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Energy method for partial differential equations with time delay 

Yoshihiro Ueda• 

1 Introduction 

In this article, we study a useful method to analyze partial differential equations with time 
delay. To treat partial differential equations with time delay, we have to focus on the multi-

dimensional problem and the delay effect. These two properties make complicated problems, 

and few methods are known to handle them simultaneously. In this sense, we need a versatile 
approach to analyze partial differential equations with time delay. Under this situation, we 

employ the energy method and try to get a global-in-time solution to the Cauchy problem. 

As a good example, we consider the following viscous Burgers equation with time delay: 

如— v洸p+Bx(pV(pT))=O, t>O, XE恥 (1.1) 

where p = p(t,x) is an unknown function, the positive constant v denotes the diffusion coeffi-

cient, and p7(t,x) = p(t-T,x) with a positive delay parameter T. Also, V(p) denotes a given 
function that depends only on p. The Burgers equation (1.1) is one of the simple models of 

traffic flow, in which p means the traffic density. 
Here, we shall focus on the Cauchy problem and assign the initial history: 

p(0,x) = Po(0,x), -TS 0 So, x E股．（1.2)

Then, our main goal is to derive a global-in-time solution to the Cauchy problem (1.1), (1.2) 

and analyze the property of the solutions. To mention our main theorem, we introduce the 

notation: 

I。=（立。 11Po(0)||か+［゜~ ll8xpo(0) IIJ,2d0) 112 
The main theorem describes the existence of the global-in-time solution when the product of 

the size of the delay parameter and the one of the initial history is suitably small. 

Theorem 1.1 ([1]). Suppose that p0 E C([-T, O]; HりandV is C1 class function of p under 
consideration. Then there exists a positive number <5 such that if 

(1+K。占）賛(1+I名）I。豆，

then (1.1), (1.2) h as a unique global-in-time solution p E C([-T, oo); Hりsatisfying

如 Eび(0,oo; Lり， 8xpE £2(0, oo; Hり

and the energy estimate: 

llp(t)||か+j00(IIBtp(s)|出+||8xp(s)位）dsS Co(l + 1tg名

゜Joパ：：：：： 0,where Ko:= IV(O)I and C,。isa certain positive constant which does not depend on T. 
Furthermore, the solution p satisfies the asymptotic behavior: llp(t)IIL=→0 as t→00. 
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2 A priori estimate 

The key to the proof of Theorem 1.1 is to construct the following a priori estimate. 

Proposition 2.1 (A priori estimate). Let T > 0 and suppose that p E C([-T,T]；が） isa 
solution to (1.1), (1.2), which satisfies 8tp Eび(O,T；び） and佑p€び(O,T;Hり． Then there 
exists a positive number 80 such that if 

(1+K。ふ）2好 sup llp(s)ll£00さ6。, (2.1) 
-T:,;s:,;T 

then the solution p satisfies the following estimate: 

llp(t)||か+~fat ll8tp(s)ll1,2ds 十 ~fot1|加（s)I|かds：：：：：仇（1＋ It)I名

fort E [O, Tl, where C,。isa certain positive constant that does not depend on T. 
The a priori estimate is derived by the energy method. To construct the energy estimate, 
we reformulate our Cauchy problem. More precisely, we introduce a new function: 

z(t,0,x):=p(t+0,x), t>O, 0E[-T,0], xE瞑．

Then, we find z(t, 0, x) = p(t, x), z(t, -T, x) = p7(t, x), z(O, 0, x) = p0(0, x), and 

Btz -80z = 0, t > 0, 0 E [-r, O], x E股． (2.2) 

By this reformulation, (1.1) and (2.2) are regarded as the dynamical boundary problem, and 
we can apply the energy method to (1.1) and (2.2). Then we also construct the desired energy 

estimate. Proposition 2.1 consists of the lower-order estimate and higher-order estimate of 

solutions. The lower-order estimate is given as follows. 

Lemma 2.2. Suppose the same assumption as in Proposition 2.1. Then the solution p satisfies 

the following estimate: 

゜ u 
llp(t)lli2 + v 1: e81711如 (t,0) 11わd0+ - ||8xP(s)11らds+fe [ 118叩 (s)lli2ds :i lat ll8xp(s)lli2ds + fe.l 
＋ど[J゚e0/TII如 (s,0)lli2d0ds+~ T 。_~e0fTIIBxz(s, 0)lli2d0ds + ~術）w（t)[ ［＿T ||8tP(6)|1わdCJ"ds::;d。稔

(2.3) 

fort E [O, Tl, where d。isa certain positive constant which does not depend on T. 
In Lemma 2.2, we used notations 

叫）：＝｛l for t > T, 
o for o三t三T,

and 

i。=（TS塁。11Po(0)||ら+［゜~ ll8xpo(0)11口）1/2
At the end of this section, we give a proof of Lemma 2.1. 
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Proof of Lemma 2.1. To obtain (2.3), we derive a priori estimates fort E [O, T] and t E [T, T], 
respectively. Since (2.2), we have Ox<.加峨泣ez= 0. Then, multiplying this equation by e00如
and integrating the resultant equation with respect to 0 over [-T, O], we obtain 

゜Ot (/_:戸（如）2d0)-（如）2＋□（鯰）2＋ e f_oT戸（如）2d0= 0, (2.4) 

where E is a positive parameter determined later. On the other hand, multiplying (1.1) by p 
and taking into account the relation 

V(p)p如＝ 8”([V(n)ndn), 

we get 

抄(pり＋〇m(尻V(pサーツp如ー[v(n)ndn) ＋鴫P戸＋（V(p) -V(pT))p如＝ 0. (2.5) 
Furthermore, multiplying (1.1) by如， wehave 

砂(8詞—鴫(8tP如） ＋ （疇＋い（V(py)p)= 0. (2.6) 

Then, integrating (2.6) with respect to t over [t -T, t], this yields 

鴫 p)2-ツ（鯰）2ー2鳴（［＼幽pds)+ 2[T（知）2ds+ 2[＼巫(V(pT)p)ds= 0 
(2.7) 

fort 2 T. Thus, calculating (2.5) + (2.4) x a+ (2.7) x/3,we obtain 

8tE + 8xF + D + R = 0, (2.8) 

where a; and /3 are positive parameters determined later, and 

1 ° 
E :＝討＋af  e叫如）2d0,

-T  

F :＝炉V(pT)-vp如ー[V(n)ndn-2伽Jt如 (s)如 (s)ds,
t-T 

D := ((1 + /3)v -°')（如）2+ (oe―cTー伽）（鯰）2＋ 2ojt （如）2ds+ aef゚ げ（如）2d0,
t-T J-T 

R := (V(p) -V(pr))p加＋2ojt 8鼻 (V(pr)p)ds.
t-T 

Integrating (2.8) with respect to x over恥 weget 

゜羞（妙llp(t)応＋a f-T e叫如（t,0)1|口）
+ ((1 + f3)v -o)lloxp(t)『わ＋（ae―07 -f3v)ll8xPr(t)『わ (2.9)

+ 2/31~r ll8tp(s)lli2ds + OE 1T゚e叫1如 (t,0) I応d0+LRdx=O 
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The next step is to estimate the remainder term 1 Rdx. Employing 
R 

V(p(t)) -V(pT(t)) = 1~ 閲（p(s))ds
t-T 
t / r t'¥  1/2 

= f~T V'(p(s)）如(s)ds：：：：： VT(!~T V'(p(s))2（如（s))2ds)

derived by the Schwarz inequality, we have 

！民(V(p)-V（か））戌pdx:S IIPIIL=IIBxPllu (l lV(p) -V(pr)l2dx) 112 
恥

< k1好 1|p||LOO||8xP||L2(［T ||8tP(s)||i2]s)1/2 
1 -'="-" IIC¥ _,,2. Kr-'="-" rt さ ~VTIIPIIL= ll8xp応＋了好IIPIIL001~r ll8tp(s)IIわds,

where K1 := supp IV'(p)I, On the other hand, using 

1 
V(p乳幽p< -（8詞＋V(pデ（如）汽

4 

V'(pr)P8tp8xPr'.S ~（如）2 + V'(p万（鯰）汽

we estimate 

J Jtい (V(pr)p)dsdx
股 t-T

(2.10) 

1 
:::; ~ l~T ll8tp(s)I出ds+ Jt (K。+K1IIPT(s) 11£00）訊p(s)I|わds (2.11) 
t-r Jt-r 

+ Kf jt ||p(s)||伝||8年 (s)I出ds.
t-T 

Thus, substituting (2.10) and (2.11) into (2.9), we have 

Ot G11p(t)応＋af_oTeeo11如 (t,0) I応d0)+ ((1 + f3)v -a)ll8xp(t)lli2 

+ (ae―ET -f3v)llo叩 (t)||ら+ojt II如（s)I|わds+ae:1: e09ll8xz(t,0)11わd0
< ;占||p(t)||LOO11如 (t)||わ＋りt;||p(t)||LOO[/T||0tP[：）。]出ds (2.12) 

+2/3Jt (K。+K1IIPT(s)ll£00戸IIBxp(s)I応ds+ 2BKf ft ||p(s)||伝||8叩 (s)I応ds.
t-T Jt-T 

Integrating (2.12) with respect tot over [r, t], and using the fact that llp(t)IIL= ::; N(t) and 
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IIPT(t)II応：：：：： N(t)for any t 2 0, we obtain 

゜~llp(t)||ら+ t eeOl如 (t,0)lli謳＋ （（1 + s f3)u-a) ［ II如（s)I|わds
+ (ae―eTー御）！ 1|鯰 (s)恥ds+ /3 L 1~T ll8tp(u)lli2duds 

t o 
l [＿T 

+ ae f f e叫如(s,B)lli謳 ds
T J-T 

：：：：： ；IIP(T)応＋a J゚ e叫如(r,0)lli幽＋2/3kg[JS II加（u)I出duds＋冗
T JS-T 

for t 2 r, where 

1 Kf t s 

冗＝2好N(t)1'II如 (s)lli2ds＋了好N(t)L 1:7 ll8tp(u)II茫 ds
+ 2(3粕 N(t)(2K。+K1N(t))1t 1:T ll8xp(u)||｝血ds

T JS-T 
t s 

+ 20kfN(t)2f f II鯰（u)lli血 ds.
T JS-T 

Here we used the notation that N(t) := sup_7:,;s:,;t llp(s)IIL=・ Furthermore, (2.13) gives 

信p(t)lli2+ a j゚ef:011如 (t,0)lli虚＋ （（1 + f3)v -a -2缶K名） tII如 (s)lli2ds 
-T  

+ （ae―eT―伽）［ 1|鯰 (s)1出ds+ 0[［T ||8tP((J'）||1如 ds[
+ ae[ J e゚叫如(s,0)lli幽 ds

T -T  

1 ° ：：：：： ~IIP(T)|応+af_T eeo11如 (r,0)lli叫＋2(3国［1|如（s)I|わds+冗，
and 

R：：：：： ！好N(t)1t I|如 (s)11伝ds十竺 t s 
2 2 

好N(t)/ / ll8tp(u)lli血 ds

+20k1TN(t)：2K。＋粕N（t)）［国(S)1/-2TOK和N(t)2[11鯰(.,)I応ds
Since the dissipation terms in (2.14), a, f3 and E should be chosen as 

(1 + f3)v -a -2缶K名＞ 0, ae―f;T―伽＞ 0.

(2.13) 

(2.14) 

(2.15) 

Then we take 

＇ 
1
-
T
 

＝
 
e
 

V 
a=-
2' 
f3 ＝ V 

4(ev + 2K,術）＇
and these parameters satisfy 

1 
(1 + f3)v -a -2缶碍＞ (~ + f3) I/> 0, u 

ae―C:T -(3v > - ＞ 0. 
-4e 
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Namely the estimate (2.14) is rewritten as 

1 2 v ° 1 t ~llp(t)||ぃ+-J e0/T11如 (t,0) 11 わd0+ — +/3) I/ 1'll8xp(s)lli2ds 
2 2 -T し） ［ 
v t rt rs u t rO 

十fe[1|鯰 (s)I出ds+f3f f 国（噂心ds十五f f eO/TII如 (s,0)lli2d0ds
T JT JS-T -• JT J-T 
1 さ ~IIP(T)応＋； J e゚0/TII如 (T,0)lli幽＋［ ［ 1|如 (s)lli2ds+冗．

-T  

(2.16) 
We estimate the remainder terms. Substituting (2.15) into (2.16), we see that N(T) should 
satisfy 

y'TN(T)＜ー，
V 

-4 

K『TN(T)2::=;ー，
1ノ

4 

K1TN(T) (2Ko + K心 (T)）＜ -， 
ll 

- 4 

Kf好N(T)::;
ll 

---'4(ev + 2K術）

(2.17) 

to get the desired estimate. The assumption (2.1) gives y'TN(T) S 8。,K和N(T)2SK髯 and

K1TN(T) (2~。 +K州(T))SK1(l+K心）6。，

Kf(ev+ 2K6T)ふN(T)S (2 + ev)K怜O・

Thus, taking 80 such that 

8。：：：：： ；，凡（l+K心）6。 S~, K賛 S~'(2+ev)K怜o S ~'(2.18) 

then (2.17) is satisfied and we obtain 

° 1 IIP(t)I出＋VJe0/TII如 (t,0)||；幽＋ー 1+
V 

4 (ev+2K祈） V[1|如 (s)lli2ds 
+ ［ ［t ||：年(s)|Iわds+ 4(ev + V 2K術）［［T 1|8tP（ぴ）1|紐 ds
+ ~ [ I: e817ll8xz(s, 0)lli叫 ds (2.19) 

J゚：：：：： IIP(T)lli2 + v 1 ・ e817ll8xz(T, 0)lli2d0十ど 1 + -1 2 (2e) ［四(s)I出ds
+ i fT ||8納 (s)I出ds
゜fort 2 T. 

On the other hand, to derive the energy estimate for゚：：：：： t ：：：：： T, we treat (2.8) with a= v/2, 
/3 ＝0 and E = 1/T, and this gives 

゜8t{忙+VJ-Te0/T（如疇｝ ＋Bx { (2V(p7) -V(O)）炉ー2vp加｝

＋鴫p)2十ど（鯰）2+どJ e゚0／冗如）2d0-2V'（砂）PTP加＝ 0 
e -T  
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for some cp E (0, 1). Then, integrating this equation with respect to (t, x) over [O, t] x股 and
using the fact that 

1t ll(V'（砂）PTP)(s)lll心：：：：： tN(t)20~~~t ll(V'(cpp伍）（s)ll;,2
o o:,;s:,;t 

：：：：： KfTN(t)2 sup IIPo(B)ll;,2：：：：：ど： sup IIPo(B)ll;,2, 
-T<O<0 4 _T50go 

which given by (2.1) and (2.18), we obtain 

゜IIP(t) I出＋UJe0/TII如 (t,0) I出d0
-T  

+il1|如 (s)lli2ds+と［1|鯰 (s)I出ds十ど t 1: e0lrll8xz(s,0)lli2d0ds 
三1|po(O)||i+ UJ゚TeO/T:|8XOPo(O)||i謳＋： ［］1（［’(J;;T)pTP)（s)||i2ds 
゜::; IIPo(O)|出+UJe0/T||0xPo(O)||i2d0 + 

1 2 ＜ 
3 

-T う＿T雰。11Po(0)lli2::;（ぅ＋v)稔
for O::; t::; T. 

Consequently, applying (2.20) with t = T to (2.19), we derive 

° 1 
llp(t)|出+v1: e0lrll8xz(t, 0)11 わd0+~(1+ 切十u2K佑） V1t I|如（s)I|記s

t s 

+ fe 1t I|鯰 (s)I出ds+ ~ 1t 1~7 ll8tp(CT)I応dCTds

u t o 
+ ; f f砂／Tlloxz(s,0)11わd0ds::;C,。ig

T -T  

for Tさt,where 

C。=（1＋土）（； →） 

(2.20) 

Furthermore, combining (2.20) and this estimate, we arrive at the desired estimate (2.3) and 
complete the proof. ロ
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