x E E, since there exists a 
unique element z E C such that 

V(z, x) = mi!! V(y, x), 
yEC 

we denote this z by IIc(x), i.e. z = IIc(x), and we call the Ile : E→Ca  
generalized projection of E onto C. 

At the last, we give a definition and properties of a sunny generalized nonexpan-

sive retraction onto C. 

Definition 2.4. Let E be a Banach space and C a nonempty subset of E. A 
mapping R from E onto C is said to be sunny if 

R(Rx + t(x -Rx))= Rx 

for any x E E and any t E [O, oo). If Rx = x for any x E C, 
the mapping R is called a retraction 

The following lemmas of the properties with respect to the three projections are 
well-known (cf. [9]). 

Lemma 2.1. Let E be a strictly convex, reflexive and smooth Banach space, and 
C C E a nonempty closed subset. Then the followings are equivalent: 
(i) There exists a generalized nonexpansive retraction R : E→C, 
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(ii) There exists a sunny generalized nonexpansive retraction R : E→C, 
(iii) J (C) is closed and convex. 
We denote a sunny generalized nonexpansive retraction E→C by Re. 
The followings are equivalent: 
(iv) z = Rc(x){==} V(x, z) = minyEC V(x, y) 

Lemma 2.2. Let E be a st'rictly convex and smooth Banach space, let C C E be 
nonempty and closed. Let J be a duality mapping on E. 
(A) FoT any (x, z) EE  x C, 

z = Pc(x)⇔〈z-y, J(x -z)〉2:0 (y EC) 

(B) FoT any (x, z) E E x C, 

z = IIc(x)⇔〈z-y,Jx-Jz〉2:0 (y EC) 

(C) FoT any (x, z) EE  x C, 

z = Rc(x)←⇒〈z-x,Jy-Jx〉2:0 (y EC) 

In the next section, we shall show diverse extensions of Takahashi's result in 
2014, by these three projections. 

3. OUR RESULTS 

In this section we show our results with respect to the characterizations of a 
solution of SFP and the strong convergence theorems by the previous three projec-
tions. For the sake of proofs we treat the problem under the following situation贔．

贔： LetE and F be strictly convex, reflexive and smooth Banach spaces, 
IE and IF identity mappings on E and F, respectively. 
JE and JF duality mappings on E and F, respectively. 
A:E→Fa bounded linear operator, A* the adjoint operator of A, 
C c E and D c F nonempty, closed and convex subsets, 
Pc, Ile and Re be a metric projection, a generalized projection and a generalized 
retraction onto C, respectively. 

Then we obtain diverse characterizations of a solution of SFP by the metric 
projection, the generalized projection and the sunny generalized nonexpansive re-
traction ([14]), as follows. 

Theorem 3.1. ([14]) Suppose that C n A-1(D) cf-0 and r E (0,(X)）under贔．
The followings are equivalent: 

(1) z EC n A―l(D) 

(2) z = Pc(IE -rJii1 A＊ふ（IF-PD)A)z 

(3) z = Pc(IE -rJii1 A*(h -hIID)A)z 

(4) z = IIcJii1(Je -rA* h(IF -PD)A)z 

(5) z = IIcJii1(Je -rA*(h -hIID)A)z 
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Theorem 3.2. ([14]) Suppose that C n A-1(D) =/-0 and r E (0, oo) under贔
Ifふ(D)is closed, the followings are equivalent: 

(1) zECnA―l(D) 

(6) z = Pc(IE -rJi1 A*(JF. -RJp(D)hA)z 

(7) z = Ileび（JE-rA*(IF• -RJp(D))JpA)z 

If J E (C) is closed, the following are equivalent to (1) : 

(8) z = Ji1 RJE(c)(JE -rA叫 (IF-Pv)A)z 

(9) z = Ji1 RJE(c)(JE -rA*(JE -JpII叫A)z

(10) z = Ji1 RJE(c)(JE -rA*(IF• -Rふ (D))J且）z,

where (10) also needs the condition that Jp(D) is closed. 

Next we show the strong convergence theorems for a solution of SFP by hyblid 
methods with the generalized projection and the sunny generalized nonexpansive 
retraction, which extend Takahashi's Theorem for diverse projections methods. For 
the sake of the proofs we need Xu's results ([21]). 

Lemma 3.1. ([21]) Let E be a Banach space, then the following are equivalent: 
(i) E is uniformly convex 
(ii) For all p E (1, oo) and p E (0, oo), there exists a continuous, strictly increasing 

and convex function gP,P : [O, oo)→[O, oo) such that gp,p(O) = 0 and 
〈x-y，がーが〉?:gp,p(llx -YII) 

for all x,y E Bp(E), x* Eみ(x)and y* Eみ(y).
Where 

Jp(x) = {x* EE*:〈x,x＊〉＝ ||xllp, llx*II = llxllp-l}. 

Lemma 3.2. ([21]) Let E be a smooth Banach space. Then the following are equiv-
alent: 

(iii) E is uniformly smooth 
(iv) For all q E (1, oo) and p E (0, oo), there exists a continuous, strictly increas-
ing and convex function g;,P : [O, oo)→ ［0, oo) such that gq,p(O) = 0 and 

〈x-Y, Jq(x) -Jq(Y)〉さ g;,P(llx-YII) 

for all x,y E Bp(E). Theみ(x)is a singleton; 

Jq(x) = {x* EE*:〈x,x*〉＝ ||xllq, llx* II = llxllq-l }. 

By these lemmas, we establish the following conditions •1 and •2 for our pur-
pose, with respect to a Banach space we treat on theorems. 

•1 : It is a uniformly convex and smooth Banach space, and it satisfies 
i,I]-f, g2,p(l) > 0. 
pE(O,oo) 
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•2 : It is a uniformly smooth Banach space, and there exists r0 E (0, oo) and 
a E (1, oo) such that 

sup 
釦 (r)

く 00.

疋（O,ro),pE(O,oo) ra 

Examples satisfying these conditions are given in [14]. 

Now we show the extensions ofTakahashi's convergence theorem by hybrid meth-
ods with the generalized projection and the sunny generalized nonexpansive retrac-
tion. First we show a theorem with the generalized projection. 

Theorem 3.3. ([14]) Let E be a uniformly convex and smooth Banach space, 

let F be a strictly convex, reflexive and uniformly smooth Banach space, JE and 
JF duality mappings on E and F, resp., C C E and D C F nonempty, closed 
and convex subsets, A : E→F a bounded and linear operator with Aヂ0,A* the 
adjoint operator of A, and let r E (0, oo). Suppose E* and F* satisfy the condition 
•2 and.1, respectively, and C n A-1(D) =J 0. Let x1 E E and let {xn} be a 
sequence generated by 

{ ：nnnn+1: ［〗nn:rnAiぉ〗[-FE:II1汀〗］し。｝，
for any n E N, where D。=C. Then { Xn} converges strongly to a point zo E 
C n A-1(D) for any r E (0, r1IAll2), where zo = IIcnA-l(D)X1-

Next we show a theorem with the sunny generalized nonexpansion retraction. 

Theorem 3.4. ([14]) Assume the condition of Theorem 3.3 holds, with respect to 
E, F, JE, Jp, Cc  E, D c F. And suppose Jp(D) is closed, let lp• be the identity 
mapping on F*, A : E→F a bounded and linear operator with Aヂ0,A* the 
adjoint operator of A, and let r E (0, oo). Suppose E* and F* satisfy the condition 
•2 and.1, resp., and C n A-1(D) =/-0. Let x1 EE  and let {xn} be a sequence 
generated for any n E N as following; let D。=Cand 

Ji1(JE -rA*(JF. -R心(D))JFA)xれ 9

= {z EC:〈Zn-Z,JEXn-JE%〉::;,O}, 
{z E Dn-1:〈Xn-z, J戸 1-JE%〉::;,O}, 
= J尉RJE(CnnDn)J戸 1ー＋

 

znenDnXn 

9

4

ヽ

4

Then, there exists rllAll2 E (0, oo) such that Xn→zo E C n A-1(D) for any r E 
(0, rllAll2), where zo = Ji;1 RJe(CnA-l(D))J戸 1.

Remark 3. Theorem 3.3 and 3.4 also imply that their {xn}s converge strongly to a 
point of common fixed points of (2), (3), (4), (5) and (6) of Theorems 3.1 and 3.2. 

Acknowledgement 1. This work was supported by the Research Institute for 
Mathematical Sciences, an International Joint Usage/Research Center located in 
Kyoto University. 



50

REFERENCES 

[1] Ya, Alber and S. Guerre-Delabriere, Principles of weakly contractive maps in Hibert space, 

Operator Theory, Advances and Applications 98 (1997), 7-21. 

[2] H. Bauschke, Fenchel duality, Fitzpatrick functions and the extesion of firmly nonexpansive 

mapping, Proceeding of the American Mathematical Society, 135 (2007), 135-139. 

[3] V. Barbu, Nonlinear semigroups and differential equations in Banach spaces, Noordhoff In-

ternational Publishing, (1976). 

[4] R. E. Bruck and S. Reich, Non⑫ pansive projections and resolvents of accretive operators in 

Banach spaces, Houston, J. Math. 3 (1977), 459-470. 

[5] D. Butnariu and E. Resmerita, Bregman distances, totally convex function and a method for 

solving operator equations in Banach spaces, Abstract and Applied Analisis, (2006), Art. ID 

84919, 39pp. 

[6] C. Byrne, Iterative oblique projection onto convex sets and the split feasibility problem, In-

verse Problems, 18, no.2, pp. 615-624, 1950. 

[7] H. 0. Fattorini, The Cauchy Problem, Encyclopedia of Mathematics and its Applications, 
18(1983), Addison-Wesley 

[8] K. Goebel and W. A. Kirk, Topics in Metric Fixed Point Theory, Cambridge Studies in 

Advanced Mathematics, 28, Cambridge University Press, Cambridge, 1990. 

[9] T. lbaraki and W. Takahashi, A new projection and convergence theorems for the projections 

in Banach spaces, J. Approximation Theory, 149(2007), 1-14. 

[10] S. Kamiruma and W. Takahashi, Strong Convergence of a Proximal-Type Algorithm in a 

Banach space, SIAM Journal on Optimization, 13(2002), 938-945. 

[11] H. Manaka, Convergence theorems for a maximal monotone operator and a V-strongly 

nonexpansive mapping in a Banach space, Abstract and Applied Analysis, 2010, Article ID 

189814, (20 pages). 

[12] H. Manaka, Convergence Theorems for Fixed Points with Iterative Methods in Banach spaces, 

Thesis (Yokohama National University), 2011. 

[13] Hiroko Manaka, Fixed point theorems for an elastic nonlinear mapping in Banach spaces, 

Abstract and Applied Analysis, Article ID 760671,(2015). 

[14] T. Kawasaki and H. Manaka, The split feasibility problem with some projection methods in 

Banach spaces, Abstract and Applied Analysis, 2020, Article ID 2913087,(2020). 

https: / / doi.org/10.1155 /2020/2913087. 

[15] I. Miyadera, Hisenkeihangun, Kinokuniya, Suugakusensyo 10 (Japanese). 

[16] S. Reich, Approximating zero of accretive operators, American Mathematical Society, 51, 

Number 2, September (1975), 381-384. 

[17] S. Reich, Iterative methods for accretive sets, in Nonlinear Equations in Abstract Spaces, 

Academic Press, New York, 1978, pp. 317-326. 

[18] W. Takahashi, Fixed Point, Minimax and Hahn-Banach Theorems, Proc. Sympos. Pure 

Math., 45, Part 2, Amer. Math. Soc., (1986), pp.419-427. 

[19] W. Takahashi, The split feasibility problem in Banach spaces, Journal of Nonlinear Analysis 

and Convex Analysis, 15, (2014), pp.1349-1355. 

[20] W. Takahashi, Nonlinear Functional Analysis, (Fixed Point Theory and its Applications), 

Yokohama Publishers, Yokohama (2000). 

[21] H. K. Xu, Inequalities in Banach spaces with applications, Nonlinear Analysis, 16 (1991) 

1127-1138. 

(H. Manaka) DEPARTMENT OF SCIENCE AND MANUFACTURING TECHNOLOGY, JUNIOR COLLEGE 

OF NIHON-UN!VERSITY, 7-24-1, NARASHINODAI, FUNABASHI-SHI, CHIBA, 274-8501, JAPAN 

E-mail add ress: manaka. hirokocnihon-u. ac. j p 


