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1 Introduction

Symmetric spaces, polar representations and isoparametric submanifolds in Euclidean
space are closely related. For example, the isotropy representations of symmetric spaces
are polar (i.e. there exists an affine subspace which meets every orbit orthogonally). Con-
versely, Dadok [1] showed that any polar representation on a Euclidean space is orbit
equivalent to the isotropy representation of a symmetric space. It is known that any
principal orbit of a polar representation is an isoparametric submanifold of the Euclidean
space [15] (i.e. the normal bundle is flat and the principal curvatures along any parallel
normal vector field are constant). Conversely, Thorbergsson [19] showed that an irre-
ducible compact full isoparametric submanifold of a Euclidean space with codimension at
least 3 is an orbit of a polar representation.

It is a natural question whether there are analogous relations in infinite dimensions.
Palais and Terng [11, 16] began the study of submanifolds in Hilbert spaces in 1980s.
They introduced a suitable class of submanifolds in Hilbert spaces, namely, namely proper
Fredholm (PF) submanifolds. They also introduced the related class of Lie group actions
on Hilbert manifolds, namely proper Fredholm (PF) actions. They gave examples of
polar PF actions on Hilbert spaces by considering the gauge transformations on the space
of L?-connections. In particular they showed that principal orbits of those actions are
isoparametric PF submanifolds in the Hilbert space. Their example was later extend
by Pinkall and Thorbergsson [12] and Terng [17]. As a consequence, many examples of
polar PF actions on Hilbert spaces and isoparametric PF submanifolds in Hilbert spaces
were obtained. Looking at those examples, Terng [17] suspected the existence of infinite
dimensional symmetric spaces related to affine Kac-Moody algebras. Those symmetric
spaces are nowadays called affine Kac-Moody symmetric spaces and known as the infinite
dimensional analogues of finite dimensional Riemannian symmetric spaces.

In this article, we give a brief survey on PF submanifolds in Hilbert spaces, polar PF
actions on Hilbert spaces and affine Kac-Moody symmetric spaces. Moreover, we focus
on affine Kac-Moody symmetric spaces of group type and make clear their relation to the
canonical isomorphism between path spaces introduced in [12, 10].
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2 PF submanifolds and polar PF actions

Let N be a Hilbert manifold smoothly immersed in a separable Hilbert space V.
Assume that N has finite codimension in V. The end point map Y : T*N — V is defined
by Y(p, &) :=p+&. Then N is called proper Fredholm (PF) [11, 16] if Y is a Fredholm
map and the restriction of Y to the normal disc bundle of any finite radius is a proper
map. The Fredholm condition implies that the shape operators are compact self-adjoint
operators, which allows us to compute the principal curvatures of N. The proper condition
implies that the squared distance function from a point to N satisfies the Palais-Smale
condition, which allows us to apply the infinite dimensional Morse theory to N C V. A
PF submanifold N of V is called isoparametric if TN is flat and the principal curvatures
in the direction of any parallel normal vector field are constant.

Let £ be a Hilbert Lie group acting on a separable Hilbert space V. The L-action on
V is called proper if the map LxV — V x V', (g,p) — (g-p,p) is a proper map and called
Fredholm if for each p € V the map L — V', g — ¢ - p is a Fredholm map. If the L-action
on V is isometric, proper and Fredholm (PF), then every L-orbit is a PF submanifold of
V. An isometric PF action of £ on V is called polar if there exists an affine subspace W
of V' which meets every L-orbit orthogonally. It follows that every principal orbit of a
polar PF action on V is an isoparametric PF submanifold of V.

Let G be a connected compact Lie group with Lie algebra g. We fix an Ad(G)-invariant
inner product of g and equip G with the corresponding bi-invariant Riemannian metric.
Let G := H'(]0,1], G) denote the path group of all Sobolev H'-paths from [0, 1] to G and
Vy = H°([0,1], g) the path space (separable Hilbert space) of all H'-maps (i.e. L*-maps)
from [0, 1] to g. Then G acts on V; by the gauge transformations:

gxu:=gug ' —g'g".
This action is isometric and PF. However, this action is transitive. Thus we let U be a
closed subgroup of G x G and set

P(G,U) :={g€7G[(9(0),9(1)) € U},

which acts on V; by the gauge transformations. This action is isometric, PF and not tran-
sitive in general. Every orbit of the P(G,U)-action is a PF submanifold of V. Moreover,
it was shown that if the action of U on G defined by (b, ¢) - a := bac™" hyperpolar, then
the P(G,U)-action on Vj is polar [17]. Here, an isometric action is called hyperpolar if
there exists a connected complete flat submanifold which meets every orbit orthogonally.
There are many examples of hyperpolar actions on G (see [7, 8, 9] for details):
(i) The adjoint action: The action of AG on G is hyperpolar, where AG denotes the
diagonal subgroup of G x G.
(ii) The sigma-action: For each o € Aut(G), the action of G(o) on G is hyperpolar,
where G(o) := {(b,a(b)) | b € G}.
(iii) The isotropy action: For a compact symmetric pair (G, K), the actions of K on
G/K and of K x K on G are hyperpolar.

(iv) Hermann action: For two compact symmetric spaces (G, K) and (G, H), the actions
of Hon G/K and of H x K on G are hyperpolar.

(v) Cohomogeneity one actions on G (or G/K) are hyperpolar.
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From these examples, one can obtain many examples of polar P(G, U)-actions on Vg and
thus obtain many examples of homogeneous isoparametric PF' submanifolds in V.

In this way, there are many examples of polar PF actions on Hilbert spaces and isopara-
metric PF submanifolds in Hilbert spaces. Looking at those examples, Terng [17] sus-
pected the existence of infinite dimensional symmetric spaces related to affine Kac-Moody
algebras. This subject was also studied by Heintze, Palais, Terng and Thorbergsson [7].
However, at that time, the precise definition of those symmetric spaces was not given due
to functional analytic difficulties to inherent in affine Kac-Moody groups. On the other
hand, Heintze and Liu [6] showed a remarkable result on homogeneity of isoparametric
PF submanifolds in Hilbert spaces. This result extends the result of Thorbergsson [19] in
the finite dimensional Euclidean case and enhance the relation between polar PF actions
and isoparametric PF submanifolds. Afterward, Heintze and Popsecue [4, 13] started to
study affine Kac-Moody groups and symmetric spaces in the frame work of tame Fréchet
manifolds [3] and showed their fundamental properties. In the next section we will review
their formulation and basic facts.

3 Affine Kac-Moody symmetric spaces

In this section we review affine Kac-Moody algebras, groups and symmetric spaces.
For more details, see [14, 13, 4].

Let G be a simply connected compact simple Lie group with Lie algebra g and ¢ an
automorphism of G. The differential of ¢ is still denoted by o. Denote by (-, -) the inner
product of g which is the negative of the Killing form of g. The loop algebra

L(g,o) ={u:R = g|luelC™ u(t+2n)=oc(u(t)) for all t}

is a Lie algebra with pointwise bracket. We equip the inner product (u,v) 2 = f02”<u(t)7 v(t))dt

with L(g, o). Denote by wy the cocycle defined by wy(u,v) = M/, v)2 for A € R\{0}.
An affine Kac-Moody algebra is a Lie algebra
L(g.0) == L(g.0) + Re + Rd,

where the bracket is defined by

[u, v] = [u,
[d7 u} = Ula
=0,

[, 2]

v] 4+ wy (u, v)e,

where u,v € L(g,0) and = € L(g,0). Tt has the center Re and the derived algebra
L(g,0) := L(g,0) + Re. If 01,09 € Aut g are conjugate by an inner automorphism then
the corresponding affine Kac-Moody algebras are isomorphic. Thus we can assume that

o has finite order. We define the Lorentzian inner product on ﬁ(g, o) by
(u+ ac+ Bd,v+yc+ 0d) = (u,v) 2 + ad + .

Clearly ¢,d L L(g,0), |[c|| = [|d|| = 0 and (c,d) = 1. It follows that ([z,y], z) = (, [y, 2])
for z,y,2 € L(g,0).



The twisted loop group
L(G,o)={9g:R—>G|geC™ g(t+2m)=0(g(t)) for all t}

with pointwise multiplication is a Fréchet Lie group with Lie algebra L(g,o). The co-
cycle wy defines a left-invariant closed 2-form on L(G, o) and moreover defines a central
extension L(G o) of L(G,0) by the circle S* for discrete values of A [14]. L(G,0) has
Lie algebra L(g, o). There exists a unique A\ such that L(G o) is simply connected. An
affine Kac-Moody group L(G, o) is a Fréchet Lie group defined by

L(G, o) := 8" % L(G,0).

Here the S'-action on L(G, o) is induced by the action on L(G, o) by shifting the param-
eter of loops. L(G, o) is a 2-torus bundle over L(G, o) and has Lie algebra L(g, ). We
equip the bi-invariant Lorentzian metric on L(G, 0) Then L(G, o) is a symmetric space
where a reflection at the identity is given by g — gt

For an involutive automorphism p of G= L(G’ a) we consider the quotient G / K by
the fixed point subgroup K = G?. The differential of p is still denoted by p. The Lie
algebra § = L(g, ) is decomposed into the (41)-eigenspaces § = & + m. Restricting the
inner product on g to m we equip the G-invariant metric with G / K. Then G/ K is a
symmetric space where a reflection at eK is given by gK — p(g)K

From the structure theory of involutions of affine Kac-Moody algebras [7, 4, 5] there
are essentially two kinds of involutions, namely

(1) p satisfies p(c) = ¢, p(d) = d and p(u)(t) = p(u(t)) where p € Autg, p?> = id and

op=po,
(2) p satisfies p(c) = —c, p(d) = —d, p(u)(t) = p(u(—t)) where p € Autg, p? = id and
-1
op = po

We will always consider the latter one, called the involution of the second kind, so that
the extension from L(G,¢) to L(G, o) is not canceled in the quotient.

By definition an affine Kac-Moody symmetric space is either an affine Kac-Moody
group G (the group type) or the symmetric space G / K with respect to an involution p
of the second kind. Note that G can be written as the quotient G x G / (m}” where

GxG= ﬁ(G X G,0 x 071) is a slight generalization of an affine Kac-Moody group and
p the involution of the second kind defined by

o) = —c, p(d) = —d,  pu,0)(t) = (v(—t),u(~1)). (3.1)
It was shown that G and & / K are tame Fréchet manifolds, where an inverse function
theorem is available [3, 13]. The unique existence theorem of the Levi-Civita connection
and the conjugacy theorem of finite dimensional maximal flats are verified for affine Kac-
Moody symmetric spaces [13]. The concept of duality of symmetric spaces is extended to
affine Kac-Moody symmetric spaces based on the theory of complex Kac-Moody groups
[2]. The classification of affine Kac-Moody symmetric spaces is essentially equivalent to
the classification of involutions of affine Kac-Moody algebras up to conjugation [5].

4 The isotropy representation

The isotropy representations of affine Kac-Moody symmetric spaces are closely related
to polar PF actions on Hilbert spaces.
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Let 7 : L(G,0) — L(G,0) denote the projection. For each g € L(G, o) we write
g =m(g). The adjoint action of L(G,0) = S* x L(G,0) on § = L(g, o) is defined by

Ad(g)e = ¢,
Ad(@)d = d— g™ ~ Sl
Ad(g)u = gug™ + (g'g™", gug™")e
for g € L(G, o) and
Ad(e*) =¢, Ad(e”)=d, Ad(e"*)u=u,

for e* € S' [14]. Here uy(t) := u(s +t). For the involution /) of the second kind the
canonical decomposition g = €+ m is given by

t={ue L(g,0) | plu(~t)) = u(t)},
m={u+ac+pd|ue L(go), plu(-t)) = —u(t), o, € R}.

The adjoint action of G on g induces the action of K on t, which is called the 1s0tropy
representation of G/R In the group case we define the isotropy representation of G to
be the induced action of L(G, o) on g.

Since the adjoint action preserves the inner product and the d-coefficient it leaves
invariant the two-sheeted hyperboloid {z € L(g,0) | (z,2) = —1}, the hyperplane {u +
ac+d|u € L(g,0)} and hence their intersection

2
N Uu 1
Hor(g) = {d+u - Hl'%c |ue L(g,O)} 7
which is geometrically interpreted as a horosphere of codimension 2. For x = d4u— %c
we have )
. * U 1
(e%.9) z= <d+g*u— lgxul”+1 12H * C) ;
S
where g * u = gug™' — ¢’¢g~! is the gauge transformation. Thus via the isometry

2
1
I': L(g,0) — Hor(g), un—>d+u—mc

L(G, o) acts on L(g, o) by the gauge transformations.

Recall that two isometric actions of A; on X; and of Ay on X, are called essentially
equivalent ([14, p. 167]) if there exist an injective homomorphism ¢ : A; — A, and an
injective isometry ¢ : X; — X, which have dense images and satisfy ¢(a-p) = ¢(a) - ¢(p)
for a € Ay and p € X;. For r > 0 we set G" = H'([0,7],G), V' = H°([0,7],g) and

P(G,L)" ={g9 €3G [(9(0),9(r)) € L}

for a closed subgroup L of G' x G. Similarly we can define the P(G, L) -action on V] by
gauge transformations.

The following two propositions show the close relation between affine Kac-Moody
symmetric spaces and polar PF actions ([17, p. 148], [7, Proposition 4.14]).



Proposition 4.1 (Terng [17]). Let G = L(G,0) be an affine Kac-Moody symmetric
space of group type. Then the isotropy representation restricted to Hor(g) is essentially
equivalent to the P(G,G(0))*"-action on V™.

Proof. The completion of L(G, o) with respect to the H'-metric is
{g:R—G|ge H', g(t+2r)=0(g(t)) for all t}
= {g:[0.21] = G| g€ H', g(2m) = 0(g(0))}.
Moreover the completion of L(g, o) with respect to the H%metric is
{u:R—g|lue H u(t+2r)=o(u(t)) for all t}
=~ {u:[0,27] = g|ue H}.
This proves the proposition. O

Proposition 4.2 (Heintze-Palais-Terng-Thorbergsson [7]). Let G/K be an affine Kac-
Moody symmetric space. Then the isotropy representation restricted to Hor(g) N m is
essentially equivalent to the P(G, G" x G7?)"-action on V*. Here the inner product of V[
is defined by (u,v) := 2 [ (u(t), v(t))dt.

Proof. The completion of K with respect to the H'-metric is

{9:R—=G|geH', g(t+2r)=0(g(t))
=~ {g:[0,21] = G|ge H', g(2r) = a(g(0)),
= {g:[0,7] > G|ge H', pl6~"g(0)) = o
={g:[0,7] > GlgeH', o pog(0) = g(0) (
={g:[0,7] = G|geH, pg(0)=g(0), op(y(m)) = g(m)}.
The completion of '~ (m) with respect to the H%-metric is

{u:R—=glueH ult+2r)=o0(u®)), plu(-t)) = —u(t)}
> {u:[0,27] > g|uc H plo'u2r —1t) = —u(t)}
~ {u:[0,7] = g|ue HY.

This proves the proposition. |

These facts are summarized in the following table:

Group type
Affine KacTMoody z(a U)/f/(G, o) z(a o)
symmetric space
Isotropy o - . .
representation P(G H x K)"~ P(G,G(0))" ~ Vg

(H :=Gr, K :=GP)

Finite dimensional

counterpart H o G/K Glo) ~ G

Hermann action sigma-action
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5 The group type

We will now focus on the case of group type.

Proposition 5.1. Let Cm/(m)p be the affine Kac-Moody symmetric space iso-
morphic to G. Then the isotropy representation restricted to the horosphere is essentially
equivalent to the P(G x G,G(0) x AG)™-action on VT

gdg-

Proof. Recall that the involution p was defined by (3.1). We consider another involution
7 of the second kind defined by

) = —¢, 7(d)=—d, F(u,v)(t) = (0" v(~t), cu(—t)). (5.1)

Note that p and 7 are conjugate and thus the corresponding quotients are isomorphic.
Then by the similar argument as in Proposition 4.2 it follows that the isotropy repre-
sentation of G x G / (m)T restricted to the horosphere is essentially equivalent to the
P(G x G,G(0) x AG)™-action on VT, O

9bg”

In the study of polar PF actions on Hilbert spaces, the author [10] studied natural
isomorphisms between path spaces. The idea of the isomorphisms is essentially due to
Pinkall and Thorbergsson [12]. More precisely, we consider two maps {2 : G** — G™ and
T: Vg27T — V7, which are respectively defined by

Qg) = (9(t), 92w — 1)), T(u) = (u(t), —u(2w —1)).

It was shown that the P(G, G(0))*"-action V2™ is conjugate to the P(G'x G, G(0) x AG)"-
action on VT via (2, T) [10, Corollary 3.3], that is, the diagram

9By
P(G,G(0))* 2y P(G x G,G(0) x AG)
~ . ~ (5.2)
VBQW — V;%rﬁg

commutes. This together with Propositions 4.1 and 5.1 implies:

Corollary 5.2. Let G= Ji(G, o) be an affine Kac-Moody symmetric space of group type
and m/(m)” the quotient isomorphic to G. Then their isotropy representations
restricted to the horospheres are essentially equivalent to the P(G,G(0))*"-action on V™
and the P(G x G,G(0) x AG)"-action on Vi respectively and these are conjugate via
the canonical isomorphisms Q and Y.

This corollary suggests that the isomorphism G GxG / (G/R?)ﬁ induces the canon-
ical isomorphisms (€2, T). Let us show this more explicitly. By conjugacy we can replace
the involution p with 7. Consider the map

—

NGxG—G

whose differential is

— 1

dh:g®g—0, (u(®),v(t))+ac+pfd— (u(t)—o v(-t)) +ac+ fd.



The inverse image A~!(é) of the identity é is (Ci\G)T Thus it induces the isomorphism
A:Gx GG xG) — G
There is an isomorphism between the isotropy subgroups
p: L(G.0) = (Gx Y. g(t) = (9(t).o(g(~1).
The canonical decomposition g/@\g = ¢+ with respect to 7 is given by

&= {(u(t),o(u(-t))) | u € L(g,0)},
m = {(u(t), —ou(—t)) + ac+ pd | u € L(g,0), o, € R}

There is an isomorphism between the linear subspaces
v:g—m u(t)+act Bd— (u(t), —o(u(—t))) + ac+ Bd.

We define the inner product of @ by
1
((u1,u2) + ac+ Bd, (v, v2) + vc + dd) = §(<u17u2>,;2 + (v1,v2)12) + @d + S.

Then the isotropy representations of L(G, o) on g and of (G/>?¥)T on m are conjugate
via o and . Moreover 1) induces the isometry

¢ : Hor(g) — Hor(@) Nm,

which induces
Vi L(g,0) = T7Hm),  u(t) = (u(t), —o(u(—t))).

Since o(g(—t)) = g(27 — t) and o(u(—t)) = u(2r — t) the diagrams

—

L(G, o) = GxG
I

l

» p
(5.3)
P(G,G(0))*™ —2 P(G x G,G(0) x AG)"

and
L(g,0) —'— T'()

l l (5.4)

T
ngﬂ - VQZBE
are commutative, where the vertical arrows denote the injective maps with dense images
given in Propositions 4.1 and 4.2. In this way the isomorphism A induces (£2, 7).
Recall that the sigma-action G(o) ~ G can be viewed as a Hermann action G(o) ~

(G x G)/AG. In fact, the diagram

~ ~ (5.5)
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commutes, where ¢(a, b) := ab~!. To consider the relation between this diagram and (5.2),
we recall the concept of the parallel transport map. This is an equivariant Riemannian
submersion ® : V; — G defined by ®(u) = ¢(1) for g € P(G, {e} x G) satistying g~ '¢’ = w.
It follows that the diagram

g ~ Vg

ey 4

GxGE ~ G

commutes, where W% is defined by U(g) := (¢(0), g(1)). If a compact symmetric space
G/K with projection p : G — G/K is given, we consider the composition @ :=po P :
Vs = G — G/K, which is called the parallel transport map over G/K. It follows that

the diagram
P(G,G x K) N Ve

peou] Qi |

G ~ G/K

commutes, where p© : G x G — G denotes the projection onto the first component. For
the interval [0, r] for each 7 > 0, we can similarly define ®" : V" — G, @) : V' = G/K
and so on. In particular the following diagrams are commutative:

P(G,G(o)*™ ~ VP

(we) | 2|
G(o) ~ G
and
P(G x G,G(0) x AG)™ ~ ViGa
P o (BT Phc 4
G(o) ~ (G xG)/AG.

Furthermore, from the properties of (2, ), the following diagrams are commutative [10,
Theorem 3.2]:

P(G,G(0))* —25 P(G x G,G(0) x AG)

(@G)Zfrl pGxGO(\I,GxG)wl (56)
Glo)  —4 G(o)
and .
Vg — Vioa

Wl @gcl (5.7)
G «+2 (GxG)/AG.
In this way, (©2, T) are closely related to (id, ¢) via the parallel transport map.



As a consequence, the isomorphism A between G and (Cﬁ<\G)T induces the canonical

isomorphisms (2, T) and these are closely related to the isomorphisms (id, ¢). These
relations are summarized in the following table.

Affine Kac-Moody G- [A/(G o)
symmetric space ’

[R=

Gx GG X Q)

(€2,7)
Wotropy  pr Qo)) A VE 2 PG X G.G(0) X AG)T A VE

representation oy

o (id, 6)
Finite dimensional G(o)~ G ) G(o) ~ (G x Q)/AG.

counterpart

References

1]

2]
8]

[4]

[5]

(6]

[7]

8]
[9]
[10]
[11]
[12]

[13]
[14]

[15]

J. Dadok, Polar coordinates induced by actions of compact Lie groups, Trans. Amer. Math.
Soc. 288 (1985), no. 1, 125-137.

W. Freyn, Affine Kac-Moody symmetric spaces, arXiv:1109.2837 (2011).

R. S. Hamilton, The inverse function theorem of Nash and Moser Bull. Amer. Math. Soc.
(N.S.) 7 (1982), no. 1, 65-222.

E. Heintze, Toward symmetric spaces of affine Kac-Moody type, Int. J. Geom. Methods
Mod. Phys. 3 (2006), no. 5-6, 881-898.

E. Heintze, C. Gro8, Finite order automorphisms and real forms of affine Kac-Moody
algebras in the smooth and algebraic category, Mem. Amer. Math. Soc. 219 (2012), no.
1030, viii+66 pp.

E. Heintze, X. Liu, Homogeneity of infinite-dimensional isoparametric submanifolds, Ann.
of Math. (2) 149 (1999), no. 1, 149-181.

E. Heintze, R. Palais, C.-L. Terng, G. Thorbergsson, Hyperpolar actions on symmetric
spaces, Geometry, topology, & physics, 214-245, Conf. Proc. Lecture Notes Geom. Topol-
ogy, IV, Int. Press, Cambridge, MA, 1995.

A. Kollross, A classification of hyperpolar and cohomogeneity one actions, Trans. Amer.
Math. Soc. 354 (2002), no. 2, 571-612.

A. Kollross, Hyperpolar actions on reducible symmetric spaces, Transform. Groups 22
(2017), no. 1, 207-228.

M. Morimoto, The canonical isomorphism between path spaces and principal curvatures of
PF submanifolds, preprint.

R. S. Palais, C.-L. Terng, Critical Point Theory and Submanifold Geometry, Lecture Notes
in Mathematics, 1353. Springer-Verlag, Berlin, 1988.

U. Pinkall, G. Thorbergsson, Examples of infinite dimensional isoparametric submanifolds,
Math. Z. 205 (1990), no. 2, 279-286.

B. Popescu, Infinite dimensional symmetric spaces, Thesis, University of Augsburg (2005).

A. Pressley, G. Segal, Loop Groups, Oxford Mathematical Monographs. Oxford Science
Publications. The Clarendon Press, Oxford University Press, New York, 1986.

C.-L. Terng, Isoparametric submanifolds and their Coxeter groups, J. Differential Geom.
21 (1985), no. 1, 79-107.

99



100

[16] C.-L. Terng, Proper Fredholm submanifolds of Hilbert space. J. Differential Geom. 29
(1989), no. 1, 9-47.

[17] C.-L. Terng, Polar actions on Hilbert space. J. Geom. Anal. 5 (1995), no. 1, 129-150.

[18] C.-L. Terng, G. Thorbergsson, Submanifold geometry in symmetric spaces. J. Differential
Geom. 42 (1995), no. 3, 665-718.

[19] G. Thorbergsson, Isoparametric foliations and their buildings, Ann. of Math. (2) 133
(1991), no. 2, 429-446.

Department of Mathematical Sciences

Tokyo Metropolitan University

1-1 Minami-Osawa, Hachioji-shi, Tokyo 192-0397, Japan
Email address: morimoto.mshr@gmail.com





