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cubic, and elastic net regularizations as special cases. Therefore, the proposed method serves as
a general framework that includes not only the classical and cubic RNMs but also a novel RNM
with elastic net regularization. We show that the proposed RNM has the global ©(k~2) and local
superlinear convergence, which are the same as those of the cubic RNM.

1. Introduction

We consider the following unconstrained convex optimization problem:
minimize x),
nimize /(x) )

where the function f is twice continuously differentiable and convex on R”. Moreover, we assume that problem (1) has a minimizer
x* and define f* := f(x*).

Newton’s method is one of the most well-known and basic iterative methods for solving unconstrained convex optimization
problems. Each iteration computes a search direction d;, which is a solution of the following subproblem:

N 1
minimize (V. /(x;).d) + E(sz(xk)d,d),

and updates the current point x; as x;,; := x; + t,d;, where ¢, > 0 denotes a step size. It converges rapidly thanks to the use
of the second-order information, that is, V2 f (x¢), of the objective function. However, it requires that V2f (x;) is nonsingular at
each iteration. Even if the Hessian is nonsingular, the convergence rate may be reduced to linear when the Hessian is close to
singular. Several variants of Newton’s method have been proposed to overcome these drawbacks including regularized Newton
methods (RNMs) [1-5], cubic RNMs [6-8], and so forth [9-18].

RNMs can be considered modifications of Newton’s method because they improve the subproblem of Newton’s method such that
it can be solved even if the Hessian matrix is singular. More precisely, RNMs iteratively solve the following subproblem to find a
search direction d;:
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minimize  (V£Go).d) + ~(V2FGo)d. d) + 2 a2,
deRn 2 2

where yu; > 0 denotes a parameter. Since the objective function is strongly convex, the subproblem has a unique optimum. Nesterov
and Polyak [6] proposed an RNM with the cubic regularization %" |ld]|3. The proposed method is called the cubic RNM and iteratively
solves the following subproblem:

S 1 Hi
minimize  (Vf(x,),d) + 5(V2f(x)d.d) + = Il

For classical and cubic RNMs, global ©O(k~?) and local superlinear convergence were proven in [2,4,6,5].

For least squares problems, Ariizumi, Yamakawa, and Yamashita [19] recently proposed a Levenberg-Marquardt method (LMM)
equipped with a generalized regularization term and showed its global and local superlinear convergence. Although a subproblem of
the classical LMM has a quadratic regularization term ”7" ld||?, they generalized the regularization term such that another regular-
ization can be adopted, such as the L' and elastic-net regularization. Moreover, they reported numerical experiments in which their
LMM with the elastic-net regularization worked well for certain examples, owing to the sparsity of the search direction.

Inspired by Ariizumi, Yamakawa, and Yamashita [19], we propose a generalized RNM (GRNM) for solving problem (1). We adopt
new regularization terms provided as %‘lldll’z’ + pilldll;, where p € (1,3] is a pre-fixed parameter. With the addition of the new
regularization terms, the GRNM includes classical and cubic RNMs as well as novel RNMs with other regularizations, such as the
elastic net and so forth. More precisely, if p =2 and p; =0, the GRNM is reduced to the classical RNM; if p =3 and p;, =0, it is
equivalent to the cubic RNM. Moreover, if p =2 and p, > 0, it can be regarded as a novel RNM with the elastic-net regularization.

The contributions of this study are as follows. This study provides

(i) the generalized RNM stated above;
(>ii) sufficient conditions of p, y,, and p, for which the GRNM has the global Ok™2) convergence;
(iii) local superlinear convergence under the local error bound condition.

Hence, these contributions include classical and cubic RNMs as special cases and provide a framework for new RNMs such as the
elastic-net RNM.

The remainder of this paper is organized as follows. Section 2 provides a general proposition that plays an important role in the
analysis of global ©(k=2) convergence. Section 3 describes the proposed method. Section 4 presents global ((k~2) convergence of the
proposed method. Section 5 proves local and superlinear convergence. In section 6, we conduct numerical experiments to confirm the
performance of the proposed method by using several regularization terms. Finally, concluding remarks are presented in Section 7.

Throughout the paper, we use the following mathematical notation. Let N be the set of natural numbers (positive integers). For
p €N and g € N, the set of real matrices with p rows and ¢ columns is denoted by RP*9. Note that R”*! is equal to the set of p-
dimensional real vectors, that is, R”*! = R?, and note that R! represents the set of real numbers, namely, R! = R. For any w € R?,
the transposition of w is represented as w' € R, For u € R? and v € R?, the inner product of u and v is defined by (u,v) :=u'v.
We denote by I the identity matrix, where these dimensions are defined by the context. For each w € R?, the Euclidean and L! norms
of w are respectively defined by ||w|| :=1/(w,w) and |wl|, :=|[w];| + |[w],| + --- + |[w],|, where [w]; represents the j-th element
of w. For W € R?™4, we denote by ||W || the operator norm of W, that is, ||W || :=sup{||[Wull; |lul| < 1}. Let ¢ be a function from R”
to R. The gradient of ¢ at w € R? is represented as V@(w). The Hessian of ¢ at w € R? is denoted by V2@(w). For a convex function
¢: R? > R, we denote by d¢p(w) the subdifferential of ¢ at w. For n € R? and r > 0, we define B(n,r) :={u € R?;||u—n|| <r}. For
infinite sequences {a;} C R and {b;} C R, we write a; = O(b,) (k — o) if there exist ¢ > 0 and n € N such that |a;| < c|b;| for all
k>n.

2. Preliminaries

This section presents a general proposition that provides sufficient conditions under which arbitrary sequences generated by
optimization methods have global @(k~2) convergence. This proposition plays a critical role in Section 4. The proof of the proposition
is inspired by the technique presented in [5, Theorem 1].

Proposition 1. Suppose that f : R" — R is a continuously differentiable convex function. Let {x; } C R" be an infinite sequence. Suppose
also that

() [ < f(xp) forall ke Nu{0};
(ii) there exists y > 0 such that ||V f (x; . DIl < v IV f(x)ll for all k eNU {0};
(iii) there exists 6 > 0 such that f(x;) — f* < 6|V f(xp)| for all k e NU {0};

k
(iv) there exist 6 € (0,1), v> 0, and ¢ € N such that 6% < vk~2 and (y0)2 < vk=2 for dll k > ¢, where y is given in (ii).
Let I(8) :={i e NU{0}; 0|V f(x)Il < IV f(x;4 )]l }. Suppose also that
3
(v) there exists = > 0 such that f(x; 1) — f(x;) < —2(f(x;) — f*)2 for all k € I(6).

2
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Then, one of the following statements holds:
(a) If |1(0)| < oo holds, then

0= D8IV £ (e, DI
k2

where 7 is the largest element of 1(6).
(b) If |Z(0)| = oo holds, then

flxp)—f < Yk > max{Z,7+2},

-2
f(xk)—f*smaX{ 367 V(S”Vf(xo)”} Vk> 2.

(k+4)2’ k2

Proof. Leti, € N be the #-th smallest element of Z(0), thatis, Z(0) = {i|,i,,... ,/i\} withi, <i,, . Moreover, regarding assumption (ii),
we suppose y > 1 without loss of generality.

To begin with, we consider case (a), that is, |Z(0)| < oo is satisfied. Let J(0) := {i eNU {0};0||V f(x)Il > |V f(x;41)Il}. Note that
=i 11(6)|- We can easily observe that

keJO) Vk>i ()
For every k >i+ 2, it follows from (2) that j € J(0) for any j € {?+ 1,/1‘\+ 2,...,k—1}, that is,
IVl <OV f eIl < -+ < O FVIV £ e, - 3

Let us take k > max{Z ,?+ 2} arbitrarily. By assumption (iii) and (3), we obtain

Fe) = F* IVl < 0DV £ Gy I ©)
Recall that 8¥ < vk~2 from assumption (iv). Thus, the desired inequality is derived from (4).
Next, we discuss the case where |Z(6)| = oo holds. Let k € NU {0} and define y, := 2(f (x,-k) — f*). Combining assumption (i)
and iy >i; + 1 yields

Wi = T(F () = [ ST 0) = ). (5)

3
Since assumption (v) implies that f(x,-k+1) — f(xik) < —T(f(xik) - "2,
3 3
P(f X)) — ST ) = =2 ()= )2 = -y ©)
3 3
Exploiting (5) and (6) derives y; | <y — u/kz <y — %y/kz. It then follows from [5, Proposition 1] that y; <9(k + 2)72, that is,

9772
(k+2)?

fG)—f*< Yk eNU (0}. @

Let 7, :={i € 1(0);i < k}. In the following, we assume k > #. There are two possible cases: Case (1) || > k and Case @) |7, < ’Ec

Case (1): The largest element of 7, can be represented by i Al and thus i 1T < k. This fact, assumption (i), and (7) imply that

9772 < 36772
(L1 +27 ~ (k+47

Case (2): From assumption (ii), each j € {0, 1, ...,k — 1} satisfies

IV DI SyIVFGPI if jeT g,

FO) =< fGx, )= f" <

NIk

®
VA DN <@INVFpIl if jE Ty
Combining assumption (iii) and (8) derives
Fe) = f* <8IV S el < sy Helo 1BtV £ (x|l ©

k
Note that y > 1, 8 € (0, 1), and (y0)2 < vk~2 hold from assumption (iv) and k > Z. It then follows from [T | < Tkl < g that

yI Ll gh=1Teal < (yg)g < k—‘; o

We have from (9) and (10) that
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valIV / (xo)ll

S = * < =

Cases (1) and (2) guarantee that the desired inequality holds when |Z(0)| = 0. Therefore, the assertion is proven. []

Remark 1. We discuss sufficient conditions for assumptions (i)-(iv) of Proposition 1. Assumptions (i) and (ii) would be satisfied for
any sequence generated by descent methods. Note that y of item (ii) is allowed to be greater than or equal to 1. Assumption (iii) is

k
satisfied when {x } is bounded. Assumption (iv) holds if 8 € (0, y~1) because it implies 6% = O(k~2) and (y0)2 = O(k~2) as k — .
From these discussions, we can see that assumption (v) is the key to global ((k~2) convergence.

3. An RNM with generalized regularization terms

In this paper, we consider an RNM with generalized regularization terms that iteratively solves the following subproblem:
S 1 H
minimize (VS (x0).d) + 5(V2/Ge)d.d) + =27+ pelld. an

where u; > 0 and p;, > 0 are parameters, and p € (1, 3] is a pre-fixed constant. The proposed method obtains a search direction d; by
solving subproblem (11), and the point x; is updated as x; | :=x; +d.
Now, we denote by ¢, the objective function of subproblem (11), namely,

D) 1= (V0. d) + 3 (V2 (v)d, ) + %nduupkndnl-

Since the objective function ¢, has generalized regularization terms ”7" lId||? and p,||d]|;, we call the proposed method a generalized
RNM (GRNM).

Remark 2. The GRNM includes the quadratic, cubic, and elastic net regularization as special cases. Moreover, it includes a novel
regularization in addition to the aforementioned regularization.

Remark 3. The proposed GRNM can adopt the L! regularization term, that is, u;, =0 and p, > 0. However, subproblem (11) with
H, = 0 might have no global optimum when vif (x,) is not positive definite. Conversely, if p, is sufficiently large, the solution
becomes 0. We provide sufficient conditions under which (11) has nonzero solutions.

Lemma 1. Let x;, € R", ;. >0, and p, > 0 be given. If p; < ||V f(x})||«, then problem (11) has a unique global optimum d, # 0 that
satisfies
Vo) + (V£ ) + mlldilIP2 Dy + pye =0

for some ;. € 0||d,||;. Moreover, d, is the descent direction of f at x, thatis, (V f(x;),d;) <O0.

Proof. First, we show the solvability of (11). Recall that ¢, is closed, proper, and coercive. Hence, by using [20, Proposition 3.2.1],
problem (11) has a global optimum d,.. The uniqueness of d, is derived from the strict convexity of ¢,.

Hereafter, we show that d, # 0 is satisfied. We assume to the contrary that d, = 0 holds. As d; = 0 satisfies the first-order optimality
condition of (11), there exists #;, € d||d,||; such that V f(x;) + pyn, = 0. It then follows from p;, < ||V f(x))|ls that |[Vf(x )l =
P < IV f(xp)ll- This result contradicts, that is, d; #0.

Finally, the first-order optimality condition of (11) leads to the desired equality, and it yields

(VG di) = =((V2 F o) + i P~> Dy, die) = piclldilly <0,
where note that (d;,n;) = ||d;|l; and dj # 0. This completes the proof. []

Remark 4. By utilizing the line search strategy or an appropriate choice of y;, and p;, we can prove the global convergence of
Algorithm 1. However, because O(k~2) convergence implies global convergence, we omit discussions on the line search.

We provide a formal description of the proposed method in Algorithm 1.

Algorithm 1 (GRNM).

1: Choose p e (1,3], x, € R", € >0, and set k :=0.

2: If ||V f(x;)ll <&, then stop.

3: Set parameters y, >0 and p, >0, and find a global optimum d, of (11).
4

5.

1 Set x;y =X, +d.
: Set k < k+ 1, and go to Line 2.
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Remark 5. We briefly discuss how to solve subproblem (11) for specific choices of regularization parameters. For the setting p = 2,
Hy >0, and p;, =0, the solution d; can be obtained by solving (sz(xk) + u d, ==V f(x;). Regarding the setting p=3, u; >0,
and p, =0, the subproblem is nonconvex minimization with respect to a cubic function. However, it is known that it can be reduced
to a convex one-dimensional optimization problem [6]. Moreover, if p=2, g, >0, and p, > 0, then (11) is formulated as the L'-L2
optimization problem and this regularization is called the elastic net. In particular, it is possible that problem (1) can be quickly solved
when the search direction d, is sparse for each k € N. For the other cases, such as p € (1,3)\{2} and p, > 0, it is generally difficult
to solve the subproblem efficiently. However, it may be possible to construct efficient methods by exploiting specific structures of f
if we restrict (1) to some special cases.

4. Global O(k~2) convergence of Algorithm 1

This section shows that Algorithm 1 globally converges with the ()(k~2) rate. From now on, we denote by x* € R” an optimal
solution of problem (1), and use the following notation: f* := f(x*) and S := {x € R"; f(x) < f(x()}.

We will show global O(k~2) convergence of Algorithm 1 by showing that assumptions (i)-(v) in Proposition 1 hold for a sequence
{x,} generated by Algorithm 1.

In the subsequent argument, we suppose that e =0 and Algorithm 1 generates an infinite sequence {x, } satisfying V f(x;) # 0 for
each k e NU {0}. Moreover, we make the following assumptions.

(A1) There exists L > 0 such that for any x, y € R”,

IVF(x) = VFW) = V2 F)(x = Il < Llix =yl
F®) = F0) = (V1 x = 9) = 2(V2F0) = x = 9| < Ellx = 1P,
(A2) The parameters y; and p, are set as follows: For all k € NU {0},

p=1
2

3-p ptl
=, > VSl 2 . py i=min { —\;’_||Vf(xk>||,c2||Vf(xk>|| :a } :
n

where ¢; > L, ¢, €(0,1), and g > 0.
(A3) There exists R > 0 such that S C B(0, R).

Note that subproblem (11) has a global optimum d;, # 0 because (A2) satisfies the condition of Lemma 1. Note also that several basic
properties of linear algebra derive

V25 G+ mlldilP=2 D1 < g 1P, (12)
V25 G + w172 D712 p | < 1. (13)

We now show that assumptions (i) and (ii) in Proposition 1 hold.

3-p
Lemma 2. Suppose that (A1) and (A2) are satisfied. Suppose also that 3 — (1 +q)»-! > 0 where q is a constant in (A2). For any k e Nu {0},
the following inequalities hold:

3-p
3—-(1 p-1
@ fOx) = F0) < =D e <o,
3; +1
®) IV /el < <1 +(+ 4)"’!1, ) wlld P! + min {'I”Vf(xk)”’ \/ﬁc2||Vf(xk)||pT } ,

2
@ IVf DIl < <1 +2¢+(1 +4)”T‘> V£l

Proof. It follows from Lemma 1 and (12) that

el < [[(V2 £ G + ellde P2 D7 (V£ G + ]| < i R IPP AV S Ceoll + Vi) < i i P77+ IV £ (k)1
that is,

1
1 -1
ld, |l < %\/nwukm. (14)

1
By (14) and the first equality of (A2), we have
3-p
—1

- _ o et 3p _ 3p _
LIldill® < ey ldi P77 - NdilIP" <A+ @) 7T e 2 IVAEN 2 - dgllP™" = 0+ @) 7T g lld 1P (15)
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Recall that x; | = x; +d, and (n;,d;) = ||d;||,. Combining the second inequality of (A1), Lemma 1, and (15) yields
1 L
FGoian) = £ 00 VL) + VA (i) di) = 5V (x)dy di) + 5 ldill®

< —mlldill” = pilldilly + %”dk” - Llld|I?
3-p
<_3 —(1+¢g)r!
- 3
From x| = x; +d, and Lemma 1, we obtain

ﬂk”dk”p~

V(1) = VI Oip +di) = V(i) = (V2 £ Ge) + il di 177> Dy = pien-
Subsequently, exploiting the first inequality of (A1), the second equality of (A2), and (15) derives

IV G DI S IV G+ di) = VF(x) = V2 FCeddill + pelldi 1P+ \/npy

. ptl
< LI + melldg 177 +mm{qHVf(xk)u,\/Zczuwcxk)n 2 }

3p o prL
< (1 +(1+g)r! > Hilldi I~ + min {qIIVf(xk)II, Vi, IVl = ¢ (16)
namely, item (b) is verified. Meanwhile, from (14) and the first equality of (A2), we have y; ||dk||”’1 <A+ IV f(xp)ll. Utilizing
1
this result, (16), and min{q||V f(x)Il, \/ﬁcznvf(xk)ll% } <4qllV f(x;)|l means
2
IV Dl < (1 +29+(1 +q)"‘1> IV fll-

Therefore, the desired inequalities are obtained. []
Now, we provide the global @(k~2) convergence property of Algorithm 1 by showing assumptions (iii)-(v) in Proposition 1.

Theorem 1. Suppose that (A1)-(A3) hold. Moreover, suppose that the following assumptions (A4)-(A6) hold:

33—

A4 3—(1+qg)r!>0;
2

(A5) 1+2g+(1+¢q)r T >1;
(A6) there exist 6 € (q,1), v>0, and ¢ € N such that

3

2\ \?
0F <vk72, <<1+2q+(1+q)!’—1>9> <vk™r Vk>¢.
Let I(9) :={i e NU{0};0|IVf )N < IV f (x5 Il }- Let D and © be defined as

P 3=p
O—qr! (3—(1 +q)ﬂ-‘>
D :=R+|x*|, 7:=

3 3-p ﬁ .
3\/ED2 <1 +(1+g)r! )
Then, a sequence {x, } generated by Algorithm 1 satisfies one of the following statements:
(@) If |1(0)| < oo, then

o=DVD|IV £ (xz, I
k2

where 7 is the largest element of 1(6).
(b) If |Z(0)| = oo, then

fl)—f"< Vk > max{Z,7+2},

f(xk)—f*Smax{ 367~ VD"Vf(XO)”} Vk>?.

(k+4)2 k2

Proof. If items (i)-(v) in Proposition 1 hold, then the desired result can be obtained. Item (i) directly follows from (a) of Lemma 2.
2

Let us define r := 1+ 2¢g + (1 + g)»-'. Recall that (A5) ensures r > 1. Thus, item (ii) holds from (c) of Lemma 2. The definition of r
and (A6) imply that item (iv) is satisfied. Thus, it is sufficient to show items (iii) and (v).

6
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Since {x;} C S holds, we have from (A3) that ||x,|| < R for k € N U {0}. Let us take k € NU {0} arbitrarily. Then, it is clear that
[Ix; — x*|| < D, and hence the convexity of f yields f(x;) — f* <(Vf(x;).x;, — x*) < D||V f(x;)||. This fact implies that item (iii)
holds, and

(ﬁﬁgi» <IVAGIE. a”

Now, we take arbitrary k € I(0). The definition of y,; in (A2) and (b) of Lemma 2 derive
3p\ L 3-p
OIVSxpll < <1 + (1 +q)r! > e 2 VN2 Nd 1P~ + gl V£l

which implies

O g7

14
T IVAGllZ < NldilP.
L 3\ 5T
¢} <1+(1+q)p,1>

p=1 34
Multiplying both sides of this inequality by u; =c, 2V B yields

p

6—g)!

va (1+avort)

Using item (a) of Lemma 2 and (18), we obtain

3
IVAONZ < plldll®. (18)

p
-1

- (3—(1+q)2%7> z
V£ (ell2. 19

f(xk+1)—f(xk)5— 7
30\ 1
3\/Z<1+<1+4>F?>” 1
Moreover, from (17) and (19),
S 1) = FOp) < =7(f(xg) — f*)% Vk € 1(0).

Therefore, we can verify that item (v) of Proposition 1 holds. []

From Theorem 1, we have to indicate the existence of ¢ and 8 satisfying (A4)-(A6) to show global @(k~2) convergence of Algo-
rithm 1. Although the existence of these parameters cannot be ensured for all p > 1, we can show their existence for specific p € (1,3].
Two examples of these concrete parameters are presented.

Example 1.
pe(,3], ¢q:=0 6:=%.

Example 2.

1,3 i 1 25;1 1), 2 23;f 9 =1
€ (1,3], = — (23 —1),=2r,1 5, =
p€(1,3], ¢q:=min 10( ) 2 3

The parameters p, g, and 6 described in Examples 1 and 2 satisfy conditions (A4)-(A6). Note that these examples are valid for

any p € (1,3]. For details, see Appendix A.

Remark 6. When (p, q,0) = (2,0,4™1), we can easily verify that 7 = 96D3/? \/a )~L. This value coincides with that of Mishchenko [5],
implying that the proposed method is a generalization of [5].

Remark 7. Parameter 0 described in Theorem 1 is only required for the proof and is unrelated to problem (1) and Algorithm 1.
Hence, it should be selected to provide a good coefficient regarding the convergence rate. Since the coefficients are determined by

3 30\ 7T
3\/502 <1+(1+q)ﬂ-'>

0 (3—(1+q>3%7)

1
gG+D)’

we should take 6 as large as possible.
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5. Local superlinear convergence of Algorithm 1

This section aims to show local and superlinear convergence of Algorithm 1. Throughout this section, the set of optimal solutions
is denoted by X* C R”. We first make an additional assumption.

(A7) There exist r; > 0 and m; > 0 such that dist(x, X*) <m; ||V f(x)|| for each x € B(x*,r}).
For a given point x € R”, let X be a point satisfying

XeX*, ||x—x| =dist(x, X™).

Some important inequalities for local convergence are as follows:
Lemma 3. Suppose that (A1), (A2), and (A7) hold. Then, there exist r, > 0, m, > m3 > 0, and m, > 0 such that

@ |ldi |l < mydist(xy, X*) and ||d; || > msdist(x, X*) for x; € B(x*,r,);
+1
(b) dist(xy, . X*) < mydist(x,, X*)'Z for x;, 41 € BG<*,7).

Proof. To begin with, we define u; and u, as

cr
up = sup {IV2f(@)liz € BO™r)} o =y + =

respectively, and will show the following inequality:
IVfONl < updist(x, X*) Vx € B(x*,r)). (20)

We have ||X — x|| < ||x — x*|| < r,. Hence, the first inequality of (A1) guarantees |V f(X) — Vf(x) — V2 f(x)X — x)|| < %dist(x, X*)2,
It then follows from V f(X) =0 and dist(x, X*) < ||x — x*|| < r; that ||Vf(x)|| — u;dist(x, X*) < %dist(x, X*). Thus, inequality (20)
holds.

We show item (a). Define r, as follows:

2
=1\ Tp1
r, :=min r1,<2\/262u22 )

Let x; € B(x*,r,). The definition of dist(x;, X*) and inequality (20) ensure

dist(xg, X*) < ||xg = x*|| <y, 21)
IV £l < updist(xye, X™) S up [l xg — x| S upry. (22)
Lemma 1 and (12) lead to ||d; || < (V2 £ (xg) + s lldi [IP72 D7V F(x )l + %. It then follows from (A2) and (20) that
k%
ol
2 S, ‘/262“22 . o 2L
el < (V27 Ce) + el P2 D7V £ G| + 2 dist o X 23)
willdg P

Now, we notice that V f(x;) = —(Vf(X;) = Vf(xp) = V2 ()R = x)) — V2 (x, )R, — x) holds from V f(X;) = 0. Then, combin-
ing (A1), (12), and (13) implies

V25 G+ 1P D1V £ x|
<[| (Vs e+ mlldilP 2D 195 G = Vo = V2 0@ = xll+ [V e + sl P2 DT £ G| 1% = i

1 . \2 . *
< —————dist(x, X™)” + dist(xg, X ). 24)
2 lld |IP=2
u pt+l 1 3-p ptl
By (21), (23) and (24), we get ||d,|| < Wdist(xk,X*)T + dist(x,, X*), where uy := Eclrz2 + \/;czuzz . This inequality

+1

can be reformulated as y;||d, ||~ < 2 max{usdist(xy, X*)pT,yk||dk||"‘2dist(xk, X™)}. There are two possible cases: (i) ||dk||""1 <
+1

2u3dist(xk,X*)pT; G pelld )P~ < 2p |ld, 1P~ 2dist(x,, X *). In case (i), utilizing (A2) and (A7) derives

=1 3—p
< 2 dist(x,, X*) 2

1 -1 . gl
- i llP™" < pilld P~ < 2usdist(x,, X*) 2.

m 2
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3=p
2

1
. )P-Tdist(x;, X*). Meanwhile, case (ii) leads to ||d,|| < 2dist(x;, X*). Thus, there exists m, > 0

1
Hence, we have ||d;|| < ¢, > Qusm
such that ||d; || < mydist(x;, X™).

Now, Lemma 1, (A2), and (22) yield

p-1
VS G+ ol 1= Vneuyra) 2 195Gl 1
= | = ———
V2 £ G + il 2T~ g + gl [l 2uy + py lldy [172)

where the last inequality follows from the definition of r,. Exploiting (A2) and ||d, || < m,dist(x;, X*) derives

lldell = IVl (25)

el 30,0 .
Hlldi 1P < e 2 IV Ll 2 b~ dist (., X*)P2

It then follows from (21) and (22) that

= R )
Mklldk””zScl u,’ mg ryt (26)

By (25), (26), and (A7), there exists m3 > 0 satisfying ||d, || > mzdist(x;, X*).
Next, we prove item (b). Let x;, | = x; +d; € B(x",r,). Lemma 1 implies

p=l 3-p p-l
2

VI (a) = (VI +d) = VFGx) = V2 F(x)d) = (lldi P72 dy + pen) + (V) + (V2 £ o) + i ldi 1P~ Dy + pyem)
= (Vg +dy) — VI = V2 Gx)dy) — (ulld 1772y + ppmy).
Then, we have from (A1), (A2), and (A7) that
dist(xyq 1, X*) <my ||V £ (xp + dp)l
<my IV +dy) = V() = V2 £+ my | d 1P + y/nmy py
p+l
2

cym ER) _ pHl
< P e mylIV LGOI N P!+ Vnem IV £ (el = 27)

Now, recall that ||d; || < m,dist(x,, X™), ||V f(x)|l < updist(x,, X*), and dist(x;, X*) < r,, where the second and third inequalities
follow from (20) and (21), respectively. Thus, we can easily verify that

am 2, B e -1 2l
T”dk” +e 2 mlIVEGNI 2 ldillP™ + vneym ||V f(xp)ll 2
3;[]
2
ammry SR 5 2
< f‘*‘cl u,” m, 4+ ncymyu, dist(x,, X™) 2. (28)

+1
Therefore, combining (27) and (28) guarantees the existence of m, > 0 satisfying dist(x; 1, X*) < mydist(x;, X *)pT. O

Finally, we establish local and superlinear convergence of Algorithm 1. Although we can prove the theorem using the above
lemmas in a manner similar to [2, Theorem 3.2], the proof is given in Appendix B for completeness of the paper.

Theorem 2. Suppose that (A1), (A2), and (A7) hold. If an initial point x,, is chosen sufficiently close to x*, then any sequence {x; }
generated by Algorithm 1 converges to some global optimum X € X* superlinearly. Moreover, if p =3 is satisfied, then {x,} converges to
X € X* quadratically.

6. Numerical experiments

This section provides numerical experiments to confirm the performance of Algorithm 1. In particular, we compare results among
the following four regularization terms in problem (11): the quadratic regularization %k ld||?, elastic-net regularization %k Ild]1? +
”_k
3
set as £ := 107, The parameters y, and p, were updated as follows:

pilld|ly, cubic regularization =£||d I3, and cubic-L! regularization ”Tk 4] + pilld|l;. The termination criterion e of Algorithm 1 was

el 3 ) q el
b =c,” IV 2, pp :=min 7”Vf(xk)"’c||vf(xk)” o0,
n
where ¢ :=0.5, ¢ :=0.01, ¢; :=100, and

IVFGe) = VFx_) = sz(xk_l)(xk = x_pDIl
llxk = 41 112

o Ck-1 o
C ‘=max mk,T , My =
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Table 1
Performance of Algorithm 1 on problem (29).

quadratic elastic net cubic cubic-L'
Max of flite 24 24 22 23
Min of flite 23 23 21 21
Averaged flite 23.2 23.6 21.8 21.8

Max of [Vf(x*)|  9.46e-07  2.88¢-07  9.27e-07  8.38e-07

Table 2
Performance of Algorithm 1 on problem (30).
quadratic  elastic net  cubic cubic-L'
Max of fite 19 19 20 21
Min of fite 18 18 16 18
Averaged fite 18.4 18.4 18.6 19.6

Max of [Vf(x*)||  6.77e-07  8.93e-07 9.81e-07  7.94e-07

for k € N. Note that the updating rule of ¢, is inspired by [5, Section 3]. The initial point x, € R” was set as x, := 0. All the programs
were implemented with MATLAB R2023a and ran on a machine with an Intel Core-i9-9900K 3.60GHz and 128GB RAM. Moreover, we
utilized fminunc, which is a MATLAB optimizer for unconstrained optimization problems, to solve problem (11) at each iteration ex-
cept for the quadratic and elastic net regularization. Regarding the quadratic regularization, we solved (V2 f(x;) + p I)d = =V f(x;)
instead of problem (11). For the elastic net regularization, we utilized quadprog, which is a MATLAB optimizer for quadratic
programming problems, to solve the following quadratic programming problem obtained by reformulating the corresponding sub-
problem:

n
L 1,2 Hi o2
Vf(xp),d)+=(V d.dy+ZE||d > 1,
minimize (VS d) + 5 (V2 /(xd, d) + 2=l +pkj=] j

subject to —1; de <t vje({l,2,...,n}.

The following two types of test problems were solved. The first one is the following convex optimization problem [2]:

n—1 n—1
L 1 1
minimize 3 Z(Xi —x) + - Zai(xi —x )t (29)
i=1 i=1

where a;,a,,...,a, € R are positive constants. In the experiments, we set n =200 and «; = 1 for each i € N. The second problem is
the log-sum-exp problem [5]:

L = a;.rx — b,
minimize log [g{ exp <T >] , (30)
where a;,a,, ..., a, € R" are constant vectors and k,b;,b,, ..., b,, € R are constants. For the test problem, we set n =200, m = 500,
and x =0.5. Moreover, a; (i =1,2,...,m) and b; (i = 1,2, ...,m) were generated randomly from [—1,1]" and [—1, 1], respectively. For
each test problem, five instances were randomly made and solved by Algorithm 1.

Tables 1 and 2 provide the averaged, maximum, and minimum number of iterations and the maximum value of ||V f (x*)|| obtained
by solving the five instances for problems (29) and (30), respectively. Note also that x* described in the tables indicates the final
iteration point calculated by Algorithm 1. We can confirm that all the instances were solved because there are no maximum values
of ||Vf(x*)|| being greater than 107%. No significant differences were observed among the four regularization terms concerning
the number of iterations as seen in Tables 1 and 2. Meanwhile, the computational time of the elastic net, cubic, and cubic—L!
regularization was higher than the quadratic regularization because we utilized generic optimizers to solve their subproblems except
for the quadratic regularization. Since there are no significant differences in the number of iterations, solving subproblems and
evaluating the objective function affect the computational time. Thus, it is important to develop efficient methods for solving the
subproblems and to compute search directions that can reduce the cost of evaluating the objective function f, e.g., search directions
with sparsity.

7. Concluding remarks

In this paper, we have proposed Algorithm 1, which is an RNM with generalized regularization terms. The proposed method is
based on the RNM proposed by Mishchenko [5], but it is a generalization of the existing one regarding regularization. Therefore, not
only the quadratic and cubic RNMs but also novel RNMs with other regularization, such as the elastic net, are included in Algorithm 1.
We have proven global O(k=2) and local superlinear convergence of Algorithm 1. Moreover, we have examined the performance of
Algorithm 1 by using several regularization terms.

10
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One of future research is to propose an accelerated GRNM that globally converges in the order of (k~3). For the existing methods,
such as the RNM [5] and cubic RNM [6], their accelerated methods have been proposed in [1,7]. In these studies, accelerated schemes
have been proposed and they have been incorporated in the proposed accelerated methods. Thus, we think that such an accelerated
scheme can be applied to Algorithm 1 and its accelerated method can also be proposed. As another challenge, it would be worthwhile
to develop a specialized optimizer to solve subproblems of a specific regularization other than the quadratic one. Specifically, we
can consider regularization that utilizes the sparsity of search directions by including the L! regularization term in subproblem (11)
because Ariizumi et al. [19] proposed a Levenberg-Marquardt method equipped with such a regularization and succeeded in quickly
finding solutions for nonlinear equations.
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Appendix A

In this appendix, we show that the parameters described in Examples 1 and 2 satisfy assumptions (A4)-(A6) stated in Theorem 1.
We now discuss Example 1. It can be verified that

3-p

2 2
pe(,3], ¢=0, 3—(1+qr =2, 14+2¢+(1+q)7T =2, <1+2q+(1 +q)ﬁ> 6= %.
Thus, we can easily verify that assumptions (A4) and (A5) hold. Moreover, assumption (A6) is obtained from

k 4 L1
9":(%) = O(k™) (k- o0), <<1+zq+<1+q>%)e>2 =(%)2 =0k™) (k- o).

Next, we consider Example 2. In this case, the parameter ¢ depends on p € (1,3], and hence we denote g = q(p). Moreover, we
use the following notation:

3-p

2
s(p) =3 +q(P)rT, 1(p):=1+2qp)+ (1 +q(p)rT.

For any x € (1,3), we define
1 xt 2
q(x) := E(ka -1)>0, 1) =142 (x)+ (1 +g;(x)xT,
[ 3= 2
g(x) := %2;:-1 >0, 1H(x) :=142¢,(x) + (1 + go(x))xT1.

Recall that g(p) and #(p) can be represented as follows:

qi(p) if pe(1,2], ti(p) if pe(l,2],

q(p) = ) 1(p) = ) (A1)
g(p) if pe(2,3], Lh(p) if pe(2.3].

By the definitions of ¢; and ¢,, we obtain

iq (P)=;2%10g2>0 Vpe(l,2]

dp™ " 103 - p2 o

d 1 2 (A.2)

— =———2rTlog2<0 Vpe(2,3]

P 0(p) 200 12 2 pe (23]

Thus, the first equality of (A.1) implies that ¢ is monotonically increasing for p € (1,2] and is monotonically decreasing for p € (2,3].
Thus, using 6 = é yields

0<q(p)§q(2):%<6<1 vpe(1,3]. (A.3)

=

-1 -1
Since g(p) = min{q,(p), ¢:(p)} < q,(p) = %(ZH —1)<23» —1 for p € (1,3], we have

3-p

3
s(p)=3-(1+4qp)r!'>3-2=1>0 Vpe(l,3]. (A.4)
Noting p%l > 1 and ¢g(p) > 0 derives
2
t(p)=1+29(p)+ (1 +q(P)r' 22+3q(p)>1 Vpe(l,3]. (A.5)

11
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Utilizing (A.2) implies

d 2 2\ d

—h@=2+—U+q @) | —q(®>0 Vpe(l,2]

dp p—1 dp

d 2 32\ ¢
d—tz(p)= 24+ —(+qM)" ) —aq(p)<0 Vpe(2,3].
4 p—1 dp

241

Hence, the second equality of (A.1) derives #(p) <1(2) = 00 for p € (1,3]. It then follows from (A.5) and 0 = % that
1 241
- <0t(p<=—x<1 VY, 1,3]. A.
0<5_ (P)_500< pe(1,3] (A.6)

Therefore, the assumptions are ensured by (A.3), (A.4), (A.5), and (A.6).
Appendix B
This appendix provides the proof of Theorem 2.

Proof. We define r3 and r, as follows:

2 2
. m3 p-1 1 . m3 p-1
r3 l=mingr,, , Ty = min< 73,
3mymy 2+my 3mymy

where r,, m,, mz, and m, are positive constants described in Lemma 3. Assume that the initial point x, is selected from B(x*,r,),
thus it satisfies |[xq — x*|| < ry.

The proof is divided into two parts: The former part will prepare two inequalities regarding ||d, ||, and the latter part will prove
fast convergence of {x; } using those inequalities. We first show

1 rqm
ldell < §||dk71 Il lldgll < % Vk €N. (B.1)

Let k € N be arbitrary. Using (a) and (b) of Lemma 3 yields

mymy 1 1
3 Ndi Il < 2 lld (B.2)

pl
ld |l < mymydist(x,_;, X*) 2 <

where note that the last inequality follows from the definition of r;. Now, let us show that
* rqimy
Xy, € B(x™,r3) V£ €{0,1,...,k} = |ld/|l < =T Ve e{0,1,....k}. (B.3)
From (B.2) and (a) of Lemma 3, we have

lldoll < mydist(xg, X*) < my||xg — x*|| < rymy,
I < oyl < o < o lldgll < 202 w7 € (1,2, k),
-3 - 37 - 3
namely, (B.3) can be verified.
From now on, we prove by mathematical induction that x;, € B(x*,r3) for all kK € N. Let us consider the case where k = 1. Item (a)
of Lemma 3 implies ||x; —x*|| < ||xg — x*|| + ||dg || < r4 + mydist(xy, X*) < ry(1+my) < r3. Next, let k € N be arbitrary, and we assume
that x; € B(x*,r3) for j €{0,1,...,k}. By (B.3) and item (a) of Lemma 3, we obtain

k

rqamy 1 2+m2
X = X" < Hlx = X"l + il < - < llxg =X+ D lldell Sry+ 52 (1= 5 ) < ry<rs.
= 2 3k+1 2

rymy

Thus, we verify that x; € B(x*,r3) for k € N. It then follows from (B.3) that ||d, || < 3

of (B.1) are proven.
The second part shows the local fast convergence of {x; }. We arbitrarily take i € N and j € N with i >> j. Using (B.1) yields

for k € N, namely, the desired inequalities

i—1

i—1 i—1
. \ 1 1 1 rymy
e = ;1 < Hlxpmy =X+ iyl < i =1+ Y ld I < < D Mol Srgmy D) — =rgmy [ == — = ) < 2=
J J J 3/ 3Jj 1 3i 1 3J 1
t=i-2 t=j t=j

This fact implies that {x,} is a Cuachy sequence, that is, there exists X € R" such that x;, — X as k - . Meanwhile, it follows
from (a) of Lemma 3 and (B.1) that {dist(x;, X*)} converges to zero. We note that [|X,|| < [IX; — xi|l + [[x, |l = dist(x, X*) + [[x,|l,
namely, {X,} is bounded. Hence, there exist X € X* and K C N such that X, — X as K 3 k — oo. These facts imply that ||x — X|| <
Ix) — X|| + dist(x, X*) + ||X; — X|| = 0 as £ 3 k — oo, that is, {x; } converges to some global optimum X =X € X*.

12
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Hereinafter, we show that {x; } converges to X superlinearly. Combining items (a) and (b) of Lemma 3 derives

pl -zl pH
ldjsi Il < mydist(x; 1, X*) < mymydist(x;, X*) 2 <mymym, > ||d;|| 7 . (B.4)

Since the first inequality of (B.1) holds, it can be verified that
1 ; ; .
”dfllsm”dj+1” Vee{j+1j+2,...,i-1}

1 . . .
lldell < %”dj” veelj+1,j+2,...,i-1}

By these inequalities, we obtain

i-1 i-1 i-1
1 3 1
b =xill =] D def < X lldells 3 mlld,—+lll=§(1—m>lldj+lns2|ldj+l||,

=j+1 £=j+1 C=j+1
and

i—1 i-1 i-1

1 1 1 1
ey =l = X 20l = 3 Mz (1= ¥ ||d,-||=§(HW)nd,-nzznd,n.

r=j =j+1 =j+1

Hence taking the limit i — oo implies

llxjpg = X <20l Nyl < 20lx; — %] (B.5)
Exploiting (B.4) and (B.5) derives

ptl1

_, el
R P e

_ 3
lIxj41 =%l <22 mymym

Therefore, from % € (1,2], the sequence {x,} converges to X superlinearly. Moreover, if p =3 holds, then % =2, that is, the rate

of convergence is quadratic. []
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