
79

炉 (ds)-Sobolevgradient flow 

for the modified elastic energy 

東北大学大学院理学研究科 岡部真也

SHINYA OKABE 

Mathematical Institute, 

Tohoku University 

1 Introduction 

The paper is devoted to a印 (ds)-Sobolevgradient flow for a functional defined on closed 

curves. We shall announce a result ([20]) which is a joint work with P. Schrader of 

Murdoch University. 

In this paper, we consider a gradient flow for the modified elastic energy defined on 

closed curves: 

ふ(,):= E(,) +,¥2 L(,) 

with 
1 

恥） :=~ !, 1"'12 ds, L(r) := 1 ds, 
T 

where 1 :股／2迄：＝ゞ→町， n2'. 1,入ヂ 0,and s and 1,, denote the arc length 

parameter and the curvature of 1, respectively. The functional E is well-known as the 

elastic energy or the Euler-Bernoulli bending energy, and L(,) denotes the length of,. 

The critical points of E with length constraint is called elastica. One of tool of analysis 

on elastica is to construct gradient flows towards elastica. In 1985, taking advantage of 

the fact that the energy E can be regarded as the Dirichlet energy of the tangent vector 

of the curves, J. Langer and D. A. Singer [9, 10] considered a H1-gradient flow for E, 

which is a second order parabolic equation with a nonlocal term. The work by [9] was 

extended into L2-gradient flows for E and have been studied by many researchers (e.g., 

see [2, 3, 5, 8, 11, 12, 13, 14, 16, 17, 18, 19, 21, 22, 23, 24, 25 , 25] and references therein). 

The purpose of this paper is to give a new gradient trajectories to elastica. 

In this paper we consider the Cauchy problem on the H2(ds)-gradient flow for the 

functional£.>. defined on curves in町：

(CF) ｛術＝—▽即(ds)& （1) ，
1(・, 0) ='Yo(・). 
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Here V H2(ds)ふ（1)denotes the H2 (ds)-gradient ofふ at,,which is defined in Section 2. 

We consider initial curves in the class 

デ(S19町） ：＝ ｛1Eが（S＼町） Ilr'(u)I > 0 in Sり，

which is the set of all regular closed curves in H2(S＼即）． Themain result of this paper 

is stated as follows: 

Theorem 1. 1. Let 10 E I? (S＼町）． Thenproblem (GF) possesses a unique global-in-time 

solution IEび（［0,oo),I?(S＼町））． Moreover,the solution I converges to an elastica as 

t →oo in the炉 (ds)-topology.

For gradient flows for the modified elastic energy, it is now a standard result that the 

flow has a unique global-in-time solution and that the solution converges to an elastica 

along a time sequence, i.e., the solution sub-converges to an elastica as t→oo. The point 

is how to extend sub-convergence to full limit convergence. In general, L2-gradient flow 

and H1-gradient flow for the modified elastic energy converge to an elastica as t→ CX) 
under a translation or reparametrization. On the other hand, Theorem 1.1 asserts that the 

solution of (GF) converges to an elastica as t→oo without any additional modification. 

This is one of the contributions of Theorem 1. 1. 

2 Formulation and preliminary 

In this section, first we define the H2 (ds)-gradient flow for the functionalら

For, E I2(S1,町）， wedefine theが（ds)-innerproduct by 

〈u,v〉H2(ds):= 1L(,) i叩 (s)-a{v(s)ds, u,vEI2(S＼町），

゜
こ
j=O 

where s denote the arc length parameter of,. We denote by▽H2(ds)£心） theH2(ds)-

gradient of £,¥at,, which is defined by 

d 

de 
ーふ（1+翌） ＝〈▽即(ds)ら(1)，ゃ〉印(ds) for all <p Eが（S［町）．

c=O 

Since 

羞麟＋ecp)|e=0=[（1)▽口(ds)E,¥('Y)・ cpds 

with 

▽訊ds)ら(,)= 2叩＋吼（足如）—入2心，

the H2 (ds)-gradient▽印(ds)ふ(,)is given by the solution of 

8% -8抄＋ <f>=▽伊(ds)ふ(1)



81

with 02-periodic boundary condition. Let G = G(s, s) be the Green function, i.e., the 

solution to 

8加(s,s)ー虎G(s,s) + G(s, s) = b(s, s) 

which is 02-periodic, where b denotes the Dirac delta function. The precise form of G is 

written as follows: 

G(x,y；'Y) = 
A(L('Y) -Ix -YI, Ix -YI) 

(3（L('Y)) 
, 0 s; x,y s; L('Y), 

where 

（）  
¢恥 x2¢四 X1

A(x心＝ sinh~ cos —+ sinh cos -
2 2. 2 2 

心 X2 ふ 2+ V3 cosh ~ sin —+ ⑱ cosh sin-
X1 

2 2 2 2' 

附）＝ 2v'3(cosh
⑬ t 
f-cos;). 

Then theい(ds)-gradientofふisderived as follows: 

▽H2(ds)ふ(,)= 1L(,) G(s, s)▽L2(ds)ふ(,)(s)ds

゜ L(,) 

= 2,(s) -1,.,rn [2G(s, s),(s) +ら（s,s)叫）（3K(s戸＋ 2 —入2)] ds, 

゜and then theが (ds)-gradientflow for E.x is written as 

妬 (s,t) = -2,(s, t) + 1Lbl [2G(s, s),(s, t) + G.(s, s),.(s, t) (3K,(s, t)2 + 2一炉）］ dふ

゜We define the H2(ds)-Riemannian distance on I2(S＼配） asfollows: 

dist(a,(3） ：=｝砂 1• IIP'(t)IIH2(dsp) dt, a,(3 Eザ(S国），

where Sp denotes the arc length parameter of p, and 

P := {p E C1([0, 1],I2(S＼恨:n))I p(O) = a, p(l) =(3｝. 

By [7, Theorem 1.9.5], sinceが (ds)is a strong Riernannian metric, the distance function 

defines a metric on巧S＼町） whosetopology coincides with the H2-topology. 

Lemma 2.1 ([1], Lemma 4.2). Let B1ist('Y0) be the open ball with radius r > 0 with respect 

to theが (ds)-Riemannian distance. 

(i) Given'Yo E'P(S＼町） thereexist r > 0 and C > 0 such that 

dist('Yi冨）:::;Cll"f1 -'Y2IIH2 

for all "(1,匹 EB戸(1o)．
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(ii) Given B戸ho)C'P(S［町） thereexists C > 0 such that 

||"/1 -12IIH2 ~ Cdist('Y1軍）

for all "/I箪 EB戸(1o)．

It is known that the metric space ('P(S＼町），dist)possesses the completeness. The 

completeness plays an important role in the proof of Theorem 1.1. 

Proposition 2.1 ([1], Theorem 4.3). The space（び（S¥町），dist)i is a complete metric 

space. 

3 Proof of Theorem 1.1 

We start with the existence of local-in-time solutions of problem (GF). The H2(ds)-

gradient flow forふ canbe regarded as an ODE in H2(S［町）． Infact, the H2(ds)-

gradient flow is written as 

妬 (u,t)= -2,(u,t) + j1[2a(s,s;,h(u,t)l8訂 (u,t) I 

゜
［ 

1 

I如 (u,t) I 
＋ 邸(s,s; 1如（u,t)(3噸，t戸＋ 2-叫du

=: F(,), 

where 

s= 「如(~,t)ldふ
゜

5 = Ja 如(~,t)I d~. 

゜Thus the existence of local-in-time solutions of (GF) is proved by the generalized Picard-

Lindelof Theorem (e.g., see [26, Theorem 3.A]). In fact, we can verify: 

Lemma 3.1. Let 10 E'P(S¥町） andb = ½ minuES1 I対(u)1- Then there exists a positive 

constant C depending on 10 such that 

IIFb)IIH2::; C, IIDF-y||（印）＊::;C, 

for all ry E H2(S1, I貯） with11"1 -1ollH2 < b/Cs, where Cs denotes the Sobolev constant 

of the imbeddingが (Sりccう(Sり．

Then we have: 

Proposition 3.1. Let'Yo E'P(S＼町）． Thenthere exists T > 0 such that problem (GF) 

possesses a unique solution in C尺[O,T)，'P(S＼図））．

On the proof of the existence of global-in-time solutions, the following lemma plays 

an important role: 
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Lemma 3.2. Assume that IEび((a,b),I2(S1釘）） satisfies

(3.1) 1bll8nll印 (ds)dt < 00. 
a 

Then limt↑b'Y(t) exists in（'P(S＼町），dist).

Proof. Fix a monotone increasing sequence｛も｝ c(a, b) such thatも→ bas j→ 00 

arbitrarily. We claim that {'Y（し）｝ isCauchy in（'P(S＼町），dist). Suppose not, there 

exists E > 0 such that for all N E N we find j > k > N satisfying dist ('Y（ち），'Y(tり） ＞ E. 

Since 

dist(,（も），,(tk))~ 1:j II妬 (t)lls2(ds) dt, 
tk 

this clearly contradicts the assumption (3.1). Then, it follows from Proposition 2.1 that 

氾） convergesto some rb as j→ oo in ('P(S＼町），dist).We note that the limit而 is

unique. In fact, if we find a sequence {tj} C (a, b) such that噸J→うbas j→oo in 

（び(Sl9町），dist),taking {fj} to be the ordered union of｛ち｝ and｛ら｝， wehave rb =祝

Since｛ち｝ C(a, b) is arbitrary, we obtain the conclusion. ロ

Then we have: 

Proposition 3.2. Let'Yo E I2(S¥町）． Thenproblem (GF) possesses a unique global-in-

time solution'YE C1([0, oo),I2(S＼町））．

Proof. Suppose that Tmaxく oo.Since'Y satisfies the H2(ds)-gradient flow forぶ wehave 

恥 (t)）一ふho)=［羞ふ（"f(T))dT = -1t II▽印(ds)ら('Y(T))ll12(ds)dT, 

゜and then 

1t11▽H2(ds)ふ(,(T))llk2(ds)dT :=;ら(7o)．

゜This together with Holder's inequality implies that 

(3.2) 1Tmax II妬 (T)IIH2(ds)dT 1Tmax II▽H2(ds)ふ("/(T))IIH2(ds)dT :S Jr:;:;;y伝石〗
゜Combining (3.2) with Lemma 3.2, we find a curve % E I.2(8＼即） suchthat 

叫 t)→% as t↑Tmax in （ザ（S¥町），dist).

Then we deduce from Proposition 3.1 that the solution 1 : S1 x [O, Tm邸） →町 canbe 

extended. This clearly contradicts the definition of Tm訟・ ロ

We turn to the proof of full limit convergence of global-in-time solutions to elastica. 

If one can verify that 

(3.3) J00 11妬 (T)IIH2(ds)占く oo,

゜
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then Lemma 3.2 implies the full limit convergence of solutions of (GF). By the gradient 

structure of the印 (ds)-gradientflow, as in the proof of Proposition 3.2, it is easy to show 

that 

(3.4) 100 11妬 (T)||Ii2(ds)占＝100IIV H2(ds)ふ（'Y(T)I|加(ds)占くふho)<oo. 

゜However, the L2-integrability does not imply the full limit convergence. One of tool to 

extend the L2-integrability into the L1-integrability (3.3) is Lojasiewicz-Simon's gradient 

inequality. Although the Lojasiewicz-Simon gradient inequality for the L2-gradient flow 

for E or £A has been proved (e.g., see [4, 15]), Lojasiewicz-Simon's gradient ineq叫 ity

for theが (ds)-gradientflow forふisone of contributions of the paper ([20]). 

Theorem 3.1. Let u E r2 (S＼町） bea stationary point ofぶ Thenthere exist constants 

ZE (0,oo), 6E (0,1], and0 E［ふ1)such that if'Y Eザ (S1,I貯） with||ァー ullH2< 6 then 

II▽H2(ds)£A('Y) IIH2(ds) :;:> ZI£入り）ーふ(u)l0.

We prove Theorem 3.1 along the strategy given by [6]. More precisely, we will verify 

that 

(i) analyticity ofぶ

(ii) d恐 isa Fredholm operator with the index 0. 

Similarly to [4] we can verify condition (i). However, a difficulty arises from condition (ii). 

Indeed, if cp E Ker(d2£>.), then any reparametrization of cp also belongs to the space 

Ker(d恐）． For,problem (GF) and functional£>. are invariant under any reparametriza-

tion. Therefore, in order to prove Theorem 3.1, first we fix a suitable parametrization. 

Let H品（S¥町）：＝ ｛a E H1(S＼町） Ifs1 adu = O} and define 

<I> :ザ（S¥町） →H;m(S¥町),<I>('Y):= l'Yul -L('Y). 

Then 0:＝ い(0)is the subset of'P(S＼町） consistingof curves which are parametrized 

proportional to arc length. For the restricted functional疇 wehave: 

Proposition 3.3. Let c; E O be a stationary point of £,¥． Then there exist constants 

ZE (O,oo), 6E (0,1], and0E［ふ1)such that if a En with Ila -c;IIH2 < <5 then 

lld(£,¥|0)（a)||Taか 2:ZI£,¥（a)-£,¥（g)|°. 

Since any I E D is parametrized by a fixed parameter, we can eliminate the difficulty 

on condition (ii). Then Proposition 3.3 can be proved along the strategy given by [6]. 

Combining the Lojasiewicz-Simon gradient inequality in Proposition 3.3 with the estimate 

(3.5) lid(ふ|Q)（a)||TaO*三||dE入(a)IIHが :::;c||▽印(ds)ら('y)IIH2(ds)
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for any stationary point'Y o応 in'P(S¥町） andits arc length proportional repararnetriza— 

tion a, we obtain Theorem 3.1. 

Finally, employing Theorem 3.1, we prove full limit convergence of solutions of (GF) 

to elastica. First we prove the subconvergence of the solution to an elastica,y.. Then, 

applying Theorem 3.1, we obtain Lojasiewicz-Simon gradient inequality with respect 

to the stationary point'Y•· However, in order to apply the Lojasiewicz-Simon gradient 

inequality to the global-in-time solution of (GF), we have to verify that the global-in-time 

solution belongs to the H2-neighborhood of,y. for sufficiently large t > 0. To this aim, 

we prepare the following Palais-Smale type condition for £.>.l!:1. 

Proposition 3.4. Let｛CYj h C !:1 be a sequence of curves such thatふ(ai)and Ila』|L2
are bounded, and lldふ屈）II→0as j→oo. Then {aふ hasa subsequence converging 

in H乞

Then we have: 

Theorem 3.2. Let'Y be a global-in-time solution to problem (GF). Then there exists a 

stationary point⑯00 E H2(S＼町） suchthat 

Proof. Let 

'Y(t)→"(00 in H2 as t→00. 

1 (L('Y(t)) 

a(t) ：= P(1(t)） -J  1(t)ds, 
L(r(t)) 。

where P(r(t)) is the arc length proportional reparametrization of 1(t). From parametriza-

tion and translation invariance of the energy we have 

炉L(a)<ふ（a)=ふ(1）こら(1o)．

Moreover, using the Poincare-Wirtinger inequality, we see that lla(t) IIL2 is also bounded. 

From (3.3) there exists a monotone divergent sequence｛も｝ suchthat 

llv'H2(ds)ら('Y(t))IIH2(ds)→0 as j→00. 

This together with (3.5) implies that 

lidふ(a(tj))ll(H2)*→0 as j→00. 

From now on we abbreviate a（ち） toaj. Since｛巧｝ satisfiesthe assumption in Proposi-

tion 3.4, there exists a subsequence, still denote { aj}, converging in H2 to a stationary 

point a00. Now by Theorem 3.1 there are constants Z > 0, 6 E (0, 1], and 0 E［上1)such 

that if x E I2(S［町） withllx -a00IIH2 < 6 then 

(3.6) II▽H2(ds)ふ(x)IIH2(ds)~ ZIE,i_(x)ーふ(a00)|°.
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Since the H2 (ds)-Riemannian distance and the standardが metricare equivalent, there 

exist J > 0, r > 0 such that 

酬 (0:00)CB戸(0:00)C研 (a00)．

For any i E N such that 0:; E B『(0:00)we let(3;(t) be theが (ds)-gradientflow with 

initial data(3;(t;) = O:;. Then due to the uniqueness of the flow, for all t > t;,(3;(t) is a 

fixed (i.e. time independent) reparametrization and translation of 1(t), namely 

1 (L(-y(ti)) 

邸）＝ ,(t)ow~-(し― L(1(t。)）［叫ds,

where 
1 ru 

叫u):=~ ［げ(v)I dv. 
Using the isometry property we have 

(3.7) ||▽H2(ds)£入((3i(t))IIH2(ds) =||▽印(ds)ふ('Y(t))||印(ds)・

It follows that the trajectories (3;(t) and,(t) have the same炉 (ds)-length.Let T;, > 0 be 

the maximum time such that 

訊(t)IIH2< J for all t E [ti,T;,). 

Define 

H(t) :=（ふ(r(t))ーふ(a00)）1―°.

Then H(t) is positive and monotonically decreasing becauseら（a)=ふ(1). Since the 

Lojasiewicz-Simon gradient inequality (3.6) holds for /3i(t) with t E [t五I';),we observe 

fromら((3,（t))=ふ（1(t))and (3.7) that 

-H'(t) = -(1-0) （ふ (r(t)) —ら (O:oo))
-0d£>.(r(t)) 

dt 

= (1-0)（ふ(r(t)）ーふ(a00)）―011▽H2(ds)£>.(r(t)）|けl2(ds)

ミ(1-0)Z||▽印(ds)ふ(r(t))IIH2(ds)・

Integrating the inequality over [ti, T;) we get 

Ti 

(l -0)ZJ II▽即(ds)聾 (t)）||印(ds)dtさH(t;)-H(T;). 
ti 

Now if we fix a j E N such that 110:J―O:oo IIH2 < 8 and let W := LJ叫ti,T;), we have 

(3.8) J II▽印(ds)らb(t))II印(ds)dt S:: 
H(t;) 

w (1 -0)Z. 

In fact, there exists NE  N such that ll/3N(t) -a00IIH2 < J for all t > tN. If not, then for 
each i E N there exists T; > 0 such that /3;(T;) is on the boundary of the ball B『(a00),
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and there exists a subsequence, still denoted {ti}, such that the intersection n叫ti,T;) is 

empty. By the choice of J > 0, Lemma 2.1 applies and there is a C > 0, depending only 
on 0:00 and r, such that 

J= II(3;(T;) -aoollH2さ訊(t;)-aoollH2 + II(3;(t』-(3;(T;) IIH2 

.::: lla(t;) -aoollH2 + Cdist((3;(t;),(3;(T;)) 

.::: lla(t;) -aoollH2 + C 1Ti ll8tr(t)||印 (ds)dt, 
ti 

where we have used (3.7). However, then the integral fw II▽印(ds)£,x(r(t))II印 (ds)dt cannot 

be finite, contradicting (3.8). Thus there exists N E N such that恥 (t)E B『(0:00)for 

all t > t N and therefore 

J00 11妬 (t)||印 (ds)dt < 00, 
tN 

that is, the H2(ds)-length of'Y(t) is finite. Hence it follows from Lemma 3.2 that the flow 

converges in the炉 (ds)-distance,and therefore also in H汽wherewe used Lemma 2.1. ロ
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