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1 Introduction 

In this talk, we consider a nonlinear diffusion process of the following form 

dX (t, e)＝△E log (X (t, e)) dt (1) 

where X is the positive density for the time-space coordinates (t,~). This equation describe the 
process that has been observed in several experiments in physics involving plasma [7][8]. Most 
of the natural phenomena exhibit variability which cannot be modeled by using deterministic 

approaches. More accurately, natural systems can be represented as stochastic models and 
the deterministic description can be considered as a particular case of the pertinent stochastic 

models. The propose of this work is to analyze such equations within the framework of stochastic 

evolution equations with multiplicative noise, where (1) is the underlying motivating example. 

Let us now introduce the suitable framework for this problem. Let (!1，§,（名）t2".0,JP') be a 
stochastic basis. We consider a Stratonovich stochastic partial differential equation in配 with

d 2: 3, of the form 

{ dXt —• logXtdt = u（ふ） odWt,
X。=x,

[0,T] x配，
(2) 

where Wt is a fI-l （配）—valued cylindrical Wiener process, and the diffusion coffecient satisfies 
両） €幼(Q狂い（配）； lHI) for y E lHI where Q is a non negative trace class operator on fI-l（配），
and lHI = ｛H-1（配），H-l（配），び（記）｝． Here,the spaces fI-l（配） andH-1（配） areusual 
homogeneous and inhomogeneous Sobolev spaces respectively. We will briefly recall the definition 

of the spaces later. 

The stochastic theory of nonlinear diffusion equations was, recently, intensively studied for 

the drift of the form―△W where W : JR→良 definedby W (r) = rm is a maximal monotone 
operator with additive and multiplicative noise. In the case m ::>: 1, the corresponding equation 

describes the slow diffusions (dynamics of fluids in porous media) and their existence, uniqueness 
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and positivity and behavior of the solution have already been studied. The case m E (0, 1) is 
relevant in the mathematical modeling of dynamics of an ideal gas in a porous media. The case 

m E (-1, 0) describes the super fast diffusion (behavior of a cloud of electrons). For the case 
m::;ー 1,it has been proved that, even in the deterministic case, there is no solution with finite 

mass (see [10]). For details about the previous results see [4] and the references therein. 

The case 

i[J (r) = logr 

for positive solutions, can be seen as corresponding situations m = 0 since 

△（戸）＝ mdiv(rm-l▽r) 

and therefore, formally 

△(logr) = div(r―1▽r). 

Our work treats the fast logarithmic diffusion in an unbounded domain with a stochastic 
Stratonovich type noise, and provides an answer to the case m = 0 left as an open problem in 
[3]. 

2 Prelimi reliminaries and Main result 

The space H国） isthe inhomogeneous_ Sobolev space on股:d(fu~ctions belonging, together with 
their first-order partial derivatives, toび（配））． Thespaceが（配） fors E戦 isthe homogeneous 
Sobolev space of (real-valued) tempered distributions u over酎 havingan L}。e（配） Fourier
distribution ft and such that 

llull; = llu||》炉） ：＝／に12• lu(e) 12必<00.
Rd 

The properties of these spaces have been summarized in [1]. In particular, note that the space 
か（配） isa Hilbert space provided s < f For Isl < ~'the spacesか（記） andfI-s（配） are
dual: 

〈u,v〉（か（配），H-8（配）） ＝ J 畷）畷）d~,
配

for any (u, v) Eか配） x H-s （配）． Furthermore,the following continuous embeddings hold 
true for O < s < d 2・ 

か位） CL凸位）， L晶位） Cj[-s国） (3) 

The space H-1圏） isthus usually endowed with the norm 

llu||｝→（配） ＝ ／ （1 +好）惰(e)隣，
即

or llu||；玉） ＝ ll(I ―△)-½u11r知）’
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In order to mention our main result, we here prepare the space CJP>([O, T]；か（配）） which
denotes, for any s E股， thespace of all か（配）—valued （名）t2:0 progressively measurable processes 
X: fl x [O,T]→か（配） suchthat 

T 

lE 1'IIX(t)II加dt< +oo, 

゜and for all compactsり，therealization of X on {j has a continuous modification in C([O, T]；び（0，か（り）））．
lE denotes the integration with respect to the probability measure dlP'. 

We shall consider a solution to the equation (2) in the sense of the definition below. 

DEFINITION 1. Fix any T > 0. Let x E L2間） n.fI-1圏）． AniI-1 圏）—valued adapted 
process X is called strong solution to {2) if the following conditions hold 

• X(t，(,w)>O,dtxd(x犀 a.e.on [O, T] x配 Xfl, 

•XE び (fl X (O,T) X配；股） nCJP>([O, T];.iI-1（配）），

• log(X(・)) E L2 ([o,T] X fl；か（配））， and

〈X(t), e心＝〈x,e心ー[J配 Vln(X)・ ▽ekd(ds+〈［(J"(X(s)) o dWs, ek〉戸
for all k E N and all t E [O, T] where { e山 isthe orthonormal basis in.fI-I（配）．

Remark. One can easily see that our definition of solution is one of the usual ones for porous 

media equation. It is a strong solution from the stochastic point of view and a weak solution 

from the PDE point of view. 

We give some assumptions on the noise. Let us consider a sequence｛限｝k：：：1C詞 suchthat 

こ限(lleklll=+ llek||わ＋1)< oo 
k：：：1 

where {e山 isan orthonormal basis for fI-1（配） （a density argument applies for the finiteness 
of the above series.) To this sequence μゎ weassociate Q a non-negative trace class operator 
such that Q傑＝ μ印 onfI-1(JRり． In(2), Wt is a fI-l 面）—valued cylindrical Wiener process : 

Wt=ど煤（t)ek,
kEN 

where｛森｝kis a sequence of mut叫 lyindependent Brownian motion on a probability space 
(0,§，（名）plP').The noise coefficient a(x) depends linearly on x E ]HIE {if-1,H-1，び｝， and
is defined by 

叫）（Q½u) := LvJL召eい〉H-1繹x.
kEN 

This is well-defined (see our original paper [6]). 

We state now the main result of this work. 

Theorem For each x Eび（JR.d)n if-1ぼ） suchthat x lnx -x E £1（配） andx > 0 a.e. on 
記 thereis a unique positive solution X to (2). 

Here, we note the important properties of the stochastic term to prove the theorem: 
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• Let lHI = {if-1,H-1,L外． Then

t 112 

]Ellla(J"（X(s))dW(s)II: = ~肛lEl llX(s)叫烏ds
こ （炉k(llekl広＋CH1cL凸 IIVe叶恥））lElat IIX(s)II告ds.

• The Stratonovich product may be written as Ito product with a correlation: 

1 
u(X(t)) o dW(t) = u(X(t))dW(t)＋ー(uR u)(X(t))dt, 

2 

where 

(6幻）（x):= Lμはx, X E lHI 
k 

which has the property 

||a-R疇 (IHI,IHI)::0:苫肛1|』=(lie心＋CH1CL晶 lie叶出）．

3 Ideas 

Our problem has several technical difficulties which will be treated by using several specific 

approximation with the parameters c:, v,入． Moreprecisely, 

(i) The first main set of difficulties comes from the properties of the logarithm: We have 

a problem due to the fact that zero does not belong to D(log) and we can not assume 
that D(log) =股． Anotherproblem which is specific to the logarithm diffusion is the fact 

that we can not assume any polynomial growth hypothesis, nor the strong monotonicity 

assumption. All those technical difficulties impose the choice of a particular form of the 

first approximation in the parameter入andthe use of a Stratonovich multiplicative noise. 

Namely, having fixed入＞ 0,we set 

妬（r):=恥(r)-W入(0)＋入r,

for all r E股．

The first approximating equation is then as follows. 

{ dふ＝ △恥（ふ） dt+a（ふ）odW(t), t：：：：：〇；

x入（0)= X. 

(ii) The second main set of difficulties comes from the unboundedness of the domain which 
does not allow us to use the Poincare inequality. This technical problem impose the use of 

a second approximation. We introduce the operator△ -v I for v > 0 and consider 

｛叫(t) ＝（△―vl)恥 (Xゅ(t))dt +u（ふ，ッ(t))o dW(t), t 2 O; 
ふ，ッ(0) = x. 
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(iii) Finally set Av =（△― vl)恥． Thethird approximation with Yoshida approximation 

A: ：=｝（Iー（I+叫）―1)(c > 0) is necessary to get some estimates, by Ite E > 0) is necessary to get some estimates, by Ito calculus, in 
appropriated spaces. 

At the last, we remark that the important contribution of the Stratonovich noise is the 

following uniform bound. 

入悶1]||％（ふ）1|：叩x[O,T];H1(即))-S:C (1 + llx|出+ld(xlnx-x) (e)de) 
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