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Goal of the talk: K-moduli of pure states of four qubits

Joint work with I. Cheltsov, M. Fedorchuk and K. Fujita

Describe component of K-moduli space of Fano 3-folds of anticanonical
degree 24 associated to family MM, _4

An element X in family MMy_; is (1,1,1,1) € P' x P! x P! x P!

Theorem (CFFK’24)

The component of M?’SZ that parametrises K-polystable limits of Fano 3-folds

in family MMy_1 is the blow up of (2:2:0:0) € P(1,3,4,6) with weights
(1,2,3).

® Introduction - K-moduli spaces of Fano 3-folds

® Geometry of divisors (1,1,1,1) C P! x P! x P* x P! - first GIT
® Another family of degenerations

® K-moduli and the right GIT
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Kahler Einstein manifolds and the Calabi problem

Which compact complex manifolds admit a Kéahler-Einstein metric?

Calabi problem J

® Canonical structure on manifold: Ricci class proportional to Kahler class
Hence canonical class of the manifold has a definite sign

® Yau, Aubin/Yau: positive solution when canonical class ample or trivial

® Fano case more subtle: some Fano manifolds are KE, others aren’t
(Matsushima obstruction)

Yau-Tian-Donaldson conjecture/ Chen-Donaldson-Sun theorem/ Liu-Xu-Zhuang

Let X be a Fano manifold (resp. (X,A) a log Fano pair),then:

X has a KE metric — X e
(X, A) has a weak KE metric (X,A) POly
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K-polystability

K-polystability introduced to characterise KE Fano manifolds
® original definition in terms of Donaldson-Futaki invariants
® recent valuative formulations of K-polystability

More surprisingly:

K-moduli stacks and spaces [Xu and collaborators]

There is a projective good moduli space Mff?f whose points parametrise
K-polystable Q-Fano varieties of dimension n and volume V.

The C-points of Mfﬁf parametrise Kahler-Einstein Q-Fano varieties.
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The Calabi problem for Fano surfaces and 3-folds

In any dimension, there are finitely many families of smooth Fano manifolds.
® 10 deformation families of smooth del Pezzo surfaces

® 105 deformation families of smooth Fano 3-folds

For each deformation family of smooth Fano manifolds, we ask 3 versions of
the Calabi problem:

® Is the general member K-polystable?
Does the family correspond to a non-empty component of Mfflif?

® Which members are K-polystable?

® What is the compactification of the associated component of MKpS7
What are the K-polystable limits of Fano manifolds in the fam11y7
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Calabi problem for del Pezzo surfaces

A smooth del Pezzo surface Sy of degree d is:
e (d=9) P2
d=8) P! x P! or the blow up of P? in a point

)
)
d=7) the blow up of P? in two points
6) a divisor in P! x P! x P! of degree (1,1,1)
5) a section of Gr(2,5) C P? by a linear subspace of codimension 4
)
)
)
)

o,

d=4) a complete intersection of two quadrics in P*.

d=3) a cubic surface in P3

d=2) a quartic surface in P(1,1,1,2)

d=1) a sextic surface in P(1,1,2,3)
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Calabi problem for del Pezzo surfaces

There are two smooth del Pezzo surfaces with non-reductive automorphisms:
® If Sg = Bl, P?, then Aut(Ss) = G2 x PGL2(C)

e If S; = Bl, ,P?, then Aut(S;) & (BQ X Bg) X po, where By = Borel
subgroup of PGL5(C)

Corollary (Matsushima obstruction)

If S is BL,(P?) or Bl, ,(P?), Aut(S) is not reductive and S is not
Kdhler—FEinstein (K-polystable).

Theorem (Tian)

A smooth del Pezzo surface that is not the blow up of P? at one or two points
is Kdhler-FEinstein (K-polystable).

This settles the first two versions of the Calabi problem for Fano surfaces.
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Calabi problem for del Pezzo surfaces

® Families of dP surfaces of degree d > 5 have 0-dimensional moduli
® Associated components of MESS for d = 5,6,8 and 9 are points
® For d = 3,4, K and GIT-moduli spaces coincide

Theorem (Mabuchi-Mukai, Odaka-Spotti-Sun)

A K-polystable limit S of smooth del Pezzo surfaces of degree 4 is the
intersection Q N Q' C P* of simultaneaously diagonalisable quadrics

2+zi+ai+ai+23=0
XT3 + A1x3 + Aox3 + A3x3 + Mg = 0

where no three of the \;s are equal.

The K-moduli M;ZS ~ P(1,2,3), and the locus of singular surfaces is cut out
by the divisor D = {z? = 12823}

If [S] € MEZS, S is smooth, or has 2 or 4 Al singularities.

Anne-Sophie Kaloghiros (Brunel) K-moduli of MMy _ ¢ Kinosaki - Oct 2024 8 /21




Calabi problem for del Pezzo surfaces

Theorem (Odaka-Spotti-Sun)

A K-polystable limit S of smooth del Pezzo surfaces of degree 3 is either stable
and has no worse than Al singularities or is X3 = {x3 — x12023 = 0} and has
3 A2 singularities.

The K-modul: Mggs ~ P(1,2,3,4,5), and the locus of singular surfaces is cut
out by D = {(22 — 6422)% = 211 (824 + 2123)}.

Cases of degrees d = 1 or 2 are more subtle, as the natural GIT and K-moduli
spaces are different.

The associated components M;gs and M?ES are 6 and 8-dimensional
respectively and are explicitly described by Odaka-Spotti-Sun. Boundary
points have worse than canonical singularities.
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Calabi problem for degree 2 del Pezzo surfaces

A smooth dP2 is a double cover S — P2 branched over Fy C P?
o If [Fy] € P;"'", then Fj is
- stable if it has no worse than A1 or A2 singularities

- strictly polystable if it is (a) a double conic 2C or (b) C; U Cy where
C4, (5 are tangent at 2 points and at least one of them is smooth.

e The 2:1 cover S — P? branched along F, with [Fy] € EGIT is
- non-normal hence non K-polystable if Fy = 2C

- K-polystable if F} is stable (S has no worse than A1l or A2 singularities)
or Fy = C7; UCy (S has no worse than A3 singularities).
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Calabi problem for degree 2 del Pezzo surfaces

Theorem (Odaka-Spotti-Sun, Ascher-DeVleming-Liu)

A K-polystable limit of smooth del Pezzo surfaces of degree 2 is

* q double cover S — P* branched along (Fy = 0) C P? with

[F)] € B\ [20]

{x4 f4 Ty1,x2,T3 } C]P) 17191 2)

® a double cover S — P(1,1,4) branched along {23 = fs(z21, 22)} where fg is
a binary octic.

= {x% + ;= fs(xl,xz)} CP(1,1,4,4)

The K-moduli space Mggs is a weighted blowup of [2C] € HGIT

® (Odaka) A K-polystable Fano variety is always normal.
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Methods of proof

Valuative criterion (Fujita-Li)

X is K-polystable <= B(F) > 0 for all E over X
For E/X, B(E) = Ax(E) — W Jy vol(—Kx — tE)dt

® the stability threshold dx = infg/x ‘3}’; ((g)) is estimated with
Abban-Zhuang’s theory of admissible flags
® there are equivariant versions of the Fujita-Li criterion (Zhuang)

® X is divisorially unstable if there is a divisor £ C X such that 8(F) <0

Theorem (Fujita)

The general member of 26 families of smooth Fano 3-folds is divisorially
unstable.

Anne-Sophie Kaloghiros (Brunel) K-moduli of MMy _ ¢ Kinosaki - Oct 2024 12 /21



- 0]
The Calabi problem for smooth Fano 3-folds

Have a complete answer to the first formulation of the Calabi problem:

Theorem (Fano project 21 (previously known ~ 65 cases))

Let X be the general member of one of the 105 deformation families of Fano
3-folds. Then one of:

® X belongs to family MMs_o¢, or

® X belongs to one of the 26 deformation families of K -divisorially unstable
Fano 3-folds, or

® X s K-polystable

e 78 families with smooth K-polystable members

¢ Both K-polystable and non-K-polystable smooth Fano 3-folds in several
families

® Have a complete answer for 58 out of 78 families with K-polystable
members
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K-moduli of MMy _ ¢ Kinosaki - Oct 2024 13 /21

K-moduli spaces of Fano 3-folds

Standard deformation theoretic argument: when non-empty, the dimension of
the component of M?ﬁ’f associated to the deformation family MM,_y is

—x(X,Tx) for any X in the family

As in the case of del Pezzo surfaces, birational classification is not
modular - no details on isomorphic Fano varieties

Parametrisation is a starting point for description of K-moduli spaces
Many (44/105) families have 0-dimensional moduli

® 20 of these consist of one smooth K-polystable object
® 1 additional family with non-empty K-moduli space
® Other 23 families have empty K-moduli

8 families have 1-dimensional moduli

® 6 families with K-polystable general member
® 2 families with empty K-moduli space
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Geometry of family MM,_;

Members of family MM,_; are divisors (1,1,1,1) C P* x P* x P' x P! defined
by a linear combination of monomials of the form

iy whyy wfyy My for i, gk, e {0, 13
The birational geometry of X is illustrated by

X =(1,1,1,1) c P' x P! x P* x P*

pTl m

P! pras PlxP' xP' o

/

Pl xP! oA
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Geometry of family MMy_; - earlier results

® (Belousov-Loginov) Smooth members of family MM,_; are K-polystable
¢ (Quantum Computing) Natural GIT picture associated to the action of

Io = (SLy(C))* and T =T x &4 on V = H((PH*,0(1,1,1,1))

Theorem
Up to I' action, the equation f € V' can be put in a normal form that is of one

of 9 types.

Equations in these normal forms form sublinear systems, for example G C V'
a+d a—d
g = {f =3 (1727374 + Y1Y2Y3Ya) +

b+ c b—c
(173Y2Ys + To2xay1Y3) +

(1T2y3ys + T3T4Y1Y2)+

(x124Y2Y3 + x2x3y1y4)}

2

Anne-Sophie Kaloghiros (Brunel) K-moduli of MMy _ ¢ Kinosaki - Oct 2024 16 /21




Geometry of family MM,_;

Let f € V, then
©If feV and {f =0} smooth, thenT'- fNG #

® If f € G, then Aut(X) contains a subgroup s of
i*(Aut(Pt x P x P! x P1)),

® If f € G, then {f =0} isreducible <= feT'-{(0:0:0:1)}

o If ff'eGand X ={f =0}, X' ={f" =0} are irreducible, then
XX < T -fnl'-fl#£0

Theorem (CFFK’24)
The GIT quotient PV JT' ~P(1,3,4,6)

The orbit I' - PG s the set of GIT polystable points
The subgroup TY = {0 € T'|0(G) C G} = W(Fy), so

PV T ~P(1,3,4,6) ~ P JW(F})

Explicit description of PG — P(1,3,4,6)

v
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Boundary of the GIT-moduli space
There is a stratification

PV )% = PV D)t u@ve y o u @ ves )t

U PV /D) u(@ve )T)*

and if X, is determined by p=(a:b:c:d) € PG, then
® X, is singular <=
(a®* = b*)(a® — *)(a® — d*)(b* — ) (B® —d?)(? —d*) =0
® X, is reducible <= pmapsto [2:2:0:0] € P(1,3,4,6)

X, is K-polystable whenever it is irreducible

Theorem (CFFK’24) J

Anne-Sophie Kaloghiros (Brunel) K-moduli of MMy _ ¢ Kinosaki - Oct 2024 18 /21



]
Another family of degenerations of MMy

As in the case of del Pezzo surfaces of degree 2 want a K-polystable
replacement for the reducible GIT polystable degeneration

(1,1,0,0) + (0,0,1,1) c P* x P* x P* x P!
View this as a product of pairs

(C=(1,1) CP' xP!) ~ (Coo CP(1,1,2)

where C, is the section at infinity in the cone over C.
Consider degenerations of the form (2,2) C P(112) x P(112) with equation

wiwy + asity Saty + B(s3s3 4 t1t3) + y(s5t2 + t2s3) = 0}
parametrised by P*(a, 8, 7)

Theorem
X, is K-polystable for allp € E J
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K-polystable degenerations of MMy_;

Theorem (CFFK’24)

A K-polystable limit of members of MMy4_1 is one of
® an irreducible (1,1,1,1) C P! x P! x P! x P! of the form
X = {a(x1x22324 + Y1Y2Y3Y4) + b(T122Y3Y4 + T3T4Y1Y2)+
+ c(z123Y2ys + T2xay1Yy3) + d(T124Y2y3 + T2x3y1y4) = 0} ()
for (a:b:c:d)eP3.
® an irreducible (2,2) C P(1,1,2) x P(1,1,2) of the form

X = {wiwa + asitisats + B(sTs5 + t1t5) +y(sits +tis3) =0 (*%)

for (a: B:v) € P2
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K-moduli space

Theorem

The component of K-moduli space MESZ associated to family MMy 4 is the
blowup of P(1,3,4,6) at the smooth point {[2:2:0: 0]} with weights (1,2,3).

How to determine the weights?

® Direct study of 3-folds of 3-folds of the form (**)
® Gives rise to a second GIT quotient

® Show that the two GIT quotients “glue” to form the K-moduli space.
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