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Virtual classes via vanishing cycles

TASUKI KINJO

We develop a new method to construct the virtual fundamental classes for quasismooth derived schemes
(and more generally, derived 1-Artin stacks) using the perverse sheaves of vanishing cycles on their
—1-shifted cotangent spaces. It is based on the author’s previous work that can be regarded as a version of
the Thom isomorphism for —1-shifted cotangent spaces. We use the Fourier—Sato transform to prove that
our classes coincide with the virtual fundamental classes introduced by the work of Behrend—Fantechi and
Li-Tian, under the schematic and quasiprojectivity assumption. We also discuss an approach to construct
DT4 virtual classes for —2-shifted symplectic derived schemes using the perverse sheaves of vanishing
cycles.
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1 Introduction

1.1 History

In many cases, moduli spaces such as those of stable maps and coherent sheaves have bigger dimensions
than the expected dimensions computed by the Riemann—Roch theorem. To define a correct enumerative
invariant counting points in such a moduli space, we need to integrate cohomology classes over the virtual
Sfundamental class which is a cycle class of the virtual dimension instead of the usual fundamental class
which may be ill-defined. In the work of Behrend and Fantechi [1997] and Li and Tian [1998], they
introduced the notion of perfect obstruction theory for a scheme (or more generally a Deligne—Mumford
stack) X and constructed the virtual fundamental class

[X]'" € Aygimx (X)
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350 Tasuki Kinjo

from that data. Here vdim X denotes the virtual dimension. In modern terms, the notion of perfect
obstruction theory is understood as a classical shadow of the quasismooth derived structure. Their
work can be used to construct Gromov—Witten invariants counting stable maps to smooth projective
varieties [Behrend 1997; Li and Tian 1998] and Donaldson—-Thomas invariants counting stable sheaves
on Calabi—Yau threefolds [Thomas 2000].

Later, Behrend [2009] proved that for a projective variety X defined over C and a perfect obstruction
theory on it admitting a certain symmetry (called symmetric perfect obstruction theory), there exists a
natural constructible function vy such that the equality

1-1 1= iyl
(1-1) /[X]m ,Zl Xy ()

holds. The natural perfect obstruction theory on a projective component of the moduli space of stable
sheaves on a Calabi—Yau threefold satisfies this assumption. This suggests that Donaldson—Thomas
invariants admit sheaf-theoretic categorifications. This was achieved by the work of Joyce and his
collaborators [Ben-Bassat et al. 2015; Brav et al. 2015; 2019] which we briefly explain now. Let X
be a derived scheme equipped with a —1-shifted symplectic structure [Pantev et al. 2013]. It induces a
natural symmetric perfect obstruction theory on X = #o(X). It is proved in [Brav et al. 2019] that X
is Zariski locally equivalent to a derived critical locus of a regular function on a smooth scheme. If X
admits an orientation, one can glue certain twists of the locally defined vanishing cycle complexes to
define a globally defined perverse sheaf

¢x € Perv(X).

See [Brav et al. 2015] for details. The Euler characteristic of the perverse sheaf ¢ x at a point x € X is
equal to the value of the Behrend function vy (x). Therefore the equality (1-1) implies the equality
[ 1= H .
[X]r i
If we take X to be the derived moduli space of stable sheaves on a Calabi—Yau threefold equipped with the
canonical —1-shifted symplectic structure [Pantev et al. 2013, Theorem 0.1] and the canonical orientation

constructed in [Joyce and Upmeier 2021], the perverse sheaf ¢x can be regarded as a categorification of
the Donaldson-Thomas invariant.

This paper aims to connect two mathematical objects we have seen: the virtual fundamental class for an
arbitrary quasismooth derived scheme defined over C (not necessary —1-shifted symplectic!) and the
perverse sheaf associated with an oriented —1-shifted symplectic derived scheme.

1.2 Results

Let Y be a quasismooth derived scheme over Spec C and
T*[-1]Y := Specy (Sym(Ly[1]))
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Virtual classes via vanishing cycles 351

be its —1-shifted cotangent space. Write ¥ = #9(Y) and Y = to(T* [—1]Y) and we let 7 : Y — Y denote
the natural projection. It is shown in [Pantev et al. 2013, Proposition 1.21] that

T*[-1]Y := Specy (Sym(Ly[1]))

carries a canonical —1-shifted symplectic structure and one can easily show that it also carries a natural
orientation. Therefore we can define a natural perverse sheaf ¢p+[_1)y € Perv(f). The following
isomorphisms are proved in [Kinjo 2022, Theorem 3.1]:

(1-2) y:mers—1y = Qy[vdimY], y:meppe—1jy = oy[-vdimY].

Roughly speaking, the map y can be regarded as a version of the Thom isomorphism for T*[—1]Y and the
map y is an analog of the homotopy invariance for the singular cohomology. Therefore the composition

—1 -
Qy [vdim Y] mer+—1jy = mxpre[—1]y => @y [-vdim Y]
can be regarded as the Euler class for T*[—1]Y. We let
eo(T*[-1]Y) e HSM. ()

be the class corresponding to the above composition. As the virtual fundamental class is a generalization
of the Euler class, it is natural to compare the class e, (T*[—1]Y) with the virtual fundamental class [¥]'.
The aim of this paper is to prove the following result:

Theorem 1.1 (Theorem 5.3) Assume Ly |y has a global resolution by a two-term complex of locally

free sheaves. Then the following equality in HY™y. 1 (Y) holds:

e(ﬂ(T* [-1]Y) = (_l)vdimY-(vdirnY—l)/Z cly ([Y]vir)’

BM

where cly : Avgimy (Y) = H3 (g y

(Y) is the cycle class map.

In other words, the above theorem gives a new construction of the virtual fundamental class in the
Borel-Moore homology under a mild assumption that is satisfied when Y is quasiprojective.

1.3 Strategy of the proof

Before explaining the strategy of the proof of Theorem 1.1, let us recall the construction of the virtual
fundamental class due to [Behrend and Fantechi 1997; Li and Tian 1998]. First, the natural map
Ly |y — Ly defines a purely zero-dimensional cone substack €y C 79(T[1]Y) of the classical truncation
of the 1-shifted tangent stack called the intrinsic normal cone of Y. Then the virtual fundamental class is
defined to be the image of the class [€y] € Ag(#o(T[1]Y)) under the homotopy-invariance isomorphism
for vector bundle stacks proved by Kresch [1999, Proposition 5.3.2],

Ao(to(T[1]Y)) = Avgimy (Y).

The main difficulty of Theorem 5.3 is that proving the statement locally does not imply the global
statement since the Borel-Moore homology does not satisfy the sheaf condition (in the 1-categorical
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sense). Therefore we need to compare the intrinsic normal cone €y and the vanishing cycle complex
¢1+[—1]y directly though they live in different spaces.

We overcome this difficulty using the Fourier—Sato transform! to relate constructible sheaves on T*[—1]Y
and those on T[1]Y. More precisely, take a global resolution Ly |y = [E~! — E°] by locally free
sheaves and consider the Fourier—Sato transform [Kashiwara and Schapira 1990, Section 3.7] between
the R -equivariant derived category of sheaves,

FSg-1: D2 (E™Y) — DX (E7YY).
Using the natural inclusion #o(T*[—1]Y) < E~!, one can regard @1+[—1]Y as a perverse sheaf on £ -1
Then one can show that the complex FS g -1 (¢1+[—1]y) has the support contained in the pullback of the
intrinsic normal cone p*€y along the natural map p: (E~1)Y — [(E™Y)V/(E®)V] = to(T[1]Y) (see
Lemma 5.4). This observation and some sheaf-theoretic analysis imply that Theorem 1.1 holds.

Remark 1.2 Our method of the proof works for any quasismooth derived algebraic spaces with the
resolution property. More generally, we believe that our proof works for any quasismooth derived Deligne—
Mumford stacks with the resolution property if we can generalize the Fourier—Sato transform [Kashiwara
and Schapira 1990, Section 3.7] for sheaves on Deligne—Mumford stacks.

1.4 Microlocal interpretation

The proof of Theorem 5.3 outlined in the previous section is motivated by microlocal geometry. We now
briefly explain it.
Let X be a manifold and M C X be a closed submanifold. Kashiwara and Schapira [1990, Section 4.3]
introduced a functor
myx: DP(X) —> DS (T3 %)
called the microlocalization functor. It is defined as the Fourier—Sato dual of the specialization functor
Spar/x: DP(X) — DLy (Th X).
For a quasismooth derived scheme Y, the —1-shifted cotangent scheme T*[—1]Y can be regarded as the

“conormal bundle” along the constant map ¥ — *. Then the following slogan is the main idea behind the
proof of Theorem 5.3:

The vanishing cycle complex ¢p+[_1]y can be thought of as the microlocalization of the
constant sheaf on a point along the constant map ¥ — .

In other words, the vanishing cycle complex ¢y+[_1]y should be thought of as the “intrinsic microlocal-
ization”. Here the usage of the term “intrinsic” is completely analogous to the one in the intrinsic normal
cone. We can relate them using the Fourier—Sato transform.

IThe author came up with this idea after a private discussion with Adeel Khan where he learned Khan’s ongoing project on

derived microlocal geometry. We believe that the technical assumption on the global resolution in Theorem 1.1 can be removed
once basic properties of the Fourier—Sato transform is proved in this context.
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Unfortunately, the above slogan is not mathematically rigorous (at least now) because we do not have
microlocalization functors with respect to arbitrary morphisms between derived schemes. Nevertheless,
using a local model for quasismooth derived schemes, we can formulate a local version of the above
slogan which will be stated in Theorem 4.1. This local version is enough for our purposes.

Recently, Kendric Schefers [2022] gave a completely different proof of Theorem 4.1. Further, he
introduced a microlocalization functor for quasismooth closed immersion and realized the above slogan
when Y can be embedded into a smooth ambient space. In another work, Adeel Khan recently announced
a construction of the microlocalization functor for arbitrary morphisms between derived Artin stacks
with some technical assumptions. We believe that the above slogan can be made precise using his
microlocalization functor.

1.5 Joyce’s conjecture

The present work is motivated by Joyce’s conjecture [Amorim and Ben-Bassat 2017, Conjecture 5.18]
which we briefly discuss now. Let t: L — X be an oriented Lagrangian of an oriented —1-shifted
symplectic derived Artin stack. Write t = to(t), L = to(L) and X = #9p(X). Let px € Perv(X) be the
vanishing cycle complex associated with the oriented —1-shifted symplectic structure on X . Then Joyce’s
conjecture predicts that there exists a natural map

ur:Qrlvdim L] — r!<pX.

See [Amorim and Ben-Bassat 2017, Section 5.3] for the full statement of this conjecture and [Joyce 2018,
Section 7] for important consequences including the construction of cohomological Hall algebras for CY3
categories. When X is a point equipped with the trivial —1-shifted symplectic structure, the vanishing
cycle complex gy is the constant sheaf and the oriented Lagrangian structure for 7 is identified with an
oriented —2-shifted symplectic structure on L. In this case, it is expected that the map w7, is given by the
DT4 virtual class introduced in the work of Cao and Leung [2014], Borisov and Joyce [2017] and Oh
and Thomas [2023]. In other words, the map pz in the general case should be understood as a relative

version of the DT4 virtual class.

Joyce’s conjecture suggests that (perverse) sheaf theory may be used to give a new construction of DT4
virtual classes. Since the virtual fundamental class for a quasismooth derived scheme is equal to the DT4
virtual class of its —2-shifted cotangent space (see [Oh and Thomas 2023, Section 8]), Theorem 1.1 can
be regarded as the first step toward this project. In Section 6.1, we propose a conjectural approach to
construct DT4 virtual classes assuming some variations of the isomorphism (1-2).

1.6 Structure of the paper

The paper is organized as follows.

In Section 2 we recall some sheaf operations and prove some of their basic properties.

Geometry & Topology, Volume 29 (2025)
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In Section 3 we recall the construction of Verdier’s specialization functor and use it to construct the
specialization morphism of the Borel-Moore homology.

In Section 4 we prove that the Fourier—Sato transform relates the specialization functor and the vanishing
cycle functor. This gives a new proof of Davison’s dimensional reduction theorem [2017, Theorem A.1]
and a proof of Theorem 1.1 for local models of quasismooth derived schemes.

In Section 5 we prove Theorem 1.1.

In Section 6 we discuss some conjectural generalizations of Theorem 1.1.

Acknowledgements I am very grateful to Adeel Khan for sharing many ideas on his ongoing project
on derived microlocal geometry. Without him, I could have never come up with the idea to use the
Fourier—Sato transform to prove Theorem 1.1. I also thank my supervisor Yukinobu Toda for fruitful
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pointing out that a conjecture in the previous version of this paper was not correct.

This work was supported by the WINGS-FMSP program at the Graduate School of Mathematical Science,
University of Tokyo, and JSPS KAKENHI grant JP21J21118.

Notation and conventions

e All schemes considered in this paper are separated and of finite type over the complex number
field.

e For a topological space X, we let DT (X) (resp. D?(X), Dé’ (X)) denote the derived category
of lower bounded complexes (resp. bounded complexes, bounded complexes with constructible
cohomology) in QQ-vector spaces.

e For a topological space X with an R -action, we let D]gf 4 (X) C DT (X) denote the full subcategory
consisting of R*-equivariant objects following [Kashiwara and Schapira 1990, Definition 3.7.1].

e Foraclosed subset Z C X and a complex % € DT (Z), we let %|z denote the complex (Z < X)*F,
Fz denote the complex (Z <> X)«(Z — X)*F, %!Z denote the complex (Z < X)'% and I'z (%)
denote the complex (Z < X)1(Z — X)'%.

e For a closed subset Z C X and a complex F € DV (Z), we sometimes regard ¥ as a complex
on X. Conversely, for a complex 4 € DT (X) whose support is contained in Z, we sometimes
regard 4 as a complex on Z.

e For a continuous map f: X — Y between locally compact Hausdorff spaces such that the functor
£ is defined, we let wy v denote the complex f 'Qy and H*(X — Y) denote its cohomology
H*(X, wyx,y). We also write wx = wy/p, and HEM(X) = H*(X — pt). The Verdier-duality
functor R¥#om(—, wy) is denoted by Dy .
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e For a complex separated scheme X of finite type and its irreducible subscheme Z, the classes
[Z] € Adgimz(X) and [Z]gm € Hg‘l(\ﬁm ~(X) are defined by the pushforward of the fundamental
class of Z to X in the Chow group and the Borel-Moore homology group respectively.

e If there is no confusion, we use expressions such as fx, fi, and Hom for the derived functors R fx,
R f1, and R¥om.

2 Preliminaries on sheaf operations

In this section, we recall the definition of the nearby cycle and vanishing cycle functors and the Fourier—
Sato transform, and prove some of their basic properties. Readers who are familiar with sheaf theory can
safely skip this section. We assume that all topological spaces are locally compact Hausdorff, and for all
continuous maps f, the functor f; has finite cohomological dimension.

2.1 Base change maps

Consider a commutative diagram of topological spaces

X’LY’

2-1) g/J lg
f

X ——Y

We have the natural transformations of functors from D (X) to D1 (Y’)

(2-2) g fe— fig"”,
and functors from DT (X) to DT (Y")
2-3) e —¢'h.

The former map is defined by the composition
g fe—= LS g o= g 1 o= g
and the latter map is defined similarly.

If the diagram (2-1) is Cartesian, we have natural transformations of functors from D¥(X’) to D1 (Y),

(2-4) Ngh = g« 1)

functors from DT (X) to DT (Y’),

(2-5) g fi= fs".
functors from DT (X) to DT (Y’),

(2-6) ¢ g
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and functors from D*(Y) to DT (X’),

2-7) g = e

The map (2-4) is defined in [Kashiwara and Schapira 1990, (2.5.7)], (2-5) is defined in [Kashiwara and
Schapira 1990, Proposition 2.6.7], (2-6) is defined in [Kashiwara and Schapira 1990, Proposition 3.1.9(ii)]
and (2-7) is defined in [Kashiwara and Schapira 1990, Proposition 3.1.9(iii)]. We call the maps (2-2)—(2-7)
base change maps.

2.2 Natural transformations between four functors

Let f: X — Y be a continuous map between topological spaces. Then we can construct the natural

transformations

(2-8) id— fuf*, [f*fe—id,
(2-9) id— f A fAf—id,
(2-10) i1 = .

If f is a closed immersion, we have a natural transformation
(2-11) fter

obtained by the composition

fre P hft= A - 1
If we have an isomorphism f'Qy = Qx[r] (eg a smooth morphism between complex analytic spaces),
we have a natural transformation

(2-12) 11—

This is a consequence of [Kashiwara and Schapira 1990, Proposition 3.1.11], which constructs a natural
transformation

(2-13) f* O fley = 1)
for general f.
Now consider a Cartesian diagram of topological spaces

X’—>f Y’

E|
g’ g
XLY

For a choice of the natural transformations 5 in (2-8)—(2-11) and a choice of the sheaf operation
a € {(=)*, (=) (=)', (=)}, we can verify the commutativity of 7 and the base change maps for a.
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For example, if we take 7 to be the unit map id — fx f* and a = (—)', the following diagram commutes:

g ———g fif"
|
!
ffg —— fig" f*
Now assume that there exists an isomorphism f'Qy = Qx/[r] for some integer r and the composition
! !
(2-14) Qx/[r]=g" " Qxlr]=g" /'Qr — f"¢"Qr = f Qv

is an isomorphism. Then we can see that for each choice of a € {(—=)*, (—)«, (=)', (=)} the natural
transformation (2-12) commutes with the base change maps for a. For example if we take a = (=)', the
following diagram commutes:

£ Igt — f'¢!

Il

g f i —g's!
Now remove the assumption that (2-14) is invertible and take a € {(—)«, (—)i} and b € {(—)*, (—)'}.
Let G,: DY (Y') — DT (Y) (resp. Gp: DT (Y) — DT (Y")) be the functor corresponding to a (resp. b).
Then we can see that the base change maps for the composition transformation G, G, commute with
the map (2-12). For example if we take a = (=) and b = (—)*, or a = (=) and b = (—), we have the
following commutative diagrams:

f*lrlgeg® —— flg«g* frlgg' — flag'
| | | |

(2-15) gL Irlg* g f"g* g frlg! g f'e!
| T | ]

g8 [ —— &g g ) —— g !

2.3 Vanishing cycle and nearby cycle functors

Let X be a complex analytic space and u: X — C be a complex analytic function. We write
Xo:=u"10), Xso:={z€X|Re(u(z)) >0}, X<o:=X)\X=o.
We define the vanishing cycle functor and the nearby cycle functor

Y. ou: DT(X) > DT (Xo)

by the formulas
Yy 1= (X() — X)*(X>O = X)x(X>0 = X)*’

ou = (Xo = X<0)*(X<o — X)".
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If we are given a morphism ¢: T — X from another complex analytic space, we have natural transforma-

tions

(2-16) Yuqs = qosxVuoq, Pudx = qoxPuoq,
(2-17) q01Vuog = Yuqt,  qo1Pucg —> Puq1,

(2-18) doVu —> Yuogqd™,  do%u —> Puogq”

(2-19) Yuogd' = qoVur  Pucad’ = qoPu-

where the map qo: To = (uoq)~1(0) = Xo is induced from g. All of these maps are defined by combining
the base change maps (2-2)—(2-7). We call these maps the base change maps for the nearby and vanishing
cycle functor. The four maps in (2-16) and (2-17) are invertible when ¢ is proper, and the four maps in
(2-18) and (2-19) are invertible when ¢ is smooth.

There is another way to define the nearby cycle and vanishing cycle functors as in [Kashiwara and
Schapira 1990, Section 8.6]. Let C* be the universal cover of C* = C \ {0}, and p: C* — C the natural
map. Define objects K, K, € D(C) by

Ky = pQg.. K} :=Cone(pQz. > Qg).

where the map tr: p)Qg. — Qc is defined by the composition
Qg = p1p'Qc — Qc.

For a given complex analytic function u: X — C, we define functors
Vi #l: DT(X) > DT (Xo)

by
Yy = (Xo = X)* R¥om(u™ Ky, —),

@), = (Xo = X)* R¥om(u*K,,—).
Now we want to compare v, and ¥}, and ¢, and ¢;,. To do this, we first define objects Ky, K, € DP(C)

by
Ky :=(Cso = C)Qc.,.

Ky := Cone((C>o = C)1Qc., = Qc) = (C<o = C)Qc -
Then we have isomorphisms
(X() — X)*R%m(u*K,/,, —) = (X() — X)*R%m((X>0 — X)!QX>0’ —)
= (Xo = X)*(X>0 = X)) R¥tom(Qx..o. (X>0 = X)*(-))

~ (Xo = X)* (X0 = X)s(X50 = X)" =y
and

(X() — X)* R%m(u*K(p, —) = (X() — X)* R%m((XS() — X)!QX§O’ —)
= (Xo = X)*(X<o = X)« R¥Hom(Qx_, (X<o = X)'(-))
=~ (Xo = X<0)*(X<0 = X)' = gy

Geometry & Topology, Volume 29 (2025)



Virtual classes via vanishing cycles 359

If we pick an open immersion j: Cs ¢ — C* over C, the natural map j1Qc>0 — Qg induces maps
Ky — Ky, Ky— K,
and hence maps
Vo= Yus Oy = Pu.
For a constructible complex & € D é’ (X), one can show that the maps
(2-20) Vo (F) = Yu(F). 9 (F) = ou(F)
are invertible (see [Schiirmann 2003, Lemma 1.1.1, Example 1.1.3] for details).
Now consider the following natural short exact sequence of complexes on C:
(2-21) A1:0— Qc — K, — Ky [1] = 0.
Then the distinguished triangle (Xo < X)* R¥om(u™ A1, —) is identified with
(2-22) v, [—1] = ¢, > (Xo — X)* > ¥,,.
Next, consider the following short exact sequence of complexes on C:
(2-23) Ay:0— K:/f[l] — K, = Cone((C* = C)1Qc+ — Qc¢) — 0.

Here the first map is defined by the diagram

1-T
Qg+ — P1Qg-

| ]

00— Q¢

~

where T is the monodromy operator; in other words, if we let «: C* = C* denote the covering
transformation over C* corresponding to a counterclockwise loop, the map 7 is given by the map
21Qz. = Qg.. The second map in A; is defined by the following diagram:

Qg —— (C* = C),Qc+

|, ]

Qc —4—Qc

Since we have an isomorphism Cone((C* < C)Qc* — Q¢) = Qy, the distinguished triangle
(Xo = X)* R¥om(u™ Ay, —)

is identified with

(2-24) (Xo = X)' = ¢, = ¥l [-1] = (Xo — X)'[1].
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For a constructible complex ¥ € DL]? (X), the isomorphisms in (2-20) and the distinguished triangles
(2-22) and (2-24) induces the distinguished triangles
(2-25) Vu(F)[=1] = ou(F) = (Xo = X)*F — yu(F),
(2-26) (Xo = X)'F — pu(F) = Yu(P)[~1] = (Xo = X)'F[1].
It is clear that the map
(2-27) ou(F) = (Xo = X)*F
in the distinguished triangle (2-25) is equal to the composition

ou(F) = (Xo = X<0)*(X<o — X)!@ — (Xo > X<0)"X<0 = X)*F = (Xo — X)*F
where the first map is (2-11), and the map
(2-28) (Xo = X)'F — ¢u(F)
in the distinguished triangle (2-26) is equal to the following composition

(Xo = X)'F = (Xo = X<0)'(X<0 = X)' = (Xo > X<0)" (X0 > X)' = pu(F)

where the second map is (2-11).

Let g: T — X be a morphism of complex analytic spaces and u be a holomorphic function on X. Then
for each choice of a € {(—)*, (=)« (=)', (=)}, one can show that the distinguished triangles (2-25) and
(2-26) commute with the base change maps for a. For example, if we take a = (—)«, for a complex
F e Dé’ (T) the following diagrams commute:

Vu(@xF)[—1] — 0u(q+F) — (Xo = X)*qxF — Y (q+F)
@2 | | | |
qoxYuog(F)[=1] = q04Puog(F) = qo(To = T)*F — o Vuoq (F)
(Xo = X)'qxTF — pu(qxF) — Yu(q=F)[—1] — (Xo = X)'q«F[1]
(2-30) Jz l l lz
40+ (To = T)'F = 404 Puoq (F) = q0xVuoqg (F)[—1] = g0 (To — T)'F[1]

Now let Z be a complex analytic space and take a constructible object & € Df (Z). Denote by
n:ZxC — Z and u: Z x C — C the projections. Then it is clear that ¢, (7*%) = 0. We have
the following statement whose proof will be given in Section 7.1:

Proposition 2.1 Denote by i: Z x {0} — Z x C the natural inclusion. Then the composition
F o i*n*F = Y, (0 F) = i FR) il Fa F

is the identity map. Here the second and third morphisms are constructed in (2-25) and (2-26) respectively,
and the third isomorphism is constructed in (2-12).
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Now we discuss the commutativity of the vanishing cycle functor and the Verdier duality functor following
[Massey 2016]. First, for «, B € R such that 0 < § —« < 27, we define a closed subset DBl - C by

D@Pl.— (7 = R.¢!% cC | R €Rxo.0 €[, B]}.
For a complex analytic space X and a regular function u on it, we define a functor

oleBl: D+ (X) > D*(Xo)

by
ol P = (Xo > u (D) @ (DI — X)),
Clearly, we have ¢, = (p,[f/z’h/z]. For real numbers «,«’, 8/, 8 € R such that <&’ < B’ < B and

B —a < 2 and a constructible complex F € Dé’ (X), the natural transform (2-11) induces a map

(2-31) ol P @) — ol Pl ()

which is an isomorphism (see [Schiirmann 2003, Lemma 1.1.1, Example 1.1.3]). We define an isomorphism
. ~ [37/2,57/2] .

Tr:ou = @y by the composition

Ou = (plgn/2,3n/2] < ¢1£3ﬂ/2’3”/2] o~ (01[4371/2’5”/2]-

This map is a half of the monodromy operator. Define closed subsets X>¢ and Xge=¢ of X by
Xs>0:={ze€e X |Re(u(z)) >0}, Xgre=o:={z€ X |Re(u(z)) =0}.
We define an isomorphism
(2-32) Dx, 0y = ¢y 0 Dx
by the composition
Dy, 0 ¢u = Dx,(Xo = X<0)*(X<0 = X)'

= Dy, (Xo = Xre=0)*(Xre=0 > X<0)*(X<o > X)'

= (Xo > Xre=0)' (XRe=0 > X<0)' (X<0 <> X)*Dx

2 (Xo > Xre=0)'(Xre=0 > X50)* (X0 = X)'Dy

= (Xo > Xre=0)*(Xre=0 = X=0)*(X=0 = X)'Dx

= (Xo = X50)*(X>0 = X)'Dy = p[7/257/2 o Dy ~ ¢, 0 Dy,
where the third isomorphism is the inverse of the base change map (2-7) which is invertible thanks
to [Massey 2016, Lemma 2.2], the fourth isomorphism is the natural map (2-11) which is invertible

thanks to [Massey 2016, Lemma 2.1], and the final isomorphism is 7 'Dy. For a constructible complex
F e Df (X) we can show that the diagram

DXO(XO —> X)*% — ]D)Xo(pu(@)

(2-33) lz (2-32{3

(Xo = X)'DxF —— ¢y (DxF)
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commutes, where the top (resp. bottom) horizontal arrow is the map (2-27) (resp. (2-28)). This is
essentially a consequence of the Verdier self-duality of the natural transform (2-11).

2.4 Fourier-Sato transforms

Let X be a topological space with an R*-action. A sheaf % on X is called conic if for each x € X, the
restriction &|g+., is locally constant. We let D]}if +(X) € DF(X) denote the full subcategory consisting
of objects whose cohomology sheaves are conic. Now let Z be a topological space and consider a vector
bundle E on Z. We equip E with the scaling R*-action. Denote by wg: E — Z the projection and
Og : Z — E the zero section. Then for an object & € Dﬁg 4+ (E), it is shown in [Kashiwara and Schapira
1990, Proposition 3.7.5] that the maps

(2-34) TE+F = g0 05 F = 05 F,
(2-35) 0% F = 75 0505 F — 15\ F
are invertible.

Now we define the Fourier—Sato transform following [Kashiwara and Schapira 1990, Section 3.7]. For
applications in this paper, we always work with complex vector bundles. Let Z be a topological space
and E be a complex vector bundle over Z. Denote by EV the (complex) dual vector bundle. Define
closed subsets P, P’ C E @ EY by

P:={v,w)e E®EY|Rew(v) >0}, P :={(v,w)e E®EY|Rew(v) <0}

Consider the diagram

~

P
Lp/

’

E«l EgEY- L, EY
L,{
P

where p and p’ are natural projections and tp and tp- are natural inclusions. We define four functors
~ ~/
FSg.FSy . FSg, FSp: D, (E) — D, (EY) by

236 FSE = pitprslp p*, EST = plipitpp*,
- ~ ~ /

FSg := phipiib p', FSp = Pipslpp'.

The functor FSEg is called the Fourier—Sato transform. It is shown in [Kashiwara and Schapira 1990,
Theorem 3.7.9] that these functors are equivalences. Now we discuss the relations between these functors.

Letip: PN P’ < P andip/: PN P’ < P’ be the natural inclusions and consider the composition
~ . .
FSg = p!,tp/*t}ka/p* <= p!,tp/*lp/!lp/t;/p*
~ / . I I / . N I / [ /
<= piplip«iplpp” —> pylpiip«iplpp” <— pytpitpp = FSE,
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where the first isomorphism follows from (2-35) applied to the projection p’: E @& EY — EV, the
second isomorphism follows from [Kashiwara and Schapira 1990, Excercise 11.2] or [Massey 2016,
Lemma 2.2], the third isomorphism follows from [Kashiwara and Schapira 1990, Lemma 3.7.6] and the
final isomorphism follows from (2-34). Similarly, we have a natural isomorphism

FSg > FSy .
Let a: E = E be the map multiplying —1, and for & € D§+ (E) we write F% := a™%. It is clear that
FSE (%?) = FSg (%)%. We write FSE, := FSg o(—)?, and similarly for FS'g, FVS(; and FVS/g. We have
FVS,g o~ pftp/*tfg,p! >~ pytp/«lp p*[2rank E] = FSg[2rank E],

where the second isomorphism is defined using the orientation on E induced by the complex structure.
Therefore we have isomorphisms

(2-37) FS), = FSp = FSp[—2rank E] 2 FS7[~2rank E].

By definition the functor FS g is naturally left adjoint (hence quasi-inverse) to FSzv and the functor FS%
is naturally right adjoint (hence quasi-inverse) to FVS,EV after choosing isomorphisms p' 2 p*[2rank E|
and p’ = p'*[2rank E] induced by the orientations of E and EY coming from the complex structures.
Now consider the following diagram:

FVSE\/ OFSE <;id

|

FSgv oFS)y —+id

Since we always equip complex vector bundles with the orientations induced from the complex structures,
we see that the above diagram commutes up to the sign (—1)™ £ using [Kashiwara and Schapira 1990,
Remark 3.7.11]. This implies that the following diagram also commutes up to the sign (—1)™"% £

~

FSgv oFSg id

(2-38) Zl
(FS%. [2rank E]) o (FS% [~2rank E]) —— id

For & € DI—Rf +(E), we define an isomorphism
(2-39) n(F): FSgv FSg (F) =~ F4[—2 rank E]
by the composition

FSgv FSE (F) = FSpv FSG (F)[—2rank E] = F4[—2rank E].
Note that this map differs from the composition

FSgv FSg (%) = FSg FSg (F)[—2rank E] & F4[—2 rank E]
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by the sign (—1)™ £ This implies that the following diagram commutes up to the sign (—1)" £

FS F
FSg FSgv FS g (F) ——20) | £g, (959) (=2 rank E]

(2-40) n(FSg (g))l /

FSE (%%)[—2rank E]

Now we discuss base change maps for Fourier-Sato transforms. Let f: Z' — Z be a continuous map
between topological spaces and E be a complex vector bundle on Z. We let Ez/ denote the base change
of Eto Z',and fg: Ezs — E and fgv: E}, — E" denote the base changes of f. Using base change
maps (2-2)—(2-7), we can construct natural maps

(2-41) FSgofg«— fEv«oFSE,,,
(2-42) vaoFSE —FSg,, ofE,
(2-43) fEVioFSE,, —FSg o fE,,
(2-44) FSE,, off — fgvoFSE.

It is shown in [Kashiwara and Schapira 1990, Proposition 3.7.13] that all these maps are invertible. We
call these maps the base change maps for the Fourier—Sato transform. We have similar isomorphisms for
FS’, FVS, and F/S/, and these isomorphisms commute with the maps in (2-37).

Now let Z be a topological space, E1 and E5 be a complex vector bundle over Z, and g: E; — E> be a
morphism of vector bundles. Denote by ‘g: E) — E|’ the dual map of g. We define

dim g :=rank E| —rank E;.
We have an isomorphism
(2-45) g'QE, = Qg [2dimg]
defined by the composition
g'Qp, = g'my Qz[-2rank E;] = my; Qz[-2rank E3] = Qf, [2dimg],

where the first and third isomorphisms are defined by the orientations on E; and E» induced from the
complex structures. For & € D;g +(E1)and G e DE + (E2) we will recall the construction of following
four isomorphisms defined in [Kashiwara and Schapira 1990, Proposition 3.7.14]:

(2-46) FSE,(¢1%) = 'g" FSE, (%),

(2-47) FSE,(g+F) = 'g' FSg, (F)[2dim g].,
(2-48) FSE, (2'9) = "¢« FSE, (9),

(2-49) FSE, (g79) =~ g FSE, (9)[—2dim g].

Geometry & Topology, Volume 29 (2025)



Virtual classes via vanishing cycles 365

Consider the following commutative diagram:

‘g

\V2 \V2

EY «———— F
1 2

’
/T "\N/{&
P P
r

(2-50) E\®EY «—— E\®Ey) — E2®Ey

g oz

\le pzl
D1

) I — )

4

Here the upper left and lower right squares are Cartesian. Now define closed subsets Py, P{ C E1 @ EY
and P, Py C E> @ E; as before, and closed subsets P,PPCE ® E} by

P:={(v,w)€ E1®Ey |Rew(g(v)) >0}, P’ :={(v,w)e E1®E) |Rew(g(v)) <0}
We let tp, : Py — E1 @ E} denote the inclusion map and define the maps LP/s LPys PS5 L and (5, in
the same way. The isomorphism (2-46) is defined by the composition
FSEg,(&1F) = Pé;tpz’*t}‘oﬁpi"g!@ = P/zthz’*‘;ég’!ﬁ;g
= Pty P37
o~ ﬁ’lytlg/*f';;,tg*p’f@
= p'8"ip p PYF =" Plytpy tpy PTF =g FSE, (F).
Here all isomorphisms are defined by using the base change maps. The isomorphism (2-47) is defined by

the composition
!
FSE,(g+F) = FS, (8+F) = po,tpy tp, P38+
| ~ ~
= Py ylPrilp, &% Pr

~ n & I ~x
=P2*g*‘ﬁglﬁng

&
F

fak ko

= ﬁi*‘ﬁgt!ﬁ g "

= pixtp '8 piF[2dimg]

= pi«'g'tpy tp, T F(2dim g]

i tg!p/l*tpl !L;,l piF[2dim g]

='g' FSk (F)[2dim g] = 'g' FSg, (F)[2dim g].
Here the first and final isomorphisms are defined in (2-37), the fifth isomorphism is defined by using
(2-45) and (2-12) and other isomorphisms are defined using the base change maps. The isomorphism
(2-48) is defined by the composition

FSE,(g'9) = FSg, ¢' FS gy FSE, () [2rank Ey]
= FSg, FSgv 'gx FSE,(4%)[2rank E1] = g« FSE, (9),
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where the first and third isomorphisms are defined using n(—) in (2-39) and the second isomorphism is
defined using (2-47). Similarly, the isomorphism (2-49) is defined by the composition
FSg,(§%9) ~FSg, g* FSEzv FSEg, (4")[2rank E3]
= FSg, FSpy 'g1 FS g, (4”)[2 rank E»] = ‘g1 FS g, (9)[-2dim g].
Assume further that we are given a continuous map f: Z’ — Z. Denote by gz/: (E1)z — (E2)z the
base change of g. Then for each choice of @ € {(—)*, (=)« (=)', (—)1}, one can see that the isomorphisms

(2-46)—(2-49) commute with base change maps for a. For example if we choose a = (—)* and (2-48),
we see that the following diagram commutes:

fglv FSg, (g!cg) — f*lvlg* FSE, (%)

|

(2-51) FS(E)), (f£,8"9) 821+ f 5y FSE,(9)

| z

FS(£)), (8 /5,9 —— '¢2/« FS(£2), (5,9

We can show that the maps (2-46) and (2-47) are associative in the following sense. Let E3 be another
vector bundle over Z and h: E; — E3 be morphism of vector bundles. For F e Dﬁ{ +(E1), the following
two diagrams commute:

FSg,((hoghF) ———— FSg,(hyo 1 F)

|

(2-52) 2 (h)* FSE,(51%)

|
(‘g o'h)* FS g, () —— ('h)* (9)* FS g, (%)

~

FSE;((hog)«F) FSE;(h« 0 g+ F)
lz
(2-53) 2 ('h)' FS g, (g+%)[2 dim h]

s

(‘g o'h)' FSg, (F)[2dim g + 2dim h] —— (*h)'("g)' FSE, (F)[2 dim g + 2 dim A].

We omit the proof as it is a routine argument in sheaf theory. We have similar statements for maps (2-48)
and (2-49).
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Now we discuss the compatibility between Fourier—Sato transforms and natural transformations discussed
in Section 2.2.

Proposition 2.2 The following diagram commutes:

FSE,(1F) —— FS£, (g:9)

lz lz
'g* FSE, (F) — 'g' FSE, (F)[-2dimg]

Here the upper horizontal arrow is the map (2-10) and the lower horizontal arrow is defined by using
(2-45) and (2-12).

The proof of this proposition will be given in Section 7.2.

Proposition 2.3 Consider the following diagrams:

FSE,(9) ——— FSE,(gxg™9) FSg,(£18'9) —— FSE,(9)
lz lz
'e' FSE, (g*9)[2dim g] ig* FS g, (g'9)
| |
'g! t¢\ FS £, (9) '¢* e FSE, (4)

Then the left diagram commutes up to the sign (—1)™" 1 and the right diagram commutes up to the sign
(_ l)rank E,» )

The proof of this proposition will be given in Section 7.3.

3 Specialization functor and specialization map
Let X be a separated scheme of finite type over Spec C and Z be a closed subscheme of X. We let Cz,x
denote the normal cone of Z in X. In this section, we introduce the specialization functor
Spz,x: DY (X)—> DF(Cz/x)
following Verdier [1983], and define the specialization map for the Borel-Moore homology groups
SPI%I\//IXI HM(X) - HM(Cz/x)

using the specialization functor. Then we prove that the specialization map Sp%l\//[X is compatible with the
specialization map of Chow groups defined by Fulton [1984, Section 5].
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3.1 Specialization functors

Let us recall the definition and basic properties of the specialization functor introduced by Verdier [1983].
Let X be a separated scheme of finite type over Spec C, and Z be a closed subscheme. Define schemes
Mz x and M7 4 by

Mzx :=Blzxioy(X x Al), Mz, y:=Mz/x \Blz(X).
Then we have the following commutative diagram:

Ze—— ZxA'C—— Z x (A'\ {0})

izxal
(3-1) CZ/X@ Mg/X%Xx(Al\{O})LX
P |
{0} Alc AT\ {0})

Definition 3.1 [Verdier 1983, Section 8] The specialization functor

Spz/x: DT(X) > DF (Cz/x)
is defined by the formula
Spzx (F) == Yp jipr] (F).

Here R*-action on Cz /x 1s defined by the scaling of fibers.
The following are basic properties of the specialization functor we use in this paper.

Proposition 3.2 [Verdier 1983, Section 9] Let X be a separated scheme of finite type over Spec C and
Z C X be a closed subscheme. For a constructible complex ¥ € fo (X), we have isomorphisms

(3-2) Spz/x (Flz = F|z,
(3-3) Spz/x (Pl = Fl.
Proof First note that we have natural morphisms

Spz/x Pz = Spz/x(F2)|z.  Spz/x Tz (F)Iy — Spz/x (F)l.

We claim that these maps are isomorphisms. To do this, it is enough to prove that for complexes
F € D2 (X) with F|z = 0 we have Sp,x(F)|z = 0, and for F € DZ(X) with F|5, = 0 we have
Spz, X(%)|'Z = (. By shrinking X and embedding it into an affine space so that Z is cut out by linear
equations, we may find the Cartesian diagram

Z—— X

| |

AP An-i—r
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for some n, r € Z~¢. In particular, we may assume that Z and X are smooth. Then these claims follow
from [Kashiwara and Schapira 1990, Theorem 4.2.3].

Now consider the composition
(3-4) Spz/x (F2)|z = Vpoi,y, 1 (Z XA - 2)(F|72)) > F|z

where the first map is (2-16) and the second map is (2-27). It is clear that these maps are isomorphisms;
hence we obtain the isomorphism (3-2). Similarly, we have isomorphisms

(3-5) Spz/x Tz TNy 2= Vpoi, , (Z x Al = Z2) (F|[-2) = F,

which imply the isomorphism (3-3). |
3.2 Specialization maps
Consider the natural map defined in (2-13),

Spz,x(Qx)z®wz/c,,x — SPZ/X(QX)|!Z-

Using the proposition above, this map is identified with a map

(3-6) a)Z/CZ/X —)0)2/)(.
The isomorphism (2-35) implies wz,c,,,, = (Cz/x = Z)1Qc,,y; hence by adjunction we obtain an
element
ez/x € HO(Cz/X = X)

Define a map

Spl%h/dx tHIM(X) > H3M(Cz,x)
by composing ez, x with elements in HEM(X) =H*(X — Spec C). Now we compare this specialization
map for Borel-Moore homology groups and the specialization map for Chow groups

SPZx - Ax(X) = Ax(Cz/x)
defined by Fulton [1984, Section 5].

Theorem 3.3 The diagram

p7 7%
Ax(X) ———— 4«(Cz/x)

lclx‘ JCICZ/X

BM Sz x BM
commutes, where cly and clc,,, are cycle maps.

This theorem will be proved in two steps: first we construct the Gysin pullback for Borel-Moore homology
to a principal divisor using the nearby cycle functor and compare it with the Gysin pullback for Chow
groups (Proposition 3.5), and then reduce the theorem to this statement.
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Let X be a separated scheme of finite type over Spec C and u: X — A! be a regular function. Write
D :=u"1(0) and we let i : D < X denote the inclusion map. The composition of morphisms in (2-25)
and (2-26) defines the map

(D = X)*Qx = ¥u(Qx) = (D = X)'Qx[2],
hence an element e, € H>(D — X). The element e,, defines a map
vi' T HBM(X) — HEM, (D).

Now let f: X’ — X be a proper map and write D’ := (uo £)~1(0). We leti’: D’ < X’ denote the
inclusion map.

Lemma 3.4 The following diagram commutes:

l'/!
HEM(X") L HBM, (D)
() | |10

wi
HEM(X) —— HEM, (D)

Proof Consider the following diagram in D®(D):
Qp —————— i*Qx ————— Yu(Qx) ———i'Qx[2]

l (B) l ©) l

(A i*fiQx —————— Y (Qx) —————— i’ £ Qx/[2]

l 0 (D) l 0 E) l ¢

(f1p)+Qp —— (f1p)xi"™*Qxr —— (f D) sVuor (Qx1) — (f|p)i’ Qx/[2]

The commutativity of diagrams (A), (B), and (C) is obvious. The commutativity of the diagrams (D)
and (E) follows from the fact that the maps in (2-25) and (2-26) commute with the base change maps. By
taking the Verdier-dual of the outer square of the above diagram, we obtain the desired claim. a

Proposition 3.5 Assume that D C X is a Cartier divisor (ie f™! is not identically zero over any
irreducible component of X). Then the diagram

Au(X) — s 4.(D)

lclx lch
1

l‘.
HEM () ——— HIM(D)
commutes, where i' is the usual Gysin pullback for Chow groups.
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Proof We need to prove
clp oi'([V]) = yi' (Vsm)

for each irreducible subvariety V C X. Firstly consider the case when V is included in D. Then i'[V']=0
since D is linearly equivalent to 0, and the commutativity of (3-7) implies i "[V1gm) = 0.

Now we may assume V' and D intersect properly. Replacing X by V' using the commutativity of (3-7),
we may assume X = V. Further replacing X by its normalization and using the commutativity of (3-7)
again and shrinking X if necessary, we may assume X is smooth and D is irreducible. In this case
i'([V]) = d[D"™9] where d is the multiplicity of D in X. Now we want to compute

o' ((Xlm) e HEM & (D) =Z-[D™]gy.

Since this class can be computed analytically locally, we may replace X by A” and u by zf where 2
is the first projection. Using the commutativity of (3-7) for the map f = (Zf ,idyn—1), we may assume
d = 1. In this case, the claim follows from Proposition 2.1. |

Proof of Theorem 3.3 We use notation from the diagram (3-1). We need to prove
cle,, x (SpPx (V1) = S5y ([V1em)

for each irreducible subvariety V' C X of dimension d. We let VeM Z /X denote the strict transform of

V x Al. Proposition 3.5 claims the equality
cleg,x SpZfx (VD) = (wicy, ) ((V]sw):
hence what we need to prove is the equality
SPEYx (V1sM) = (wic,, ) ((V]sm)-
Consider the following diagram:

Yp(—N[V ]am)
Qcyyx — Vp(Que,.) BZAllE N Vp(omy, )=2d —=2] —— wc,,[-2d]

Z/X
S | J| H
Spz,/x (=N[VIsm)

Qcy/x — Spz/x(Qx) ———— Spz x(wx)[-2d] —— wc,,[-2d]

Here the middle left and middle right vertical arrows are defined by isomorphisms pryQx = Qy ( A\{0})
and priwy = wx x(A1\{o})[—2] respectively; the upper left and upper right horizontal arrows are defined
in (2-25) and (2-26) respectively; and the lower left and lower right horizontal arrows are defined so that
the left and right squares commute. The commutativity of the middle diagram follows from the equality

pri[V]=[V N (X x A"\ {0})].
The composition of upper horizontal arrows corresponds to the element
(wic,,) (VIew) € H3y (Cz/x)
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by definition. Therefore we need to prove that the composition of lower horizontal arrows corresponds to
the element Sp%l\//[X ([V]sm)- By the definition of Sp%l‘//[X, this statement is equivalent to the commutativity
of the outer rectangle of the diagram

®z/Cyx — SPz/x(Qx)|y ——— Spz/x (wx)[-2d]|};, —— wz[-2d]
X
< (3 H

(3-6) RN (Z—X)'(=N[V])
WZ/Cz/x wz/x wz[-2d]

where the upper horizontal arrows are obtained by applying the functor (Z < Cz, x)! to the maps in the
lower horizontal arrows of the diagram (3-8). The commutativity of the right quadrilateral is obvious.
Note that the composition of (3-3) and (3-6) is obtained by applying the functor (Z — Cz, x)' to the
composition

3-2
Qcy)x ®(Z = Czix)x02/Cp x> Spz,x(Qx) ® (Z <> Cz/x)x02)C, 5 — SPz/x (Qx)

where the second map is the !-counit map. Then the commutativity of the left quadrilateral follows from
the construction of the map (3-2). O

4 Fourier-Sato transform of the specialization

The aim of this section is to prove the following statement:

Theorem 4.1 Let X be a separated scheme of finite type over Spec C, E be a vector bundle on X, and
seI'(X, E) be asection. Write Z =s~1(0) and Ez = E|z. Denote by ngv : EV — X the projection and
5: EV — Al the regular function corresponding to s, ie the composite EV (sompvid), xx EY balring A1,
Welet .c,, - Cz/x < Ez denote the natural inclusion from the normal cone. Then for a constructible

complex F € Dé’ (X)), we have an isomorphism
(4-1) FSpy (95 (mpv F)| Ey) =ty v SPZ/x (F).

As a consequence, we will give a new proof of Davison’s dimensional reduction theorem [2017, Theorem
A.1] and prove our main result for local models for quasismooth derived schemes.

4.1 Proof of Theorem 4.1

Firstly, we rewrite the complex @; (71’2-\/ F)| Ey SO that its Fourier—Sato transform can be easily computed.
Let £<o C C denote the closed half line consisting of the nonpositive real numbers. Consider the
commutative diagram

igy 5 ixxe
V V4 Vi K 1 =<0
E; E XxA' +—X x{<o
(4-2) lw lm Pa
iZ szo
77— X
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where we define § := (ngv, J), igy.iz and iy x¢_, are natural inclusions, and TEY, TEV, PA and py_,
are natural projections. Consider the complex
L ! — —_ —— 11
0= (g F) = (310) > 5 (l<0)* (T (<o) = EY) mp T

As we have seen in (2-31), we have a natural isomorphism

Es()

0= (T F) =5 g5(n i F).

Therefore we have

(4-3) 05 (g P gy = Gixxeo P PEy.

Applying the functor FS Ey 1O both sides, we obtain

(4-4) FSEy (05 (mpv P gy) = FSpy (($'ixxe.«Pi_y P EY)
= FSEV(§!iXx€50,*pé§OOJ:)|EZ

- . |
= (85« FSyyat (lXxéso,*pZSOGJP)NEZ

where § is the dual map of §. The second and third isomorphism are defined in (2-42) and (2-48)
respectively.

Consider the diagram

; - J 1
IE, 3 xxal
EZ¢ E X xAle— X xAL,
TE, TE Dal
iz pA1>0
77— X

where A1>0 C Al is the open subset consisting of points whose real part is positive, i g,, and Jxxal , are
>
natural inclusions and g, Tg,, pa1 and py1 , are natural projections.
>

Lemma 4.2 There exists an isomorphism

. ! ~ 7 *
(4-5) FSxsar (ixxecoxPp_, ) = ]XXALO’*pAiog'

Proof Let < be the complex at the left-hand side of the claim. For a point £ € A\ Al | we claim the

>0’
vanishing ‘QB(X = 0. Using the isomorphism (2-43), we may assume that X is a point which will be

denoted by pt and F is a constant sheaf Q.. Now recall that we have seen in (2-37) that there exists an
isomorphism of functors FS g1 = FSZM where the functor FSZM is defined in (2-36). We define closed
subsets H, HS/ C Al by

Hg:={r € A'|Re(r-§) >0}, H{:={teA'|Re(-§) <0}
By the base change theorem, we have
FS)y 1 (oo Py, Qoo = RT(He, Gie_y«Pi_, Qo))
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where iy_: €< = Al is the natural inclusion. The assumption on & implies that H ¢ contains £<g, which
implies the isomorphisms

RT (He, (ig_oxPi_, Qo) = RT (<0, p_ Qp) =~ HF (£<0)” = 0.
Therefore the unit map
(4-6) G — ijALO,*((ngXALO)
is an isomorphism.

For ¢ € A1>0, the half line /< is contained in H é This implies the isomorphism

~

* . !
(g|XxA'>0 (pr13!pr121XX450,*pZ§0@)|XxAl>0'

Here pry,,priz: X x Al x Al — X x Al are the projections to the first and second, and the first and
third factors respectively. By the base change theorem, we see that the right-hand side is isomorphic to
pl’; ! O@. This isomorphism and the isomorphism (4-6) imply the desired result. O

Combining (4-4) and Lemma 4.2, the complex at the left-hand side of (4-1) is isomorphic to the complex

(4-7) (Sufxxalo Pyt PIEL-
Consider the diagram
Pal, (s0pA1>0) (Toprs) i,
X+—— X xAl, E Ez
4-8 ;
(4-8) ((SOPALO)'(wPrz)yJA;O°Pr2)l o

E x Al

where 7: A1>0 = A1>0 is the involution taking the inverse, ja! : A1>0 < A is the natural open inclusion,
Op/Exat: £ — EX Al is the zero section, and pr,: X x A1>0 — A1>o is the projection to the second
factor. To simplify the notation, we write

S = (SOPALO)'(TOPYZ): X XA1>0 — E,
. . 1 1
Se,p = (S-;,JA1>0 opry): X xAjy— ExA".
Note that there exists a natural isomorphism
oL 7 * gp ~ (7 * gp
(4'9) (S*]XxALO’*pALOJP)lEZ = (St,*pALOJP)lEz-
Let mpypt/pt E % Al — E be the projection. Then the natural transformation
* ~ *k
TEXAV/E x> TExA/ExOE/Exat «0 pxat = O pyuat
induces a map of complexes on Ez
(4-10) (E‘E,*p:g;og;NEz - (Oz/ExAlgr,p,*pZ;O@)lEz-
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Lemma 4.3 The map (4-10) is an isomorphism.

Proof We let & (resp. RR) denote the complex at the left-hand side (resp. right-hand side) of the statement.
We need to prove the induced map

(4-11) H (£,) — H (Rp)
is an isomorphism for each i € Z and p € Ez. We have isomorphisms

H (£p) = lim HG'(V), py, 9),
peVCE >0

H (#p) = lim Hi(E;l(V)ﬂ(XxD),pZ;O@),
peEVCE
0eDCA!

where V ranges over all open subsets of E containing p and D ranges over all open subsets of A!
containing the origin.

First assume that p is not contained in the zero section. We will show that for each choice of (V, D) as

above, there exists an open subset V' C E containing p such that the inclusion
7YV csTN (V)N (X x D)

holds, which implies that the map (4-11) is an isomorphism. To see this, note that the map 5| Xx(AL\D)
naturally extends to a map
S.pip: X x(P'\D)—>E.

which is proper. It is clear that p is not contained in the image of §; p1\ p since we assumed p € Ez \ Z.
Then we can take V' as V' \ Im(S, p1\ p)-

Now suppose that p is contained in the zero section. Let V' be a convex open neighborhood of p in £ and
D be a convex open neighborhood of 0 in A!. For each point ¢ € X x Al, it is clear that (RT-¢) N 5o %)
is contractible. Therefore [Kashiwara and Schapira 1990, Corollary 3.7.3] implies an isomorphism

HG (V). pho 9) =H (a1 (571 (1)), 9).
Similarly, we have an isomorphism
—_— i 1
H (57'(V)N(X x D), pZ;O@) ~H (;>A1>0(sr (V)N (X x D)), F).
Therefore we have isomorphisms
H (£,) = H (R,) = H (%),
which implies the claim. a
Lemma 4.4 There exists an isomorphism
(4-12) (Oz/ExAlgt,p,*pZLO%NEz S lCy x.* SPZ/X(@)-
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Proof Consider the commutative diagram
C Z/X > M2 7z
‘Cz/x -
(4-13)

Ez x{0}—— Ex{0}S——E x Al

Or/Exal

x X xAL,

St.p

where the middle right vertical map M5 /x> E x Al is the natural inclusion induced by the section s
(see [Fulton 1984, Remark 5.1.1]). By the definition of the specialization functor and the nearby cycle
functor, we have an isomorphism

SPZ/X(%) = (CZ/X —> M%/X)*(X XA1>0 —> ME/X)*]?;;;O%

Therefore the assertion follows from the base change theorem. a

Proof of Theorem 4.1 We have already seen that the left-hand side of the statement is isomorphic
to the complex (4-7), which is isomorphic to the right-hand side of the statement by combining the
isomorphism (4-9), and Lemmas 4.3 and 4.4. O

By the proof, the isomorphism (4-1) in Theorem 4.1 is obtained by the composition

4-3

(4-14) FSpy (05(mlpe P £y) 25 FS gy (5 ixxtzoxPi_o P EY)
2-42
Cacs FSEV(S'lXxe<o,*Pé<OJ*’)|EZ
(248)

> (5« FSy a1 (lXx€<0 *pe<0 I E,

(4 5)
(S*.]XxAl *pAl JP)|EZ

(4 9)
(S‘E *pAl JF)|EZ

(@-10). 10) @10 4-12)

/EXAIS‘C D, *PAl J")|Ez < lCy/x.* SPZ/X(f)
4.2 Dimensional reduction via Fourier-Sato transform

We use the notation as in the previous subsection. Applying the functor 7 Ey, o the natural map
05 (n%v%ﬂ Ey — (n%v%ﬂ gy defined in (2-27), we obtain a map

(4-15) wEy (@5t F) gy) > Flz

which is proven to be an isomorphism by Davison [2017, Theorem A.1]. Similarly, applying the functor
TEY « 1O the natural map (yrj!Ev 9?)|!EV — @3 (JTJ!EWGJ?)l!Ev defined in (2-28), we obtain a map
4 V4

(4-16) F|\, — nEg,*(%(n};v%)PE%)[—z rank E]

which is also an isomorphism. We claim that these isomorphisms are compatible with the isomorphism
(4-1). More precisely, the following statement holds:
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Proposition 4.5 (i) The following diagram in DL]? (Z) commutes:

: @-15)
gy (9s(T g F)| Ey) ~ Fz

4-17) {(2_46) (3-2)}

(—1)--1)
0%, FSey (‘pi(”%v@)|E\Z/) ——— 0% tCy/x % SPz/x (%)

where Og,, : Z — Ez is the zero section.
(i) The following diagram in Dé’ (Z) commutes:
(4-16)
7y (05 (T F) gy ) [ 2 rank E] s Flz
(4-18) zl(2-47) (3—3)l 2

' Lo (DR EtLE o
0%, FSEx(0s(mpy F)lpy) ———<— 0, ez x.x SPz/x (9).

The proof is technical, so we defer it to Section 7.4.

Remark 4.6 The proof of the above proposition does not depend on Davison’s dimensional reduction
theorem [2017, Theorem A.1]. Therefore we obtain a new proof of this theorem.

Now assume X is smooth and consider the composition

Qz =15y 105 (1pvQx)|Ey) = ey # (95 (Tpy Qx)ly) = wz[2 rank E —2dim X]

where the first isomorphism is the inverse of the map (4-15), the second map exists since the support of
s (n}iv(@ x) is contained in EY, and the last isomorphism is the inverse of the map (4-16). We let

BM
e‘P(E’ S) € H2dimX—2rankE(Z)
denote the element corresponding to the above composition.

Recall that the localized Euler class ejo(E, s) € Hg%ﬁm X—2rank £ (Z) is defined by the image of the
fundamental class of the normal cone [Cz,x] € Hg’ﬁ/{m x (Cz/x) under the following map

H3 i x (Cz/%) = H3gin x (E12) = Hy iy x 2 rani £ (2)-
Corollary 4.7 We have an equality
eo(E.5) = (=)™ Feie(E,5)
where ejoc(E, s) is the localized Euler class.
Proof Consider the composition

Qz =05 tcy, 3% SPz/x (Qx) = 0% 1, x . SPz/x (Qx)[2rank E] = wz[2 rank E —2 dim X]

where the first isomorphism is the inverse of (3-2), the second morphism is (2-12), and the last isomorphism
is the inverse of (3-3). Propositions 4.5 and 2.2 imply that this composition corresponds to the element

Geometry & Topology, Volume 29 (2025)



378 Tasuki Kinjo

(—1)rank E ey(E,s). On the other hand, Theorem 3.3 implies that the above composition corresponds to
the element ejo.(E, 5). a

We will prove the global version of the above corollary in the next section.

5 Virtual fundamental classes via vanishing cycles

5.1 Virtual fundamental classes for quasismooth derived schemes

We recall the construction of the virtual fundamental class for quasismooth derived schemes following
[Behrend and Fantechi 1997; Li and Tian 1998]. Let Y be a separated quasismooth derived scheme
over Spec C and we let Y = #¢p(Y) denote the classical truncation. It is shown in [Brav et al. 2019,
Theorem 4.1] that for each p € Y we can find a smooth scheme U, a vector bundle E on U and a section
s € I'(U, E) such that there exists an open immersion

Z(s)—Y

where Z (s) is the derived zero locus of s. Behrend and Fantechi [1997, Defintion 3.10] introduced
a conical closed substack of pure dimension zero €y C to(T[1]Y) of the classical truncation of the
shifted tangent stack T[1]Y = Specy (Sym(LLy [—1])) called the intrinsic normal cone characterized by
the following property: for each open immersion Z(s) <> Y as above, the restriction Cy |;,(z(s)) i8
isomorphic to the quotient stack

[Cze)u/ Tulzs)l ClE|zi)/ Tulzs)] = to(T[1]1Z (s))

where Z(s) is the classical truncation of Z (s) and the action of Ty |z(s) on the normal cone Cz (), u
and the vector bundle Ez(y) is defined by the differential of the map s: U — E.

Now assume that Ly |y is represented by a two-term complex of locally free sheaves
E*=[E~' > E"]

concentrated in degree [—1, 0]. This assumption is satisfied when Y is quasiprojective. Write E; := (E %)V
for i =0, 1. For such a resolution E*®, we define a conical closed subscheme of pure dimension rank Eq

Cge C Eq
by the pullback of €y along the projection
Ei— [El/E()] = ZQ(T[I]Y)

We define a class [Y]Eir. € Avdimy (Y) by the image of the class [Cge] € Arank E,(£1) under the isomor-
phism Apank £ (E1) = Avgimy (Y). It is shown in [Behrend and Fantechi 1997, Proposition 5.3] that the
class [Y]VE”. is independent of the chosen resolution E*, and the class [Y ] := [Y Eir. is called the virtual
fundamental class of Y.
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Example 5.1 Let E be a vector bundle over a smooth scheme and s € I'(U, E) be a section. Then we

have the equality
ClZ(s) ([Z (S)]vir) = eloc(E7 S)

in Hg%im Z( s)(Z (s)) which easily follows from the definition.

5.2 Vanishing cycle complex associated with a —1-shifted cotangent scheme

In [Brav et al. 2015, Theorem 6.9], the authors define natural perverse sheaves associated with oriented
d-critical schemes. We do not recall the notion of the d-critical scheme and the construction of this

perverse sheaf here. Instead, we explain some properties of the perverse sheaf

@r+[—1]y € Perv(to(T*[—1]Y))

associated with the natural oriented d-critical structure on the classical truncation zo(T*[—1]Y") of the
—1-shifted cotangent scheme of a quasismooth derived scheme Y. As explained in the previous subsection,
Y is locally isomorphic to a derived zero locus Z (s) where s is a section of a vector bundle E on a
smooth scheme U. Note that we have a natural isomorphism

to(T*[—1]Z (5)) = Crit(5)
where 5: EV — Al is the regular function corresponding to the section s. The first property of @« [—1]Y
that we use in this paper is that for each open inclusion ¢: Z (s) < Y as above such that £ and Qg are
trivial vector bundles, we have a natural isomorphism
(5-1 Nt o [—11¥ 1o (1+[-1]Z (5)) = ¢5(QE v [dim U + rank EJ).
See [Kinjo 2022, Lemma 2.19] for the proof.
Now write ¥ = to(T*[—-1]Y) and Y = 10(Y). We let 7: Y — Y denote the natural projection. The

second property of ¢+[—q]y that we use is the following.

Theorem 5.2 [Kinjo 2022, Theorem 3.1] There exist natural isomorphisms which we call the dimen-
sional reduction isomorphisms

y:mers—1y = Qy[vdim Y], y: mx@ps—1]y = wy[-vdim Y]

such that for each open inclusion t: Z (s) — Y, the following diagrams commute:

Ytz s )
(@1~ 11¥)20(Z (5)) 2 Q1o(z (s))[vdim Y]
(5-2) (”ltO(T*[—I]Z(s)))!(m)l H
. (4-15) _
(7o (r* =112 (s)))195(QEV[dim U +rank E]) ———— Qg (z (s))[vdim Y]
(—1)dim E-(dim Eil)/zﬂto(zm) .
(@1 117 |20(Z (5)) Wro(Z (sy)[—vdim Y]
(5-3)

(7T|t0(T*[—1]Z(s)))*(771)l

. 4-16) H .
(7|0 (T*[=1]Z (5)))x 95 (QEV [dim U + rank E]) ¢+—————— wy,(z(s))[—vdim Y]
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The isomorphism y is constructed in [Kinjo 2022, Theorem 3.1] and the commutativity of the diagram
(5-2) follows from its proof. The isomorphism y can be constructed using the Verdier self-duality of
@1+[—1]Y > and the commutativity of the diagram (5-3) follows from the Verdier dual of the diagram (5-2),
the commutativity of the diagram (2-33), and the discussion after [Kinjo 2022, Theorem 2.17].

Now consider the composition
(5-4) Qy [vdim Y] <X m@r+_1]y = Txpr[—1]Yy => 0y [-vdim Y],
We let e, (T*[-1]Y) € Hg’l\\//fﬁm y (Y) denote the element corresponding to this composition.

Theorem 5.3 Assume that Ly |y is represented by a two-term complex of locally free sheaves. Then

(5-5) ey (T* [—I]Y) — (_l)vdim Y- (vdimY —1)/2 cly ([Y]Vil‘).

In other words, the above theorem gives a new construction of the virtual fundamental class in the
Borel-Moore homology under a mild assumption that is satisfied when Y is quasiprojective.

5.3 Proof of Theorem 5.3

Take a global resolution Ly |y = E®* = [E~! — E® and let tge: to(T*[-1]Y) — E~! be the natural
inclusion. The following lemma is the key ingredient in the proof of Theorem 5.3.

Lemma 5.4 The support of the complex FSg—1(tge «@1+[—1]y) is contained in the cone CEgs.

Proof Take another global resolution Ly |y = F* by a two-term complex of locally free sheaves. We use
the same notation as above for F'*. We claim that the statements for £* and F* are equivalent. Arguing
as the proof of [Behrend and Fantechi 1997, Proposition 5.3], we may assume that there exists a strict
monomorphism of complexes F* < E*. Let g: E; — F; be the dual morphism to the map F~! < E~1
which is smooth surjective by assumption. Then we have an equality Cge = ¢~ '(Cfge). Thus the desired
equivalence follows from the isomorphism (2-46).

Now we return back to the proof of the lemma. Since the statement can be checked locally, we may assume
Y = Z (s) for some section s € I'(U, E) of a vector bundle £ on a smooth scheme U. Further, we may

take the canonical resolution [EY |4z (s)) = QU 1oz (s)] = Lzs)lt0(z (s)) as the global resolution E*.
Then the claim follows from the isomorphism (5-1) and Theorem 4.1. O

Let Oc,e: Y < Cge and O, : Y — Ej be the zero sections and ic,,: Cgs < E; be the natural
inclusion. Consider the diagram in Dé’ (Y)

(2-13)
08, FSg-1(Es x@re[-11¥)) ® O, Qe — O, (FSp—1 (tE* 5 @1[-1]Y)

2T(2—46) 2T(2—47)

(5-6) TQT*[-1]Y ®0!CE.QCE. Ty [—1]y [—2rank E1]
| y®id zl?
O!CE. Qcpe[vdimY] -------- e > wy [-vdim Y —2rank E]
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where the bottom horizontal arrow « is defined to make the diagram commutative. Let 7¢,,: Cgs — Y
be the natural projection. We have a natural isomorphism 7¢ e\ 0C e = O!CE. ®C e constructed in (2-35).
Therefore the map « induces a map

Qcpe[VdimY] — wc,o[-vdimY — 2rank E;]

or equivalently an element in Hg?ﬁnk Eo (Cge) = H}gM(Qly) which is denoted by [€y] g °.
Lemma 5.5 The class [Cy] 5 *is independent of the choice of the resolution E°.

Proof Arguing as the proof of Lemma 5.4, we need to prove the equality [Qy]fpE ‘= [Qy]g * for resolutions
E* and F* of the complex L z )| z(s) such that there exists a strict monomorphism F* < E*. We keep
the notation from the proof of Lemma 5.4 and let gc : Cge — CFe be the restriction of g. Consider the
diagram in Df (Y)

0¢ . (FSg—1 ([E',*(pT*[—l]Y))@O!CE. Qc e > O!CE- (FSg—1(tE® «@1*[-1]7))

(A) (B)
0¢ .o (FSE—1 (lF',*wT*[—l]Y))@’O!cF. Qcpe[-2dimg] — O!CF. (FSp—1(tFe +@r+[—1)y))[—2 dimg]

2 l? ll 4

o!CF. Qc e [Vdim Y —2dimg] ---------------- 5 wy[—vdim Y —2rank E{]
© \
O!CE. Qcpe[VAiMY] —--mmmmmmm oo > wy[—vdim Y —2rank E;]

where the inner and outer rectangles are the diagram (5-6) for F* and E*° respectively, the map (A) is
defined using the isomorphism (2-46) and the natural isomorphism q!CQC pe[—2dimg] = Qc¢,., the
map (B) is defined using the isomorphism (2-47), and the map (C) is defined by the natural isomorphism
CI!CQC re[—2dimg] = Q¢ . again. The commutativity of the left (resp. right) trapezoid follows from the
commutative diagram (2-52) (resp. the diagram (2-53)). The commutativity of the upper trapezoid follows
from Proposition 2.2. Therefore we obtain the commutativity of the lower trapezoid, which implies the
lemma. |

Proposition 5.6 The class [Cy] g * is equal to (—1)vdmY -(vWdim¥Y—1)/21¢-0 1 where [€y] is the fundamental
class of Cy.

Proof Let €y ,...,Cy,; denote the set of irreducible components of Cy. Since €y is purely of
dimension zero, we have

l
HeM(¢y) = P Q- [¢y,].
i=1
Therefore a class in HgM (Cy) is determined by the multiplicity over each irreducible component. In

particular, it is enough to prove the statement locally on Y.
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We may assume Y = Z (s) where s is a section of a vector bundle £ on a smooth scheme U. We write
Z(s) :=to(Z (s)). Using the previous lemma, we may take the canonical resolution
[EY|z(s) = Qulz] = Lzs)lzes)

as the global resolution E°. In this case, the cone Cge is identified with the normal cone Cz5)/y C E
and the embedding (ge: 1o(T*[—1]Z (s)) < EV is identified with the natural inclusion Crit(5) < EV.
Therefore the isomorphism (5-1) and Theorem 4.1 implies an isomorphism

ESgv (tEe x@1+[-1]¥)) = SpZz(5),v (Qu[vdim Z (s)]).

Further, Proposition 4.5 and the commutativity of the diagrams (5-2) and (5-3) imply that the outer square
of the diagram (5-6) is identified with the following diagram up to the shift by vdim Z (s):

( l)dlmE(dlmE 1)/2(2 13)

!
OEZ(S)/U (SpZ(S)/U(QU))®OCZ(S)/UQCZ(S)/U OCZ(Y)/U ( pZ(S)/U(QU))
(5-7) zl(—1)~(3-2) zl(—nm“kE +1.3:3)
o[— vdim Z (s)]
O!CZ(s)/UQCZ(S)/U 777777777777777777 7 a)Z(s)[—Zrank E]

where Oc, ), : Z(5) = Cz(s)/u is the zero section. Therefore Theorem 3.3 and the construction of the
map Sp%l\(/fv) /U in Section 3.2 implies an equality

(Czyv = )€y = ()P CamI=DR§pg0 | ([U]) = (=) T Y =DR2[Cy ) ]
which implies the proposition. i

Proof of Theorem 5.3 Consider the diagram

(2-13)
0¢ .o FSE—1(tE® 1= 1]Y))®OCE.QCE. — Oc JESE-1(tEe x@r*[—11Y)

1 1

2-13)
0%, (FSE-1(tE* + @1+ [-1]Y)) ® 021 QE, O!El FSp—1(tEe x@r*[—11¥)

2T(2—46) 2T(2—47)

TQT*[-1]Y ®0!E]QE1 T @r+[—1]y [—21ank E1]

ZL)/ ®id 2l17

* X
OXEIQEl[VdiHlY] IO zrankEl] wy[—vdim Y — 2 rank E1]

| H

0¢,.. Qcpa [vdim Y] = > wy[—vdimY —2rank E]

where the outer square is equal to the outer square of (5-6). The commutativity of the upper rectangle
and the left and right subdiagrams is obvious, and the commutativity of the middle rectangle follows
from Proposition 2.2. This implies the commutativity of the bottom rectangle; hence we conclude that
the theorem holds using Proposition 5.6. |
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6 DT4 virtual classes and categorifications

In this section, we discuss some possible generalizations of the sheaf-theoretic construction of the virtual
fundamental class we have seen in Theorem 5.3. In Section 6.1 we formulate a conjecture closely related to
the dimensional reduction theorem [Kinjo 2022, Theorem 3.1] and propose a sheaf-theoretic construction
of the DT4 invariant assuming this conjecture. We will see that this construction recovers the square
root Euler class up to sign in a special case, which gives evidence of this conjecture. In Section 6.2, we
will discuss a categorification of Theorem 5.3 and its relation with the categorical Donaldson—-Thomas
invariant introduced by Toda [2024].

6.1 DT4 invariants

Let Y be a —2-shifted symplectic derived scheme over Spec C (eg the fine moduli space of coherent
sheaves on a complex Calabi—Yau fourfold). We refer the reader to [Pantev et al. 2013] for the definition of
the shifted symplectic structure. The —2-shifted symplectic structure defines a symmetry of the cotangent
complex Ly = Ly[-2]. Further assume that Y is equipped with a choice of orientation. Based on a
previous work by Cao and Leung [2014] and Borisov and Joyce [2017], Oh and Thomas [2023] defined a
deformation-invariant class

[Y]\l,)l;r4 € Avdim Y/Z(Y)[%]

called the DT4 virtual class under the assumption that ¥ = #¢(Y) is quasiprojective. This virtual class
can be used to define Donaldson—Thomas type invariants for Calabi—Yau fourfolds.

We now propose a sheaf-theoretic approach to the DT4 virtual class. We define a quadratic function ¢ on
the —1-shifted cotangent stack ¥ = #o(T*[—1]Y) by the composition

q: Y = to(Toty (Ly [-1] ® Ly[-1])) = A!

where the first map is the diagonal embedding over Y and the latter map is defined using the —2-shifted
symplectic form on Y. Let ¢p«[_1)y be the perverse sheaf introduced in [Ben-Bassat et al. 2015,
Theorem 4.8] associated with the canonical oriented —1-shifted symplectic structure on T*[—1]Y. We
denote by : Y — Y the natural projection and Oy : ¥ — Y the zero section.

Conjecture 6.1 (i) There exist natural isomorphisms
y: 0y op1y = Qy[vdim Y],  7:05ope_1yy = wy[-vdim ¥].
(i) There exists a natural isomorphism
8: 0y ¢q(¢re[-1)¥) = 0y

which depends on the chosen orientation.

Remark 6.2 Note that the first statement does not follow from Theorem 5.2 since Y is not quasismooth
now. We believe that this statement can be generalized to an arbitrary derived Artin 1-stack whose
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cotangent complex is perfect of amplitude [—2, 1] (or an arbitrary locally finitely presented derived Artin
stack once the work [Ben-Bassat et al. 2015] has generalized to higher Artin stacks).

Remark 6.3 We do not have a natural map O!Y(/)T*[—I]Y — 0} @p+[—1]y in general since Oy is not an
embedding when Y is not quasismooth.

Roughly speaking, the DT4 virtual class can be regarded as a “square root” of the virtual fundamental
class though we do not know whether we can define virtual fundamental classes for nonquasismooth
derived schemes. Therefore we expect that there exists a some Verdier-self-dual complex that sits between
Qy[vdim Y] and wy [—vdim Y] which recovers DT4 virtual class. Our proposal is that the complex is
®q(@1*[—1]Y ), though it lives in Y rather than Y.

Now assume that Conjecture 6.1 is true. Consider the composition

—1
Qy [vdim Y] ' 0% ¢« [—11y — 0% @q (@r+[—1)¥) i—> wy

where the second map is constructed using the natural transform (¢~!(0) — 17)! — @q. Let
Ve (T*[—1]Y) e HEY (V)

be the element corresponding to the above composition.

Conjecture 6.4 Assume that Y is quasiprojective. Then there exists a universal sign €ygimy € {—1, 1}
that only depends on vdim Y such that we have an equality

eviimy + Ve (T*[—1]Y) = cly (Y ]2

where cly : Aygimy/2(Y) [%] — HVBé\i/[m y (Y) is the cycle class map (recall that the Borel-Moore homology

is taken in the rational coefficient in this paper).

We prove this conjecture in a special case (up to sign). Let U be an oriented —2-shifted symplectic
derived scheme such that the classical truncation U = #¢(U) is smooth and that there exists a resolution
of the cotangent complex of the form Ly |y =~ [Ty U LN Qu], where E is a vector bundle on U.
The oriented —2-shifted symplectic structure on U induces a nondegenerate quadratic form ¢ on E and a
choice of orientation o: Oy = det(E). In this case, the DT4 virtual class [Y]]\?J4 is equal to @ N[U]
if rank E is even where v/ e(E) is the Edidin—-Graham square root Euler class (see [Edidin and Graham
1995] or [Oh and Thomas 2023, Section 3]) and zero if rank E is odd.

Proposition 6.5 Let U be a —2-shifted symplectic derived scheme as above.

(i) Conjecture 6.1 holds for U.

(ii) Assume that U is connected. Then there exists a choice of sign € € {—1, 1} such that
€ Ve(T*[=1]U) = cly (VI3
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Sketch of the proof Firstly note that we have a natural isomorphism 7o (T*[—1]U) =~ [E/ Ty] where
Ty acts on E trivially. The smoothness of #o(T*[—1]U) and [Joyce 2015, Example 2.15] imply that the
d-critical structure on to(T*[—1]U) is trivial. Therefore there exists a local system & on to(T*[—1]U)
such that we have an isomorphism

PT*H[-1U = $[rank E].
Detailed analysis on the canonical orientation for T*[—1]U as in [Kinjo 2022] shows that the local system
& is trivial. Therefore the first statement follows immediately.

Now we prove the second statement. We only treat the case when rank E is even as the odd case can be
proved in a similar way. Let Og : U < E be the zero section. Then we can easily see that the diagram

O!EQE[2rank El— O!Egoq(QE)[2rank E]

|
NV e (T*[-1]0)

Qu oy [rank E —2dim U]

commutes, where the top vertical arrow is induced by the natural transformation (§~1(0) — E)' — ©g-

As proved in [Edidin and Graham 1995, Proposition 5], there exists a smooth proper map f: F — U
with the following properties:

e The quadratic bundle f*FE admits a positive maximal isotropic subbundle A C f*E.
o Anequality f'[U]P™ = ¢(A) N [F] holds.

vir
e The map f':HEM(U) — HEEdeimf(F) is injective.

Therefore the proposition follows from the following lemma.

Lemma 6.6 Let U be a connected and separated scheme of finite type over Spec C, (E, q,0) be an
oriented nondegenerate quadratic vector bundle on U which admits a positive maximal isotropic subbundle
A C E. Then there exists a choice of sign € € {1, —1} such that the following diagram commutes:

O!EQE[2rank E]— 0!E<pq(QE)[2rankE]

| |
ee(AN)

Qu Qu [rank E]
Proof Write r = rank E. Consider the following diagram in D? (E.7Z):
Zy|-2r]
L T
(=D"2(U=A)« l S~
(Pq(ZE|!U) T

— L Lo T~ N
Zal=r] — ZE|y —— 0q(ZE|) > 0q(ZE) Zyl-r]
(U A)*
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where the right dashed arrow is defined so that the upper right subdiagram commutes. It is clear that the
left subdiagram and the middle triangle commute. Therefore we need to prove the commutativity of the
bottom subdiagram up to sign. To do this, we need to show that the natural map

(6-1) 0 (ZE|I'"Vlv = 94(ZE) U

is an isomorphism. Take a point u € U and let j: E \ A — FE be the natural open inclusion. Then the
claim that the map (6-1) is invertible at u is equivalent to the vanishing of the complex ¢4 (j«Z g\A)u
which is further equivalent to the fact that the natural map

(6-2) (JxZa\AN)u = VqUUxZE\AN)u = Vq(ZE)u
is an isomorphism. Let My, C E be a Milnor fiber of ¢ at E. Then it is clear that the inclusions
E, \Au <~ Mq,u N (Ey \Au) — Mq,u

are homotopy equivalences. This implies that the map (6-2) is invertible as the stalk of the nearby cycle
complex is isomorphic to the cohomology of the Milnor fiber. |

This completes the proof of Proposition 6.5. |

6.2 Categorification

It is known that the structure sheaf of a quasismooth derived scheme is a categorification of the virtual
fundamental class (see [Ciocan-Fontanine and Kapranov 2009] and [Fantechi and Géttsche 2010]). Further,
it is expected that there is a categorification of the perverse sheaf associated with —1-shifted symplectic
derived Artin stacks as a dg-category (see [Toda 2024]). Therefore it is natural to expect that Theorem 5.3
has a categorification, which we briefly discuss now. To simplify the discussion, we only consider the
schematic case.

Let X be a —1-shifted symplectic derived scheme equipped with a fixed orientation. It is conjectured in
[Toda 2024] that there is a natural dg-category

DT (X),

called the DT-category, locally isomorphic to (a certain twist of) the matrix factorization category. For
a quasismooth derived scheme Y and a conical closed subset & C T*[—1]Y, Toda [2024, Section 3]
proposes a definition of the C*-equivariant version of the DT-category as a dg-quotient

(6-3) TC(T*[-1]Y \ %) := D _(Y)/%x

coh

b

coh

where %« is the full dg-subcategory of D? (YY) spanned by objects whose singular support is contained

in #. We refer the reader to [Arinkin and Gaitsgory 2015] for the definition of the singular support.

This definition is motivated by the Koszul duality equivalence stated as follows (see [Toda 2024, Theorem
2.3.3] for this version): Let U be a smooth scheme, E be a vector bundle on U, and s € I'(U, E)
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be a section. We let Z(s) denote the derived zero locus of s and 5: EY — A! the regular function
corresponding to s. Then we have an equivalence

Db (Z (s)) ~ MFE, (U. ).

coh

The right-hand side is the C*-equivariant matrix factorization category where C* acts on the fiber of
E — U by weight two. This equivalence can be regarded as a categorification of Davison’s dimensional
reduction theorem [2017, Theorem A.1]. Indeed, we have isomorphisms

HP, (D¢ (Z (5)) = HM(10(Z (5))) ®q C ().

HP, (MEG, (U.§)) = H* M 205 71(0), ¢5) ®q C ().
where HP denotes the periodic cyclic homology and C (1)) is the Laurent function field with the formal
variable u with degree 2. The first isomorphism follows from a result of Preygel [2015, Theorem 6.3.2]
and the second isomorphism follows from a result of Efimov [2018, Theorem 1.1] (see also [Toda

2024, Lemma 3.3.2]). Similarly, the definition (6-3) can be regarded as a categorification of the global
dimensional reduction isomorphism [Kinjo 2022, Theorem 3.1].

Now we can discuss a categorification of Theorem 5.3. As we do not know how to categorify the
complex m@p+[_1)y directly, we give a slightly different (though equivalent) version of Theorem 5.3.
LetOy:Y =t(Y) — Y =1 (T*[—1]Y) be the zero section, and consider the composition

(6-4)  RT(Y,Qy[vdimY]) = RT'(Y, 0} gr«_1y) = RT(¥, op+[_1j¥) = RT(Y, wy [~vdim Y])

where the first and third isomorphism follows from [Kinjo 2022, Theorem 3.1] and the second isomorphism
is the !-counit map. It is clear that the above composition is equal to the map given by (5-4). The
categorification of the complex

RT(Y, 0y ¢r+[-17¥) = Cone(RT (Y, ope_1jy) = RT(Y \ Y, o= 13y |y DI1]

is 6o, (v) and the categorification of the complex RF(T’, OT*[—1]Y) 18 ggC” (T*[—1]Y). The categorifi-
cation of the first isomorphism in (6-4) is

Perf(Y') >~ 6¢, (v)

which follows from [Arinkin and Gaitsgory 2015, Theorem 4.2.6], and the categorification of the latter
isomorphism in (6-4) is
TC(T*[-1]Y) ~ D2 (V)

coh

which is nothing but the definition. Therefore the categorification of Theorem 5.3 is a tautological
statement that the image of the structure sheaf Oy under the inclusion

Perf(Y) < D2 (Y)

coh
is also Oy .

Question 6.7 Can we give another proof of Theorem 5.3 based on the above discussion combined with
the virtual Riemann—Roch theorem [Fantechi and Gottsche 2010; Ciocan-Fontanine and Kapranov 2009]?
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Question 6.8 Can we formulate a categorification of Conjecture 6.4 and define a version of “DT4 virtual
structure sheaf”? The first difficulty is defining a categorification of the perverse sheaf ¢4 (¢o1+[-11Y)
associated with a —2-shifted symplectic derived scheme Y .

7 Postponed proofs

In this section, we will give proofs of Propositions 2.1, 2.2, 2.3 and 4.5.

7.1 Proof of Proposition 2.1

First consider the composition
(7-1) Qo[—2] 2 Cone((C* — CHQc* — Q¢)[-2] = Kf// — Qc.

Here, the second (resp. third) map is defined using the short exact sequence (2-23) (resp. (2-21)). We will
prove that this is equal to the counit map

Qo[-2] = ({0} = C)1({0} = €)'Qc — Qc
later, and now prove the proposition assuming this statement. Consider the diagram

i* Hom(Qzxc, 7*F) — i* Hom(i)Qzxq0y[-2]. 7*F)

[ |

i*T*F i'm*F2)

where the upper horizontal arrow is induced from the counit map i1i' — id and the bottom horizontal
arrow is the natural map (2-12). It is clear that this diagram commutes. Therefore what we need to prove

is that the composition

*

Fi*n*F > i'n*F2l > i'n'FaF

where the second and third maps are the natural maps (2-12) is the identity map, but this is obvious since
the composition

Qz =i'n'Qz =i*7'Qz[-2] = i*7*Qz = Qz
is the identity map.

Now we prove that (7-1) is given by the counit map. To prove this statement, it is enough to prove the
following composition is the identity map:

Q = RTc(Qo) — RTe(Ky)[2] > RT(Qc[2]) = Q.

It is clear that the above map is given by

Q = RI:([pQz. =5 pQg. 5 Qcl) =2 R (mQg.[2]) = Q

where pr denotes the canonical projection.
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From now we work with R-coefficients, which does not affect the conclusion. We compute the above
composition using differential forms. Recall that for a differentiable manifold M, we can take the de Rham
resolution of a constant sheaf
Ry ~ Q3 = [Q% 4 Qb 45 -],
Consider the resolution
—(v—1)*
(PR =5 piRg. -5 Re] = To(p2g, =425 po, 25 y))

where Tot denotes the totalization and « is the covering transformation corresponding to a counterclockwise
loop. Since all sheaves appearing on the right-hand side are c-soft, the complex

C* 1= e (Tol([ 1%, @)Y pqe, 25 Q)

computes the derived functor, hence is isomorphic to R concentrated in degree zero. Note that C° consists
of triples of differential forms ( f, w1, w>) € Q?C &) Q(la* <) Q%* with compact supports, which is a cocycle
if and only if the following identities hold:

df = —psw1, doi=wy— (@ )*w,.

ro==[

By assumption, there exists a positive real numbers €, R € R~ such that the support of f is contained in

Now what we need to prove is

for such a triple.

a domain Bg \ Be and the supports of w; and w, is contained in p~!(Bg \ B¢). Here B¢ and By denote
the open disks centered at the origin with radii € and R respectively. Let /: [0, 1] = C be a line segment
such that /(0) = € and /(1) = R. We take a lift lo: [0,1] — C* of the line I. For an integer i, we set
li =« (lo) We let D; C C* the segment surrounded by I, l,+1 and arcs of p~1(dB,) and p~1(0BR).
By Stokes’ theorem, we have the identities

10 =@ =r@-f®==[df = [pr =3 [ on,

/ 602—/ w2=/ (wz—(a_l)*w2)=/ a’(x)1=/~0)1—/~ w1
D; D;_; D; D; li li+l

Set A; 1= fDi Wy — fDi—l Wy = fl~ w1 — fl~ w1. Then we have the identity

Yia=Y [ e=-3 [ o

i€Z i€Z i€Z
In particular, we obtain the identity

f(0)= Z/wl —Z/ Wy = / w2

i€Z i€Z
as desired.
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7.2 Proof of Proposition 2.2

Tasuki Kinjo

We use the notation as in the diagram (2-50). First, for a complex vector bundle E, we define two functors

~ ~/
FSg.FSp: D, (E) — D (EY)
by

e ! </ !
FSg := piprstpiipitpp™, FSg = piipatpipitpp™.

Then we have the commutative diagram

FSp —— FSy

T

FSg —— FS);

where the upper horizontal arrow is induced from the natural transform p; — p., the left vertical arrow

is induced from the counit map ¢ pgt’P — id and the right vertical arrow is induced from the unit map

id— tprytp.

By repeating the construction of (2-46) and (2-47), we can construct natural isomorphisms

FSg,(21%) = '¢" FSg, (%), FSg,(g.F) = 'g' FSp, (F)[2dim g]

by composing base change maps or the inverse of base change maps. These maps are compatible with the

iy oy / . . . .
natural transforms FSg =~ FSg and FS’E =~ FS since the !-counit and *-unit commute with base change

maps as we have seen in Section 2.2. Therefore we need to prove the commutativity of the following

diagram:

S, (91F) — FS g, (g+F)
| |
'g* FS g, (F) — 'g' FS, (F)[-2dim g]
By definition, the left vertical map is decomposed into isomorphisms
FSE(81F) = Potpy alpy o tlp, P2 8IF < Piitp (U5 5 58 PIT
<« g PlzLPl’,*lp{LPl,!LPIM
and the right vertical map is decomposed into the isomorphisms

<’ / !
FSE, (g+%F) = pz*tpzf*tf,,tpzltpzp;g*@

t**

> Pl pr Bl e T

= Pl ulpilp, ,u ’g'm F[-2dimg]
- g'Pl*‘Pl’,*lpl/lPl,!tplpldf[—Zdim’g]
= 'g' FS, (F)[-2dim‘g].
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Then the claim follows from the fact that the natural transformations (2-10) and (2-12) commute with
base change maps and the commutativity of the diagrams (2-15).

7.3 Proof of Proposition 2.3

To prove this statement, we need several lemmas.

Lemma 7.1 The following diagram commutes up to the sign (—1)™ 1.
FSgy FSE, (¢+F) —— FSgy 'g' FSE, (F)[2dim g] —— g« FSgv FSg, (F)[2dim g]

T2 e |
g+ F4[—2rank E;| g+ F4[—2rank E;]

Proof Note that the map FS Ey tg'FS E, (F) — g« FS ey FSE, (%) is defined by the composition

FSpv 'g'(mESg, (F)~1)
B I FSgy 's' FSg, FS gy FS g, (F9)[2 rank E1]

—> FSpy FSg, g« FSpyv FS, (F%)[2 rank £y

1 FS gy FS £, (5)

~

FSgy ‘g’ FSE, (%)

g« FSpy FSE, (%).

We have seen that n(FSg, (¥%)) differs from FSg, (n(%“)) by (—=1)™kE1 jn (2-40). Then the claim
follows immediately. |

Take an object 4 € Dﬁg +(E2). A similar argument shows that the following three diagrams commute up
to the sign (—1)™k E1.

FSgy FSE,(91%) — FSgy 'g* FSE, (%) —+ g1 FSgv FSg, (F)[2dimg]

(7-3) n(g!%)lz g!n(%)lz
S1F4[—2rank E;] S1F4[—2rank E5]
FSgv FSE,(§*9) —— FSgy ‘g1 FSE, (9)[-2dimg] —— ¢*FSgy FSg,(9)[-2dimg]
7-4) n(g*cg)lz g*n(‘@)l?
g¥9%|—2rank Eq] g%%9%[—2rank Eq]
FSgyv FSE, (g'9) —— FSgy g+ FSE,(9) —— g FSgy FSE, (9)[-2dim g]
7-5) n(g’%)l? g’n(‘!@)lZ
g'9?[—2rank E4] 2'9*[—2rank E4]
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Lemma 7.2 The following diagram commutes up to the sign (—1)4™m&:

F4[—2rank E;] ——— g'g1F4[—2rank E/]

|

FSEIV FSE1 (%) e

l

FSpy ‘gx'g* FSE, (F) —— ¢' FS gy FSp, (91%)[-2dim g]

Proof Using the fact that the diagram (2-38) commutes up to the sign (—1)™% £ we need to prove the

commutativity of the following diagram:

F g'aF

4

FSgv FSg, (%) 2

FSgy 'g4'e* FSE, (F) —— g' FSpy FSE, (%)

Here the natural transformation

ESgv olgy =5 g oFSgy
is defined by composing base change maps as in the construction of the map (2-47). Note that all arrows
in the diagram except for the horizontal bottom arrow are defined by composing unit maps. Therefore
the claim follows from the construction of the base change map (2-6) in [Kashiwara and Schapira 1990,

Proposition 3.1.9(ii)]. O

The following statement is a consequence of the above lemma and the commutativity of diagrams (2-38),

(7-2) and (7-4) up to a certain choice of sign.

Corollary 7.3 The following diagram commutes:

G [—2rank Ey] ————— g« g™ 9% [—2rank E;]

|

FSEzv FSEg, (9) 2

l

FSgy '¢"¢1 FSE, (9) —— g+ FSpy FSE, (¢*9)[2dim g]

The following two statements can be proved in a similar way using (7-3) and (7-5):
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Lemma 7.4 The following diagram commutes:

g¥g+F%|—2rank Eq] ———— F4[—2rank Eq]

K

z FSgy FSE, (%)

I

g* FS gy FSE, (g+%)[-2dim g] —— FSgv 'g1'g' FSg, (%)

Corollary 7.5 The following diagram commutes up to the sign (—1)3™m8:
£18'¢*[~2rank E5] ———— 94 [—2rank E)]

K

2 FSEZV FSEg, (%)

|

g1 FSgy FSE, (¢'4%)[2dim g] —— FSy 'g*'gx FSE,(%9)

Proof of Proposition 2.3 We first prove that the left diagram commutes up to the sign (—1)™"% €1 Using
Corollary 7.3, we need to prove that the following diagram commutes up to the sign (—1)2"k £1.

FSE, 4%[—2rank Ey] —— 'g'’g) FS g, (4%)[—2 rank E;]

FSk, n(@)—llz lz

FSg, FSpy FSE,(9) FSE,(g+g*9%)[—2rank E>]

| §

FSE, FSgy g1 FS g, (9) —— FSE, g« FSEy FSE, (¢*9)[2dim g]

This follows using the commutativity of the diagram (2-40) up to the sign (—1)™ £ twice and Lemma 7.1.

The commutativity of the right diagram in the statement of Proposition 2.3 up to the sign (—1)"%£2 can
be proved in a similar manner using Corollary 7.5 and (7-3). a

7.4 Proof of Proposition 4.5

We first prove statement (i). To do this, consider the following diagram in Dé’ (Ez):

OEz,*(g|Z)
< (3-4)Tz
U oo (2-42) | _
(7-6) FSpy((pvPley) —= FSEv(npvPE,  tcy)x+SPz/x(F2)
(W T
(=1)-4-1)
FSgy (ps(pv Pl gy) = > LCyyx . SPz x (F)
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We claim that this diagram is commutative. The most complicated map in this diagram is of course
(4-1) as it is defined by the composition of seven morphisms (4-14). To deal with this map, consider the
following composition “parallel” to the composition (4-14):

(7-7) FSpy (mpv )| gy) => FSpy (G py Pl Ey)
2-42 A
S P I IRER P
248) (5, FS g
— (5% XxAl(pAl DIE,

(2-48) ~
= «0x/xxa1 «F)|E,

~

= 0g, «(Flz) =0g, «(Flz) = 0g, «(F|2)

where Oy xyyxpa1: X = X X Al in the fourth line is the zero section. Here what we mean by this
composition is “parallel” to the composition (4-14) is that each complex appearing in (4-14) has a natural
map to the complex appearing in the above composition at the same stage. It is clear that these morphisms
commute with morphisms appearing in (4-14) and (7-7) except for the ones in the fourth rows. To prove
the commutativity of (7-6) we need to show that the maps in the fourth rows of (4-14) and (7-7) commute
with the natural maps from the complexes at the third and fourth rows of (4-14) to the complexes at the
same stages of (7-7) up to the sign —1, ie we need to show the commutativity of the following diagram:

FSxuat (ixxtzo,(Py_,F) — FSyea1 (0, F)

(7-8) | @) el(—1)~<2-48)
ijALO’*p:;l F——O0x/xxal xF
>0

To do this, consider the following larger diagram:

FSXXA1 (OX/XXA] ,*%) I FSXXAl (iXXKSO,*péfog) I FSXXA1 (pi&l %)
(7-9) zl(2-46) | @5 2l(—1)-(2—48)
p:&] F ijAl

>0’

Py 09 — Ox/xxa1 +F

>
The commutativity of the left rectangle is clear from the construction of the maps (2-46) and (4-5) and
the commutativity of the outer rectangle follows from Proposition 2.3. As the lower horizontal arrows
become invertible after restricting to the zero section X x {0} C X x A!, we conclude the commutativity
of the right rectangle. Now the proof of the commutativity of (7-6) is over.

Next consider the following diagram in Dé’ (2):

| (2-27) |
ey \(@5(Tpv F) EY) gy ((Tgv F)lEY) Flz
(2-46) = (Zy
7-10 X Lo 4 gy
(7-10) 2| (2-46) OEZFSE§((7TEVJ")|E§)ﬁOEz(FsEV(nEvJ")lEz)

0% FSpy (¢5(th. P)lgy)
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The commutativity of the left quadrilateral is clear and the commutativity of the right quadrilateral follows
from the commutativity of the diagram (2-51) and Proposition 2.3.

Finally combining the commutativity of the diagram (7-6) restricted to the zero section Z C Ez and the
commutativity of the diagram (7-10), we obtain the commutativity of the diagram (4-17).

Now we move on to the proof of statement (ii). The proof is similar to the proof of statement (i). Consider
the following diagram in D é’ (Ez):

OEz,*(@VZ)
- (3-5)l2
(2-43) o
(7-11) FSEV((TFE\/JP)'EV) — FSEV(”EVJP”EZ Cz/x,* SpZ/X(FZ(JP))
o 1
(=141
FSgy (<P§(7T,!gv9)|!E}) ~ > LCy xx SPZ x (F)

We will prove the commutativity of this diagram in the same way as the proof of the commutativity of
the diagram (7-6). Consider the composition

(712)  FSgy((mpP)gy) > FSpy(('0x/xxat «Plpy)
&FSEVG!OX/XXN g)l!EZ

G2, (5a FSx a1 (Ox/xxal, JP))lEZ

=2 Gapi i P, 208, 4(Fly) =08, «(Fly) = 05, «(F|y).

We have natural maps from the complexes appearing in (7-12) to the complexes appearing in (4-14) at

(2 46)

the same stages such that these maps commute with maps appearing in (7-12) and (4-14). Furthermore,
the commutativity of the outer rectangle of the diagram (7-9) shows that the composition (7-12) is equal
to the following composition after multiplying by —1:

! ! (2-43) ! 1 (248) !
FSgy ((”EV@NEE) < FSpv(mpvF)g, == O£, +(F|2).

~

These claims imply the commutativity of the diagram (7-11).

Next consider the following diagram:

(2-28)

JTEE,*wg(n}EV@NEg [-2rank E] ﬂE},*(”}gvgN!Ev[ 2rank E] «—— &

(2-47) _ -
-7 (=1 F(2-48)

(2-43)
(7-13) |e4n 0 FSgy ((ngv@)@) —— 0%, FSEv(nEvJP)|EZ
]

OEZ FSE} ((pf(ﬂ'E\/%)VE%)
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The commutativity of the left quadrilateral is obvious, and the commutativity of the right quadrilateral
follows from Propositions 2.2 and 2.3.

Finally, combining the commutativity of diagrams (7-11) and (7-13), we obtain the commutativity of
diagram (4-18).
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