PRX QUANTUM 6, 010343 (2025)

IYQ Collection

Fundamental Bounds on Precision and Response for Quantum
Trajectory Observables

Tan Van Vu
Center for Gravitational Physics and Quantum Information, Yukawa Institute for Theoretical Physics,
Kyoto University, Kitashirakawa Oiwakecho, Sakyo-ku, Kyoto 606-8502, Japan

™ (Received 10 December 2024; revised 4 February 2025; accepted 13 February 2025; published 6 March 2025)

The precision and response of trajectory observables offer valuable insights into the behavior of
nonequilibrium systems. For classical systems, trade-offs between these characteristics and thermody-
namic costs, such as entropy production and dynamical activity, have been established through uncertainty
relations. Quantum systems, however, present unique challenges, where quantum coherence can enhance
precision and violate classical uncertainty relations. In this study, we derive trade-off relations for stochas-
tic observables in Markovian open quantum systems. Specifically, we present three key results: (i) a
quantum generalization of the thermokinetic uncertainty relation, which bounds the relative fluctuations of
currents in terms of entropy production and dynamical activity; (ii) a quantum inverse uncertainty relation,
which constrains the relative fluctuations of arbitrary counting observables based on their instantaneous
fluctuations and the spectral gap of the symmetrized Liouvillian; and (iii) a quantum response kinetic
uncertainty relation, which bounds the response of general observables to kinetic perturbations in terms
of dynamical activity. These fundamental bounds, validated numerically using a three-level maser and
a boundary-driven XXZ spin chain, provide a comprehensive framework for understanding the interplay

between precision, response, and thermodynamic costs in quantum systems.
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I. INTRODUCTION

Physical systems in nature and experiments are gener-
ally driven out of equilibrium and subject to significant
fluctuations. For Markovian systems, ensemble dynamics
can be unraveled into stochastic trajectories, where phys-
ically relevant observables can be defined as stochastic
quantities [1]. Examples include the particle or heat cur-
rent transported from a source to a target, as well as the
distance a molecular motor travels within a finite time. For
such observables, two critical aspects are the extent of their
relative fluctuations (i.e., precision) and their sensitivity to
small perturbations in control parameters (i.e., response).
Understanding how these factors are constrained by ther-
modynamic costs is not only of theoretical importance
but also provides valuable tools for thermodynamic infer-
ence [2]. Over the past few decades, this area has seen
substantial progress, particularly with the development
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of quantum stochastic thermodynamics for microscopic
systems [3—7].

The trade-off between precision and thermodynamic
costs has recently been explored through the lens of uncer-
tainty relations, specifically the thermodynamic uncer-
tainty relation (TUR) and the kinetic uncertainty relation
(KUR). These relations assert that achieving high precision
always incurs a cost. The TUR establishes that the pre-
cision of any time-integrated current cannot be enhanced
without increasing entropy production [8—17]. Mathemat-
ically, it is expressed as an inequality between current
fluctuations and dissipation,

var[¢]
(¢)?

2
Fy:=t1 > —, (D
o

where (¢) and var[¢] are the mean and variance of the
current ¢ over the operational time 7, and o is the irre-
versible entropy production rate. The TUR has significant
applications across various fields, including heat engines
[18], molecular motors [19], anomalous diffusion [20],
and dissipation estimation [21-24]. The KUR, on the
other hand, establishes a trade-off between the precision
of arbitrary counting observables and dynamical activity
[25-28], explicitly given by Fy > 1/a, where a quantifies
the jump frequency. Notably, these relations can be unified
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into a tighter bound known as the thermokinetic uncer-
tainty relation (TKUR) [29]. The TUR generally holds for
steady-state systems described by classical Markov jump
processes and overdamped Langevin dynamics. It has been
extended to arbitrary initial states and time-dependent driv-
ing [30-33]. However, violations of the TUR have been
observed in other dynamics, including underdamped [34—
36] and quantum regimes [37—53]. In particular, it has been
shown that quantum coherence can significantly enhance
precision and play a crucial role in violating the TUR.
Although several generalizations of these uncertainty rela-
tions to quantum domains have been proposed [54—60],
identifying conditions under which quantum coherence
leads to TKUR violations remains elusive. This under-
scores the need for a novel quantum bound that clarifies
the role of quantum coherence to address this gap.

As a complementary aspect of precision, the response of
observables to small perturbations is of significant interest,
as it provides a deeper characterization of physical sys-
tems. For systems near equilibrium, response theory has
been well-established through the fluctuation-dissipation
theorem (FDT) [61]. Numerous generalizations of the FDT
to far-from-equilibrium scenarios have been proposed [62—
65], with a primary focus on understanding the violation of
the FDT [66]. In recent years, the theory of static response
has unveiled a close relationship between the response
of observables and thermodynamic costs [67—74]. Specifi-
cally, it has been shown that the response of observables to
kinetic perturbations is bounded above by their dynamical
fluctuations and thermodynamic quantities such as entropy
production and dynamical activity. While these findings
have been extensively developed for classical systems in
nonequilibrium steady states, a comprehensive theory for
open quantum systems is still lacking.

In this paper, we advance the understanding of quantum
trajectory observables by deriving fundamental bounds for
their precision and response, building upon the aforemen-
tioned two backgrounds. Focusing on Markovian open
quantum dynamics with quantum jump and diffusion
unravelings, we present three main results (see Table I for
summary). First, we derive a quantum generalization of
the TKUR [cf. Eq. (23)], which establishes a lower bound

TABLE 1.

on the relative fluctuations of currents in terms of entropy
production and dynamical activity. This relation explicitly
highlights the role of quantum coherence in enhancing cur-
rent precision and violating classical uncertainty relations.
Applying this bound to quantum heat engines, we reveal a
trade-off between power, efficiency, and fluctuation, offer-
ing novel insights into the design of heat engines capable
of achieving the Carnot efficiency at finite power without
divergent fluctuations. Next, we derive an upper bound on
the relative fluctuation of arbitrary counting observables
[cf. Eq. (29)], referred to as the quantum inverse uncer-
tainty relation. This bound shows that the relative fluctu-
ation of observables is constrained by their instantaneous
fluctuation and the spectral gap of the symmetrized Liou-
villian. When combined with the quantum TKUR, it yields
a “sandwich” bound on the relative fluctuations of currents.
Finally, we derive a quantum response kinetic uncertainty
relation [cf. Eq. (34)], which provides an upper bound on
the response of general observables to kinetic perturba-
tions in terms of their fluctuations and dynamical activity.
Notably, this relation is quantitatively tighter than the KUR
and recovers the KUR in the classical limit. Our findings
are validated numerically using a three-level maser engine
and a quantum many-body spin system.

II. SETUP

We consider a d-dimensional open quantum system,
whose dynamics is described by the Gorini-Kossakowski-
Sudarshan-Lindblad (GKSL) master equation [75,76]:

or = L),
L(o) := —i[H,o] + Z (Lk OLZ— {L/th, o} /2) ) 2)

k>1

Here, o, denotes the system’s density matrix at time ¢, and
both Hamiltonian A and jump operators {L;} are time inde-
pendent. We assume that after a sufficiently long time, the
system relaxes toward a unique stationary state 7, which
can be nonequilibrium. Throughout this study, both the
Planck constant and Boltzmann constant are set to unity,
h=ks=1.

Summary of our main results. The first result applies specifically to current-type observables, while the second one is

broadly applicable to any counting observables. Remarkably, the third result extends even further, accommodating any function f (¢),
where ¢ represents a vector of arbitrary counting observables. All the relations universally hold for arbitrary finite times.

Main results

Formulation Applicable observables

Quantum thermokinetic uncertainty relation [Eq. (23)]
Quantum inverse uncertainty relation [Eq. (29)]

Quantum response kinetic uncertainty relation [Eq. (34)]
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72—614)(1) >max | —, —
(146842~ 0% \2a o’ a

currents

counting observables

Ja, 2
Fo< 2 n>2 <1+—K>
(J],JT) 8s

IV @M _

vl @] - Ta arbitrary

010343-2



FUNDAMENTAL BOUNDS ON PRECISION...

PRX QUANTUM 6, 010343 (2025)

We mainly focus on two scenarios that can be described
by Eq. (2). The first is thermodynamically dissipative
dynamics, wherein the system is attached to single or
multiple heat baths. Assuming that the coupling between
the system and the baths is weak and the environment
is memoryless, the time evolution of the system’s state
is governed by the GKSL equation. Each jump opera-
tor L; can, for example, characterize a jump between the
energy eigenstates. To guarantee the thermodynamic con-
sistency for thermodynamically dissipative dynamics, we
assume the local detailed balance condition [77], which is
fulfilled in most cases of physical interest [78]. That is,
each jump operator L; can be associated with a reversed
jump Ly such that Ly = e®*/2L!, Here, As; denotes the
entropy change of the environment due to the jump. Note
that k* = k is possible (i.e., L; is a self-adjoint operator
and As; = 0). The second scenario is generic Markovian
dynamics, where we do not impose any conditions on jump
operators, and they can have arbitrary forms. Examples
include quantum measurement processes, wherein L rep-
resents a measurement operator performed on the system
[79].

We remark on the validity and applicability of the GKSL
dynamics. Its derivation from microscopic principles relies
on the Born-Markov approximation, which assumes weak
coupling between the system and the environment, as well
as a fast relaxation of the environment [80]. Consequently,
it fails to describe non-Markovian dynamics, where mem-
ory effects and finite environmental relaxation times play
a crucial role. This limitation restricts its applicability to
strongly interacting systems, where system-environment
correlations and entanglement become significant. Despite
these constraints, the GKSL dynamics remains a funda-
mental framework in nonequilibrium physics due to its
mathematical tractability and its ability to capture key
aspects of dissipative processes, quantum decoherence,
and steady-state behavior [80,81]. It continues to serve as
an indispensable tool for studying open quantum systems
in controlled experimental and theoretical settings.

A. Quantum jump unraveling and observables

The dynamics of Markovian open quantum systems
can be unraveled into quantum jump trajectories [77,82—
84]. That is, the GKSL dynamics (2) can be interpreted
as a stochastic process of the pure state |y,) such that
0: = E[|¥:Xv,|], where the average IE[-] is taken over all
stochastic trajectories. The method of quantum jumps is
a convenient way to describe the evolution of a quantum
system that is constantly monitored, particularly when it is
coupled to dissipative environments or is subject to con-
tinuous measurements. For a small time step df < 1, the
master equation g, 4 = (1 + Ldt)g, can be expressed in

the Kraus representation g4 = Zkzo MkQ,MkT with the

operators given by
My :=1 — iHepdt, My = Liv/dt (k> 1).  (3)

Here, Her := H — (i/2) ) 4, LZL;{ is the effective Hamil-
tonian and 1 denotes the identity operator. The operator M
represents a smooth nonunitary evolution, whereas opera-
tors {Mj}r>1 induce probabilistic jumps in the system state.
With this interpretation, the GKSL Eq. (2) can be unrav-
eled into stochastic trajectories, wherein the pure state
[;) either smoothly evolves or discontinuously jumps to
another pure state at random times. Specifically, the time
evolution of the pure state |y/;) can be described by the
stochastic Schrodinger equation [80],

1
d\y) = (—iHeff +3 Z<L}£Lk>t> ) d

k>1

Py (B,

~ de,t’ (4)
k>1 <L]LLk)1‘

where (o), := (Y¥|o|Y,) and dNy, is a stochastic increment
that satisfies E[dNy,] = (LZLk) (dt and takes a value of 1 if
kth jump is detected and 0 otherwise.

Each stochastic trajectory {|v;)} of time duration t is
uniquely determined by the noise trajectory {dNy,}. There-
fore, we can define a time-integrated observable ¢ for
individual trajectories as

6= [ v )
0

k>1

where {ci}i>1 are real counting coefficients. By this
definition, the observable ¢ increases by ¢, for each kth
jump occurred. For thermodynamically dissipative dynam-
ics, ¢ is called a current whenever the counting variables

are antisymmetric (i.e., ¢y = —cy+ for all k). Examples
of relevant observables include particle current (c; = 1
for absorption and ¢; = —1 for emission), jump activity

(¢ = 1 for all jumps), and heat flux (c; = g where gy is
heat dissipated from the system to the environment due to
kth jump). The average of the counting observable can be
analytically calculated as

(@) =1 Y cxtr(LymL). (6)

k>1

The higher-order moments of observable ¢ can be com-
puted using the method of full counting statistics. Defin-
ing the generating function G, (u) := tre“** (i), the nth
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moment can be calculated as

(¢") = (—id,)" G, )], _,» (7)

where the tilted superoperator £, is given by [1]

Lu0) = —ilH, o1+ Y (" LioLi~{L]Li.0}/2).
k>1
®)

It is worth noting that the stochastic unraveling of the
GKSL dynamics is not unique, as it depends on the choice
of measurement on the environment [79]. While our pri-
mary focus in this study is on quantum jump unraveling,
we also demonstrate that similar results can be obtained
for quantum diffusion unraveling using the same approach.

B. Entropy production and dynamical activity

We introduce two relevant quantities for thermodynami-
cally dissipative dynamics and generic dynamics. The first
is irreversible entropy production, which quantifies the
degree of time-reversal symmetry breaking [85]. Accord-
ing to the framework of quantum thermodynamics, entropy
production is generally defined as the sum of the entropic
changes in the system and the environment [86], and its
rate is given by

0 = Osys T Oeny- ©)

Here, oy and oe,, denote the entropic rate contributed
by the system and the environment, respectively. In the
generic setup where the system and the environment
undergo a unitary evolution, the resulting entropy produc-
tion can be expressed in terms of a correlation between the
system and the environment [86,87]. For the weak cou-
pling regime considered here, they are explicitly quantified
as [77]

(10)
)

Osys -=— _tr(ét In Qt):

Oenv -= Ztr(LthLZ)ASk'
k>1

In the stationary state 7 [i.e., £(r) = 0], the entropic con-
tribution from the system vanishes (i.e., ogs = 0). Thus,
the irreversible entropy production rate is equal to the
entropic rate produced by quantum jumps due to the
interactions with the environment,

o=y tr(LywL])Asy. (12)
k=1

We can prove that o > 0, which is nothing but the sec-
ond law of thermodynamics. Another crucial quantity is
dynamical activity [88], which quantifies the frequency of

quantum jumps that occurred in the system and can be
explicitly calculated as
a=Y tr(LmL)). (13)

k>1

Physically, the dynamical activity characterizes the
strength of the system’s thermalization. These two quan-
tities (o and a) play essential roles in constraining the
precision of observables in fluctuating dynamics and other
nonequilibrium aspects such as the thermodynamic speed
limit [89-92].

C. Symmetrized Liouvillian gap

Next, we describe another relevant quantity called the
symmetrized Liouvillian gap, which plays a crucial role in
constraining the fluctuation of observables. To this end, we
introduce the following inner products:

(4,B) :=tr(4'B),
(4,B); := tr(ATw*Br ' =)

(14)
(15)

for s € [0, 1]. We also define the norms ||4||*> := (4, A) and
||A||§ := (4, A), for the notational convenience. We con-
sider the adjoint time evolution of an operator 4, in the
Heisenberg picture, 4, = L£(4,), where the superoperator
L is given by

L) = i[H, o] + Y (LZoLk — i, o}/2> . (16)
k>1

This adjoint superoperator has the following property for
any operators 4 and B:

(4, L(B)) = (L(4), B). (17)
Let £* be the adjoint superoperator of L with respect to the
inner product (-, -);. Specifically, £* is defined such that the
following equality is fulfilled for arbitrary operators 4 and
B:

(4, L(B))s = (L*(A), B)s. (18)
The superoperator L* can be explicitly expressed as
L¥*0) = L(n* on'™)m*~!. The symmetrized Liou-
villian is then defined as [93]

(19)
which is self-adjoint with respect to the inner production
('a '>S9

(4, Ly(B))s = (L(4), B);. (20)

In the literature, s = 0 and s = 1/2 are the most stud-
ied cases. Throughout this study, we only consider s = 0
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and s = 1/2, where b:j possesses some relevant properties.
First, since £(1) = £*(1) = 0, it is evident that L,(1) =
0. This means that L, has a zero eigenvalue corresponding
to the eigenvector 1. Second, L; is negative semidefinite
with respect to the inner product (-, -),. For the s = 0 case,
this was proved in Ref. [93]. In Lemma 1 (Appendix A),
we prove the s = 1/2 case. Let {A,} be the eigenvalues of
L, which are sorted in the descending order as
02)‘0>)‘12)"22"'Z)‘d2—1' (21)
The symmetrized Liouvillian gap is defined using the
second largest eigenvalue,
g = —Xx; > 0. (22)
The gap g, quantifies the slowest decay mode of the gen-
erator. As shown later, this gap is essential in constraining
the relative fluctuation of observables.

I11. MAIN RESULTS

A. Quantum thermokinetic uncertainty relation

We consider thermodynamically dissipative dynamics,
wherein the local detailed balance condition is assumed.
Our first main result is the quantum TKUR, which estab-
lishes a lower bound on the relative fluctuation of an
arbitrary current ¢. Applying the quantum Cramér-Rao
inequality, we prove that the relative fluctuation of cur-
rent ¢ is always lower bounded by entropy production and
dynamical activity as

Fy 4a 0 \2 21
P MY (1), e
(1+684)> ~ 02 \2a o a

where 84 is a contribution to the current average from
quantum coherent dynamics [cf. Eq. (B14)] and ®(x)
denotes the inverse function of x tanh(x). The relation uni-
versally holds for arbitrary times, and its second inequality
is a consequence of @ (x) > max(4/x, x). Using the vector-
ization of operators, the asymptotic long-time value of §,
can be explicitly given by

_ (LICL* Dylm)
(LIClm)

5= (24)
where [4) := ), @ |m) ® |n) ford =3 an, |m)nl,
L* denotes the Moore-Penrose pseudoinverse of the vec-
torized superoperator L [cf. Eq. (B7)] and

- 1 1 ;
Dyi=) [Lk ®L;— E(LZLk) ®1-51® (LkLk)T] ;
k>1

512 chLk ® L/t.

k>1

(25)

The real coefficients {¢;} are given in Eq. (B2). The
detailed derivation of the result is presented in Appendix B.
We also demonstrate that a similar relation can be obtained
for quantum diffusion unraveling, differing only in the
quantum contribution &4 (see Appendix B 1).

Remarks on this result are given in order. (i) First, in the
classical limit, we can show that 4 = 0 [cf. Eq. (B20)] and
the result (23) reduces to

4a o \2 21
Fp>—=0 (—) >max | —,— ),
o2 2a o a

which recovers the TKUR obtained in Ref. [29] and the
conventional TUR [8,9] and KUR [25,26] for classical
Markov jump processes. Therefore, it can be regarded as
the quantum TKUR. (ii) Second, inequality (23) clearly
illustrates the role of quantum coherent dynamics in
enhancing the precision of currents. That is, the conven-
tional TKUR 1is possibly violated if —2 < 84 < 0. Oth-
erwise, the TKUR is valid whenever |1 4 64| > 1. (iii)
Third, the bound can be further tightened by considering
multiple currents [94] and leveraging their correlations,
as has been done in the classical case [34,95]. (iv) Last,
we compare our result with an extant uncertainty relation
derived in Ref. [58], which reads

(26)

Fy _ 2
(143842~ o+v’

@7

where v denotes a quantum_contribution from the quan-
tum coherent dynamics and d4 is another correction to the
current average. The quantity v can be either negative or
positive, and there is no definite hierarchical relationship
between Egs. (23) and (27). While relation (27) clarifies
the role of quantum coherent dynamics in constraining cur-
rent fluctuations, the separate contributions v and 54 make
it intractable to characterize the violation of the TUR in
general cases. In contrast, the new relation (23) allows for
examining the violation of the TUR through the value of
84. Furthermore, by consolidating all quantum contribu-
tions into the term &y, it can derive novel trade-off relations
in other contexts as corollaries, as demonstrated below.

1. Power-efficiency trade-off relation for quantum heat
engines

We demonstrate that the quantum TKUR (23) can derive
a trade-off relation between power and efficiency for quan-
tum steady-state heat engines. Consider a heat engine
simultaneously coupled to two heat baths, one hot at tem-
perature 7j, and one cold at temperature 7, (< 7}). Let
¢n be the heat current supplied from the hot heat bath,
¢. be the heat current absorbed by the cold heat bath.
From the first law of thermodynamics, the power current
can be expressed in terms of these heat currents as P =

010343-5



TAN VAN VU

PRX QUANTUM 6, 010343 (2025)

(¢ — ¢c)/T. Applying relation (23), we can derive the
following trade-off relation between power and efficiency:

n Tc(1+5P)2<1
nc—n Ap -

P

(28)

[\

Here, n¢ := 1 — T, /T}, is the Carnot efficiency and Ap :=
lim;_, ; o, T var[P]. Notably, unlike the classical trade-off
relation between power and efficiency [18], there exists
a quantum contribution §p in inequality (28), which van-
ishes in the classical limit. Relation (28) implies that
achieving the Carnot efficiency at finite power without
divergent fluctuation of power necessitates |1 + dp| < 1.
More specifically, |1 4 §p| should vanish at the same order
of «/nc —n as n — n¢. This provides insights into the
design of efficient heat engines operating at the boundary
of the fundamental limitations.

B. Quantum inverse uncertainty relation

Next, we consider generic dynamics (2) without the
assumption of local detailed balance. We deal with an arbi-
trary counting observable ¢, including currents studied in
the previous subsection III A. Our second main result is
the quantum inverse uncertainty relation, which sets an
upper bound on the relative fluctuation of observable ¢,
expressed as (see Appendix C for the proof)

Jo, 2
F¢§ W 7T>2 <1+—K)
(Jlan> 8s
Here, J, := ) ;> ILTL (n = 1,2) are self-adjoint oper-

ators defined in terms of jump operators and counting
coefficients, and « is given by

29

. Vi) Lslle S~ = (1, 7)1

Ils
30
<J2,7T> ’ ( )

Jo =Y alirL]. (31)

k>1

Physically, J; can be identified as the observable operator
as its expected value with respect to the stationary state
7 yields the observable average; that is, (J;,7) = 7' ().
On the other hand, J; can be regarded as the instantaneous-
fluctuation operator as (J>, w) = lim,_,o T ~! var[¢]. These
immediately derive

(J2, ) I
= lim
<J],7T>2 =0

T var[¢]

(32)
(#)?
Thus, (J,,7)/{J1,7)? can be interpreted as the instanta-
neous relative fluctuation of the observable. Additionally,
it can be observed that « vanishes when either J; o 1 or
Jr o« m, indicating that « quantifies the deviation of the

observable operator from the identity operator. Inequal-
ity (29), valid for s € {0,1/2} and for arbitrary times,
reveals that the precision of observables is fundamen-
tally constrained by the symmetrized spectral gap and the
instantaneous relative fluctuation. In general, there is no
strict hierarchical relationship between the bounds for s =
0 and s = 1/2; however, they converge and become iden-
tical in the classical limit. A similar bound for quantum
diffusion unraveling is presented in Appendix C 1. Com-
bined with the quantum TKUR (23), this bound offers a
unified picture for understanding the precision of currents
in finite-time processes. Furthermore, this result extends
the classical findings of Ref. [96] for Markov jump pro-
cesses, which relied on concentration techniques, into the
quantum domain. While some quantum bounds on the
moment generating function utilizing the s = 1/2 spectral
gap have been established for simple counting processes
[97] and diffusive processes [98], our approach takes a dif-
ferent route by directly bounding the second moment and
accounting for the spectral gap in both s =0 and s = 1/2
cases. This provides a more comprehensive and versa-
tile framework for exploring the precision constraints in
quantum systems.

C. Quantum response kinetic uncertainty relation

Last, we investigate the static response of observables
to kinetic perturbations. In contrast to the previous sub-
sections, we focus on observables expressed in a general
form f(¢), where f is an arbitrary function and ¢ =
[¢1,...,¢n5]" is a vector of arbitrary counting observ-
ables. Notably, when f(x) = x and N = 1, this observable
reduces to the conventional counting observable. We con-
sider the case where the Hamiltonian and the jump opera-
tors are parameterized by a control variable €. That is, the
dependence of each jump operator on € is explicitly given
by

Ly = e©2p;, (33)
where wy(€) is a function of € and V} is independent of €.
In contrast, the Hamiltonian can depend on € in an arbi-
trary manner; that is, H can take any form H (¢). Examples
of € include measurement amplitude, energy-level spacing,
reservoir temperature, and the coupling strength between
the system and the reservoir.

As the third main result, we obtain the following
response kinetic uncertainty relation for arbitrary observ-
ables f'(¢) (see Appendix D for the proof):

IV @NIE _

34
varlf()] = 34

Here, V{(f(¢)) := [dwk<f(¢))]2 is the vector of the static
responses of the observable to each jump perturbation
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wr = wi + 8wy and ||x||; := ), |x,| denotes the 1-norm.
More precisely, the total derivative symbol d is defined
asd,, (o) := limg,,_o[(0) 15w — (0)w]/Sw, where the initial
state under perturbations remains fixed at 7. Relation (34),
which holds for arbitrary times, indicates that the precision
of observable response to small perturbations is always
bounded by dynamical activity. While our focus here is
on the stationary state, this result can also be extended
to the transient regime, retaining the same structure (see
Appendix D1 for the detailed derivation). Specifically,
we can prove that the following relation holds for any
operational time and arbitrary initial quantum states:

IV @NIE _

valf @) = @3)

where A, := for ary .. tr(LthL,t) is the dynamical activ-
ity, quantifying the average number of quantum jumps
over the duration 7. This generalization demonstrates that
the trade-off persists across both stationary and transient
processes, thereby significantly broadening the applicabil-
ity of the derived bounds to encompass a wider range
of nonequilibrium quantum dynamics. Furthermore, the
bound also holds for quantum diffusion unraveling, as its
derivation is independent of the unraveling method. In the
following, we demonstrate its twofold applications.

First, it can derive an upper bound on the observable
response to a small change in the parameter €. To this end,
note that [dy, (f($))] > 1dewr(€)du, (f()]/@max, Where
Wmax := maxy |dcwi(€)|. Using this fact and considering
the case where the Hamiltonian is independent of €, we
obtain

1

IV{(f( @)l = 1> den(€)du, {f ()]

max

_ ld @)1

Wmax

(36)

Consequently, we can show that the response of observ-
ables to the parameter perturbation is bounded by dynami-
cal activity and its fluctuation,

[de (f () < Ty, varl £ (¢)]a. (37)

Inequality (37) implies that achieving a large response
of an observable requires either significant fluctuations or
high dynamical activity in the system. Additionally, this
result provides a quantum generalization of the classical
response uncertainty relation reported in Refs. [73,74] for
Markov jump processes, offering a broader framework that
goes beyond counting observables.

Second, relation (34) can recover the KUR in the classi-
cal limit. This can be verified from the fact that ||V (¢)||; >

[{(¢)] (see Appendix D 2 for the proof), which immediately
yields the KUR [25,26],

2
@) < ta. (38)
var[¢]

In other words, relation (34) is quantitatively tighter than
the KUR.

IV. NUMERICAL DEMONSTRATION

A. Three-level maser engine

We exemplify the main results in a three-level maser
engine [99], which is resonantly modulated by an exter-
nal electric field and simultaneously coupled to a hot and
a cold heat bath. The maser can operate as a heat engine
or refrigerator depending on the parameter regime. The
Hamiltonian and jump operators are explicitly given by

Hy=Hy + Vi, (39)

Ly = Jywnyo31, L= = /yu(np + Doz, (40)
Ly = \/Yeneo3, Ly = /ye(ne + 1)023. (41)

Here, Hy = w011 + w07 + w3033 is the bare Hamilto-
nian, V; = Q (¢“V'o1; + 7005, ) is the external classical
field, and oy = |i){j| for some basis {|i)}. To remove
the time dependence of the full Hamiltonian, we con-
sider operators in an appropriate rotating frame X — X =
U XU, [100], where U, = e~ and H = w011 + (01 +
wp)02y + w3033. In this rotating frame, the GKSL master
equation reads [101]

o= —itH,01+ Y (Ladi-{LiL.a}2), @)
k>1

where H = —Aﬂzz + Q(O’lz + 0’21) and A = wy + w; —
wy.

We consider a current ¢ with ¢ = [1, —1, —1, 1], which
is proportional to the net number of cycles. To examine the
validity of the main results, we vary only A while fixing
other parameters. The relative fluctuation of current ¢ is
numerically calculated using the method of full counting
statistics. All the numerical results are plotted in Fig. 1.
As shown in Fig. 1(a), the relative fluctuation F, increases
with increasing A. Notably, the quantum TKUR (23) holds
universally, as the line representing F,/(1 4 84)* always
lies strictly above the lower bound (4a/c?)®(0/2a)?. In
contrast, when the quantum correction §, is excluded, the
relative fluctuation F7y falls below the lower bound for
A < €, signaling a violation of the classical TKUR.

The quantum inverse uncertainty relation (29) is numeri-
cally verified in Fig. 1(b) for the same current ¢p. The upper
bound is calculated for both the s = 0 and s = 1/2 cases.
As shown, the relative fluctuation is always constrained by
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FIG. 1.

1 2
A

Numerical illustration of the main results in the three-level maser. (a) The validity of the quantum TKUR (23) and the

violation of the classical version. The solid and dashed-dotted lines depict F, and Fjs /(1 + 84)2, respectively, whereas the dashed line
represents the thermokinetic lower bound (4a/0%)® (o /2a)?. (b) Demonstration of the quantum inverse uncertainty relation (29). The
upper bounds computed with s = 0 and s = 1/2 are plotted using the dashed-dotted and dashed lines, respectively. (¢) Demonstration
of the quantum response kinetic uncertainty relation (34). The circles and the dashed line depict the response precision |V (¢) ||% / var[¢]
and the upper bound of dynamical activity. A is varied in the range [0, 2], while other parameters are fixed as y, = 0.1, y. =2, n;, =5,

n. =0.02, Q2 =0.15, and r = 10.

the upper bound. Notably, the bound for s = 1/2 is tighter
than that for s = 0 in this scenario.

Finally, we validate the quantum response kinetic uncer-
tainty relation (34). To calculate the response precision, we
sample the observable ¢, with each element of ¢ randomly
chosen from the range [—1, 1]. As illustrated in Fig. 1(c),
while the dynamical activity decreases, it consistently acts
as an upper bound for the response precision of all sampled
observables.

B. Boundary-driven XXZ spin chain

Next, we illustrate our results in a quantum many-body
spin system, specifically the spin-1/2 XXZ chain on one-
dimensional lattices. The boundary-driven XXZ spin chain
is a paradigmatic model for studying nonequilibrium quan-
tum dynamics, offering profound insights into transport
phenomena, steady-state properties, and the role of inte-
grability in dissipative systems [102]. By coupling the
spin chain to external reservoirs at its boundaries, this
model provides a controlled platform to investigate how
energy, spin, or particle currents emerge and evolve under
nonequilibrium conditions.

We consider a spin chain consisting of L sites with the
Hamiltonian given by

L—-1
Hyz =Y (0yoy,, +0)or,, + Acjor,),  (43)
n=1

where o (a € {x,y,z}) are the standard Pauli matrices at
site n and A is the anisotropy parameter. The spin chain
is coupled to reservoirs at only the first and last sites,
which drive the system out of equilibrium. The dissipative
operators are specified as

L=y + o, L= =yl —wo;, (44
L=yl —wo, Lyr =yl +po;,  (45)

where oF = (0f £io;)/2, y describes the coupling
strength to reservoirs, and u € [0, 1] reflects the strength
of incoherent driving at the boundaries. It has been shown
that the system possesses a unique nonequilibrium station-
ary state [103]. Under symmetric driving conditions (i.e.,
u = 0), the steady state corresponds to a thermal state at
infinite temperature, 7 o 1. In contrast, for asymmetric
driving (i.e., > 0), a persistent nonzero current emerges
in the steady state. This setup allows us to analyze trans-
port properties and serves as an ideal platform to verify
the derived trade-off relations for precision, response, and
thermodynamic costs in quantum systems.

We consider two observables: the magnetization current
¢ and the activity observable ¢,. Since the Hamilto-
nian Hyyz conserves the total magnetization M = Z§=1 o;
(i.e., [Hxxz, M] = 0), the time evolution of the total mag-
netization (M), := tr(M ;) can be described as

d{M),
dt

=1(0) + 1. (1), (46)

where (1, (1) denote the magnetization fluxes injected from
the reservoirs at the boundaries. At the stationary state,
the fluxes satisfy (}° + ;> =0, and (}° can be explicitly
expressed as

S5 =2 [tr(Llan - tr(Ll*nLJ{*)] . 47)

Therefore, the stochastic magnetization current ¢,, can be
specified using the vector of counting coefficients ¢, =
[2,—2,0,0]". On the other hand, the activity observ-
able is defined by choosing the counting coefficients ¢, =
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(b) 10

(a) 10 .

Fy,, [(1+05,)% == Fy,, —
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(d) 102 (e) 102

IV (G 12 /varlgm] —
19/ (6a) 2/ varlga] ---

I A

FIG. 2. Numerical illustration of the main results in the XXZ spin chain with L = 5 sites. (Top panel) The quantum TKUR, repre-
sented by Fy, /(1 + 84,)%, and the conventional TKUR, F,,, are shown as the dashed-dotted and solid lines, respectively, while the
lower bound (4a/c?)® (0 /2a)?* is depicted by the dashed line. (Bottom panel) The response precision of current ¢,, and observable
¢, are represented by the solid and dashed lines, respectively, while the upper bound ta is depicted by the dashed-dotted line. In each
corresponding figure, the fixed parametersare y = 1, © = 0.9, A = 0.1, and t = 10.

[1,1,0,0]". This observable simply counts the number of
spin flips occurring at the first site of the spin chain.

We numerically verify the quantum TKUR (23) and
the response kinetic uncertainty relation (34) in the spin
chain with L = 5 sites. One of the parameters y (coupling
strength to reservoirs), u (boundary driving asymmetry),
and A (anisotropy) is varied, while the others are fixed.
As shown in the top panel of Fig. 2, the quantum TKUR
remains valid for the magnetization current across all
parameter ranges. Moreover, the bound accurately captures
the behavior of the magnetization precision as the dissipa-
tive strength is varied in Fig. 2(b). In contrast, the conven-
tional TKUR can be significantly violated. Specifically, the
current precision is enhanced by quantum coherent dynam-
ics when either the coupling strength to the reservoirs or
the boundary driving asymmetry increases. Notably, as
illustrated in Fig. 2(c), the conventional TKUR is most
strongly violated in the regime 0 < A < 1, where transport
is known to be ballistic [102]. These results demonstrate
the critical role of quantum effects in enhancing precision
and reveal their intricate interplay with thermodynamic
quantities in boundary-driven systems. In the bottom panel
of Fig. 2, the response precision of both the magnetization
current and the activity observable is consistently con-
strained by the dynamical activity, confirming the validity
of the quantum response kinetic uncertainty relation (34).

V. SUMMARY AND DISCUSSION

In this study, we derived fundamental bounds on the pre-
cision and response of trajectory observables for Marko-
vian dynamics. Our first result is the quantum TKUR (23),
which provides a lower bound on the relative fluctuations
of currents in terms of entropy production and dynami-
cal activity. Unlike the classical version, the new relation
includes a quantum correction term §,, highlighting the
role of quantum coherent dynamics in enhancing the pre-
cision of observables. Applying this result to quantum heat
engines, we derived a novel trade-off relation between
power and efficiency, offering insights into designing quan-
tum engines capable of achieving finite power at the
Carnot efficiency without divergent fluctuations. A promis-
ing direction for future research is exploring this possi-
bility through numerical optimization to identify scenarios
where maximal efficiency and minimal quantum correction
|1 4+ 8p| are achieved at finite power. It is also relevant to
derive an analogous relation to Eq. (23) for the first passage
time of currents [58,104—106].

The second result is the quantum inverse uncertainty
relation (29), which sets an upper bound on the relative
fluctuations of observables in terms of their instantaneous
fluctuation and spectral gap. This result complements the
first, as combining them yields a sandwich bound for cur-
rent fluctuations. An open question is whether the upper
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bound can be refined to include contributions from entropy
production.

Our third result is the quantum response kinetic uncer-
tainty relation (34), which provides an upper bound on the
precision of the static response of general observables to
small parameter changes, expressed in terms of dynam-
ical activity. The result can be experimentally verified,
particularly in the context of quantum continuous mea-
surement [79], where all the quantities in the bound are
measurable. Exploring its connection with the quantum
KUR [56,58,60] and extending the framework to derive
a trade-off relation in terms of entropy production for
current-type observables remains an intriguing avenue for
future research.

Note added. Recently, we became aware that Ref. [107]
had obtained a similar result to relation (34).

ACKNOWLEDGMENTS

The author thanks Keiji Saito for fruitful discussions.
This work was supported by JSPS KAKENHI Grant No.
JP23K13032.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available upon publication because it is not tech-
nically feasible and/or the cost of preparing, depositing,
and hosting the data would be prohibitive within the terms
of this research project. The data are available from the
authors upon reasonable request.

APPENDIX A: PROPERTIES OF THE
SYMMETRIZED LIOUVILLIAN L

Lemma 1. The symmetrized Liouvillian ES is negative
semidefinite with respect to the inner product (-, -); fors =
1/2. That is, the following inequality holds true for any

Furthermore, the spectral gap g, can be expressed in the
following variational form:

(4, Li(A))s
(4, 4)s
Proof. Define L, := (L4 L*)/2, where L*(o):=
T 2L 12 o m 12112, We can show that £* is an

adjoint superoperator of L£* with respect to the inner

product (-, -) as follows:

= — A2
& Jmax (A2)

(L*(A), B) = tr{w 2L 2 an /Y =12 B)
= (L(x"PAr'?), w2 B =12

= (r V2BV L P A /)
— (L' 2By, 72 A 12y
= (4, 7' PLr 2B Py 12

= {

A, L*(B)). (A3)

Therefore, L; is an adjoint superoperator of Es with respect

to the inner product (-, -) because
(Li(4),B) = 5[<£<A> B) + (L*(4), B)]
1
=5 [(4, L(B)) + (4, L*(B))]
= (4, Ly(B)). (A4)

From the definition £, = (£ 4 £*)/2, we can explicitly
express it as

2L,(0) = Go+0G+ > (Lo LI+Li o L)),  (AS)

k>1

where we define H = 7!/2Hn =12, T, := nl/zLZn‘l/z,
and

o i tro -
Gi=—it +iH -3 )" (LiLe+ " PLiLa ).

operator 4: k=1
(A6)
(4, Lo(A))s =0 (AD  Since L(m) = 0, we have
|
. 1
G+G' =i PHr ™ — p PHR?) = Ly - 5 > @ Ll T L L )
k=1 k>1
1
T “12| ] 2
=—ZLkLk+7[ I/ |:—1(H7T—JTH)—§Z{LkLk,7T}:|7r 1/
k=1 k1
==Y LiL+7x'" <£(7r) - ZLknLZ) n!?
k>1 k>1
=Y WL+ LTy (A7)
k=1
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The operator G can be decomposed as the sum of self-adjoint operators as G = 4 — iH,, where A = (G + G')/2 and H, =
(G" — G)/(2i) are self-adjoint operators. Consequently, it can be easily verified that £ is the generator of a completely
positive trace-preserving map,

1 1 ~
2L,(0) = —i[Hy, 0 +Z<LkoL ~5\LiLioh + L o L= (L Ly o }). (A8)
k>1

Thus, all the eigenvalues of £, have nonpositive real parts. Additionally, we can show that £/ (o) := 7~ V4L (/4 o
a /g =1/4 s a self-adjoint superoperator, that is,

(Li(4),B) = (4, L(B)). (A9)
Indeed, it can be proved as follows:

(LL(A),B) = ~(x AL o dm My AL e a4, By
< —l/4£(n,l/4An1/4)n—l/4 + JTI/4Z(7T_1/4A7T_1/4)7T1/4,B)
(L' am 1), m =B =) 4 (L= P am =%, M B )

<A JTI/4£(YT 1/487'[ 1/4)7_[1/4) <A,ﬂ_1/4£(77,'l/4B7T1/4)7T_1/4>

N v—‘l\)l'—‘ NI>—‘ l\JI'—‘

= (4,L(B)). (A10)

(

For any superoperator S using calligraphic fonts, we Since Zs is the adjoint superoperator of L, we obtain
denote by S its corresponding vectorization representation,
which vectorizes operators as

d>—1
A= ap |mn] = |4) =Y apnlm) @ |n) . (All) Ly=LI=)" ulr e @ ™))
m,n m,n i=0
By algebraic calculations, one can show that |AB) = x (et @ @VHT]. (Al4)

(A®1)|B) and |BA) = (1 ® A")|B). It is evident from
Eq. (A10) that £ is a Hermitian matrix and its spectral

decomposition is given by Using this form, we can prove the non-negativity of the
) inner product (4, L, (4))s as follows:
d>—1
L= mlill, Al2 ~ F
’ Z l (A1 (A, L))y = (4, ' P L()m'?)

1/2 1/2\T1 7
where {A;} are real eigenvalues and the eigenvectors {17} = U|[x'? @ (x'*)T1L4)

form an orthogonal and complete basis Z |r/ )7 = 1. -1
Since both £, and E/ have the same elgenvalues {A;} are = Z Al @ (T
real nonposmve numbers sorted in the descending order i=0
Ao > --->Xip_;. Note that Ag =0 and [r) = |r1/?). x (FI[x"* @ (x'*)7]14)
From the relation E’ =[n ‘1/4®(n_1/4)T]£ [T ® .
71/4)T1, the explicit form of L can be calculated as —~ ,
! 1/4 ’ 14T 7 1‘4 /4T = Z)‘il(A|[”l/4 ® (r/H I
Ly=[r""@ @M ILx @ (@~ HT] i=0

-1 d>—1

=Y @ @@ e @ T =Y Ml @ HTIHI < 0.
i=0 i=1
(A13) (A15)
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Finally, we will prove that

(4, Lo(A))s
s = — . Al6
& (=0 (4, 4)s (A10)
To this end, note that (4, 1), = (4, ) = (4, 7 /4712 1/4)

= U|[x"* @ @'HTx!?) =
and

Al @ (/) Irp)

(A, 4); = (A, 7?47 '/?)
= |7 & (x"/*)7|4)

d?—1

= Ul @ @) 1)

i=0
x (Fllx'* @ (=) 7114)

-1

=Y Ul & ' I

i=0
-1
= [, 1)+ Y 1l @ @ H T
i=1
(A17)
Using these expressions, we immediately obtain
(4, £,(4)s
(4,4)s
2_
Lo D Ml e TP
(4,1)5=0 Zlqlil—l (A|[ 14 @ (/4T 2
= )"1 = —&s>

max
(4,1)s=0

(A18)

where we apply the inequality ), ax;/ ) ;x; < max;a;
for any non-negative numbers {x;} and the maximum
is achieved by |4) =[7 4@ @~ VH)T]|r)) or 4=
a VAR 1A, m

APPENDIX B: DERIVATION OF THE QUANTUM
THERMOKINETIC UNCERTAINTY RELATION
(23)

Here we provide a detailed derivation of the first main
result (23). Consider an auxiliary GKSL dynamics, which
is perturbed from the original one by a parameter 6. Sup-
pose that we want to estimate 6 from current ¢, which can
be a biased estimator. According to the quantum Cramér-
Rao inequality [108], the precision of this estimator is
limited by the quantum Fisher information as

var[¢] - 1
(s ()2 ~ 1,6)’

where /,(0) denotes the quantum Fisher information. Now,
we specify the auxiliary dynamics, where the Hamiltonian

(B

remains unchanged (i.e., Hy
are perturbed as

= H) and the jump operators

tr(LymL tr(Lyp=m L,
Lig =1+ GbLy, 4 = (L k) (L k)
tr(LknLk) + tr(Lk*JrLk*)

(B2)

Inequality (B1) holds true for various values of 8. Here-
after, we exclusively consider the 8 — 0 limit. For GKSL
dynamics, the quantum Fisher information can be explic-
itly calculated as [109]

1,(0) =4 85 5, In|trop ()], (B3)
where 0¢(7) = €7 (i) is an operator evolved according
to the following modified superoperator:

Lo(0) = —ilH. 0]+ Y /(I + 61) (1 + L) LioL]

k>1

1 .
5 2+ tbnLiLie
k>1
1
5 2 (1+ tuba)oLiLy. (B4)
k>1

To calculate /,, it is convenient to use the vectorization rep-
resentation. Using this representation, the GKSL equation
can be written as |9,) = L]|o;), where the operator L is
defined as

=—iHQ1—-1QH")

1 1
+y [Lk ®L: — E(L;;Lk) ®1--18 (LZLk)T} .
k>1
(B5)

Here T and * denote the matrix transpose and complex
conjugate, respectively. The operator £ has eigenvalues
0 = xo > Re(x1) = Re(xz) > ... and can be expressed in
terms of the eigenvalues and its right and left eigenvectors

{lr, 1)} as

L= xlr,

i>0

(B6)

where |7)(L|+ D>, ,Ir)(jl =1. The Moore-Penrose
pseudoinverse of £ can be defined as

=) x Gl

i>0

(B7)

Using trgg(r) (]l|e£9T|JT) and applying the equality
d,elut = f dse£u=93, L, .eLus | the quantum Fisher infor-
mation can be calculated as follows
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1(0) = 4 [ 03,5, (L1e%0 ) — B, (11507 |72y, (150" )

T R o T
=4 3, (1] / dte™ "9y Loe™'|7)|,_, — 4 (1] /
0 0

‘0:0

o~ —_~ -~ K r ~ L
e "0 3g, L™ |m) (1] f dre 003, Lye '), _,
0

—4(1] / dte©0 9, Loeto'|7) (1| / die® 3y, Lye?'11)],_,
0 0

T T—t e o~ A~ -~
+4 (]1|/ dt/ dse"0 "9y, Loe™* 0p, Loe™'|7)|,_,
0 0

T t ~ o~ A~ o~ o~
+4 (]H‘/O th dseﬂg(rft)aelACoeﬁe(th)aez‘CaeEeS'n)|0:0

T -~ _~ o~
+4 (1] / dre™0 095, Loe™'|7)|,_,

=4[ -2 WA WFIT) + AFEFin) + AR EFm + (1) 0, Lol |

where we use the facts (]l|e£1=/£]l| and£2’|n) = |m) for
any ¢ > 0, and the operators &;, F;, and JF, are given by

é’; :/ dtf dseﬁs
Fi = Lo, , = Zek (Lo Li - @1,
k>1
Foi= 5L, , = sz[Lk@)Lk 1® L.
k>1
(B9)
Since (]l|.7?1 |[4) = (]llj-:zlA) = 0 for any operator 4, we
readily get
1,(0) = 4T (1| 8 5, Lolm)|,_y = (L] > (L ® Li]|7)
k>1
=1y Ctr(LyrL)). (B10)
k>1

Let mw =) m,|n)n| be the spectral decomposition
of m. For convenience, we define wﬁm = |(m|Li|n)|?,
U,f‘m. (w nn wk* nTTm) ln(wk nn/w’n‘jnnm), and ak
(WE, 70 + WE, 7). Note that o = (1/2) Y|, ﬁn "and
a=(1/2) Y oy @ [92]. We can upper bound the
quantum Fisher information by the rates of irreversible
entropy production and dynamical activity as follows:
1,(0) = —rZe [tr(Lgr L)) 4 tr(LsLL)]
k=1

2
: [tr(LknL,i) - tr(Lk*nLZ*)]
tr(Ly L)) + tr(Lye L))

k>1

(B3)
. Z (Zm n[wl:nnﬂn - Wﬁ:nnm:l)z
k>1 Zm n[w nTln + Wﬁfnnm]
k k* 2
< l_[ Z (W 7Tn W *nm)
2 ey w0 4+ WE T,
-2
=T Z (ann)z ( Oﬁn )
k>1 m,n mn 2alr€nn
o2 o\ 2
o (2)
4a 2a
. /O
< 7 min (5,a>. (B11)

Here we use the fact that (x?/y)®(x/y)~2 is a concave
function and apply Jensen’s inequality to obtain the sixth
line.

Next, we calculate the term 94 (¢p). For 6 « 1, the den-
sity operator o,¢ in the auxiliary dynamics (B2) can be
expanded in terms of 6 as 0,9 = 7w + O, + 0(6?). Substi-
tuting this perturbative expression to the GKSL equation
and collecting the terms in the first order of 6, we obtain
the differential equation that describes the time evolution
of the operator ¢,

o= L)+ Y bllym Li—{L] Ly, 7}/2),
k>1

(B12)

where the initial condition is given by ¢y = 0. It can be
easily seen that the operator ¢, is always traceless. Noting
that ¢y = —cy+ and ¢y = cp+ €+, the partial derivative of
the current average in the auxiliary dynamics with respect
to 6 can be calculated as
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(D) |,_p = % [ /0 dry " cr(1+ GO r{Li(m + 0, L]} +0<92)}|9=0

k>1

= / dlzckfktl‘(LkT[L )+ / dl‘Zthl‘(Lk(pth)
0

0 k=1

k>1

1 T T
=2 / dty " by [tr(LknL,{)Hr(Lk*nL;)] + /0 dty " citr(LipiL))

0 k=1
1

0 k=1

k>1

T T
i i t
= E/ dthk [tr(karLk) — tr(Lk*erk*)] +/0 dthktr(Lk(p,Lk)

k>1

=1 chtr(LknLk) + / dr(1|Clgy)

k>1

= (¢) + (D),

where we define (¢), = [ dt(1|Cl¢,) and C := Y =1 Ck
L ® Lj. Defining the following quantum correction of the
current average:

_ @)
P )

we readily obtain the quantum TKUR (23) from Egs. (B1),
(B11), and (B13),

(B14)

Fy 4a 0 \2
> e (). (B15)
(1+684)* ~ 02 \2a

The asymptotic long-time value of §; can be analytically
calculated. In the long-time limit, ¢, converges to a station-
ary operator ¢y, which satisfies the following equation [cf.
(B12)]:

Ek”ss) = —@In), where

~ 1 1
D, = Zék |:Lk ® Lz — E(LZLk) R1— E]l ® (LZLk)Ti| .
k>1
(B16)

Multiplying the pseudoinverse L* to the both sides of
Eq. (B16) and noting that trgss = 0, we obtain |gs) =
—L*Dy|). Thus, the term (¢),, can be calculated as

lim t(¢), = —(L|CL  Dy|7). (B17)
T—>00
Consequently, 84 can be explicitly expressed as
1|CL*D
8y = _MCL Pef). (B18)

(1|Clm)

(B13)

(

In the classical limit (i.e., H =), €,|n)(n| and L; =
JVmn |mM){(n|), we can calculate as follows:

> Wi L —{L} Ly, m}/2)
k>1

_ Z YmnTn — YamTTm
an”n + YnmTTm

=22

m . n(#m)
- Z |m ml Z (annn ynmnm)
n(#m)
= 0. (B19)

(ymnnn |m><m| — YmnTln |")(”|)
YmnTtn — VamTTm

- (anﬂn + ynmnm) |m>(m|
YmnTln + YnmTm

This means that Eq. (B12) reduces to ¢; = L(¢,) with the
initial condition ¢y = 0. Consequently, ¢, = 0 for all ¢ >
0. Therefore, we can show 64 = 0 in the classical limit as

55 = ()" /0 a1 Clo) = 0. (B20)

1. Analogous relation for quantum diffusion
unraveling

Here we demonstrate that an analogous relation can be
derived for quantum diffusion unraveling using the same
approach. To this end, we first briefly outline the method
of quantum diffusion unraveling [80] (see also Ref. [1]
for a review). Unlike quantum jump unraveling, where the
quantum state evolves through discontinuous jumps, quan-
tum diffusion unraveling describes a continuous stochastic
evolution due to a diffusionlike noise process. For simplic-
ity, we consider real coherent fields, while generalization
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to complex cases is straightforward. In this case, the pure
state |,) follows the stochastic differential equation:

dy) = (—zHewZ[Lk Lk — |(Lg)] /2]) %) d
k>1
+ Y L=

k>1

(Li)e) |Wre) AWy (B21)

Here, {dW},} are the independent Wiener increments satis-
fying E[de,t] =0 and E[de,tde’,t] = S dt. The cur-
rent observable ¢ along a stochastic trajectory is given
by

¢ = Z e (\Li + L) dt + dw, t) (B22)

0 k=1

Its ensemble average can be calculated as

@ = [ @y ani+Lhel
0

k>1

=7 ctr[(Le + Lhm).

k>1

(B23)

The quantum Cramér-Rao inequality (B1) remains valid
even for quantum diffusion unraveling. The key distinc-
tion from the case of quantum jump unraveling lies in the
partial derivative of the current observable. In this case, it
is evaluated as follows:

B,y = 3 [ / dty " el + 68/l (Li + L) (m + 0] + 0(9%} oo

0 k=1

= 2 Y et + L]+ fo i) erl(Li+ Lo

k>1

= (9) +(D)s + (@),

where (@) 1= T Y ey c(la/2 — DLy + LD)7].
Defining the quantum correction term 8;) = (@)« +
(9)p)/{(¢), we obtain the following quantum TKUR for
quantum diffusion unraveling:

o da <G )2. (B25)

Y s> __ _
(1+38,)* ~ 02 \2a

This relation retains the same structure as Eq. (23) derived
for quantum jump unraveling, differing only in the quan-
tum contribution &}

APPENDIX C: DERIVATION OF THE QUANTUM
INVERSE UNCERTAINTY RELATION (29)

Here we provide a detailed derivation of the second
main result (29). For notational convenience, we denote
dcfy as £,/ and 9%f, as f.”, respectively. We first calculate
the variance of observable ¢p. Applying the equality

t
aueﬁ“t:/() dse“ =) L] eFus, (C1)

the second moment of observable ¢ can be calculated from
Eq. (7) as

k>1
(B24)

[
(@) =—0,G.w)| _,

T T t

= —/ dtteLo () —2/ dt/ ds tr{Lye™* Ly ()}
0 0 0

(C2)

Here, we use the facts that £y = £, e“'(w) = 7, and
tre“!(4) = trd for any operator A. We now individually
calculate the terms in Eq. (C2). For convenience, we define
the following self-adjoint operators: J; := ), ckLZLk,
Jr = e ciL}:Lk, and Jy :=) 4y ckLknLZ. Evidently,
1 H¢) = (1, m) =tr(Jy). Since trLy(m) =—) .,
citr(LknL,'c) = —(J5, ), the first term in Eq. (C2) becomes

—/ diteLo(m) = t(a, 7). (C3)
0
In addition, note that £{(0) = i) ;. cilg o LZ and
trLy(0) =iy cptr(Lyo L)
k>1
=iy tr(L} Lyo)
k=1
—i(Jy,0). (C4)
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The second term in Eq. (C2) can be calculated as
T t T !
_2/ dt/ dstr{Lye™ Ly(m)} = —21‘/ dt/ ds(Jy,e“ L) ()
0 0 0 0
T t ~
=21 [ ar [ asteBon. L)
0 0
T t ~
=2 [ ar [ st
0 0
= 2/ dt(f — t)(ezt(Jl)5Jﬂ>
0
_ 2/ dn(e =0 [0 = ) D, Ja) + )]
0

= (¢)° +2/Tdt(f — (P T, ),s
0

(C5)

where we define J; :=J; — (J;, 7)1, which is a self-adjoint operator satisfying (Zl,n) = 0. For each operator 4, we
define the corresponding operator 4, that evolves in the Heisenberg picture as 4, := e“/(4). Applying the Cauchy-Schwarz

inequality with respect to the inner product (-, -), the last term in Eq. (C5) can be upper bounded as follows:

('), Jn) = 14y Jy — )
= (J15 0 (U — am)m

7 — s—1
= Willsllw ™ (U — am)m* g

= Nt Uy — am) =S w5 (Jy — am)ms i1}

= Wi/ teles = Ur — @)= (U — am)).
Here, « is an arbitrary real number. The last term in Eq. (C6) can be expressed as a quadratic function of « as
tr{* " (U — am)m 5 (Jy —am)} =« — 2a(Jy, 7)) 4+ tr(wt T e 5.
This quantity can be minimized by o = (J;, ) and the minimum is given by
tr(r* et ) — (1) = |l e T — ()
= |l e = (et )
= |7 e = (L)L
Here, we use the fact that the following equality holds true for operator 4 = 7 ~5J, w5~

4 — (A, )12 = te{[AT — (4, 1) L] [A — (4, ) 1] ')
= l41% — {4, 7).

Consequently, the following upper bound can be attained from Eq. (C6):

(€X' T Jx) < Willsllm = Te ™" — (J1, 7)1 5.

(Co)

(C7)

(C8)

(C9)

(C10)

Next, we evaluate ||‘71,,||S. Note that (J;,7) = 0, which implies (.717,,]1)3, = (.71,,,71) = (J;,e“(m)) = 0. Following the

approach in Ref. [93] and applying Lemma 1, we can show that
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d - - ~ o = -
E(Jl,:,Jl,z)s = (L1, T + Ui LU10)s

= (1 LXT1))s + i L1
= 2(J14 Ls(J10))s
- T L))y
= 2 J ,J S+
Vie s g

E _2gS<jl,lajl,t)Sz (Cll)

2(e78" 4 g1 —
n ( g

which consequently derives ||j1,t||s < e &||J;|ls. There-
fore, we arrive at the following inequality:

(€1, Jn) < e sl Tam* ™" = (1, )L

= ) — Ll — U T
(C12)

Using this inequality and taking the time integration in Eq.
(C5), the second term in Eq. (C2) can be upper bounded as

D) S s
Iy = ) Ll =™ = ()L

i / " / dstr{L)e™ L)) < ()2
0 0

Finally, by combining Egs. (C2), (C3), and (C13), we obtain the following upper bound on the variance:

287 + gT — 1)

var[¢p] < t{)o, ) +

By rearranging Eq. (C14) and noting that e787 — 1 < 0, we achieve the desired relation (29),

p (C13)

5 IJ1 — (Ji, )Ll T~ = (1, )L s (C14)
— (1, VL |\sllw =S TS — ()L

1, )1, IIZI2 7:;1 1, )L ) (C15)

J 2 |
Fy< (2,7T>2 <1+_|| 1
(']137.[) gS

1. Analogous relation for quantum diffusion
unraveling

Here we show that a similar bound can be derived
for quantum diffusion unraveling. We employ the same
approach by computing the variance of the observable ¢
using its moment generating function G, (u) = tre“«* ().
In the case of quantum diffusion unraveling, the tilted
superoperator L, is explicitly given by [1]

2
u
Lu@) =L@ +iuY_culio+oL) — e ) e
k>1 k>1

(C16)

Analogous to the case of quantum jump unraveling, we
introduce the self-adjoint operators Jy 4 := ) ., cx(Li +
L), g = (Cpar DL, and Jpg = Y, ci(Lymr + L))
for notational convenience. The second moment of ¢
can be computed as in Eq. (C2), where the first term is
evaluated as

—/ dttrLi(m) =1 ) c; = T(J2as ). (C17)
0

k=1

Noting the relations L{(0) = iZkzl cr(Lro + QL;:),
trLy(0) = i(J14,0), and (J14,7) = 7' (¢), the second

(

term can be similarly calculated as

T t
—2/ dt/ dstr{Lye™ Ly ()}
0 0
T t
— i / dr / ds (1.0, €5 L) (1))
0 0
= 2/ di(t — t)<ezt(-]l,d)a-]ﬂ,d>
0
_ / dn(e = 1) [0 a = U1t m)D, T
0
+ (Jl,dﬂﬂz]

— () +2 /0 d(t — DS i) Jea)s  (C18)

where we define jl,d i=J1qg — (J14,7)1, which is a self-
adjoint operator satisfying (J 4, ) = 0. Following the
same procedure as in Egs. (C6){C14), we obtain the
quantum inverse uncertainty relation for quantum diffusion
unraveling,
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2 Wia = g O Lllsliw = Jan* ™" = (i, 7)1

<J2,dan>
Fy< 2270 (4

(J14,7) &s

This inequality has the same structure as relation (29),
where Ji, J», and J;; are replaced by their counterparts J; 4,
Jz,d, and Jﬂ’d.

APPENDIX D: DERIVATION OF THE QUANTUM
RESPONSE KINETIC UNCERTAINTY RELATION
(34)

Here we provide a detailed derivation of the third
main result (34). We employ an approach similar to that
in Appendix B. Consider an auxiliary GKSL dynamics,
where the Hamiltonian remains unchanged (i.e., Hy = H)
and the jump operators are perturbed by a parameter 6 as

Ly = ekl 2y o sgn[duy o (f (¢)>]’ o)
’ dewi(€)
where sgn(x) =1 for x >0 and sgn(x) = —1 other-

wise. Note that xsgn(x) = |x|. According to the quan-
tum Cramér-Rao inequality, the following inequality holds
true:

varlf@)] _ 1
@ (f@D? ~ 1,6

(D2)

where ,(0) is the quantum Fisher information. Again, we
consider the & — 0 limit. For the entire time regime, the
quantum Fisher information can be explicitly calculated as

1,(0) = 4 95 5 In [trop (D) |,y (D3)

J

. C19
(Jz,d97[) ) ( )

(

where 0g(7) = €7 (i) is an operator evolved according
to the following modified superoperator:

Lo(0) = —i[H, 0] + Z Veor etz D+or(eli+z0D) o F
k>1

1
_ 5 Z @k Ell+z01]) Vlt Vio
k>1

1
_ 5 Z €wk(€[1+zk62])QVZ V.
k>1

(D4)

Following the same procedure outlined in Appendix B, we
obtain the explicit form of the quantum Fisher information
as

1,00) = té? Ztr(Lkan) = 7e2a,
k>1

(D5)

which is proportional to the dynamical activity. On the
other hand, the partial derivative of the observable average
with respect to 6 can be calculated as

3 (@) ],_y
= Z dgwy (e[l +Zk9])dwk(e[1+zk9])(f(¢))|9:0

k>1

=€ szdga)k(e)da)k(é) (f(¢)>

k>1

=€ > ldu (f@).

k>1

(D6)

Substituting Egs. (D5) and (D6) into Eq. (D2) yields the desired relation (34).

1. Generalization of relation (34) to the transient regime

Here we derive the generalization of relation (34) to transient processes, where the system starts from an arbitrary quan-
tum state gg. To achieve this, we consider an auxiliary dynamics perturbed similarly to Eq. (D1). By following the same
calculations as in Eq. (B8), the quantum Fisher information can be computed as

T - PPN T - PPN
1,(0) = —4 (1| / dt """ 0y, Loe™"|o) (1| / dt """ 9y, Loe™"|00)|,_,
0 0
T T—t . PPN PPN
+4 (]l|/0 dt/o dseﬁ"(f_t_s)agzﬁoec“’sagl Eoe£9’|go)|0:0

T t - o~ o~ o~ T ~ o~ o~
+4 (1] / dt / ds €503, LgeF0=9 35, Lo 0 |00)|,_, + 4 (1] / dr ™" "0; o Loe™"100),_,
0 0 0
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T T T T—t .
=4[—/ dt(]l|’CI|Qt)/ dt (LIK>le0) +/ dt/ ds (1|K2e™ K1 o)
0 0 0 0

T t - —~ T R
+ / dr / ds (1|12 R o) + / dt (11 93,0, Lalon],_, | (D7)
0 0 0
where the operators I/C\l and I/C\z are given by
- _~ 1
Ky = 391 Loy |0:0 = 5 Z ezrdewy(€) [Lk ® L/t - (LZLk) ® ]l] ’ (D8)
k>1
i ~ 1 * il T
Ko = 00Loly_y = 5 Y ezidean(©) [Lk QL —1® (LiL) ] . (DY)
k>1
[
Noting that (1 |I€1 |4) = (]l|I/C\2 |4) = 0 for any operator A we can calculate as follows:
and |zxdewi(€)] = | sgn[du ) {f (9))]] = 1, we obtain
Z dwmn <¢> =T Z cij Z dwmn (WU T[J)
1,(0) 4ftdt(ﬂ|82 Lolo)| " v
V) = 9,6,4010t) |p_
0 - = =T Z cij Z[(dwmnwlj)n/ + wi/dwnznnj]
T " i#] m#n
= / dt (1] lezdeon@P Ly ® L))o ’
0 k>1 = TZC,’] Z((Sm,éwwynj +ledwmnﬂ/)
4 i#  m#n
2 T
=€ dty tr(LyoLy)
-/(; ; Tk =fzciiwijnj +TZC,']' Zwydwmnn
= &A,. (D10) 7 g
= (@) +TY_ciwy Y dy,m.  (D13)
On the other hand, the partial derivative of the observable i#] m#n

average with respect to 6 retains the same form as in the

steady-state case, 3y (f(¢))|9=0 =€ Zkzl |de, (f (D))].
Consequently, we obtain the generalization of Eq. (34) as

IV @i _

< A,. (D11)
var(f (¢)] '
2. Recovery of the kinetic uncertainty relation in the
classical limit

We show that relation (34) derives the classical KUR for
Markov jump processes. In the classical limit, the GKSL
dynamics is equivalent to Markov jump dynamics, char-
acterized by the transition matrix W = [w,,,] € R¥?. Let
Wi = e for each m # n. Then, by applying the triangle
inequality, we obtain

IV@) I =Y 1 (@) = D du, ()] -
m#n m#n

(D12)

In what follows, we prove that }_ _, dy,,(¢) = (¢),
which immediately yields the KUR. Let {c,,,} be the count-
ing coefficients, then (¢p) =7 ) _ 0 ConWmnnTCn- Using this,

From the equalities Wt =0 and 1" = 1, we get Zm =
ey, where e,; = 8, and Z is obtained from W by replacing
the first row of W with 1. Here, 1 = [1,...,1]" is the all-
one vector. Note that matrix Z is invertible [70]. Taking the
derivative of equality Zm = e; with respect to w,,,, we get

dy,, 2)7 + 2d,,, t =0 — d

P —ejTZ’l(dwng)Jt.

(D14)

mn

Noting that } _,, , d.,,,,Z = Z — e 17, we obtain

Z iy T} = —ejTZ_1 (Z Ay Z)T
m#n m#n

= —ejTZ_l(Z —elNHn

=—m +[Z7 "1 (D15)
From Zm =e;, we have m =Z 'e;, which derives
n; = [Z7'];1. Consequently, Y, 4n Ao, 77 = 0 15 obtained
from Eq. (D15). Substituting this to Eq. (D13) yields
Do An dyp,n (@) = (@), which recovers the KUR from
inequality (34).
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