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Definition (Calabi—Yau pairs)

A Calabi-Yau pair (X, B) consists of a normal projective variety X and a
Q-divisor B > 0 on X such that Kx + B ~q 0.
A Calabi-Yau variety X is a Calabi-Yau pair (X, 0).

» Calabi-Yau curves <= (smooth) elliptic curves.
» smooth Calabi—Yau surfaces

<> K3 surfaces, abelian surfaces, Enriques surfaces, bielliptic surfaces.

Definition (Indices of Calabi—Yau pairs)

(X, B): a Calabi-Yau pair. The index of (X, B) is
index(X,B) = min{m € Z>, | m(Kx+B) ~0}.

Definition (Sets of indices)

nGZzl. CDQ[O,I]QQ

/|c(n, (D) =

index(X, B) ‘ (X, B): Ic Calabi-Yau pair } 7

dim X = n, Coeff(B) C ¢
[ (X, B): kit Calabi-Yau pair
hae(n, ) = { index(X, B) ‘ dim X — n, Coeff(B) C & |
herm(n) = {index(X) | X: terminal Calabi-Yau variety of dimension n } ,
km(n) = {index(X) | X: smooth Calabi-Yau variety of dimension n} .

> (1) = {1}, kn(2) ={1,2,3,4,6}.
> /sm(n) g /term(n) g /k|t(n7¢) g llc(na ¢)
> ¢ C P = fy(n, @) C ki(n, @), h(n, ®) C i(n, D).

Conjecture (Index conjecture for Calabi—Yau pairs)

n€Zs. ¢ C[0,1]NQ: a finite set.
Then the set h.(n, ) is bounded (i.e., a finite set).
In other words, 3m € Z>4,
Y(X, B): lc Calabi-Yau pair of dimension n with Coeff(B) C &,
m(Kx + B) ~ 0.

» [JL21]: true in dimension n < 3, and partially in dimension n = 4.
» open in higher dimension.
Toward the proof, several steps are known:

Theorem

n e Zs>1.
» [Jia24] hemm(n) bounded = hu(n, {0}) bounded.
» [Xul9] ki(n,{0}) bounded = k(n, ®) bounded for any finite ¢.

Consider proving the index conjecutre for kit Calabi-Yau pairs,
using inductionon the dimension n. Then we need to consider:

Question

n € Z>1. Does it hold that
ki(n — 1, ®) bounded = lerm(n) bounded

for some ®?

The main theorem partially answers to Question:
Theorem ([M])

n € Zx1. Then

lsm(n) € lklt(’7 - 17 q)st)u
where &y ={1—1/b| b € Z>1 }.

» The set ®g is not finite, but a DCC set.

Corollary ([M]) \

The set ln(4) is bounded. ‘

Sketch of proof:

» Induction on the dimension n.

Let
» X: a smooth Calabi-Yau variety of dimension n,
» m = index(X).

Enough to show: m € fy(n — 1, dy).

Beauville-Bogomolov decomposition:
> 3 a finite étale Galois cover X = LY — X,
» Y, astrict Calabi-Yau variety, an irreducible symplectic variety,
or an abelain variety,
> Jg € Aut(X/X) of index m (i.e., g ~ HY(X, Kg) ~ Cis of order m).

Case (1): X = V4.
» The action g X is free
~ p(m) < 2n (¢ the Euler function)
~» m € hu(n — 1,®y) by the following theorem.

Case (2): X decomposes into at least 2 components.
> Let X =Yy x Z, where Z:= ], V.
> Assume g also decomposes as g = g1 x gz (otherwise easy).
» If g ~ Y] has a fixed point:
the action g7 ~ Z is free
~~ apply the induction to Z/{gz)
~ mz € h(nz — 1, dg)
~m € fgp(n— 1, D).
» If g1 has no fixed point:
my = index(g1) satisfies ¢(m;) < 2n; by the holomorphic Lefchetz
formula
~ my € hi(m — 1, ®y) by the following theorem
~m e /k|t(n -1, (Dst)-

Theorem ([M]) \

n€Zss. Then{me Z-1|p(m)<2n} C h(n—1,d4). ’

Sketch of proof:
» Induction on the dimension n
~~ we may assume m = p® is a prime power.

» Construct Calabi—Yau pairs using weighted projective spaces.

Eg.,
1 1y P11 = prt—1
(X’ B) = P((p - 1)(37 )’ 1(p7 ))7TH+ ZTH’ ’
i=0
Hi={xi=0}, H={x+ +xo+xt + - +xf, =0}

is a Calabi-Yau pair of dimension p + e — 3, of index p®.

Toward the index conjecture \

» Similar results for terminal Calabi-Yau varieties
/term(n) - /klt(” - 17¢st)?

» Index conjecutre for /c Calabi-Yau pairs.
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