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Abstract

In [1, 2], we study surfaces with Zariski dense exceptional sets in Manin’s
conjecture. By an MMP-type argument in [3], this reduces to the study
of weak del Pezzo surfaces with the anticanonical polarization. In [1], we
give examples of del Pezzo surfaces of degree 1 and Picard rank 1 with
dense exceptional sets. In [2], we classify possibilities of such examples
in the case of weak del Pezzo surfaces. The existence of such examples
were known in dimension > 3, but were unexpected in dimension 2. We
focus on [2] in this poster.

Notation

We fix the following notation throughout the poster.

e F: a field of characteristic 0.

e S and T: Du Val del Pezzo surfaces (i.e.— Kg is ample and .S has
canonical singularities) over F'.

e X — Sand Y — T minimal resolutions of S and 7.

e : T — S: a quasi-étale cover (see the definition below).

e N'(X): the Néron-Severi space of X.

o p(X) := dim N'(X): the Picard rank of X.

o '(X): the dual graph of extremal curves on X.

© S;(ADE): the type of a Du Val del Pezzo surface of singularity type
ADE (see the definition below). Some types are not determined by
their singularity type, and we must distinguish between them.

Main results

Definition. We call a linear map ¢ : N(X) — NYY) a Cremona
isometry if it preserves intersection numbers, pseudo-effective cones,
and canonical classes. We say X and Y are of the same type whenever
such a o exists. We denote the group of all such o by Cris(X).
Definition. A quasi-étale cover 7 : T — S is a finite surjection
which is étale in codimension 1.

Theorem 1. We classify all quasi-étale covers @ : T — S up to

types, determine the correspondence I'(Y) --» T'(X).

Remark. The correspondence ['(Y) --» I'(X) is induced by f, o g;*
from Proposition 6. This is in general not a function in each direction.

Corollary 2. Over any field of characteristic 0, we have

0p(Y) < p(X) when S is of degree > 3;
op(Y) < p(X) when S is of degree > 4.

Conversely, we construct explicit examples of S of degree 1,2, such that
p(Y) > p(X), and examples of degree 3 such that p(Y) > p(X).

Example 3. Manin’s conjecture does not hold for the following sur-
faces with a proper closed exceptional set:

o X34 2XYW + XZ?—Y?Z + ZW?=01in P°.

e W2+ 73+ X'Y?=0inP(1,1,2,3), and so on...

Let Y7 denote the twist of Y induced by o € HY(F, Aut(T/S)). As a
direct application of [4]:

Corollary 4. Colliot-Thélene’s conjecture holds for X if it holds for
any Y.

In future works, we will study whether this can provide new cases of the
conjecture.

Manin’s and Colliot-Théléne’s conjectures

IFor now on, we focus on varictics over number ficlds.
Definition. Let X Dbe a varicty over a number field F. A subset
U C X(F) is called a thin set if
U = Zy(F) U (Uifi(Zi(F))),
where Zj is a proper closed subset of X, and f; : Z; — X are finitely
many generically finite morphisms of degree > 2.
Example. PY(Q) is not thin; P'(R) is thin.
Let X be a smooth rationally connected variety over a number field F'.

Conjecture (Colliot-Théléne). X(F) is dense in the Bruaer-
Manin set X(FQ)Bfm(X)_

This conjecture implies that X (F') is not thin and provides a positive
answer to the inverse Galois problem.

Let H be the height function induced by a big and nef adelically metrized
line bundle £ on X. For any subset U C X (F') and integer B, define
N(U,L,B):=#{z €U | He(z) < B}.

Conjecture (Manin). There exists a thin subset Z C X (F), such
that
N(X(F)\Z,L,B) ~ c¢B%log B)*!

as B — 0o, where a and b are birational invariants of (X, L), and ¢ is
Peyre’s constant which is related to #X (F,).

When X is weak Fano and L = — Ky, we have that a = 1 and b = p(X).

Some ingredients

Proposition 5. Let E; (i € I) be the (—2)-curves on X. Then
7T1<Ssmooth) = (PIC<X>/ @iel ZEi)tol's~

Proposition 6 (a model of 7 : T — S). Let f : 7" — X be the
normalization of X in the function field of 7. Then the induced rational
map g : T --» Y is regular, and Exc(g) = Ram(f). Moreover, 7" has
cyclic quotient singularities.

Example 7. S)(24; + 2A4,) is the unique type with 71 (Ssmootn) =
Cs x (4, the corresponding quasi-étale covers are

S4(4A1) 52(2A3 + Al)

—~
P! x P! — S4(44;) — S2(6A41) — S1(243 + 24;)
Su(441) Ss(243 + A1)
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