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Abstract

In this paper, we define compact open subgroups of quasi-split even unitary groups for each even non-negative
integer and establish the theory of local newforms for irreducible tempered generic representations with a certain
condition on the central characters. To do this, we use the local Gan—Gross—Prasad conjecture, the local Rankin—
Selberg integrals and the local theta correspondence.
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2 H. Atobe

1. Introduction

In the 1970s, Atkin—Lehner [1] and Li [17] introduced the notion of newforms for elliptic modular
forms and showed the multiplicity one theorem. Together with their results, Casselman’s theory of
local newforms [5] is a bridge between modular forms and automorphic representations of GL,/Q.
Since then, the theory of local newforms was developed for several groups. For example, for low rank
cases, Roberts—Schmidt [22] and Lansky—Raghuram [16] established this theory for GSp, and U(1, 1),
respectively. Casselman’s result was extended to GL,, by Jacquet—Piatetski-Shapiro—Shalika [13] (see
also [12]) and by Atobe—Kondo—Yasuda [2]. For other general rank cases,

o Tsai [23] studied the local newforms of generic supercuspidal representations of SO,,,+;; and
o the author together with Oi and Yasuda [3] treated the case for unramified Uy, 1.

In this paper, for a bridge to hermitian modular forms, we try to establish the theory of local newforms
for U(n, n).

Let us describe our results. Let E/F be an unramified quadratic extension of non-archimedean local
fields of characteristic 0 and of residue characteristic p > 2. Fix a nontrivial additive character  of F
such that |, = 1 but lﬁ|p;| # 1, and set Yy (x) = ¢(*3*) for x € E. Consider a quasi-split unitary

group of 2n variables given by
—{ 0 w 0 w
_ t n _ n
Uy, = {g € GLo,(E) g(_wn 0 )g = (_Wn 0 )}

with
W, = € GL, (E).
1

We denote by W = E 21 the vector space where Uy, acts. The center of Uy, is identified with E = {x e
E* | Ng/r(x) = 1}. Define a compact subgroup K} of Uy, by KV = Uy, N GLy, (0f), and by

1 2n-2 1

1 1+ pg OF )24
Kyo=on-2| p%  og  og |NUn
1 pa" e l+ply

for 2m > 0. For an irreducible smooth representation 7 of Uy, we denote by 7y, the maximal quotient
of m on which the subgroup

1 0 z
Z = 01,0 eUy, |zeF = F
0 0 1

acts by ¢. This is a local analogue of the Fourier—Jacobi expansions of hermitian modular forms and is

K

KW
called the Fourier—Jacobi module of n. We write 7 *" for the image of the subspace « 2 consisting

W
of K, -fixed vectors via the canonical surjection 7 — 7.

The main theorem is stated as follows. For other notations, in particular for the notion of y g -generic,
see Section 2 below.

Theorem 1.1 (Theorem 2.2). Let m be an irreducible tempered representation of U, with the
L-parameter ¢ » and the central character w . We denote by c(¢ ) the conductor of ¢ ..

https://doi.org/10.1017/fms.2025.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.2

Forum of Mathematics, Sigma 3

KW
l/’" = 0 for any 2m > 0. Conversely, if nt is Y g-generic, then there

KW
exists 2m > 0 such that 7, # 0.
w
(2) Suppose that it is yg-generic. If2m < c(¢ ), then nll/fz'" =0.1f2m = c(¢pr) or2m = c(¢p ) +1, then

(1) If m is not Y g-generic, then

w
dimc(ngzm) <1

(3) Set 2m = c(¢pr) or 2m = c(Ppr) + 1. Suppose that n is Yg-generic and that w, is trivial on
w
E' 0\ (1+pp). Then ™ # 0.

K

If 2m = ¢(¢,) and if wy is trivial on E' N (1 + pE ), we shall call an element in 7 2 whose image

in 7y, is nonzero a local newform of n.
Remark 1.2.

(1) If xKom # 0, then w,; is trivial on E' N (1 +pp) since E' 0 (1+p)) Cc KV .

(2) Evenif2m = c(¢,) or c(¢-) + 1, the dimension of 7Kom can be greater than 1. A counterexample
already appears in the case where n = 1, which was treated by Lansky and Raghuram. See [16,
Theorem 4.2.1].

(3) As well as in [3], one might expect the existence of K} for all integers m > 0 such that Theorem
1.1 holds. Unfortunately, we do not know how to define K} for odd integers m > 0 at this moment.

We expect that Theorem 1.1 has several applications such as a higher level generalization of a result
of Chenevier—Renard [7]. We will try it as a next project.

A usual method to establish the theory of local newforms is to apply the Rankin—Selberg integrals,
which are based on the multiplicity one theorem for several Gan—Gross—Prasad (GGP) pairs. For
example, Tsai [23] and Cheng [8] used the pairs (SOz;,+1(F), SO, (F)) and (Uz,41, Uzy,) to obtain
knowledge about newforms. In this paper, we will also use this method as well. However, in our case,
one needs the GGP pair (U, Us,—2), which is not a ‘basic’ case. More precisely, we have to consider
the restrictions of irreducible representations of Uy, to the Jacobi group. Since the Jacobi group is not
reductive, several arguments in [23] would not work.

For example, to prove an analogue of Theorem 1.1 (1) in [23], Tsai used a lemma of Moy—Prasad ([23,
Lemma 3.4.1]). We do not know whether this lemma can be extended to our case. Instead of this lemma,
we use the local period integrals for the refined GGP conjecture. Using the absolutely convergence of
these integrals, the argument of Gan—Savin [11, Lemma 12.5] can show Theorem 1.1 (1). See Section
3.2 below. This is the same idea as in the previous paper [3, Theorem 4.5].

The proof of Theorem 1.1 (2) is the same as usual. Namely, it is an application of the Rankin—Selberg
integrals for Uy, X GL,,—1(E). This theory in this case was established by Ben-Artzi-Soudry [4] and
Morimoto [21], and is recalled in Theorem 4.2. Especially, the multiplicativity of the gamma factors
is included in [21, Theorem 3.1]. Using the Rankin—Selberg integrals, we will define certain formal
power series. Lemma 4.4 is a key computation to give lower bounds of the degrees. Using the functional

w
equations of the Rankin—Selberg integrals, we would obtain an upper bound of the dimension of nI;z’".
However, since the Rankin—Selberg integrals for Uy, X GL,,_{ (E) factors through 7 = 7, we cannot
estimate the dimension of 7% itself.

For the proof of Theorem 1.1 (3), the fact that we have to deal with the Jacobi group complicates the
situation. Indeed, the arguments in [23, Chapter 8] and in the previous paper [3, Theorem 4.3] might
not work. In this paper, we give a new, or rather old, idea.

Recall that the theory of newforms was initiated by Atkin—Lehner [1] and Li [17] for elliptic modular
forms of integral weights. Kohnen [14] established a similar theory to the half-integral weights case.
Moreover, he proved that the newforms of integral weights and the ones of half-integral weights are re-
lated to each other by the Shimura correspondence. Since the theta correspondence is a generalization
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of the Shimura correspondence, the local newforms will be compatible with the local theta correspon-
dence in the future. Instead, the local theta correspondence would be useful to show the existence of the
local newforms. This is our idea.

In fact, if we let o = 6 () be the theta lift of 7 to Uz, then o is nonzero irreducible tempered
and generic, and its conductor and central character are the same as the ones of &. By the definition of
the theta lifting, we have a surjective Uy, 11 X Uy, -equivariant map

W¢—>U|Zﬂ,

where wy, is the Weil representation of Uy, X Uay,. Let szm be a conjugate of the compact subgroup
of Uy,yy defined in [3], where V = E?"*! s the vector space on which Uy, acts. Set szm to be the

subgroup of Uj,,;; generated by szm and the central subgroup E' N (1 + p%). Then by using a lattice
w

. AS JY XK.
model and Waldspurger’s result (Proposition 5.3), one can show that w df’” is generated by w J’"X g

a representation of U,,. Hence, if 2m > c¢(¢,) and w”|E1ﬂ<l+pZt) =1, then 7%2m # 0 since o2 # 0.
See Proposition 5.6 for the details.

w
However, it is much harder to show ﬂI;z’" # 0when2m = c(¢dr)or2m=c(¢pr)+1.Letly: 0 - C
be a nonzero Whittaker functional. Then the composition

I ®id
Wy > OCRT —— T

factors through a twisted Jacquet module of wy, along a maximal unipotent subgroup of Uj,41. By the

same argument as Mao—Rallis [18, Proposition 2.3], this twisted Jacquet module is isomorphic to the

compact induction indllff/" (i), where NJ is a maximal unipotent subgroup of Uy, and u is a generic
2n

character of Nén. By Cheng’s result [8, Theorem 1.4, Lemma 7.5], [, is nonzero on the one-dimensional

- - . VABY i -
subspace o/am if [, is suitably chosen. Hence, there is ¢ € w' > > such that it is nonzero under the

v
all maps in the following diagram:

. Usp -
mdN; ()

Lemma 5.7 asserts that the support of the image of ¢ in ind[]ff,” (u) is small enough. It implies that
2n

w
7rK2’" # 0 immediately. See Section 5.5 for the details. Finally, to prove Lemma 5.7, we need to change
models of the Weil representation and review the argument of Mao—Rallis [18, Proposition 2.3].

This paper is organized as follows. In Section 2, we introduce several notations and state our main
theorem. Using the local Fourier—Jacobi periods, we show Theorem 1.1 (1) in Section 3. Theorem 1.1
(2) is obtained as an application of the Rankin—Selberg integrals in Section 4. Finally, we study theta
liftings to prove Theorem 1.1 (3) in Section 5.

Notation

Let E/F be an unramified quadratic extension of non-archimedean local fields of characteristic O and
of residue characteristic p > 2. The nontrivial element in Gal(E/F) is denoted by x — X. Set og
(resp. or) to be the ring of integers of E (resp. F), and pg (resp. pr) to be its maximal ideal. Let
E' = {x € E* | xX = 1} denote the kernel of the norm map Ng/r: E* — F*. Fix a uniformizer @ of
F, which is also a uniformizer of E. When x € E* can be written as x = uw’ for some u € DE, we write
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ord(x) = 1. Set ¢ = |og /pr| so that g> = |og /pe|. Let | - |z be the normalized absolute value of E so
that |x|g = g~2°4™) for x € EX.

We fix § € o such that 6 = -6, and a nontrivial additive character y: F — C* such that y/|,, = 1
but a,//|p;1 # 1. Set yg(x) = a,//(%trE/F(x)) = a,b(%) and a,//g(x) = Yg(x/6). Then Y and !,bg are
nontrivial additive characters of E such that Yy g|r = ¢ and wg |F = 1. The unique nontrivial quadratic
unramified character of E* is denoted by y. Namely, y| o = 1 and y(w) = —1. In particular, if we write
X =11, we have g% = —1.

A representation 7 of a p-adic group G means a smooth representation over a complex vector space.
When K is a compact open subgroup of G, we write 7K for the subspace of 7 consisting of K-fixed
vectors. Let Irr(G) be the set of equivalence classes of irreducible representations of G, and Irtemp (G)
be its subset consisting of tempered representations.

2. Statement of the main theorem

In this section, we define families of compact open subgroups of unitary groups, and we state our main
theorem.

2.1. Unitary groups

LetV = Vy,41 (resp. W = W,,,) be a hermitian (resp. skew-hermitian) space over E of dimension 2n + 1
(resp. 2n) equipped with a nondegenerate hermitian form (-, -)y, (resp. skew-hermitian form (-, -)y ).
Assume that there are bases {e,,...,e1,e9,e—1,...,e_,} of Vand {fy,..., f1,f-1,..., fon} Of W,
respectively, such that

(eive)y = {fis f)w =0
unless j = —i, and
(o e0)y =(eiei)y = (fi. f-dw =1

forl <i<n.
Using these bases, we often identify the associated unitary groups U(V) and U(W) with

Usnot = {h € GLaar (B) | Towagsi = wapan .
Upy = {g € GLo, (E) | I§J2ng = J2n},

respectively, where we set

wo=| .- |€GL(E), Jo= (_?V vg") € GLy (E).

2.2. Representations of unitary groups

Let Npp41 (resp. Nay,) be the upper triangular unipotent subgroup of Uy, (resp. Uy, ). We define generic
characters of Ny,4+1 and Ny, by the same formula

urYg (Zn: Mk,k+1)-

k=1
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By abuse of notation, we denote these characters by ¥ . We say that an irreducible representation o of
Usp+1 (resp. mof Uy,,) is generic (resp. y g-generic) if Homy,, ., (o, Y g) # 0 (resp. Homp,, (7, ) # 0).

For an irreducible representation 7 of Us,,, we denote by 7" the contragredient representation of 7.
By aresult in [19, Chapter 4. II. 1], we know 7V = 7¢, where 7%(g) = n(6(g)) with

-1
. 1, 0\_(1, ©
Q.Uzn—>U2n, gl—)(o _ln)g(() —ln) .

In particular, 7 is y g-generic if and only if 7V is wgl—generic.

By the local Langlands correspondence established by Mok [20], to an irreducible representation o~ of
Ujp41 (resp. m of Up,,), one can attach a conjugate self-dual representation ¢ - (resp. ¢ ) of Wg xSL,(C)
of dimension 2n + 1 (resp. 2n), where W is the Weil group of E. We call ¢ (resp. ¢ ) the L-parameter
for o (resp. 7). Then we define the conductor c¢($ ) of ¢ by the non-negative integer satisfying

&(s, 0o W) = £(0, b, ) g 2 (#0)5,

Similarly, the conductor c(¢ ) of ¢ is defined.

The center of Uy,,11 (resp. Uy,) is U} which is identified with E'. For an irreducible representation o
(resp. ) of Uypyq (resp. Uy, ), we denote its central character by w - (resp. w ). If o (resp. ) corresponds
to ¢ (resp. ¢ ), then the L-parameter of w, (resp. wy) is given by det(¢-) (resp. det(¢p ).

2.3. Jacobi group

Set
1 x y z+3(w.'y ~ YWn-1'%)
v(x,y:z) = 8 1’6_1 13—1 _vt:;:,y)_c € Uy,
0 0 0 1
for x,y € E" ! and z € F. Here, E"! is the space of row vectors. Let H,_; = {v(x,y;z) | x,y €

E™ !,z € F} = E? 2@ F be a Heisenberg group in 4n — 3 variables over F with the multiplication law
ro ’ ’ ’ 1 = t—
VO y VO Y 2) = vl xl y iz 2 St (0wt 'Y = ywat 3 ).

We write

Xpo1 = {v(x,0;0) | x € E"},
Yoo1 = {v(0,y;0) | y € E"'},
Z={v(0,0;z) | z € F}.

By abuse of notation, we denote the character Z > v(0,0;z) — ¢ (z) by .
We identify U,,_; as a subgroup of Uy, by the inclusion

1

U238 —=| & |€Ua.
1

Then Uy, _» normalizes H,—1. We call J,,_1 = H,—1 x Uy, _ the Jacobi group. Note that Z is the center
of Jnfl .
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For an irreducible representation n of Uy,, we denote by my, the maximal quotient of 7 on which
Z acts by . We call my, the Fourier-Jacobi module of nr. For a compact open subgroup K of Uy,
we denote by n’l; the image of 7X via the canonical surjection 7 - . Note that 7y is a smooth
representation of J,,_; so that K does not act on m, itself.

For t € E*, if we put y’(x) = ¢ (Ng/r(t)x) and

t t

K =| 1y 1 K| 1o 1
A A

then x(diag(z, 12,-2, 71)) induces isomorphisms

Hence, we have ﬂg, = ﬂg .

2.4. Compact subgroups

For each non-negative even integer 2m > 0, we define compact subgroups K;/m c U(V) = Uy

and K} c U(W) = Uy, as follows. When 2m = 0, we set K} = Upuy1 N GLoyyi(0g) and KV =
Uy, N GLy, (0g). If 2m > 0, we set

n 1 n
n [og Py OF
vV _
Ky, =1 [ p2 1+p2m pr [0 Uz,
n \Og p%" DE

1 1+pf  og OF
Ky =2n-2 Py 0f o [N Uz
1 pan P 1+py
Note that
w™m.1, w1, -
1 Ky, 1
w1, o™ -1,
n 1 n
n [1)28 OE pEzm
=1 | p2 1+p2" o [N Uz,
n \pg" P o

which is denoted by Ko, u(v) in [3], and by Ky, 2 in [8]. If we set ‘K = {'k | k € K}¥ } to be the
transpose of K,V . then

Ky = 12,2 'Ky 12,2

2m
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The theory of local newforms for U,,.; is established by the author together with Oi and Yasuda [3,
Theorem 1.1] and by Cheng [8, Theorem 1.2] as follows.

Theorem 2.1. Let o be an irreducible tempered representation of Uyp1 with the L-parameter ¢ o

K

(1) If o is not generic, then o 2 = 0 for any 2m > 0.

(2) If o is generic, then

0 if 2m<c(do),

. K)o —
dimg(c"2m) {1 if 2m=c(¢y) orc(dy) + 1.

Moreover, if 2m > c(¢ ), then oKom # 0.
In this paper, we will prove an analogue of this theorem for U,,, as follows.

Theorem 2.2. Let it be an irreducible tempered representation of Uy, with the L-parameter ¢ . and the
central character w .

KW
(1) If n is not YE-generic, then ﬂwz’" = 0 for any 2m > 0. Conversely, if m is Yy g-generic, then there
KW
exists 2m > 0 such that © wz’" # 0.

w
(2) Suppose that it is Y g-generic. If 2m < ¢(¢ ), then ﬂ'zz’" =0.1f2m = c(¢) or2m = c(¢d)+1, then

KW
dimc(zrwz'") <1

(3) Set 2m = c(¢r) or 2m = c(¢,) + 1. Suppose that n is Y g-generic and that w, is trivial on
w
E' 0 (1+p}). Then ™ # 0.

K

w
When 2m = c(¢ ), we shall call an element in 72 whose image in 7, is nonzero a local newform

of .

3. Local Fourier-Jacobi periods

In this section, we will prove Theorem 2.2 (1). To do this, we use the local Gan—Gross—Prasad conjecture
for (Ua,, Usy-2).

3.1. Weil representation

Let Wy be the subspace of W generated by {f,—1,. .., f1, f-15- - -s fon+1}. We write G,, = U(W) and
G -1 = U(W)p) in this section. Hence, the Jacobi group J,_; is written as J,,—; = Hy,—| < G,_;.
Recall that we have a compact subgroup K;Z of G, = U(W). Note that the intersections

K’ =K) Nl K" =K nH,;, K" =K nUW)

are independent of 2m. Moreover, K™0 is a hyperspecial maximal compact subgroup of
Gn-1 = U(W).
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We consider the Weil representation wy, of J,,_1 associated to i and y. It is realized on the Schwartz
space S(E"!) as follows. For ¢ € S(E" ') and £ € E"™!,

Wy (V(x,0;0)$(£) = (& +x), xe€E",
wy (V(0,y;0)8(€) = Y 2wn1'V)P(&), yeE™,
wy (v(0,0;2))0 (&) =y ()p(é), z€F,

wy(m(@)$(&) = x(det(a))| det(@]* $(¢a), a € GLo-1(E),
Wy (n(b)GE) = e (EDwat'€)9(E), b € Muct (E). (wa1B) = Wi,

ou ()8 = [ powe (- o,

where we set

a 0 1b
m(a) = (0 w lta—lw—ll)’ n(b) = (0 1) € Gn—h
n— n—

and the measure dx on E™~! is the self-dual Haar measure with respect to i . The Weil representation
wy is unitary with respect to the pairing

o= [ oron@ae.

Set ¢9 € S(E"!) to be the characteristic function on 0%‘1. Note that ¢y is fixed by wy (K”).

K

wH is one-dimensional spanned by ¢q.

Moreover, the subspace w

3.2. Proof of Theorem 2.2 (1)

Let 7 € Irtiemp(G ) and n” € Irtiemp (G n—-1). Fix a nonzero G ,-invariant (resp. G,i-invariant) bilinear
pairing (-, );: # XY — C (resp. (-, )pr: A/ X7 = C).Forp e m, ¥ € n¥, ¢’ € n/, ¢’V € n’¥ and
¢, ¢V € S(E"), we define the local Fourier-Jacobi period by

a(p, 0", ¢ ", 4. ¢")
= /G /H (1(h8)¢. ¢ )x (7' ()¢, ") (wy (hg)p. ¢")dhdg.

Proposition 3.1. The integral a(p, ¢",¢’, 9", ¢, ¢") is absolutely convergent.

Proof. This is exactly the same as the symplectic-metaplectic case ([25, Proposition 2.2.1]). We omit
the details. O

Since the central character of wy, is ¥, if (g, ¢", ¢’ ¢"", ¢, ¢") # 0, then

/F(n(hg v(0,0;2) @, " )xth (z)dz £ 0

for some h € H,_; and g € G,,_;. This means that the image of ¢ in 7, is nonzero. The converse holds
in the following sense.

Lemma 3.2. Let ¢ € n. Assume that the image of ¢ in n, is nonzero. Then there exists ¢ € n" such that

/F (2(¥(0,0: 2))6, )2 B D)z # 0.
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Proof. Note that by Proposition 3.1, the integral

/F (x((0,0:2))p. ") x B (D)2

converges absolutely. Suppose that this integral is equal to zero for all ¢V € V. We will show that the
image of ¢ in 7y is zero.
For an integer j > 0, set

l+a _
Tj= t(l1+a)= 15,0 aep} c Uy,.

(1+a)™!
Recall that ¢ |, = 1 but (//|p; # 1. Hence, for fixed z € F with —k = ord(z), the map

(1 +a?s) _

¥(z) c

T;>t(1+a)—

is a character if k < 2j. Moreover, it is trivial if k¥ < j. Hence,

g’ ) v ((1+a)*z)da =

Pr

Y(z) ifk<j,
0 if j <k <2j.

Since 7 is smooth, there is an integer j > 0 such that ¢ is 7;-fixed. To show that the image of ¢ in
7y is zero, it suffices to prove that

/ |, m(v(0,0:2)¢)y (2)dz = 0.

PF

This is equivalent to saying that
[, a60.0:2).6:5 0z =0 )
Pr

for all ¢¥ € n¥. We claim that we may assume that ¢ is T;-fixed. Indeed, if z € p;j , since k =
—ord(z) < j, we have

_,(ﬂ(V(O,O;z))so,soV)anz:/_,.(ﬂ(V(O,O;Z))so,wv)n(q‘j /j l!/((1+a)ZZ)da)dz
PE PE Pr
— g 1+a)"'v(0,0;2)¢(1 @) (2)dad
g /pF_,-/p;”(f( +0)7¥(0,0:0(1 + ). ") (D) dads

—¢7 [ [ 60005 (101 + )
v Jpy
Hence, (1) holds for ¢V if it holds for
q_j 7V (t(1+a))e'da
P

which is T;-fixed.
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Now assume that ¢" is Tj-fixed. Then we claim that

[, 3005200,z = [ (x(3(0.0:2)). 657
v F

and hence, the left-hand side is zero by assumption. Indeed, for k¥ > j > 0, since k > 2 so that
k—1<k <2(k—-1), we have

[ 6000060,
P \pykt!

=q*’<+‘/k L /k (m(1(1+a)"'v(0,0;2)t(1 + a)) g, ¢") 2t (2)dadz

- [ @02 [ T aredala:
p;‘k \p;ﬂk+l pffl
=0.
This completes the proof of the lemma. O
Now, we prove Theorem 2.2 (1).
Proof of Theorem 2.2 (1). Let & be an irreducible tempered representation of G,, = Us,,. Suppose that
w

K
ﬂwz"' # 0 for some 2m > 0. We will show that 7 must be i -generic.

Fix ¢ € 7%2n such that the image of my is nonzero. By Lemma 3.2, one can find ¢" € 7" such that

/F(ﬂ(V(O, 0;2)) ¢, ¢ )t (z)dz # 0.

Since Z is the center of H,,_;, we may assume that ¢" is fixed by K H Hence, the matrix coefficient
Hu_1 3 h > (n(h)¢, ¢")x is bi-KH -invariant. Since wy, is the unique irreducible representation of
H,_; whose central character is ¢, there are ¢, ¢" € S(E"!) such that

/H (x(h) e, ") (g ()67 dh # 0.

We may also assume that both ¢ and ¢V are fixed by K . Since a) = Ceyp, we can take ¢ = ¢V = ¢y.
Hence,

/H (x(h) g, ¢ ) @y (R G0, G0} # 0.

Now by applying the same argument as [11, Lemma 12.5] to the integral on G,_;, one can find
7" € Itiemp(Gp-1) and (¢, ¢’V) € n’ x 7’¥ such that

a(e, ¢ @' ¢", do. po) 0.

We may assume that ¢ is fixed by K"° since so are ¢ and ¢g. This means that 7’ is unramified. By the
local Gan—Gross—Prasad conjecture ([9, Conjecture 17.3, Theorem 19.1]), whose basic case is proven
by Gan—Ichino [10, Theorem 1.3], we can deduce that r is ¢ g-generic.

Conversely, if 7 is i g-generic, by the local Gan—Gross—Prasad conjecture, one can find an irreducible
tempered unramified representation 7’ of G,,_; such that Hom;, (7 ® 7’ ® wy,C) # 0. Since 7’ and
wy are irreducible as representations of G, and H,,_1, respectively, for any nonzero unramified vector
¢, € ' and for any nonzero element £ € Homy,_ (7 ® 7’ ® wy, C), one can take ¢ € 7 such that
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L(p® ) ® ¢0) # 0. We may assume that ¢ is fixed by K”. Since 7 is smooth, ¢ is fixed by Kgfn for
w
2m > 0. In this case, ¢ gives a nonzero element in 7rK2'".

This completes the proof of Theorem 2.2 (1). O
Recall in [9, Corollary 16.3] that for = € Irr(G,,) and 7’ € Irr(G,,—1), we have
dimc Homy, (1 ® 7’ ® w,,C) < 1.
It is worth to state the following result which was obtained by the above argument.

Proposition 3.3. Let & be an irreducible tempered representation of G ,,. Suppose that there is ¢ € Ko
whose image in m, is nonzero for some 2m > 0. Then there exists an irreducible tempered unramified
representation 1’ of G- together with an unramified vector ¢, € n” such that L(¢ ® ¢ ® ¢0) # 0 for
any nonzero L € Homy, , (m ® ' ® wy,, C).

4. Uniqueness

In this section, we will prove Theorem 2.2 (2). As usual, this is an application of Rankin—Selberg
integrals.

4.1. Rankin-Selberg integrals

Let 7 be an irreducible generic representation of GL,_;(E) which is realized on the Whittaker space
W(r, 1,0;:1) with respect to the inverse of yg. For s € C, we consider the normalized parabolically
induced representation

Gn-1 S—l
IndQni1 (Tl det | 2)
of G,,—1, where Q,,_1 = M,_1U,,_; denotes the standard Siegel parabolic subgroup so that

My ={m(a) | a € GL,—1(E)},
Up1 = {n(b) | beM,_ (E)’t(wn—lz) = Wn—lb}’~

We realize it on the space Vg"‘ll W(r, l/lgl), s) of smooth functions fs: G,-1 X GL,_{(E) — C such
that .

o fy(n(b)m(a)g,a’) = |detals ® " fi(g.a’a) for g € Gy1,a,a’ € GLy_1(E) and n(b) € Uy_i;

o the function a — f(g, a) belongs to W(r, zﬁgl) forany g € G,—;.

Define a new representation 7* by 7*(a) = 7(a*), where a* = w;,_| ! w;ll. Note that * = 7", where
7(a) = 7(a). As in [21, Section 2.3], one can define a normalized intertwining operator

M*(7,8): Vg OV(T,ug), 8) = VS V(T ug), 1= ).

Let 7 be an irreducible i ¢ -generic representation of G, realized on the Whittaker space W(r, Y k).
For W € W(rm,yE), fs € vg"_j W(r,¢3"),5) and ¢ € S(E™'), we define the Rankin-Selberg
integral L(W, fs, §) by

/ W11 ¥(5, 0 0)8) £ (2. Lt g () () dxdlg,
Np-1\Gp-y JEP!
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where we set

Remark 4.1. Note that
W(wi,n-1v(x,0;0)g - v(0,0;2)) = ¢ (2)W(w1,n-1V(x,0;0)g)
for W € W(n, ¥ g). Hence, the restriction map W +— W (w;_,_1v(x, 0; 0)g) factors through 7 - 7. In
particular, if 7 is ¥ g-generic, then 7, is nonzero.
Theorem 4.2. Keep the notations.

(1) The integral L(W, fs, &) converges absolutely for Re(s) > 0. It is a rational function in g~° so that
it admits a meromorphic continuation to the whole s-plane. _

(2) Let I(m X T X x) be the fractional ideal of C[q~%, q°] generated by L(W, [, ¢) for W € W(m, W),
fs € VQG":]I W(r, wgl), s) and ¢ € S(E™Y). Then there is a unique polynomial P(X) € C[X] with
P(0) = 1 such that I(n x T X x) = (P(q™*)""). We define the L-function attached to n X T and y by

L(s,mxT,x)=P(g*)".
(3) There is a meromorphic function I (s, © X T,4) such that
E(Ws M*(Ts S)sza) = wﬂ(_l)nile(_l)nr‘(& TXT, X Q;l’)ﬁ(Ws fsv 5)

forany W e W(m,WE), fs € Vg:_’l‘ W(r, wgl), s)and ¢ € S(E"V). We call T'(s,n X T, x,¥) the
gamma factor attached to m X T, y and .

(4) The gammafactorT'(s, X7, x, ) satisfies several properties (including the multiplicativity), which
determine I'(s, m X T, x,¥) uniquely.

(5) Define the e-factor attached to n X T, y and ¥ by

L(s,mXT,x)
L-s,avxtV,x)

S(S’n X T’X’w) = F(S’n X T&leﬁ)
Then it satisfies that

e(l1=s,ax7", x,¥)e(s,n X1, x,¥) = 1.

In particular, &(s,m X T, y,¥) € C*(q~*)%.

Proof. (1) is [4, Proposition 6.4]. By [4, Proposition 6.5], we see that 1 € I(7 X T X y), which implies
(2). The assertion (3) follows from the multiplicity one theorem proven in [9, Corollary 16.3]. (4) is
proven by Morimoto [21, Theorem 3.1]. Since M*(7*,1 —s) o M* (7, s) = id, using w+(—1) = w(-1),
we have

‘C(W’ fsv 5) = ‘C(W’ M*(T*’ 1- S) o M*(T’ s)fha)
= wﬂ(_l)n_le*(_l)nr(l -5, X T*7 X> W)E(W, M*(T’ S)fY’ 5)
=T(1 —s,n X7 x, )T (s, 7 X T, ¥, W) LW, fs, })

for any W, f; and ¢. It means that

T'(l=s,7 X7 x, )0 (s,n X1, 3, %) =1,
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which is equivalent to saying that
e(l1=s,ax7" x,¥)e(s,n X1, x,¥) = 1.

Hence, (s, 7 X T, x,¥) € C[g™%, ¢°]¢ = C*(¢~*)%. O

4.2. Unramified representations

In this subsection, we consider the Rankin—Selberg integrals when 7 varies over irreducible unramified
representations of GL,,_(E).

Recall that Ko = K(YV N G,—1. It is a hyperspecial maximal compact subgroup of G,,_;, and the
Iwasawa decomposition G, = Q1K Wo holds.

Irreducible unramified representations of GL,_;(E) are parametrized by the Satake parameters
x=(X1,...,X_1) € (C)""1/S,_|. We write the unramified representation associated to x by 7. Then

for almost all x, since 7, is generic, there exists a unique function f;(x) € VQG’:":I‘ W (7x, tp;:l), s) such
that

o fi(gk,a;x) = fs(g,a;x) forany g € G,_1, k € K" and a € GL,,_;(E); and
o the function W(a;x) = fs(12(n-1), a; x) is right GL,,_; (0 )-invariant with W(1,_1;x) = 1.

Lemma 4.3. Forx = (x1,...,X,_1), we write x_' = (xl_l, ... ,x;il). Then we have
M*(7x, 5) f5 (x)
175 (1= q75x0) Tl <icjen—1(1 = 725 xix,)
_ fims(x7h)
- l_[?:_ll(l - le(lfs)x,v_l) [T<icj<n(1- 6172(173)36;136]_-1).

Proof. The assertion follows from [4, Theorem 8.1] and [21, Theorem 3.1]. O
Let 7 be an irreducible  g-generic tempered representation of G,, with L-parameter ¢ . Then by
the uniqueness of the gamma factor (Theorem 4.2 (4)), we have

n-1

F(saﬂXTi’X’l//) = HS(S+Si+S0,¢n,WE)

i=1

L(1—5—s5;—50,0%)
L(s+s;+s0,¢r)

for almost all x = (x1,...,x,_1), where so,s1,...,5,_1 € C are such that g7>% = —1 and x; = ¢~>%
for 1 <i < n- 1. Since ¢, is tempered, two meromorphic functions I—[;’z_ll L(1—s—s;—s0,¢%) and
H:’z_ll L(s + s; + S0, ¢ ) have no common pole for almost all x. In particular, in this case, we have

n-1

L(s,mX Ty, x) = l_[ L(s+s;+50,dr),
i=1

n—1

(8, T X T, o) = 1—[ e(s+s;+50, 0, VE).

i=1
If we write L(s, ¢) = Pr(q~2%) and &(s, ¢, yg) = £¢°(?1=29) then

n-1

L(s,mX Ty, x) = l—l Pr(—xiq™>),

i=1

n—1
S(S, X Tx> Xo l//) = Sn_l(—ql_zs)c(¢n)("_1) l_[x:(¢7r)
i=1
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4.3. Proof of Theorem 2.2 (2)

The symmetric group S,_; acts on C[ X!, ..., X;ill] canonically. Set

T =CIXH, .. x5,

> “n-1
Note that
T = C[Tla MR Tn—27 Tn—l’ Tn__ll]
with

Ti= )Xo Xow-
TE€Sn-1
The degree with respect to T,,—; gives a Z-grading on 7 ; that is, 7 = ®4¢zTq with
Ta=CITh, ..., T,2]T" .
Write X = (X1,...,X,_1) and ¢ "X = (¢ X1, ...,q" 7> X,,_1). There is a function
W(X): GLy1(E) = T

such that W(X)|x-x = W(x) for almost all x € (C*)"=!. Similarly, we consider the function
fs(X): Gpo1 X GL,—1(E) — T so that f(X)|x=x = fs(x) for almost all x € (€)™ In particular,
i1y, a: X) = W(a; ¢' > X).

We regard L(W, fl/z(z),%) as a formal power series of X;—'l,...,X:f_ll, or an element of
CIT1,....Tuad[[T*1). For A = (A1, ..., dp-1) € Z"', we set |A] = Ay + -+ - + A,,_1. The following is
a key lemma.

Lemma 4.4. Let W € W(r, ) 5om. Write
LW, fip(X),90) = D, aaW)X[ - Ximt = 3" La(WTE
Aezn-! dez
withay(W) € Cand Ly(W) € C[Ty,...,T,-5]. Then

o a (W) =0unless || = —(n— 1)m; and
o Lg(W)=0unlessd > —m.

Proof. For row vectors x,u € E"! and a € GL,,_(E), we put k(x, a, u) to be the matrix

ln_1 ’u 0 0
0 110 0
. -1 .
(W1,n-1v(x,0;0)m(a)) 0 011 <aw Win-1v(x,0;0)m(a).
0 0|0 1,

By an easy calculation, k(x, a, u) is equal to

1 —x"u —x'uxa 0 0

al'u 1, +a "uxa 0 0
0 0 Ly — woo'@xX0'a@ "Wy we_i'a'xu'x |
0 0 —w'a w, 1+u'x

In particular, if xa € og‘l and u'a™! € (pg”)”‘l, then x"u € p! so that k(x,a,u) € K;Yn.
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As functions on g € G,_1, all of W(w1 ,—1v(x,0;0)g), fs(g, 1s-1; X) and wy (g)¢o are right KWo.
invariant. Hence, by the integral formula with respect to the Iwasawa decomposition, we can write

LW, £,(X). do) as
[ WO v s 0001 s X0y 800005, (dsar
T En-1

where B,_; = T,-1N,— is the upper triangular Borel subgroup of G,_; with the diagonal torus
T,-1. Write t = m(a) with a = diag(ay,...,a,-1) being a diagonal matrix in GL,_;(E). Then
wy(m(a))po(x) # 0 < xa € o' In this case, if W(wy - 1v(x,0;0)m(a)) # O, then for
u=(up,...,up—1) € E" ' suchthatu’a' € (pf)""!, we have

0% W(wiu1v(x,0;0)m(a))
=W(wi n1v(x,0;0)m(a) - k(x,a,u))

1,4 ‘|0 0
0 10 0

=V 0 01 —uw,_ w1,n-1V(x,0;0)m(a)
0 0[0 L,

=Yg (Un-1)W(Win-1v(x,0;0)m(a)).

This shows that

Up-1 € p;)srd(an,1)+m = lﬂE(un_l) =1.

This means that ord(a,—) + m > 0.
1
Recall that f;(m(a), 1,-1;X) = 6, (m(a))W(a;q'~>*X). By a similar (and well-known) argu-
ment, if W(a;q'">X) # 0, then ord(a;) > --- > ord(a,_). Hence, we conclude that if

W(win-1v(x,0;0)m(a))W(a; X)wy (m(a))go(x) # 0,
then
ord(ay) = --- > ord(a,-1) = —-m

so that

n-1

ord(det(a)) = Z ord(a;) = —(n—1)m.

i=1

Since the Casselman—Shalika formula [6] tells us that

wax el @ cxpxp NI, T T,

n—1
n-1

|A|=ord(det(a))
we obtain the assertions. O

For W e W(n, glrE)sz, we define ¥(W; X) by

PR (=g X)) LW, fi/2(X), ¢0)

YW X) = — = - .
[T5 (0 =¢7'X) [Ticicjcn (1 — g7 X X))
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Proposition 4.5. If 2m < c(¢,), then ¥(W;X) = 0 for W € W(r,yg)5om. If 2m = c(¢,) or
2m =c(¢r) + 1, then

dim@{‘P(W;X) | W e W(r, wE)K%} <1.

Proof. Since P (X) is a polynomial of X with P(0) = 1, and since (1 — ¢7'X;)! = 352, (g7 X))k
and (1 - ¢72X; X;)™" = 25, (¢72X; X;)¥, if we write

YW X) = D> aa(W)X - Xomt = " Wa(W; X)TY
Aezn-! deZ

with @3(W) € Cand W4 (W; X) € C[T},...,T,—2], by Lemma 4.4, we see that

o ay(W)=0unless [1] > —(n — 1)m; and
o ¥ (W;X)=0unless d > —m.

Write X' = (X;',..., X 1). By the functional equation (Theorem 4.2 (3), (5)) together with
Lemma 4.3, we see that

T, DWW X7 = oW (W X) *)
with
£0= (1) e - w (1)),

The left-hand side and the right-hand side of () belong to

P cn.....nard,, P i, LT,

d<m—c(¢r) d>-m

respectively. Hence, if W;(W;X) # 0, then —m < d < m — c(¢) so that 2m > c(¢,). A similar
argument shows that if @, (W) # 0, then

—(n=Dm < |A] < (n=1)(m = c(¢x)).
Now we assume that 2m = ¢(¢ ). Then ¥;(W; X) = 0 unless d = —m. Hence,
T;:il‘P(W;X) € C[Tl, e ,Tn_z] C C[Xl, A an—l]-

This implies that @;(W) = 0 unless A; > —m for any 1 < i < n — 1. However, since a,(W) = 0 unless
|[4] = —=(n — 1)m, we see that a3(W) = O unless 4] = - - - = 1,-1 = —m. This means that

W(W;X) € CT. ™
so that
dlmc{T(W;X) ( W e Wi vg) uw} <1

Next, we assume that 2m = ¢(¢,) + 1. Then W4(W; X) =0 unless d = —m, —m + 1, and o) (W) =0
unless || = —(n — 1)m,—(n — 1)(m — 1). In particular, ¥_,,,1 (W; X) is a scalar so that

Yot (W3 X7 = W00 (W X).
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By the functional equation (x), we have
Yot (Wi X7 = 0o (W3 X),
Yo (W X71) = e0¥op (W3 X).
Hence, ¥_,,,(W; X) is also a scalar. Therefore,
W(W; X) € C(T, ™ + T, """
so that

dlmc{‘I’(W;X) ‘ W e W(n,¥Eg) c<¢n>+1} < 1.

This completes the proof. O

By Proposition 3.3, we see that W(x, 1//E)K2‘f»/1 > W - ¥(W; X) gives an injective linear map
w
Y. 71':;2'" — 7.

Hence, by Proposition 4.5, we have

w
) ngz’" =0if 2m < ¢(¢,); and

w
o dime(m,™) < 1if 2m = ¢(¢) or 2m = c(g) + 1.

This completes the proof of Theorem 2.2 (2).

5. Existence

In this section, we will prove Theorem 2.2 (3). To do this, we will use the theta correspondence for
(U(V), U(W)).

5.1. Theta correspondence

Recall that V = V5,41 (resp. W = Wy,,) is a hermitian (resp. skew-hermitian) space over E of dimension
2n + 1 (resp. 2n). Then W = V ® W forms a symplectic space of dimension 4n(2n + 1) equipped with
the symplectic form

vew v ew) =trg/r((v,v)y - (w,w)Hw).

Here, U(V), U(W) and Sp(W) act on V, W and W, respectively, all from the left. We have a canonical
map U(V) x U(W) — Sp(W).

Recall that y is the unique nontrivial quadratic unramified character of £. Note that y|r~ is equal
to the quadratic character corresponding to E/F. Let Sp(W) be the metaplectic C*-cover. Using the
pair (yy, xw) = (x2™*1, x*"), we have Kudla’s splitting [15]

U(V) x U(W) — Sp(W).

Let w, be the Weil representation of %(W) associated to the additive character . By the pullback,
we obtain the Weil representation wy v ,w of U(V) x U(W). For an irreducible representation 7 of
U(W), it is known that the maximal 7-isotypic quotient of wy v w is of the form

Ou(mrn
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for a smooth representation @ () of U(V) of finite length. The Howe duality conjecture, proven by
Waldspurger [24], asserts that if ®, () is nonzero, then it has a unique irreducible quotient 6, (7). We
call 8 () the theta lift of &

The following is a special case of Prasad’s conjecture, which was proven by Gan—Ichino [10]. See
also Theorem 4.4 in that paper.

Theorem 5.1. Let 7t be an irreducible s g -generic representation of U(W) with L-parameter ¢ . Then
Oy () is always nonzero. Moreover, o = 0, (r) is generic, and its L-parameter is given by

bo=dx ®1,

where ¢ x = ¢ ® x.

In particular, if o = 8, (), then we have c¢(¢) = ¢(¢») and w, = w,. Moreover, if 7 is tempered,
then so is o, so that we have o-K2n # 0 for 2m = c(¢pr) or 2m = c(¢p,) + 1 by Theorem 2.1.

5.2. Lattice model

First, we will show that 7Kom #0.Todo this, we use a lattice model S = S(A) of the Weil representation
wy of Sp(W). In this subsection, we recall this model.

Let W be a symplectic space over F of dimension 2N equipped with a symplectic form (-, -). The
group law of the Heisenberg group H(W) = W @ F is given by

1
(wi,t1) - (W, 12) = |wi+wo,t1 + 12 + §<W1,W2> ,

whose centeris {0} @ F = F. By the Stone—von Neumann theorem, there is a unique (up to isomorphism)
irreducible admissible representation (py,S) of H(W) whose central character is . The symplectic
group Sp(W) acts on H(W) by g - (w,1) = (gw,t). By the uniqueness, for g € Sp(W), we have
M, € Aut(S) such that

Mg o py(h)oM;" = py(gh) forhe H(W). (%)

By Schur’s lemma, such M, is determined uniquely up to a nonzero scalar. Define the metaplectic
C*-cover Sp(W) of Sp(W) by

EE(W) = {(g, Mgz) € Sp(W) x Aut(S) | M, satisfies (x)}.
We have an exact sequence

a

1 Cx Sp(w) —2— sp(w) —— 1

given by a(z) = (1w, z - ids) and 5(g, M) = g. The Weil representation wy of §13(W) on the space S
is defined by

wy (8, Mg) = M,.

Now we shall give a realization of the space S. Let A be a lattice of W (i.e., a free op-submodule of
rank 2N). The dual lattice A* is defined by

A" ={w € W | (w,a) € opfor anya € A}.
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Suppose that A is self-dual (i.e., A* = A). Let S(A) be the space of locally constant, compactly supported
functions ¢: H(W) — C such that

¢((a.1) - h) =y (1)¢(h)

for (a,t) € A® F and h € H(W). The group H(W) acts on S(A) by the right translation p.
It is known that the representation (py,S(A)) of H(W) is irreducible with the central character .
This gives a realization (wy,S(A)) of the Weil representation which is called a lattice model. Since
(a,0)- (w,0) = (a+w, %(a, w)), by the restriction to W @ {0}, we can identify S(A) with the space of
locally constant, compactly supported functions ¢: W — C such that

ola+) =[50, ot

fora e Aandw € W.
For g € Sp(W), we define M[g] € Aut(S(A)) by

tglo)on) = [ o(3am]ote @

for ¢ € S(A) and w € W. Here, da is the Haar measure on A normalized so that vol(A) = 1. It is easy
to check that (g, M[g]) € Sp(W).
Let K4 be the stabilizer of A in Sp(W). Then we have

(M[k]p)(w) = (k™" - w)
for k € Ka, ¢ € S(A), and w € W. The map k — (k, M[k]) gives a splitting K4 — §15(W). If we
identify K4 with the image, the restriction of the Weil representation (wy,S(A)) to K4 is given by

wy(k)p(w) = ¢k~ - w).

5.3. Families of lattices

Take bases {e,,...,e1,e0,e—-1,...,e_p}of Vand {fy,,..., f1,f-1,..., fon} of W, respectively, as in
§2.1. Set

I'y = (é DEei) ® Dpey ® (GnB DEe_i),
i=1 i=1

I'v = (é DEf[) ® é DEf_[).
i=1 i=1

Then I'y and 'y are self-dual lattices (i.e., [y, =T'v and F{‘V =T'w).
In this subsection, for two og-modules I'; and I';, we denote by I'; ® I'; the tensor product of og-
modules. We put

A=Ty ®Tw.

This is a self-dual lattice of W = V®r W, (i.e., A* = A). We will consider the lattice model (wy, S(A))
of the Weil representation of Sp(W).
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Fix a non-negative even integer 2m > 0. We consider lattices

n n

My, = (EB DEei) ®prend @ DEe—i),
i=1 i=1
n n-1

Now = (@ 0Efi) @ @ DEf—i) ® P f-n
i=1 i=1

of V and W, respectively. Then My, C I'y and Ny, C I'yy. Moreover, the dual lattices are given by

M;m = (é} DE€; éDEe_i),
i=1 o l;]

Ny = PE" fo @ (EB ocfi| @ |Pex f_,.).
i=1 i=1

Recall that in Section 2.4, we defined compact subgroups K;/m and Kg"; of U(V) and U(W), respec-
tively. The following lemma is easy to check.

® pgmeo ®

@

Lemma 5.2. We have

Ky ={heUW)|(h-1)-M;, C My},
K), ={g€ UMW) | (g-1)-N}, C Nom}.

In particular, K;/m X Kzur/n is contained in K under the canonical map U(V) x U(W) — Sp(W).

Let S(A)pm,,, be the subspace of S(A) consisting of functions ¢: W — C such that Supp(¢) C
M;, ® I'yy. We will use the following result proven by Waldspurger.

Proposition 5.3 [24, Corollary II1.2]. Let J2Vm be a compact subgroup of U(V). Suppose that
o Jy, DK ;

m 2m
o 8(A)m,, is stable by J)
° (S(A)m,) ™™ # {0},
Then S(A)J2‘:n is generated by (S(A)M2m)12‘r/n as a representation of U(W).

We will apply this proposition to the compact subgroup J2Vm generated by K;/m and E' n (1 + PE),

where the latter is regarded as a subgroup of the center of U(V). Namely, JX = Kg/ , and

n 1 n
n (o Py DE
‘I2Vm =1 prEn I+ P%” p%ﬂ N Uznt1

n \og Py OF

for 2m > 0. It is clear that J;/m D K;/m.
We check the second and third conditions in Proposition 5.3.

Lemma 5.4. The space S(A)m,,, is stable by Jg/m and fixed by K;/m. Moreover, (S(A)MZM)Jz\:n #+ {0}.
Proof. For t € p;" and w € I'y, define ¢;,, € S(A) so that Supp(¢;,w) = A +teg ® w and
&t w(teg @ w) = 1. Then S(A)yy,,, is equal to the C-span of

{ew |t €PE™, weTw}
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i=—n

For k € J;/m, write keg = 2. k;e;. Then

4 ifi #0,
ki € PE m o
1+pg ifi =0.

In particular, we see that (k — 1)teg ® w € A. Hence,

Supp(wy (k)¢r,w) = k(A +1eg @ w)
=A+(k-1teg@w+teg @ w
=A+teg®w = Supp(ds,w).

Moreover,
W (001 (160 8 ) = 0y (k)b (kteo @ w0 = (k = Dteg @ )
= lﬁ(%((k - Dteg®w, kteg ® w))ww(k)@,w(kteo ®w)

=y (((k = Dteg, kteg)y - (w, w)w ) dsw(teg @ w)
=Yg (Ng/r (1) ((keo, keo)y — (eo, keo)y) - (W, why)

=Yk (NE/F(I)(l — ko) {w, W>W)‘

Hence, for t € p,", w € I'y and k € JVm, there exists ¢ € C* such that wy (k)@; ,w = c¢; .. This
shows that S(A)yy,,, is stable by J;’m. Moreover, if kg € pé’” or (w,w)y =0, then ¢ = 1. Hence, we

have (S(A)as,,, )2 = S(A),, and (S(A)py, )2 # {0} o

Therefore, by Proposition 5.3, we see that S(A)”: o is generated by (S(A),, )" 2 as a representation
of U(W). If 2m > 0, then S(A)pr,,,, D S(A)wp,,._,- Let S(A)ar,, \a,,,, be the subspace spanned by

{1 |ord(t) = —m, w e Tw \ @Iy }.
Then we have

S(A)MZm = S(A)MZm—Z ® S(A)MZm\MZm—Z'

Lemma 5.5. Suppose that 2m > 0. The image (S(A)MZM)Jz‘»/w under the projection S(A)m,,, —»
S(A)M,,, \M,,,_ IS equal to the one of the subspace spanned by

{wy (K ¢y. g, |ord(t) = -m, k' € K}/ }.

Moreover, ¢; g, is fixed by KZWm and ¢y, is fixed by ’K;fn.

Proof. As we have seen in the proof of Lemma 5.4, k € szm acts on ¢, ,, by the character

Jy ——1+p} cx,

ki ko =0 (N (01 = To) w whyy ).
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Hence, the image in question is equal to the one of the subspace spanned by ¢, ,, with ord(¢) = —m and
w € I'y \ @l'w such that (w, w)y, € p}. It means that

<W’ W>W = <fn’ fn)W mod DZL
Note that
Ky ={geU(V) | glw =Tw}

is a hyperspecial maximal compact subgroup of U(W). Hence, there exists k’ € ng such that w =
k" - f, mod @™ Ty . In particular, we have

tepg@w—teg @k’ - f, € A.
Hence, we can find ¢ € C* such that ¢, ,, = CPrir-f, = € - wy(k")Py g, This shows the first assertion.

Fix k' € K2“n/1. Since (k" — 1) f, € @"T'w, we have (k" — 1)(teo ® f,) € A for t € p;™. Hence,
Supp(wy (k")¢:.1,) = Supp(¢:. r,). Moreover,

wy (K) 1,1, (teo ® fu) = wy (k) ¢y, 1, (K (teo ® fu) — (k' = 1)(teo ® fu))
=y %((k' = 1D)(teo ® fu), k' (teo ® fu)) |wy (k") 1,1, (K" (teo ® fu))
=y (Nep (K" = 1) fu, K fa)w)-

Since (k" = 1) fu, k' fud)w = {(~fa. k' fud)w € pé’", we have wy (k") r, (teo ® f,) = 1. Therefore,
we conclude that wy (k')¢; f, = ¢, 5, for k' € szm . By a similar calculation, one can prove that

wy (k") by g, =1 p, fork’ e tK;fn. This completes the proof. O

5.4. Existence of K;fn -fixed vectors

Let 7 be an irreducible  g-generic tempered representation of U(W) with the L-parameter ¢, and
the central character w,. Consider its theta lift o = 6, (m). It is an irreducible generic tempered

representation of U(V) with L-parameter ¢ = ¢ . x @ 1. In particular, c(¢) = c(d,) so that oKom #0

for2m > c¢(¢ ) by Theorem 2.1. Since w, = w,, we see that ohm £ 0if 2m > c(¢r) and wr|ipm = 1.
Setwy = wy v, w. By the definition of theta lifts, we have a U(V) x U(W)-equivariant surjective map

®:wy »0oRT.

Proposition 5.6. Set 2m = c¢(¢,) or 2m = c(p) + 1. Suppose that 2m > 0 and that w is trivial on
1 +p}. For any sign € € {1}, there exists t € p;" such that ®(¢, y.,,) # 0. In particular, Ko £ 0.

Proof. We realize wy, on the lattice model S(A). Since X — ¥72m is an exact functor on the category
of smooth representations X of U(V), we obtain a U(W)-equivariant surjective map

o: S(A)Jzyn > ol 7.

By Proposition 5.3 together with Lemma 5.4, its restriction to (S (A)MZm)Jzyn is still nonzero. Since
oKz = 0, this map factors through the restriction of the projection S(A)az,, = S(A)r,,\May_s-
Hence, by Lemma 5.5, there exists r € E* with ord(¢) = —m such that ®(¢; r,) # 0. Since ¢, ¢, is fixed
by J;’m X K;’Vﬂ, we have ® (¢, 1) € o2 & Kom so that 7Kam # 0. By the same argument, one can show

that ®(¢, ¢, ) # 0 for some ¢ € p". O
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5.5. Proof of Theorem 2.2 (3)

w
The goal of the rest of this section is to show that o #£0if2m =c(pr) or2m =c(¢p)+ 1 and if w,

is trivial on 1 +p}. If 2m = ¢(¢) = 0, then 7 is unramified (with respect to the hyperspecial maximal

K

w
compact subgroup K gv ), and the Casselman—Shalika formula [6] shows that 7rw° # 0. See Remark 4.1.

Hence, we may assume that ¢(¢,) > 0 so that 2m > 0.
We need further notations. Set

n n
X = EB Ee;, Vo=Eey, X'= EB Ee_;.
i=1 i=1

Hence,V = XoVy@X*.Fora € GL(X), b € Hom(Vj, X) and ¢ € Hom(X*, X), we definea® € GL(X¥),
b* € Hom(X*, Vy) and ¢* € Hom(X*, X) so that

(ax,x"yy = (x,a*x")y, (beg,x" )y ={e0,b*x")y, {(cx’,x")y = &', c"x”
forx € X and x”,x” € X*. For a € GL(X), b € Hom(Vj, X) and

¢ € Herm(X™, X) = {c e Hom(X", X) | ¢" = —c},

we put
a
my (a) = lVo >
(a)!
1x b -1bb
n;(b) = ly, b* |
1x-
lx C
n(c) = 1y,
1x-

These are elements in U(V).
Similarly, set

S

n
Yy=(PEf Y =(DEf
i=1

i=1

sothat W =Y & Y*. For a € GL(Y) and ¢ € Hom(Y*,Y), we define a* € GL(X"*) and ¢* € Hom(Y*,Y)
so that

(ay,yw =@y, ey v dw =" Dw
foryeY andy’,y” € Y*. Fora € GL(Y) and
¢ € Herm(Y*,Y) = {c € Hom(Y",Y) | ¢* = —c},

we put

my () = (“ (a*)_l), n(c) = (IY 15)

These are elements in U(W).
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Define as € GL(X) by
as. e = 6_i€,'

for —n < i < n. If we fix a nonzero Whittaker functional [, € Homy,, ,, (0, ¥g) for o, then [ =
ls o o(mx(as)) is a nonzero Whittaker functional with respect to the character wg : Nopyp — C*
given by

You) =yg (5_1 Z(ueil,€i>v)~
i=1

This is the generic character considered in [8].

Now we fix t € E* with ord(f) = —m such that ®(¢; ¢ ) # 0. This belongs to o'2m ® 7. Note that
my (¢ - IX)K;/mmx (t-1x)~" is the compact group K}, 2,,, considered in [8]. In particular, the Whittaker
functional

ltry =1 0oo(mx(t- 1x)) = 1y o o (mx (ast))
with respect to

'/fg,,i Nops1 3 u > g (my (r - 1x) -u-mx (t - 1x) ™) e C

is nonzero on 0'K2Yn by [8, Theorem 1.4, Lemma 7.5]. Therefore, the image ¢, ¢, under the composition
of Ny X U(W)-equivariant maps

I, ®id
[ ot
Wy OCRT l//g,t R

is nonzero.
By the same argument as the proof of [18, Proposition 2.3], one can prove that the maximal quotient
of wy on which Ny, acts by z//g’ , Is isomorphic to the compact induction indllfli,:m (u), where N7 is

the unipotent radical of the Borel subgroup of U(W) stabilizing the flag
EffcEffi®Ef,c---CEfi®---®Ef, =7,

and y is a character of NJ given by

n

p () = | Y Cufists i)+ Nige (0 fns fon) |-

i=1

Here, we note that Nén differs from N»,, defined in Section 2.2.
Hence, the map

I, ®id
[ t
Wy OCRT a wg’t R

factors through wy, — indllf,(,w) (u). Namely, we have a nonzero U(W)-equivariant map
2n

indlli,(,W)

2n

(n) — .

The following is a key lemma, which will be proven in Section 5.7 below.
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Lemma 5.7. Let F, fn € 1ndU<W) (1) be the image of ¢, ¢, € S(A). Then I?,’ﬁ,1 is righttK;Zl-invariant
and
Supp(ﬁl,f—n) = NZ/n : tK;IVﬂ
Note that having a U(W)-equivariant map

. JU(W)

1ndN2,n (u) »m
is equivalent to giving a U(W)-equivariant map

A IndU(W)(,u_l).

These are related as follows. Suppose that 1ndU(W)(/,t) sFoven corresponds to 7¥ 3 v/ > W €

Ind3\") (u"). Then
2n
(V) = / F(e)W(g)ds.
N \U(W)

By Lemma 5.7, there exists Fe ind[]f](,w) () such that
2n

o its image v in 7 is nonzero;
o Fis right ? K, w o,-invariant;

o Supp(F) = én 'K

Hence, v € 7 K2m. One can take v’ € (nY) 'Ky such that v, vz #0.Let W € IndU(W)(,u‘l) be the

image of v’. Then W is right 'K an-lnvarlant and
0% 0= [ FgWis)ds = FOW)
I A\ U(W
2

for some constant ¢ > 0. Hence, W(1) # 0. Moreover, since v(0,0;z) € N] , we have

W(v(0,0;2)) = u~ " (v(0,0;2)W(1) = ¢~ (Ng/p () 2)W(1)

for z € F. Therefore, via v/ — W +— W(1), we conclude that

(ﬂ'v)l/,, 21m # 0,

where we put ¥’(z) = ¢ (Ng,r(t)z). Since
t B t

'K =| Tl » K| lon— L
1 1

as in Section 2.3, we have

() = () 3 %0,
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Since & is Y g-generic if and only if 7V is w;-generic, by replacing 7 and ¢ with ¥ and v,
respectively, we conclude that
w
71'1,;2'" #0.

Therefore, Theorem 2.2 (3) is reduced to proving Lemma 5.7.

5.6. Mixed model

To show Lemma 5.7, we review the argument in the proof of [18, Proposition 2.3]. For this, we use
another model of the Weil representation wy, = wy, v, w of U(V) x U(W). It is known that the Weil
representation w,, can be realized on the space S(X*®@ W) ® S(Vp ® Y'™), which is called a mixed model.
See, for example, [10, Section 7.4]. Let us recall some formulas for the action of U(V) x U(W) on this
space.
Foroi @ g e S(X*@W)QS(Vp®Y*) and (x,y) € (X* @ W) X (Vh ®Y¥),

wy(8) (01 @ 92)(x.y) = 01(g7'x) - W), (&)@a(y). g€ UW),

wy (ho) (1 ® v2)(x,y) = p1(x) 'w?/,(h())wz()’), ho € U(W),

wy (mx (a))(¢1 ® 2)(x,y) = xw (deta)| detal"¢i(a’x) - p2(y), a € GL(X),

wy (01 (D)) (1 ® ¢2)(x, ) = @1(x) - Py, (b*x,0)¢a(y), b € Hom(Vp, X),

wy (m2(c)) (01 ® p2) (x,y) = w(%(cxw)sﬁ] (x) - @2(y), ¢ € Herm(X", X).

Here, S(Vp ® Y™) is regarded as the Schrodinger model of

o the irreducible representation pol// of the Heisenberg group H (Vo ® W) on S(Vp ® Y*) with the central
character y; and
o the Weil representation w?& of U(Vp) x U(W).

Hence, for ¢, € S(Vy ® Y*) and y € V) ® Y*, we have
Py (s +y- D)2 (y) = t//(t +(y,y4) + %(y—, ya) |e2(y +y-)
fory, e Vy®Yandy_ € Vy ® Y*, and
S, (my ()¢2(y) = x(deta)| detalZp(a’y), a € GL(Y),

o) (n()e2(y) = w(§<cy,y>)¢z(y> ¢ € Herm(¥",).

Moreover, w?p (J2n) g2 is given by a Fourier transform of ¢;. For more precision, see [10, Section 7.4].
For ;1 @ ¢ e S(X* @ W) ® S(Vp ® Y™), define

Fpa0:(8) = 01(g7'x0) - wy, (8)@2(y0),

where we set

n

1

Xp = Zl 256 ® fusl-i» Yo=1teg® fp.
p=

Let Q2, = Ma, sNans be the Siegel parabolic subgroup of U(W) stabilizing Y, where My, s =
{my (a) | a € GL(Y)} is its Levi subgroup, and Ny, s is its unipotent radical. Note that Na, s € N .
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We regard p as a character of N, s by the restriction. For u € Ny, s, since u'xp = xp and

1
lﬂ(z(WoJo)) =y ((teo, teo)y (Uf-n, f-n)w)
=Yg (NE/F(I)<Mf—m f—n>W) = ,Ll(bt),
we see that Fy gy,(g) € indy, ( >(,u) Note that ny(c) acts trivially on Fy, g4, for ¢ € Herm(X", X)

since Y is totally isotropic. However for b € Hom(Vy, X), since n; (b) commutes with g € U(W), we
see that

Foy i (b)) (g1002) (8) = Wy (g) 0 wy (n1(D))(p1 ® 92) (%0, Y0)
= wy (n1(D)) o wy (8) (1 ® ¢2)(x0, yo)
= py, (b"x0,0) 0 wy (8) (¢1 ® ¥2) (X0, y0)
=¥ ({yo, b"x0))wy (8) (¢1 ® ¢2)(x0, Yo)-

Since 6 = —6 and (f_,, fu)w = —1, we have
n

¢(<y07 b*.X())) = wE Z<t609 b*é‘i]e—i>v<f—n9 fn+i—1>W

i=1
=y t(beg, e1)y) =¥ (m(D)).

Hence, n; (b) acts on Fy, gy, by ¥/ .
Define a map

. JUW .. JUW
mdNin,s) (n) — lnngn '(w)
by

FHﬂ@=L Pl du.

2n

Then by the same argument as in [18, Proposition 2.3], one can prove that the map ¢ ® ¢, — F, 0190
realizes an isomorphism between the maximal quotient of w, on which N,4; acts by l//g . and

. U(W)
1ndN2,n (w).
5.7. Proof of Lemma 5.7

In this subsection, we prove Lemma 5.7. To do this, we relate two models of the Weil representation.
Let <p(1) € S(X*®@ W) and <pg € S(Vp ® Y*) be the characteristic functions of

(é} oEe,-) ® é oEfi ® é nEf,-), 0Ee) ® é; DEfz),
i=1 i=1 i=1 i=1

respectively. Then the action p = p,, of the Heisenberg group H(W) on tp(l) ® gog satisfies that

pla, () ® ) =y (1) - ¢ ® )
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for (a,t) € A @ F. Moreover, the lattice model S(A) and the mixed model S(X* @ W) @ S(Vy ® Y™)
are related by the isomorphism

S(A) S SX*oW)@S(Vo®Y"),

¢ — d(h)p(h)~'(¢) ® ¥3)(x, y)dh.
(A®F)\H (W)

In particular, ¢; r, € S(A) corresponds to
plteo ® fn, 007 (9} ® ) (x,y) = @) (x) - pl) (te0 ® [0, 0) " I(y)
inS(X*® W) ®S(Vy®Y*) since Supp(¢;,r,,) = (A+1teg ® f_,) ® F. Therefore, under the map
S(A) — ind[]i,i,nw)(u)

obtained above, the image of ¢; ¢, is F P
Now we prove Lemma 5.7.

(teo®f n,0)"" (o) @)

Proof of Lemma 5.7. First, we consider )- Note that it is left Ny, g-invariant and

Fottenafn0) (00
right ' K}V -invariant. We claim that if

Foteref a0 (o) (8) # 0,
then
g € Nops -my(a) - 'K,

for some a € GL(Y) = GL,,(E) such that a~! € M,,(og) and
a*f—n - f—n € @p%ﬂf—l
i=1

By the Iwasawa decomposition, we have U(W) = anKgV . Let Ks and Kj; be subgroups of ng
defined by

1 2n-2 1
n n
1 0FE OE ()28
n D D
Ks = (E ElnUs, Km=2n-2|pg og og |NU.
n \PE DO
1 PE PE OE

By the Bruhat decomposition for a finite unitary group over og /pg, we have

K} =KsKu UKsJy Ky
= (Ks N Q2n)Kpr U (Ks N Q2n)J5, Kn .-

Since J,, € ng and J2‘an s J2n = 'Ky, by the multiplication of Jp,, from the right, we have

K} = (Ks N Qan)Jon' Knr U (Ks 0 Q20) K.
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Hence,

U(W) = QZnJZnIKM ) QZnIKM
= Non,sMon,sJ2n" Kpg U Nop sMay s" K-

Therefore, we may assume that g = my (a)J2,k or g = my (a)k for some a € GL(Y) and k € "Kjy.
Assume that g = my (a)J,k is in the former case. Since 50(1) and gag are fixed by K", and since

0 0 0 -1 _ 0
W (8) © pY () 0 () = o (gh). we have

Fptressfn 0 (tagd) (8) = 0y (8) 0 plteg ® f-n, 007! (&) ® 93) (x0, y0)
= 01(87"x0) - ), (8)pY (10 ® f-n,0)" 3 (v0)
= ¢1(a""x0) - ), (my (a))pY (teg ® Jonk f-n,0) ™" &3 (o).

Note that ¢ (a~'xg) # 0 if and only if a~! € M,,(0g). However, since k € 'Ky, if we write Jo,k f_, =
y+y* withy € Y and y* € Y*, then y* € @ pg f-;. Up to a nonzero constant, a)?//(my(a))p?p(teo ®

Jank f-n, 0) 7109 (o) is equal to
@(teo ® (a* f-n — ¥)).

If this is nonzero, then we must have t(a” f-, —y*) € &}, 0g f-;. When a~! € M,,(og), this implies that

n n
fone @)y + @pg”ﬂi - @DEﬂi-
i=1 i=1

This is impossible. Hence, we have F,,, o ¢ 0)-1 (@) (g)=0.
Next, we assume that g = my (a)k is in the latter case. By the Iwahori decomposition, we may further
assume that k f_,, = f_,,. Then

et (agd) (8) = @y (8) 0 p(1e0 ® f-n,0)7' (¢} ® 93) (x0, y0)
= ¢1(87"x0) -y, (8)pY (te0 ® f-n) '3 (30)
= ¢1(a”"x0) - ), (my (a))py, (teo ® k f-n) ™' &5 (y0)
= ¢1(a”"x0) - wy, (my (a))p}, (te0 ® f-n) ™' P3(v0).

Up to a nonzero constant, it is equal to
e1(a"x0) - PI(teo ® (a* fon = fon))-

If this is nonzero, then a~' € M,,(og) and
n
a'fon=fneEPrpti
i=1

This proves the claim.

Now we consider F), Note that it is left N}, -invariant and right ’K;’l‘/ﬂ -invariant.

(te0®f1,0) " (o) @)

Suppose that Fp )(g) # 0. By the claim, we may assume that g = my (a) with

(te0®fn,0)! (¢ @)
a € GL(Y) satisfying the conditions in the claim. By the Iwasawa decomposition, we may further

assume that a = agzag such that

o (adfi,f_j>w = @'i; ; for some A; € Z;
o ag € GL, (o) viaGL(Y) = GL, (E).
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Since a=' € M, (og), we have A; < 0 for 1 <i < n. Note that
a*f—n —fon = a(*)ajlf—n —fon = azk)w/lnf—n - fon-

Since this is in @, py f-;, we have 4, = 0 and my (ao) € ’Kx;. Hence, we may assume that ag = 1x

(i.e., g =my(ay)). For2 <i < nand x € og, define u; € NJ, so that

X fin if j =14,
uifi = Jfi= 0 if j #1.

Then u; € 'K, . Hence,

0%F, pltes® fn,0) (oag) (MY (aa))

= Fpltepef 001 ($00Y) (my (aq)u;)

= /J(mY(ad)uimY(ad)il)ﬁp(;e()@f_mo)*l(¢?®¢‘Z)) (my (aq))
so that g(my (ag)u;my (ayz)~") = 1 for any x € og. Note that

u(my (aq)umy (aq)™") = ye((my (ag)umy (aq)™" fi, f-ir1))

= yp (@t ix).
Hence, Y g (wti-'"1ix) = 1 for any x € og. This implies that 1;_; > A;. In conclusion, we have
0> >2--22,-1214,=0

so that A = --- = 4, = 0. This means that a; = 1x. This completes the proof of Lemma 5.7. ]
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