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Energy method for partial differential equations with time delay

Yoshihiro Ueda*

1 Introduction

In this article, we study a useful method to analyze partial differential equations with time
delay. To treat partial differential equations with time delay, we have to focus on the multi-
dimensional problem and the delay effect. These two properties make complicated problems,
and few methods are known to handle them simultaneously. In this sense, we need a versatile
approach to analyze partial differential equations with time delay. Under this situation, we
employ the energy method and try to get a global-in-time solution to the Cauchy problem.

As a good example, we consider the following viscous Burgers equation with time delay:

Oip —vdip+0: (pV(p)) =0, t>0, z€R, (1.1)

where p = p(t,z) is an unknown function, the positive constant v denotes the diffusion coeffi-
cient, and p,(t,z) = p(t — 7,x) with a positive delay parameter 7. Also, V(p) denotes a given
function that depends only on p. The Burgers equation (1.1) is one of the simple models of
traffic flow, in which p means the traffic density.

Here, we shall focus on the Cauchy problem and assign the initial history:

p(0,2) = po(6,x), —-7<60<0, zeR (1.2)

Then, our main goal is to derive a global-in-time solution to the Cauchy problem (1.1), (1.2)
and analyze the property of the solutions. To mention our main theorem, we introduce the
notation:

0 1/2
Iy = ( sup lpo(0)]13: + / ||axpo<0>||izd0) -
—7<0<0 -7
The main theorem describes the existence of the global-in-time solution when the product of
the size of the delay parameter and the one of the initial history is suitably small.

Theorem 1.1 ([1]). Suppose that pg € C([—7,0]; H') and V is C! class function of p under
consideration. Then there exists a positive number § such that if

(1+ Kov/7)*V7(1+ I§)Io <9,
then (1.1), (1.2) has a unique global-in-time solution p € C([—T,00); H') satisfying
dip € L2(0, 00; L?), dup € L?(0,00; HY)

and the energy estimate:

)17 +/0 (l0rp()I72 + 10=p()32) ds < Co(1 + I5) 1§

fort >0, where Ky := |V(0)| and Cy is a certain positive constant which does not depend on 7.
Furthermore, the solution p satisfies the asymptotic behavior: ||p(t)||pe — 0 as t — oco.
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2 A priori estimate
The key to the proof of Theorem 1.1 is to construct the following a priori estimate.

Proposition 2.1 (A priori estimate). Let T > 0 and suppose that p € C([—7,T]; H') is a
solution to (1.1), (1.2), which satisfies Oyp € L*(0,T;L?) and Oyp € L*(0,T; H'). Then there
ezists a positive number oy such that if

(1+ KovD)?V7 sup_[lo(s)llz= < b, (2.1)

—7<s<T

then the solution p satisfies the following estimate:

1 t v t
I+ [ oo ads+ 5 [ 10up()lfnas < Cotr + 1)

fort € [0,T], where Cy is a certain positive constant that does not depend on 7.

The a priori estimate is derived by the energy method. To construct the energy estimate,
we reformulate our Cauchy problem. More precisely, we introduce a new function:

2(t,0,7) = p(t+0,7), t>0, #e[-7,0, zeR
Then, we find z(¢,0,z) = p(t,x), 2(t,—7,2) = p-(t, ), 2(0,0,2) = po(0, z), and
Oz — Ogpz =0, t>0, 6e€[-7,0], z€R. (2.2)

By this reformulation, (1.1) and (2.2) are regarded as the dynamical boundary problem, and
we can apply the energy method to (1.1) and (2.2). Then we also construct the desired energy
estimate. Proposition 2.1 consists of the lower-order estimate and higher-order estimate of
solutions. The lower-order estimate is given as follows.

Lemma 2.2. Suppose the same assumption as in Proposition 2.1. Then the solution p satisfies
the following estimate:

lo()I22 + v / /7 0,2(t, 0226 + / 102p(s) 325 + 1 / 10,01(5) 2.
(2.3)

//_T e/rHazse)HdeedH( +2K§T // |0ip(0)||22dods < Col?

fort € [0,T], where Cy is a certain positive constant which does not depend on T.

In Lemma 2.2, we used notations

1 for t>r,
w(t)_{ or T

0 for 0<t<T,
and

0 1/2
Iy :=< sup I\po(9)||%2+/ ||3mpo(9)||%2d9) -
—7<6<0 _r

At the end of this section, we give a proof of Lemma 2.1.
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Proof of Lemma 2.1. To obtain (2.3), we derive a priori estimates for t € [0,7] and ¢ € [7,T],
respectively. Since (2.2), we have 9,0,z — 0,09z = 0. Then, multiplying this equation by ¢/, 2
and integrating the resultant equation with respect to 6 over [—7, 0], we obtain

0 0
O ( / 656(81z)2d0> —(0ep)? + e T (Oupr)® + ¢ / e“0(0,2)2d6 = 0, (2.4)

-7 -7

where ¢ is a positive parameter determined later. On the other hand, multiplying (1.1) by p
and taking into account the relation

V(0)pep = 00 ( / ’ V(n>ndn) ,

we get

P

3040, (V00) = vpoup = [ Viaudn) 4000+ (V(5) = Vip)pdrp 0. (25)
0

Furthermore, multiplying (1.1) by d;p, we have
50:(0:p) = VD2 (9up0up) + (91p)? + DpDu(V (pr)p) = 0. (2.6)

Then, integrating (2.6) with respect to ¢ over [t — 7, ], this yields

t t t
1/(690p)2 - 1/(836;)7)2 — 200, ( @p@wds) + 2/ (8tp)2ds +2 Opds(V(pr)p)ds =0
t

t—7 -7 t—7
for ¢t > 7. Thus, calculating (2.5) 4+ (2.4) X o + (2.7) x 8, we obtain
OE+ 0, F+D+ R=0, (2.8)

where o and [ are positive parameters determined later, and

0
E = %[P + a/ e*0(0,2)2do,
_ ) t
F = p*V(ps) — vpdap 7/0 V(n)ndn — 28v t Op(8)0up(s)ds,
t 0
D = (14 B)v — a)(0zp)* + (e — Bv)(9upr)? + 28 (Orp)2ds + oze/ e*0(,2)%d6,

Jt—7 —T
t
R=(V(p) = V(p:)pdup+2B | 0p0u(V(pr)p)ds.
t—1
Integrating (2.8) with respect to x over R, we get
d 1 2 0 =0 2
7 \lle®lz2 + e 1022 (t, 0) 7240
+((L+ By = )l|0sp(t) |72 + (ae™ — B) || dupr (1) 72 (2.9)

0
0)|0,2(t, 0)||22d0 +/ Rdzx = 0.
R

—T

t
28 [ Jorp(s)ds + o= |
t—T1



The next step is to estimate the remainder term / Rdz. Employing
R

t
V() = Vipr () = [ 0.V (pls))ds

t—T

t 1/2

_ /tt V' (p(s)0up(s)ds < /7 </t

—7 —r

V'<p<s>>2<atp<s>>2ds)

derived by the Schwarz inequality, we have
1/2
L7160~ Vippoupie < ol 10splis [ 1V(0) - Vipo)a

ot 1/2
< Kyl 9upll e ( / ||atp<s>\|izds) (2.10)

t—1

1 K t
< SVTllle<llOaplfz + 71‘5“’)”””/ [

t—1

where K := sup, [V'(p)|. On the other hand, using

V(pr)0updep < £(0ip)* + V(pr)?(02p)?,

i

V' (pr)pdepdzpr < ~(0ep)? + V' (pr)2p*(Dupr)?,

4

we estimate

g t
| [ a00.v o pdsde
R

Jt—1

t
.

1 t
<3 / 10u0()||2dls + / (Ko + K107 (5) | )2 |9 p(5)] s (2.11)
t
e / 10(5)12oe 1005 (5) | 22ds.

Thus, substituting (2.10) and (2.11) into (2.9), we have

1 9 0
O §Hp(t)\|m +a

. 0
(e = 0 0upr N+ 8 [ Woupl) Bads +az [ e0ua(t,0) s
. —r (2.12)
1 ) | K? t i
< GVTlo@ll=10:p @ + G-Vl | lp(s)lads

92, 9>||izd9) (14 B — ) 0unl®)| 2

t t
+2 (Ko+KlHPT(S)IILw)zl\azp(S)llizds+2ﬁK%/t lp($)[1< 110z pr () [ 72ds.
Jt—1

Jt—1

Integrating (2.12) with respect to ¢ over [r,t], and using the fact that ||p(¢)||~ < N(t) and
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llpr(t)||zee < N(t) for any t > 0, we obtain

1
Sols e [

—T

+ (0™ — Bv) / 102+ (5)||22ds + B / / 10u(0) |22 dods
t 0 JT JT JS—T (2.13)
+a5/ / eEOHBIz(s,Q)HQLQdeS

<

10,51, 0) 226 + ((1+ B)v — a) / 18, 0()]|2.s

up(T)Hizm/ 0|0, 2(7, 6)||L2d6+25K0// 100p(0) |22dods + R

for t > 7, where
1 t
= VNG [ lop(o)3ads + KL NG / | 1ol sdods
20K, N (52K + K N (1)) / | Nowp(o)3udods

t s
+2KINGP [ [ 10upe(e) o
T Js—7

Here we used the notation that N(t) := sup_,<s< [|p(s)||Lec. Furthermore, (2.13) gives

N

0
*HP( iz +a/ e )1002(t, 017240 + (1 + B)v — o — 267K}) / 102p(5) 72 ds

+ (ae~" — pv) / 18,0-(3)|[22ds + B / / 10up(0)|2dods

(2.14)
—I—as// 0)|0,2(s,0)||2 2 d0ds
1
Sgllp(ﬂl\%ﬁa/ e*|0,2(r, 0)||L2d6+267Ko/ 182p(5)[72ds + R,
and
1 1
R < 3N [ 10usls ads + BN / | 1ol adods
T (2.15)

28K TN(H)(2Ko + KN (2)) / 100p(s) |2ads + 26K 37N (£)? / 10,7 (5)||2ds.
0 0
Since the dissipation terms in (2.14), «, 8 and ¢ should be chosen as

(1+pB)v—a—28TKE >0, ae T — fv > 0.

Then we take
14

e Y 153
= - o = — = —
7’ 2’ 4(ev +2K31)’

and these parameters satisfy

1
(1+/3’)1/7a72,37’K§><Z+6>1/>0, aefsriﬁy>l>o_



Namely the estimate (2.14) is rewritten as
v T
o0l + 5 [ lonsteozaan s (1+5) o [ 1oup(o)as

+—/ |0z p7 (s I\de9+5// [0ep(cr IIdeade+—// 710y 2(s,0)||2 . dOds

< o+ % [ o030 + % [ oupts) s + R.
- 0

(2.16)
We estimate the remainder terms. Substituting (2.15) into (2.16), we see that N(7") should

satisfy

VIN(T) <2, KirN(T) (2Ko + K1 N(T)) < =,
L , (2.17)
KiTN(T) <7 K{VTN(T )_W

to get the desired estimate. The assumption (2.1) gives /7N (T) < &y, K37 N(T)? < K342, and
KlTN(T) (2K0 + KlN(T)) < Ki(1+ K160)(50,
Ki(ev + 2K37)VTN(T) < (2 + ev) Kidp.

Thus, taking dg such that

o< Ki(l+Kio) < K< @+e)kin <, (2.18)
then (2.17) is satisfied and we obtain
+”/t||a (5)Bads + —~ // |\a<>||2dd
— e Pr (S S+ —— o ods
de /. P L2 dlev +2K271) Jr Joor )L
t 0
+3// 7)|0,2(s,0)|22d0ds (2.19)
T Jr -7

| o
< U+ [ mioaoan+ 5 (14 ) [ oup(o)s

v / 10,7 ()|22ds

fort > 7.
On the other hand, to derive the energy estimate for 0 < ¢ < 7, we treat (2.8) with a = v/2,
B =0and e =1/7, and this gives

O {p2 + l//_O eG/T(azz)ZdH} + 9. {(2V(pr) = V(0)) p* — 2vp0,p}

-0
+ (029 + = (Dapr)? 4+ 2 / €17 (9,2)2d8 — 2V (i2pr) prpDup = O
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for some ¢ € (0,1). Then, integrating this equation with respect to (¢,z) over [0,¢] X R and
using the fact that

t
/ [(V'(@pr)prp)(s)l|72ds < tN(t)* sup [|(V'(opr)p-)(s)]l7
0 0<s<t
1%
< KiTN(t)® sup |lpo(0)]|72 < 7 sup p0(0)]72,
<6<0 —7<0<0

which given by (2.1) and (2.18), we obtain
0
o) +v [ e on(t,0)]3do
v [ 2 v [ 2 v [t° 0/7 2
2 [ 10 Bads 4 2 [ oupe(s) s+ 2 [ [ osats.0) Fadts
0 -7

snmmmé+v/

—T

(2.20)
WW%m(NmW+ /N| opr)pep)(s)|2ads

T 3 T
< IO+ [ @)+ sup @ < (3 +0)
-7 —7<

for0<t<r.
Consequently, applying (2.20) with ¢ = 7 to (2.19), we derive

0 1

017110, 2(t, 0)]| 2d6 7<1 ) /Ha

e 02 (1, 2df + .p(5)||22ds
. L 4 +2K§ L

t t
v 2 v 2
z . ds+—2 dods
g [0 sts + s [ [ 1000t
t 0
+5/ / 7|0y (s, 0)|22dbds < Col?
TJr J-r

(%i0+%>@+0.

Furthermore, combining (2.20) and this estimate, we arrive at the desired estimate (2.3) and
complete the proof. O

I +v [

for 7 < t, where
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