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QUASICONVEXITY PRESERVING PROPERTY FOR FIRST ORDER 

NONLOCAL EVOLUTION EQUATIONS 

TAKASHI KAGAYA, QING LIU, AND HIROYOSHI MITAKE 

ABSTRACT. This note is a companion of our earlier paper [Kagaya-Liu-Mitake, 2023] to study the 
quasiconvexity preserving property of positive, spatially coercive viscosity solutions to a class of 
first order evolution equations with monotone nonlocal terms. We show that if the initial value is 
quasiconvex, the viscosity solution to the Cauchy problem stays quasiconvex in space for all time. 
In contrast to our results in [Kagay圧Liu-Mitake,2023], we focus only on the first order case, but 
slightly change our assumptions to allow more general dependence of the operator on the nonlocal 
term 

1. INTRODUCTION 

This note accompanies our published paper [17] on quasiconvexity of solutions to fully nonlinear 

nonlocal evolution equations, focusing only on the first order case with slight adaptations. The 

equation we are concerned with is 

『‘t+F(U，▽u，｛u(・,t)＜ u(x,t)｝） ＝ 0 in町 x(O,oo),
u(・, 0) = uo in即，

(1.1) 

(1.2) 

where u :町 x[0,oo)→民 isa unknown function, and Ut and▽u denote the time derivative 

and the spatial gradient of u, respectively. Here the initial condition uo :町→恥 isin UC（町），

where UC（町） standsfor the set of uniformly continuous functions on即， F:艮x町 XB →政

is a given continuous function and B represents the collection of all measurable sets in酎． More

precise assumptions on F will be given later. Recall that in [17] we assume that F depends on the 

intersection {u(・,t) < u(x,t)} n K for a given compact set KC町 torestrict the nonlocal effect 
in a bounded region. In this work, we do not impose such a constraint on F but include a slightly 

more general assumption on the operator. 

We aim to show the preservation of spatial quasiconvexity of viscosity solutions to (1.1) and (1.2). 

Here, a function u E C（訳nx [O, oo)) is said to be spatially quasiconvex if all sublevel sets of u(・, t) 
are convex in即， orequivalently, 

u（入y+ (1 —入）z,t) :S: max{ u(y, t), u(z, t)} 

holds for all y, z E町， t2'. 0 and入E(0, 1). We refer to the related results in [6], where a general 
class of set evolutions with nonlocal terms is shown to preserve the convexity of the initial set. Such 

nonlocal evolutions can be reformulated via the so-called level set method as geometric equations, 

which in our context requires F to satisfy the homogeneity condition 

F(r1, cp, A) = cF（乃，p,A) for all c > 0, r□2 E艮， pE町， AEB. (1.3) 
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To fulfill the condition (1.3), F needs to be independent of the unknown u. We refer to [11] for more 

details about the level set formulation. For classical solutions of elliptic problems without nonlocal 

terms, quasiconvexity results can be found in [8, 9]. 

It is natural to discuss the preservation of quasiconvexity when the nonlocal operator F is not 
geometric. For broader applications, we are particularly interested in the case when F depends on 

u. Our assumptions on the operator Fare as follows. Below, m(A) represents the n-dimensional 

Lebesgue measure of A E l3. 

(Fl) Fis proper; namely, for any p E即 andA EB, 

F(r1,P, A) S F(r2,P, A) 

holds for all r2 2: r1. 
(F2) F is locally bounded in the sense that for each R > 0, there holds 

sup{IF(r,p,A)I: r E底,|Pl S R, A E B} < 00. 

(F3) F is continuous in股 x記 Xl3 with the topology of l3 given by d(A1, A叫＝ m（ふ△A2),
whereふ△A2stands for the symmetric difference of A1 and A2, that isふ△A2:= (A1 U 

A叫＼ （A1 n A2) for all A1, A2 E B. Moreover, for any R > 0, there exists a modulus of 
continuity WR  such that 

F(r,p1, A1) -F(r,p2, A2) S WR  (IP1 -P2I + m（ふ△A分）

for all r E JR, Pl,P2 E即 withIP1I, IP2I SR  and A1,A2 EB. 
(F4) Fis monotone with respect to the set argument; namely, 

F(r,p,A1)'.'::'. F(r,p,A叫

holds for all r E JR, p E即， A1,A2EB with A1 c A2. 
(F5) F is stable with respect to the set argument in the sense that, for any R > 0, 

sup{IF(r,p,A n Bp(O)) -F(r,p,A)I: r E艮， IP|さR,AEB}→0 asp→oo, 

where Bp(O) denotes the open ball centered at O with radius p > 0. 
(F6) There exists VE C（股） suchthat 

sup IF(r,p,A) -V(r)I→0 asp→0. 
rEffi.,AEB 

(1.4) 

We stress that the monotonicity (F4) plays an important role in our analysis, especially for the 

comparison principle and therefore the uniqueness of viscosity solutions. By adapting the arguments 

in [12] to nonlocal problems, we provide a comparison theorem, Theorem 2.1, for possibly unbounded 

solutions satisfying growth condition (2.1). See [6, 22, 10, 23] for comparison results for monotone 

evolution equations in different settings. On the other hand, in the non-monotone case, one cannot 

expect the comparison principle to hold and alternative methods are needed for uniqueness of 

solutions and other related properties (see [1, 4, 5, 20]). 

In our main result (Theorem 1.1) below, we only consider viscosity solutions to (1.1) and (1.2) 
that are uniformly positive and coercive in space, that is, 

u 2'. co in町 X[O, oo), for someの＞ 0,and 

inf. _u(x,t)→oo as R→oo for any T 2'. 0. 
I叫2:R,0:S:t:S:T 
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Under a further assumption that uo E UC（記）， weobtain the existence and uniqueness of solutions 
uEC（配 x[O, oo)) of (1.1) (1.2), satisfying (1.5) and (1.6). We can also show that 

lu(x, t) —u(y, t)I::; wo(lx -yl) for all x,y E股nand t 2: 0, (1.7) 

where wo denotes the modulus of continuity of ua. See Theorem 2.3 for details. 

We impose a key concavity condition on F via a transformed operator G13 with O <(3 ＜1 defined 

by 1 

G13(r,p,A) = i(3rザ（パ(1-(3）r―13p,A) for r > 0, p E配 andA E B. (1.8) 
(F7) When(3 ＜1 is sufficiently close to 1, 

r >-+ G13(r, p, A) is concave in [co, oo) x §n 

holds for any p E町 andA EB. 

Let us now state our main result. 

(1.9) 

Theorem 1.1 (Quasiconvexity preserving property). Assume (Fl)-(F7). Let uo E UC（即）． Let
uEC（即 x[O, oo)) be the unique viscosity solution of (1.1) and (1.2) satisfying (1.5), (1.6) and 
(1. 7). If uo is quasiconvex in艮n,that is, { uo < h} is convex for all h E恥， thenu(・, t) is quasiconvex 

in民nfor all t 2:: 0. 

Our result is applicable to first order nonlinear equations including the level set equations for 

nonlocal geometric evolutions. As pointed out previously, it applies also to equations that are not 

geometric. The assumptions in Theorem 1.1 allow the operator F to depend on u. In [17], we 

provide a similar result for general second order nonlocal parabolic equations under a generalized 

version of (F7) (see (F7) in [17]). 

In contrast to the set-theoretic arguments in [6], we apply the PDE-based approach in [17], which 

is inspired by the classical convexity/concavity results on various elliptic and parabolic equations 

including [21, 18, 19, 12, 2] etc. In addition, we also refer to [14, 15, 13, 16] for power convex-

ity /concavity of solutions. See [17] for a more detailed introduction on this topic and references. 

Our strategy, which develops the idea in [18, 2, 13], is to show the quasiconvex envelope of a solution 

is a supersolution of the equation and then use the comparison principle to conclude the proof. 

For a fixed入E(0, 1) and a given positive viscosity solution u of (1.1), in order to prove that the 

spatially quasiconvex envelope u*，入， definedby 

い (x,t) = inf { max{ u(y, t), u(z, t)} : x =入y+ (1ー心｝， for (x, t) E町 X(0, 00), (1.10) 
is a viscosity supersolution, we approximate叫，入 bythe power convex envelope Uq，入， givenby 

い (x,t) = inf {囚（y,t?+ (1 —入）u(z,t)叫：入y+(lー入）Z= X} 
(1.11) 

for (x, t) E町 X (0, oo), 

as the exponent q→oo. The concavity condition (F5), with the choice/3 ＝1 -1/q, connects uq，入
to the supersolution property of (1.1) for q > l arbitrarily large. Then sending q→oo, we can 
obtain the supersolution property for u＊ふ

The rest of the paper is organized in the following way. In Section 2 we recall the definition and 

some basic properties of viscosity solutions of (1. 1) and provide a comparison principle for our later 

applications. Section 3 is devoted to the proof of our main result, Theorem 1.1. 
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2. COMPARISON PRINCIPLE 

In this section, we present a comparison principle for (1.1). We first recall the definition of 

viscosity solutions to (1.1). For a set QC  lltn x [O,oo), we denote by USC(Q) and LSC(Q), 

respectively, the set of the upper and lower semicontinuous functions in Q. 

Definition 1 (Viscosity solutions). (i) A function u E USC（即 x(0, oo)) is called a viscosity 
subsolution of (1.1) if whenever there exist (xo, to) E町 x(0, oo) and rp Eび（即 x(O,oo)) such 
that u -rp attains a local maximum at (xo, to), 

州xo,to)+ F(u(xo, to)，▽rp(xo, to), { u(・, to) < u(xo, to)}）::::; 0. 

(ii) A function u E LSC (lltn x (0, oo)) is called a viscosity super-solution of (1.1) if whenever there 

exist (xo, to) E即 x(0, oo) and rp Eび（町 x(O,oo)) such thatu-rp attains a minimum at (xo,to), 

叫xo,to)+ F(u(xo, to)，▽rp(xo, to), { u(・, to) ::::; u(xo, to)｝） 2': 0. 

(iii) A function u E C（町 x(0, oo)) is called a viscosity solution of (1.1) if it is both a viscosity 
subsolution and a viscosity super-solution. 

One can use semijets instead of the test functions to rewrite the definition of viscosity solutions. 

See [7] for details. In the sequel, we are always concerned with viscosity solutions in this paper, and 

the term "viscosity" is omitted henceforth. 

Theorem 2.1 (Comparison principle). Assume that (Fl)-(F6) hold. Let u E USC(lltn x [O,oo)) 

and v E LSC（町 x[O,oo)) be, respectively, a subsolution and a super-solution to (1.1). Assume in 
addition that for any T > 0, there exists Lr > 0 such that 

u(x, t)::::; Lr(lxl + 1), v(x, t) 2': -Lr(lxl + 1) for all (x, t) E恥nx[O,T]. (2.1) 

If there exists a modulus of continuity wo such that 

u(x, 0) -v(y, 0)::S: wo(lx -YI) for all x, y E町， (2.2) 

then u ::; v holds in町 x[O,oo).

This comparison principle for the first order c邸 eis similar to [17, Theorem 3.1]. The main 

difference is that we additionally impose (F5) so that we can allow F to depend on the level sets of 

u without any restrictions. The following result is an adaptation of [12, Proposition 2.3]. 

p roposition 2.2 (Growth estimate). Assume that (F2) holds. Let u E USC（町 x[O,oo)) and 
VE  LSC（町 x[O,oo)) be, respectively, a subsolution and a supersolution to (1.1). For any fixed 
T > 0, assume that (2.1) holds for some Lr > 0. Then for any L > Lr large, there exists M > 0 
such that 

u(x, t) -v(y, t)::; Llx -YI + M(l + t) for all x, y E町 andt E [O, T). 
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Proof. Note that (2.2) yields the existence of Ci。>0such that 
u(x, 0) -v(y, 0) ::; Co(lx -YI+ 1) for all x, y E恥匹

Take L > max{Lr, Co}-Our goal is to show that 

(2.3) 

u(x, t) -v(y, t)一ゆ(x,y)-M(l+t)::;O forx,yE町， tE [O, T) (2.4) 

for M > 0 sufficiently large, whereゆ(x,y)= L(lx -yl2 + 1)ぅ．
Suppose that (2.4) fails to hold for any arbitrarily large M > 0. Then, we may assume that 

M>C。,andthere exist企，9E R汀 E[O, T) such that 
u（ふi)-v（fj, i)ー心（ふy)-M(l + t) > 0. (2.5) 

Set, for E:,入＞ 0small and R > 0 large, 

(t-s)2 入
叱(x,t, y, s) = u(x, t) -v(y, s)一ゆ(x,y) -L(gR(x) + 9R(Y)) -~ -M(l + t) -

2e T -t' 

where 9R Eび（即） isa nonnegative function such that 9R(x) = 0 for lxl < R,師（x)/lxl→1as 
I叫→ oo,and|▽9R(x)I is bounded uniformly in x E町 andR > 0. It follows from (2.5) that 
叱（ふi,y,i)> 0 if we take R >|xi, lfll and入＞ 0small depending only on M. 
By (2.1), we see that叱 attainsa positive maximum in（配 x[O, T))2 at (x0, t0, y0, s0) for R > 0 
and M > 0 large and for s > 0 small. In fact,叩 andy0 are bounded uniformly with respect to E:. 

Moreover, we have t0, s0→to for some to E [O, T) as s→0. In view of the upper semicontinuity of 
u and lower semicontinuity of v as well as (2.3), we deduce that t。ヂ 0and thus t0, s0 > 0 for all 
E: > 0 small. 

Since u and v are, respectively, a subsolution and a supersolution of (1.1), we obtain 

where 

te -Se 入
+M+~+F(u（四， t0),p1,{u(・, t0) < u（西，t,:)｝）::;0, 
(T-t0)2 

t0 -S,: 
+ F(v(y,:, s,:),P2, {v(・, t,:)::; v(y,:, t,:)｝） 2'. 0, 

PI= L(I西—江＋ 1）_氾 -y,:)+ L麟（西），

P2 = L(|叩-y氾＋ 1）責西一Ye)-L麟 (y,:).
Since the boundedness of Pl, P2，ふふ dependsonly on L, taking the difference between the viscos-
ity inequalities above and applying (F2), we have CL > 0 such that M::; CL, which is a contradiction 

to the arbitrariness of M > 0. ロ

Let us now prove Theorem 2.1. 

Proof of Theorem 2.1. Assume by contradiction that sup即 x[O,T)(u-v)=: 0 > 0. Then, there exists 
入＞ 0such that 

~1!.~IO.T) { u(x, t) -v(x, t)一入｝＞竺
(x,t)E即 x[O,T) T-t I. 4 

There exists (x1山） €町 x [O, T) such that u(x1, t1) -v(x1ふ）—入／（T- t1) > 0/2. Noting that 

sup]l'l.n (u(・, 0) -v(・, 0)）::; 0, we have t1 > 0. 
Define 

Ix -yl4 
<I>(x, y, t) := u(x, t) -v(y, t) -~ -a(lxl2 + IYl2) -

入

召 T-t
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for E,a > 0,入＞ 0.It is then clear that there exists ao > 0 small such that 

゜sup <I>(x, y, t) > ~ 
(x,y,t)E炉 x[O,T) 4 

for all O < a < a。andE > 0 small. The growth condition (2.1) implies that <I> attains a maximum 
at some (xs,m Ys,a, ts,a) E配 x[O, T). We write（ぷf},t) for (xs,m Ys,m t0,a) by abuse of notations. 
It follows that 

|X -fJl4 
fl-+ a(lxl2 + liJl2) :S u(x, t) -v(f), t) -u(x1, t1) + v（お1,t1) + 2alx112十一

入入

T-t1 T-t° 

In view of Proposition 2.2, we have 

It follows that 

Ix一fJl4
+ a(lxl2 + liJl2)ご;L(|る-fJI+ 1) +M(t+ 1) e4 

入入
-u(x□1) + v(x1, t1) + 2alx出＋ー

T-t1 T-t° 

ほーiJl4
乳
-L|x -iJI + a(|戸+|iJl2) :::; C 

for some C 2'. 0 which is independent of e, a, which implies that 

a(lxl + lfJ|）→ 0 as a→0 for any e > 0, and sup |る一fJI→0 as e→0. 
O<a<ao 

Hence, there exists eo > 0 such that wo(I元— fJI)：：：： 0/4 uniformly for all O < e < ea and O <a< ao, 
where wo is the modulus of continuity appearing in (2.2). 
On the other hand, we have 

～ ～ 叩，t）-V(fj,i）ミ ip（i,fj,t)＞ -． ゜4 
It follows that t > 0 for any O < a< ao and O < e < ea. In what follows, we fix O < e < ea small 
enough so that t > 0. We discuss two cases: 

Case 1. lim i)1f|丘一iJI> o, 
a→O 

Case 2. lim i)1f|る一iJI= o, i.e.，ヨai→0 such that lim|る一iJI= o. 
a→0 m→O 

Let us consider Case 1 first. Noticing that 4>(x, x, t) ~ 4>(x, fj, t) for all x E記 wehave 

|X -iJl4 
u(x, t) -u(x, t)さv(x,t) -v(fj, t) -~ + 2a:lxl2 -a:(I年＋ 1附）．（2.6)

e4 

Note that, for any p > 0 large, 

liminf (-
|元-iJl4
+ 2a max |x|2 _ a（元2+ liJり<liminf |i -fj|4 2 

a→O e4 XEBp(O) | |） -a→。 (-~+2a/) <0, 
which implies that for all x E Bp(O) and a > 0 small, depending on p, 

|元-fj|4 2 ~ 2 
+ 2alxl2 -a(lxl2 + liJり<0.

邑

By (2.6), for such a we thus have u(x, t) -u(x, t) < v(x, t) -v(fj, t) for all x E Bp(O), which implies 
叩fj,~ n Bp(O) C U:虚，月nBp(O), where we take 

Ua ［x,~:={u(·,t)<u（元， t)}, Va[fJ,t] := {v(・,t) ~ v(fj,t)}. 
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It follows from (Fl) and (F4) that, for all p E股尺

F(v(fj, t),p, Va[Y, t] n Bp(O))さ： F(u(x,t),p, Ua［元，t]n Bp(O)). (2.7) 

Moreover, noticing that Po:= 4元―附（る一fj)／星 isbounded away from O uniformly in a, we have 

Pl := Po + 2afjヂ0, P2 := Po -2axナ0 (2.8) 

for all a> 0 small. Applying (F5) with R = IPol + 1, we have Iu(p),Iv(P)→0 asp→oo, where 
Iu(P) := sup IF(u（元，t),P1,Ua［る，t］）-F(u（元，t),Pl,Ua[x, t] n Bp(O))I, 
aE(O,ao) 

Iv(P) := sup IF(v(fj, t),P2, Va[Y,月)-F(v(fj, t),P2, Vc,[f), ~ n Bp(O))I-
aE(O,ao) 

Since u and v, respectively, are a viscosity subsolution and supersolution to (1.1), by the Crandall-

Ishii lemma [7] we get 

h+F(u（紅），P1,U虚，月）::;o, 
k + F(v(fj, t),P2, Va[Y, t]) 2> 0, 

(2.9) 

where h, k E政 satisfyh -k =入／（T-t)2 2':入／T2.Taking the difference of both ineq叫 ities,we 
have 

h -k:::; F(v(f}, t),P2, Va[Y, t] n Bp(O)) -F(u（元，［），PI,Ua[x, t] n Bp(O)) + Iu(P) + Iv(P), 

which, by (2.7) and (F3), yields 

h -k:::; WR(IP1 -P2I) + Iu(P) + Iv(P) 

with R = IPo I + 1. Sending a→0 and p→oo, we deduce h -k :::; 0, which is a contradiction. 
Let us turn to Case 2. In this case, we have as a;→0, Po= 4|元—附（元— f})／星→ 0 and thus 
P1,P2→0, where Pl, P2 are given as in (2.8) above. Then we can adopt the definition of subsolutions 
and supersolutions again to get (2.9) with h -k =入／（T-t)2. Letting a;→0 and applying (Fl) 
and (F6) we are led to 

入入

T2―(T-t)2 
- ＜ ＝ h-K < V(v(0,i)） -V(u（紅）） ＜0, 

which is obviously a contradiction. 口

Assuming that uo is uniformly continuous and there exists a subsolution satisfying (I) below, we 

can prove the existence of a unique viscosity solution that satisfies (1.5), (1.6) and (1.7). 

(I) There exists a function¢ E C(JRn x [O, oo)) such that 

(i) ¢(・, t) E UC（即） forany t 2: 0, 
(ii) uo 2: ¢(・,O) in即，
(iii) ¢ 2: co in ]Rn X [O, oo) for some co > 0. 
(iv) ¢ is coercive in space, that is, 

ipf _¢(x, t)→oo as R→oo for any T 2: 0. 
Ix|::>R, t<::T 

(v) ¢ is a viscosity subsolution of (1.1). 

Theorem 2.3 (Existence). Assume that (Fl)-(F6) hold. Let uo E UC（町）． Assumein addition 
that (I) holds. Then there exists a unique solution u of (1.1) and (1.2) that satisfies (1.5), (1.6) 

and (1.7). 
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We omit the detailed proof here, since it is based on the stability result [22, (P2)] and the standard 

Perron's method (see [7, 11] for instance) adapted to (1.1). The uniform continuity (1.7) can also be 

shown by comparing the solution with its spatial translations; see similar arguments in the proofs 

of [12, Corollary 2.11] and [11, Theorem 3.5.1]. 

3. QUASICONVEXITY PRESERVING 

This section is devoted to proving our main result, Theorem 1.1. Fix arbitrarily入E(0, 1). For 

uEC（町 x[0,oo)), let u*，入 begiven by (1.10). Our goal is to show that 

叫入(x,t) = u(x, t) for all (x, t) E町 x[O,oo). (3.1) 

Theorem 1.1 follows immediately, since u is quasiconvex in space if and only if (3.1) holds for all 

入E(0, 1). By the definition of u*，入， itis clear that u*，入::;u in町 x[O, oo). It thus suffices to prove 
the reverse inequality. To this end, we use the power convex envelope function Uq，入（q> 1) given 
by (1.11) to approximate u*，入． Infact, we have 

%，入→ぃ locallyuniformly in町 x[O,oo). (3.2) 

See [17, Proposition 4.1] for a more precise statement and proof of this convergence result. 

We next show a key ingredient to prove (3.1), which stems from the idea in [2] to prove convexity 

of solutions to fully nonlinear equations by using its convex envelope. Such an idea is later developed 

in [13] to show a power-type convexity or concavity with a finite exponent. We here makes a further 

step, studying the limit case as the exponent tends to oo. 

Lemma 3.1. Assume that (Fl)-(F7) hold. Let u E C（町 X[O,oo)) be a super-solution of (1.1) 
satisfying (1.5) and (1.6). Let入E(0, 1) and u*，入 bethe function defined by (1.10). Then u*，入 isa 
super-solution of (1.1). 

Proof. For simplicity of notation, we write w*＝叫，入 andWq =%，入． Letus first show that 
w* E LSC(JRn x [O, oo)). For an arbitrary (xo, to) E尺nX [O,oo), let (xj,ち） bea sequence satisfying 

(xかり） → （xo, to)， 叫 (xj,ち） → liminf 叫 (x,t) as j→ 00. 
(x,t)→（叩，to)

Due to the coercivity (1.6), there exist Yj, Zj E即 suchthat 

巧＝入Yj+ (1ー入）Zj, 叫 (xj,ら） ＝min{ u(yj,ち），u(zj,し）｝． (3.3) 

Since Xj is a bounded sequence, if either of the sequences Yj, Zj is unbounded, so does the other. 

Thus we can choose a subsequence such that IY』,|z』→ oo,for which by (1.6) again we have 

u(yj'も） →oo, u(zゎり） →oo as j→ 00. 

It follows from (3.3) that w*(xがち）→oo asj→oo, which is a contradiction to the fact that w* :':'.: u 
in町 x[O, oo). Therefore, it is sufficient to assume that Yi and Zj are bounded sequences. Choosing 

subsequences Yi and Zj converging to Yo and zo in即 respectively,we can take the limit of (3.3) to 

obtain 

liminf. w*(x, t) = min{ u(yo, to), u(zo, to)}2 w*(xo, to). 
（x,t）→(xo,to) 

Hence, w* E LSC（町 x[O, oo)). The lower semicontinuity of wq can be proved similarly. 
Let us next proceed to show that w* satisfies the supersolution property. Suppose that there 

exist (xo, to) E ]Rn x (0, oo) and r.p Eび（町 x(0, oo)) such that w* -<.p attains a strict minimum at 
(xo, to). Without loss of generality we may assume r.p > 0 in町 x(O,oo).
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In light of (3.2), there exists a sequence, indexed by q, of (xq, tq) E股nX (0,(X)）such that wq -'P 
．． 

attains a strict minimum at (xq, tq) and 

(%%）→ (xo, to), wq(x凸） →叫(xo,to) as q→ (X)． 

Due to (1.6), there exist yか ZqE ]Rn such that 

Xq =〉＼Yq+ (l —入）Zq, Wq(Xq, tq) =（〉＼u(yq,tq)q + (1 —入）u(zq,tq)りみ． （3.4) 

Shifting <p so that rp(xかtq)= w紅q,tq) and letting v:＝研 and心：＝訊 wesee that 

(y, z, t)←入v(y,t) + (1 —入）v(z,t) ール（入y+ （ 1 —入） z,t) 

takes a rninirnurn at (Yq, Zq, tq) E町 X即 x(O,oo).

Using the Crandall-Ishii lernrna [7], we have (hかりq),(kq心） E良 x即 suchthat 

入％ ＋（1 —入）島＝切(xq,tq),'T}q =⇔ ＝ ▽ゆ(xq,tq),

and, by the assumption that u is a supersolution of (1.1), 

加＋Gf!(aq刃q,{v(・,%）'.S; v(yq,%）｝） 2: 0, 

kq + Gf!(bか(q,{v(・,%）'.S; v(zq,%）｝） 2: 0, 

(3.5) 

(3.6) 

where aq = v(yq, tq), bq = v(zq占）， j3= l -¼ and G13 is the transformed operator given by (1.8). 
q 

Let us divide our argument into the following two cases: 

• Case 1.▽c.p(xo, to)=I=〇,
• Case 2. v'c.p(xo, to)= 0, and▽%（xo, to) = 0. 

We write tq =▽ゆ(x凸） forsimplicity of notation. 
In Case 1, by (3.5), we have▽心(xq,tq) = 7/q = (q=I=0 when q > l is sufficiently large. Multiplying 
the first inequality in (3.6) by入andthe second by 1 —入 and then adding them up, by (3.5) we are 
led to 

切(xq,tq)＋入Gf!(aq,!砂，W*[xo,to]})+ (1 —入）Gf!(bq,!苅， WAxo,to])) 

2入(Gf!(aq,I詞，W*[xo,to]) -Gf!(aq, I詞，U[yq,t砂））

+ (1 —入） （Gf!(bか ~q,W*[xo, to]) -Gf!(bq, ~q, U[zq, tq])), 

where we denote, for any (x, t) E記 x(O,oo),

凱 [x,t]:=｛叫(・,t) :S: w*(x, t)}, 

U[x,t] := {u(-,t) :S: u(x,t)} = {v(・,t) :S: v(x,t)}. 

Noticing that入aq+ (1 —入）bq = wq(xq, tq)q and applying (F7), we then get 

切(xq,tq) +ら（W紅q,t訊匹(x凸），W*[xo,to]) 

こ入(Gf!(aq,'均，W*[xo,to])-Gf!(aq,!砂，U[yq,tq])) 

+ (1 —入） （Gf!(bq, (q, W*[xo, to]) -Gf!(bq, (q, U[zq, t砂））．

Rewriting this relation in terms of the operator F, we are led to 

lf)t(Xか％）＋F(wq(xq,伍），▽cp(xq,tq), W*[xo, to]) :;;,入
u(yq, tq)q-l 

D1,q + (1 —入）
u(zか％）q-1

D2,q, cp(xq,tq)q-l~,,,',~ ・・11.p(xq,tq)q-l 

where Cq = C孤Xか％）l-q/q,and 

D1,q = F(u(yq, tq)，匹(xq,tq), W*[xo,to]) -F(u(yq占），匹(x凸），U[yq,t砂），

D2,q = F(u(zq, tq)，▽rp(xq, tq), WAxo, to]) -F(u(zq, tq)，▽訓Xq,tq), U[zq, t砂）．

(3.7) 
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The assumption that u ~ co yields 

which implies 

入u(Yq9%）q-1+ （ 1 —入）u（z凸）q-1 =入u(Yq,%）q-1+ （ 1 —入）u（z凸）q-1
汎Xq,iq)q-l Wq(Xq, tq)q-l 

入u(Yq,t訂＋ （ 1 —入）u（z凸）q =西(x凸）q =囮(xq,tq)
三

eowq(xq, tq)q-l cowq(xq, tq)q-l Co'  

畑 (Yq,tq)q-l + (1 —入）u(zq,tq)q-l 

買｛叫q9%）ぃ｝ ＜00. 
Let us proceed to estimate D1,q, D2,q in (3.7). Note that by (3.4) 

limsupu(yq,tq)::; limsupw紅q占） ＝叫(xo,to).
q→00 q→00 

Also, it is easily seen that 

叫・,to)＝い(・,to):::;u(・, to) :::; liminf, u(・, t砂 in町
q→00 

Since (1.6) implies that U[yかtq]are bounded uniformly in q, by [17, Lemma 2.2] we have 

m(U[yq, tq] ¥ W*[xo, to])→0 as q→00. 
Noticing that (F4) yields 

F(u(yq,%），匹(x凸），W*[xo,to]) 2 F(u(yq,%），▽叫q,tq), W*[xo, to] n U[y凸])'

in view of (1.4) in (F3), we deduce that 

D1,q 2 -WR(m(U[yq,tq] ¥ W占O,to])) 

for q > l sufficiently large, where R = I匹 (xo,to) I + 1. Similarly, we have 

D2,q 2 -WR (m(U[zq, t砂＼凱[xo,to])) 

(3.8) 

with m(U[zq, t砂＼W*[xo,to])→0as q→oo. Hence, thanks to (3.8), sending c→0 and then q→ OO 
in (3.7), we get 

'Pt(xo, to)+ F（叫（xo,to)，▽<p(xo, to),｛叫，入(・,to):::;叫，入(xo,to)}) 2 0. 

Let us next turn to Case 2. If▽<p(xq, tq) =J O along a subsequence, then passing to the limit of 
(3.7) as c→0 and q→oo via the subsequence, by (F6) we get the desired relation 

'Pt(xo, to)+ V（叫（xo,to)) 2 0. (3.9) 

It remains to consider the case when▽ゃ(xq,tq) = 0 for all q > l large. Adopting the definition 
of supersolutions, we have 

加＋G(3(v(yq,tq), 0, { v(•, tq)::; v(yq, tq)}) 2 0, 

kq + Gf3(v(zq, tq), 0, {v(・, tq)::; v(zq, tq)}) 2 0, 

which by (F6) yields 

(1 -/3）hq + v(yq, tq)f3V(v(yq, tq)1-f3)：：：：： 0, (1 -/3）kq + v(zq, tq戸V(v(zq,tq)1-f3) 2 0. 

It follows from (F7) that 

1 
-（入hq+ (l —入）島） ＋ ％（Xq, tq)q-l V（西（％柘）） ：：：：： O 
q 
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which, together with the relation wq(xqん） ＝'P(xq, tq), yields, 

1 
—叫x凸）1-q(入加＋ （ 1 —入）似） ＋V(wq(x凸）） ：：：：： O 
q 

Noticing that, due to (3.5), 

1 1 
'Pt(Xq, tq) =―(()(Xq, tq)l-q切(xq,tq) =—叫Xq,tq)l-q（入加＋（1-入）伶），

q q 

we obtain 

叫Xか％） ＋V(wq(xq, tq))：：：：： 0. 

In view of (3.8), letting q→oo in (3.10), we again end up with (3.9). 
(3.10) 

ロ

Proof of Theorem 1.1. By the quasiconvexity of uo, we have u*，入(-,0)= uo in町． Moreover,since 
勾 su*，入 Suholds in町 x[O,oo),u*，入 obviouslysatisfies the growth condition (2.1). Note that u*，入
also satisfies (1.6). Indeed, for any R > 0 and (x, t) E股nX [O, oo) with lxl 2: R, if 入y+(l —入）Z=X

for y,z E即， theneither IYI 2: R or lzl 2: R holds and therefore 

max{ u(y, t), u(z, t)} 2: __ il!f __ u(-, t). 
Ill.”＼麻（0)

By (1.10) we thus have u*，入(x,t) 2: inf知＼知(O)u(-, t) for all (x, t) E町 X[O, oo) fulfilling lxl 2:凪
We can immediately use the coercivity of u in space to obtain the coercivity of u＊ふ

The relation (3.1) is then an immediate consequence of Lemma 3.1 and the comparison principle, 

Theorem 2.1. Noticing that (3.1) implies the quasiconvexity of u in space, we complete the proof 

of Theorem 1. 1. ロ

We conclude the note with a concrete example: 

Ut + V(u) + I▽ul(W(u)+Q({u(-,t)<u(x,t)}))=O, in町 x(O,oo),

where V, W E C2(JR.) are given bounded nondecreasing functions and Q is a finite measure in即

that is absolutely continuous with respect tom. Then there exists MQ > 0 such that Q(A) S MQ 
for all A E B. This equation in general does not satisfy the geometricity condition (1.3). The 

operator F is 

F(r,p,A) = V(r) + IPIW(r) + IPIQ(A). 

We easily see that (Fl)-(F6) hold in this case. Let us verify that F satisfies (F7) under further 

assumptions on V, W. Indeed, the operator G(3as in (1.8) is 

叫(r,p,A)= ~r(3V(r1-(3) ＋ |PIW(r1-(3) ＋ |PIQ(A). 
1 -f3 

It is clear that, for O < f3 < 1 close to 1, the condition (1.9) holds provided that r→ r(3V(r1-(3) 
and r→W(r1-(3)is concave in [eo,oo). 
Moreover, it is possible to construct ¢ satisfying (I) if V(co)SO and uo E UC（町） satisfies

lim inf 
uo(x) 
> 0, inj uo(x 

R→oo|の|〉R IXI ・ xEill.n 
(x) 2: co 

for some co > 0. In fact, we can take rf>(x, t) := max{ mlxl -Ct -M心｝ withm > 0 small, M > 0 
large so that uo 2: ¢ in配， and

C := sup{V(r) + mW(r)} + mMQ-
rER 

We omit the detailed verification here. 
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