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Proper Fredholm submanifolds and 
affine Kac-Moody symmetric spaces 

1 Introduction 

Masahiro Morimoto 

Tokyo Metropolitan University 

Symmetric spaces, polar representations and isoparametric submanifolds in Euclidean 
space are closely related. For example, the isotropy representations of symmetric spaces 
are polar (i.e. there exists an affine subspace which meets every orbit orthogonally). Con­
versely, Dadok [1] showed that any polar representation on a Euclidean space is orbit 
equivalent to the isotropy representation of a symmetric space. It is known that any 
principal orbit of a polar representation is an isoparametric submanifold of the Euclidean 
space [15] (i.e. the normal bundle is flat and the principal curvatures along any parallel 
normal vector field are constant). Conversely, Thorbergsson [19] showed that an irre­
ducible compact full isoparametric submanifold of a Euclidean space with codimension at 
least 3 is an orbit of a polar representation. 

It is a natural question whether there are analogous relations in infinite dimensions. 
Palais and Terng [11, 16] began the study of submanifolds in Hilbert spaces in 1980s. 
They introduced a suitable class of submanifolds in Hilbert spaces, namely, namely proper 
Fredholm (PF) submanifolds. They also introduced the related class of Lie group actions 
on Hilbert manifolds, namely proper Fredholm (PF) actions. They gave examples of 
polar PF actions on Hilbert spaces by considering the gauge transformations on the space 
of £ 2-connections. In particular they showed that principal orbits of those actions are 
isoparametric PF submanifolds in the Hilbert space. Their example was later extend 
by Pinkall and Thorbergsson [12] and Terng [17]. As a consequence, many examples of 
polar PF actions on Hilbert spaces and isoparametric PF submanifolds in Hilbert spaces 
were obtained. Looking at those examples, Terng [17] suspected the existence of infinite 
dimensional symmetric spaces related to affine Kac-Moody algebras. Those symmetric 
spaces are nowadays called affine K ac-Moody symmetric spaces and known as the infinite 
dimensional analogues of finite dimensional Riemannian symmetric spaces. 

In this article, we give a brief survey on PF submanifolds in Hilbert spaces, polar PF 
actions on Hilbert spaces and affine Kac-Moody symmetric spaces. Moreover, we focus 
on affine Kac-Moody symmetric spaces of group type and make clear their relation to the 
canonical isomorphism between path spaces introduced in [12, 10]. 

This work was partly supported by the Grant-in-Aid for Research Activity Start-up (No. 20K22309), 
by Grant-in-Aid for JSPS Research fellow (No. 23KJ1793) and by MEXT Promotion of Distinctive Joint 
Research Center Program JPMXP0723833165. 
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2 PF subrnanifolds and polar PF actions 

Let N be a Hilbert manifold smoothly immersed in a separable Hilbert space V. 
Assume that N has finite co dimension in V. The end point map Y : T1_ N -+ V is defined 
by Y(p, ~) := p + ~- Then N is called proper Fredholm (PF) [11, 16] if Y is a Fredholm 
map and the restriction of Y to the normal disc bundle of any finite radius is a proper 
map. The Fredholm condition implies that the shape operators are compact self-adjoint 
operators, which allows us to compute the principal curvatures of N. The proper condition 
implies that the squared distance function from a point to N satisfies the Palais-Smale 
condition, which allows us to apply the infinite dimensional Morse theory to N C V. A 
PF submanifold N of V is called isoparametric if T1_ N is flat and the principal curvatures 
in the direction of any parallel normal vector field are constant. 

Let £ be a Hilbert Lie group acting on a separable Hilbert space V. The £-action on 
V is called proper if the map £ x V -+ V x V, (g, p) c-+ (g • p, p) is a proper map and called 
Fredholm if for each p EV the map£-+ V, g c-+ g •pis a Fredholm map. If the £-action 
on V is isometric, proper and Fredholm (PF), then every £-orbit is a PF submanifold of 
V. An isometric PF action of£ on Vis called polar if there exists an affine subspace W 
of V which meets every £-orbit orthogonally. It follows that every principal orbit of a 
polar PF action on Vis an isoparametric PF submanifold of V. 

Let G be a connected compact Lie group with Lie algebra g. We fix an Ad( G)-invariant 
inner product of g and equip G with the corresponding bi-invariant Riemannian metric. 
Let(}:= H 1 ([0, 1], G) denote the path group of all Sobolev H 1-paths from [O, 1] to G and 
Vg := H 0 ([0, 1],g) the path space (separable Hilbert space) of all H 0-maps (i.e. L2-maps) 
from [O, 1] to g. Then (} acts on Vg by the gauge transformations: 

g * u := gug-1 - g'g-1. 

This action is isometric and PF. However, this action is transitive. Thus we let U be a 
closed subgroup of G x G and set 

P(G, U) := {g E Q I (g(O), g(l)) EU}, 

which acts on Vg by the gauge transformations. This action is isometric, PF and not tran­
sitive in general. Every orbit of the P(G, U)-action is a PF submanifold of Vg. Moreover, 
it was shown that if the action of U on G defined by (b, c) • a := bac-1 hyperpolar, then 
the P( G, U)-action on Vg is polar [17]. Here, an isometric action is called hyperpolar if 
there exists a connected complete flat submanifold which meets every orbit orthogonally. 

There are many examples of hyperpolar actions on G (see [7, 8, 9] for details): 

(i) The adjoint action: The action of 11G on G is hyperpolar, where 11G denotes the 
diagonal subgroup of G x G. 

(ii) The sigma-action: For each O" E Aut(G), the action of G(O") on G is hyperpolar, 
where G(O") := {(b, O"(b)) I b E G}. 

(iii) The isotropy action: For a compact symmetric pair (G, K), the actions of Kon 
G / K and of K x K on G are hyperpolar. 

(iv) Hermann action: For two compact symmetric spaces (G, K) and (G, H), the actions 
of Hon G/ Kand of H x Kon Gare hyperpolar. 

( v) Cohomogeneity one actions on G ( or G / K) are hyperpolar. 
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From these examples, one can obtain many examples of polar P( G, U)-actions on Vg and 
thus obtain many examples of homogeneous isoparametric PF submanifolds in Vg. 

In this way, there are many examples of polar PF actions on Hilbert spaces and isopara­
metric PF submanifolds in Hilbert spaces. Looking at those examples, Terng [17] sus­
pected the existence of infinite dimensional symmetric spaces related to affine Kac-Moody 
algebras. This subject was also studied by Heintze, Palais, Terng and Thorbergsson [7]. 
However, at that time, the precise definition of those symmetric spaces was not given due 
to functional analytic difficulties to inherent in affine Kac-Moody groups. On the other 
hand, Heintze and Liu [6] showed a remarkable result on homogeneity of isoparametric 
PF submanifolds in Hilbert spaces. This result extends the result of Thorbergsson [19] in 
the finite dimensional Euclidean case and enhance the relation between polar PF actions 
and isoparametric PF submanifolds. Afterward, Heintze and Popsecue [4, 13] started to 
study affine Kac-Moody groups and symmetric spaces in the frame work of tame Frechet 
manifolds [3] and showed their fundamental properties. In the next section we will review 
their formulation and basic facts. 

3 Affine Kac-Moody symmetric spaces 

In this section we review affine Kac-Moody algebras, groups and symmetric spaces. 
For more details, see [14, 13, 4]. 

Let G be a simply connected compact simple Lie group with Lie algebra g and u an 
automorphism of G. The differential of u is still denoted by u. Denote by (·, •) the inner 
product of g which is the negative of the Killing form of g. The loop algebra 

L(g,u) = {u: IR-+ g I u E C00 , u(t + 21r) = u(u(t)) for all t} 

is a Lie algebra with pointwise bracket. We equip the inner product (u, v) £2 = f0
2

1r (u(t), v(t))dt 
with L(g,u). Denote by W>-. the cocycle defined by W>-.(u,v) = >.(u',v)L2 for).. E IR\{O}. 
An affine Kac-Moody algebra is a Lie algebra 

L(g, u) := L(g, u) +!Re+ !Rd, 

where the bracket is defined by 

[u, v] = [u, v] + W>-.(u, v)e, 
[d,u] =u', 
[e,x] = 0, 

where u, v E L(g, u) and x E L(g, u). It has the center !Re and the derived algebra 
L(g, u) := L(g, u) + !Re. If u1 , u2 E Aut g are conjugate by an inner automorphism then 
the corresponding affine Kac-Moody algebras are isomorphic. Thus we can assume that 
u has finite order. We define the Lorentzian inner product on L(g, u) by 

(u + ae + (3d, v + ,e + 5d) = (u, v)£2 + a5 + (3,. 

Clearly e, d ..l L(g, u), llell = lldll = 0 and (e, d) = 1. It follows that ([x, y], z) = (x, [y, z]) 
for x, y, z E L(g, u). 
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The twisted loop group 

L(G, u) = {g: ~--+GI g E C00 , g(t + 211") = u(g(t)) for all t} 

with pointwise multiplication is a Frechet Lie group with Lie algebra L(g, a-). The co­
cycle w;.. defines a left-invariant closed 2-form on L(G, u) and moreover defines a central 
extension L( G, u) of L( G, u) by the circle S1 for discrete values of ,X [14]. L( G, u) has 
Lie algebra L(g, u). There exists a unique >-.0 such that L(G, u) is simply connected. An 
affine Kac-Moody group L(G, u) is a Frechet Lie group defined by 

L(G, u) := S1 ~ L(G, u). 

Here the S1-action on L(G, u) is induced by the action on L(G, u) by shifting the param­
eter of loops. L(G, u) is a 2-torus bundle over L(G, u) and has Lie algebra L(g, u). We 
equip the bi-invariant Lorentzian metric on L(G,u). Then L(G,u) is a symmetric space 
where a reflection at the identity is given by g M g-1. 

For an involutive automorphism p of G = L(G, u) we consider the quotient G/ k by 
the fixed point subgroup k = GP. The differential of p is still denoted by p. The Lie 
algebra g = L(g, u) is decomposed into the (±1)-eigenspaces g = t + m. Restricting the 
inner product on g tom we equip the G-invariant metric with G/K. Then Gjk is a 
symmetric space where a reflection at ek is given by [JK M p(g)K. 

From the structure theory of involutions of affine Kac-Moody algebras [7, 4, 5] there 
are essentially two kinds of involutions, namely 

(1) p satisfies p(c) = c, p(d) = d and p(u)(t) = p(u(t)) where p E Autg, p2 = id and 
up= pu, 

(2) p satisfies p(c) = -c, p(d) = -d, p(u)(t) = p(u(-t)) where p E Autg, p2 = id and 
up= pu-1 . 

We will always consider the latter one, called the involution of the second kind, so that 
the extension from L(G,u) to L(G,u) is not canceled in the quotient. 

By definition an affine Kac-Moody symmetric space is either an affine Kac-Moody 
group G (the group type) or the symmetric space G/ k with respect to an involution p 
of the second kind. Note that G can be written as the quotient GxG / ( GxG)P where 

GxG = L(G x G, u x u-1 ) is a slight generalization of an affine Kac-Moody group and 
p the involution of the second kind defined by 

p(c) = -c, p(d) = -d, p(u,v)(t) = (v(-t),u(-t)). (3.1) 

It was shown that G and G / k are tame Frechet manifolds, where an inverse function 
theorem is available [3, 13]. The unique existence theorem of the Levi-Ci vita connection 
and the conjugacy theorem of finite dimensional maximal flats are verified for affine Kac­
Moody symmetric spaces [13]. The concept of duality of symmetric spaces is extended to 
affine Kac-Moody symmetric spaces based on the theory of complex Kac-Moody groups 
[2]. The classification of affine Kac-Moody symmetric spaces is essentially equivalent to 
the classification of involutions of affine Kac-Moody algebras up to conjugation [5]. 

4 The isotropy representation 

The isotropy representations of affine Kac-Moody symmetric spaces are closely related 
to polar PF actions on Hilbert spaces. 
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Let 1r: L(G,CJ)-+ L(G,CJ) denote the projection. For each g E L(G,CJ) we write 
g = 1r(g). The adjoint action of L(G, CJ)= S1 ~ L(G, CJ) on g = L(g, CJ) is defined by 

Ad(g)c = c, 
1 

Ad(g)d = d - g'g-1 - 2llg'g-1ll2c, 
Ad(g)u = gug-1 + (g' g-1 , gug-1 )c 

for g E L(G, CJ) and 

Ad( eis) = c, Ad( eis) = d, Ad( eis)u = Us 

for eis E S1 [14]. Here us(t) := u(s + t). For the involution p of the second kind the 
canonical decomposition g = t + m is given by 

t = { u E L(g, CJ) I p(u(-t)) = u(t)}, 

m = {u+ac+,Bd I u E L(g,CJ), p(u(-t)) = -u(t), a,,B E IR}. 

The adjoint action of G on g induces the action of k on m, which is called the isotropy 
representation of G/ k. In the group case we define the isotropy representation of G to 
be the induced action of L( G, CJ) on g. 

Since the adjoint action preserves the inner product and the d-coefficient it leaves 
invariant the two-sheeted hyperboloid {x E L(g,CJ) I (x,x) = -1}, the hyperplane {u+ 
ac + d I u E L(g, CJ)} and hence their intersection 

which is geometrically interpreted as a horosphere of codimension 2. For x = d+u- llull;+1 c 
we have 

- ( Ilg* ull2 + 1 ) (e's, g) · X = d + g * u - 2 c s , 

where g * u = gug-1 - g'g-1 is the gauge transformation. Thus via the isometry 

r: L(g, CJ) -+ Hor(g), 

L(G, CJ) acts on L(g, CJ) by the gauge transformations. 
Recall that two isometric actions of A1 on X 1 and of A2 on X 2 are called essentially 

equivalent ([14, p. 167]) if there exist an injective homomorphism ¢ : A1 -+ A2 and an 
injective isometry cp: X 1 -+ X 2 which have dense images and satisfy cp(a • p) =¢(a)• cp(p) 
for a E A1 and p E X1. For r > 0 we set gr= H1([0, r], G), v; = H0 ([0, r], g) and 

P(G, LY= {g E gr I (g(O), g(r)) EL} 

for a closed subgroup L of G x G. Similarly we can define the P(G, LY-action on v; by 
gauge transformations. 

The following two propositions show the close relation between affine Kac-Moody 
symmetric spaces and polar PF actions ([17, p. 148], [7, Proposition 4.14]). 
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Proposition 4.1 (Terng [17]). Let G L(G,CJ) be an affine Kac-Moody symmetric 
space of group type. Then the isotropy representation restricted to Hor(g) is essentially 
equivalent to the P( G, G( CJ) )27' -action on ¼27'. 
Proof. The completion of L(G, CJ) with respect to the H 1-metric is 

{g: ffi.---+ GI g E H1, g(t + 27r) = CJ(g(t)) for all t} 
~ {g: [O, 27r] ---+GI g E H1, g(27r) = CJ(g(O))}. 

Moreover the completion of L(g, CJ) with respect to the H 0-metric is 

{u: ffi.---+ g I u E H 0 , u(t + 27r) = CJ(u(t)) for all t} 

~ {u: [0,27r]---+ g I u E H 0 }. 

This proves the proposition. □ 

Proposition 4.2 (Heintze-Palais-Terng-Thorbergsson [7]). Let G / k be an affine K ac­
Moody symmetric space. Then the isotropy representation restricted to Hor(g) nm is 
essentially equivalent to the P( G, GP X G(jPr -action on ¼7'. Here the inner product of ¼7' 
is defined by (u, v) := 2 J07r (u(t), v(t))dt. 

Proof. The completion of k with respect to the H 1-metric is 

{g: ffi.---+ GI g E H1, g(t + 27r) = CJ(g(t)), p(g(-t)) = g(t)} 

~ {g: [O, 27r] ---+GI g E H1, g(27r) = CJ(g(O)), p(CJ-1g(27r - t)) = g(t)} 

~ {g: [O, 7r] ---+GI g E H1, p(CJ-1g(O)) = CJ(g(O)), p(CJ-1g(7r)) = g(7r)} 

= {g : [O, 7r] ---+ G I g E H1, CJ-l PCJ-l g(O) = g(O), PCJ-1 (g( 7[)) = g( 7[)} 
= {g: [O, 7r] ---+GI g E H1, pg(O) = g(O), CJp(g(7r)) = g(7r)}. 

The completion of r-1 (m) with respect to the H 0-metric is 

{u:ffi.---+gluEH0 , u(t+27r)=CJ(u(t)), p(u(-t))=-u(t)} 

~ { u: [O, 27r] ---+ g I u E H0 , p(CJ-1u(27r - t)) = -u(t)} 

~ {u: [0,7r]---+ g I u E H 0}. 

This proves the proposition. 

These facts are summarized in the following table: 

Affine Kac-Moody 
symmetric space 

Isotropy 
representation 

Finite dimensional 
counterpart 

P(G, H x Kr,-,._ ¼7' 
(H := GP, K := G(jP) 

H,-,.,GJK 
Hermann action 

Group type 

L(G,CJ) 

G(CJ) ,-,., G 
sigma-action 

□ 
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5 The group type 

We will now focus on the case of group type. 

Proposition 5.1. Let GxG/(GxG)P be the affine Kac-Moody symmetric space iso­
morphic to G. Then the isotropy representation restricted to the horosphere is essentially 
equivalent to the P( G x G, G( CJ) x lj.G)1'-action on ¼eig · 

Proof. Recall that the involution p was defined by (3.1). We consider another involution 
f of the second kind defined by 

f(c) = -c, f(d) = -d, f(u, v)(t) = (CJ- 1v(-t), CJu(-t)). (5.1) 

Note that p and f are conjugate and thus the corresponding quotients are isomorphic. 
Then by the similar argument as in Proposition 4.2 it follows that the isotropy repre­
sentation of GxG / ( GxG)f restricted to the horosphere is essentially equivalent to the 
P(G x G, G(CJ) x fj.G)7'-action on ¼eig· D 

In the study of polar PF actions on Hilbert spaces, the author [10] studied natural 
isomorphisms between path spaces. The idea of the isomorphisms is essentially due to 
Pinkall and Thorbergsson [12]. More precisely, we consider two maps Sl : 921r -+ 91r and 
T' : ¼21r -+ ¼ei9 , which are respectively defined by 

Sl(g) = (g(t), g(27r - t)), Y(u) = (u(t), -u(27r - t)). 

It was shown that the P( G, G(CJ))21'-action ¼2,r is conjugate to the P( G x G, G(CJ) x fj.G)7'­
action on ¼ei9 via (Sl, T') [10, Corollary 3.3], that is, the diagram 

P(G, G(CJ)) 21[ ~ P(G X G, G(CJ) X fj.Q)7' 
(\, (\, (5.2) 

commutes. This together with Propositions 4.1 and 5.1 implies: 

Corollary 5.2. Let G = L(G, CJ) be an affine Kac-Moody symmetric space of group type 

and GxG / ( GxG)P the quotient isomorphic to G. Then their isotropy representations 
restricted to the horospheres are essentially equivalent to the P( G, G( CJ) )21r -action on ¼21[ 

and the P( G x G, G( CJ) x fj.G)1'-action on ¼eig respectively and these are conjugate via 
the canonical isomorphisms Sl and Y. 

This corollary suggests that the isomorphism G ~ GxG / ( GxG)P induces the canon­
ical isomorphisms (Sl, T'). Let us show this more explicitly. By conjugacy we can replace 
the involution p with f. Consider the map 

>..:GxG-+G 

whose differential is 

d)...: gEBg-+ 9, (u(t), v(t)) + ac + fJd c-+ (u(t) - CJ- 1v(-t)) + ac + fJd. 
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The inverse image A- 1 (e) of the identity e is (GxG)7". Thus it induces the isomorphism 

A: GxG/(GxG)7"-+ G. 

There is an isomorphism between the isotropy subgroups 

<p: L(G, O")-+ (GxG)7", g(t) r-+ (g(t), O"(g(-t))). 

The canonical decomposition gEBg = £ + m with respect to f is given by 

£ = {(u(t),O"(u(-t))) I u E L(g,O")}, 

m = {(u(t), -O"u(-t)) + ac + (3d I u E L(g, O"), a, (3 E ~}-

There is an isomorphism between the linear subspaces 

'I/;: g-+ m, u(t) + ac + (3d r-+ (u(t), -O"(u(-t))) + ac + (3d. 

We define the inner product of gEBg by 

1 
((u1, u2) + ac + (3d, (v1, v2) + 1c + 8d) = 2( (u1, u2)£2 + (v1, v2)£2) + a8 + f3r-

Then the isotropy representations of L(G, O") on g and of (GxG)7" on mare conjugate 
via <p and 'I/;. Moreover 'I/; induces the isometry 

'I/;: Hor(g)-+ Hor(gEBg) nm, 

which induces 
'I/;: L(g, O") -+ r-1 (m), u(t) c-+ (u(t), -O"(u(-t))). 

Since O"(g(-t)) = g(21r - t) and O"( u( -t)) = u(21r - t) the diagrams 

____'!'___,, 

(5.3) 

and 
L(g, O") ~ r- 1 (m) 

1 1 (5.4) 

V21r ______'l"_____ v1r 
g ------, g$g 

are commutative, where the vertical arrows denote the injective maps with dense images 
given in Propositions 4.1 and 4.2. In this way the isomorphism A induces (rl, Y). 

Recall that the sigma-action G(O") r""+- G can be viewed as a Hermann action G(O") r""+­

(G x G)/ D.G. In fact, the diagram 

r"+-

id 
---+ 

(5.5) 
(G x G)/6.G 
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commutes, where ¢(a, b) := ab-1 . To consider the relation between this diagram and (5.2), 
we recall the concept of the parallel transport map. This is an equivariant Riemannian 
submersion <I>: Vg -t G defined by <I>(u) = g(l) for g E P(G, { e} x G) satisfying g-1g' = u. 
It follows that the diagram 

GxG ,., G 

commutes, where w0 is defined by w0 (g) := (g(O), g(l)). If a compact symmetric space 
G / K with projection p : G -t G / K is given, we consider the com position <I> K : = p o <I> : 
Vg -t G -t G/ K, which is called the parallel transport map over G/ K. It follows that 
the diagram 

P(G,G x K) 

G ,., G/K 

commutes, where p0 : G x G -t G denotes the projection onto the first component. For 
the interval [O, r] for each r > 0, we can similarly define <I>r : v; -t G, <I>k : v; -t G / K 
and so on. In particular the following diagrams are commutative: 

P(G, G(a)) 21r ,., 

(WG)21r _j,. 

G(a) 

and 
P(G x G, G(a) x l:::,.G)" 

G(a) 

v21r 
9 

G 

<I>X.c .j,. 

,\, (G X G)/ l:::,.G. 

Furthermore, from the properties of (D, Y), the following diagrams are commutative [10, 
Theorem 3.2]: 

P(G, G(a)) 21r ~ P(G x G, G(a) x 1:::,.G)" 

(\J!G)2~ 1 pGXGo(\J!GxGr 1 (5.6) 

G(a) 
id 

G(a) -----+ 
and 

v21r T 
¼~9 9 -----+ 

~2~ 1 ~xc l (5.7) 

G ~ (G x G)/ !:::,.G. 

In this way, (D, Y) are closely related to (id,¢) via the parallel transport map. 
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As a consequence, the isomorphism A between G and ( GxG)f induces the canonical 
isomorphisms (0, Y) and these are closely related to the isomorphisms (id,¢). These 
relations are summarized in the following table. 

Affine Kac-Moody 
symmetric space 

Isotropy 
representation 

Finite dimensional 
counterpart 

References 

6 = L(G, c,) 

P(G, G(c,)) 2" ~ ¼2" 

G(c,) ~ G 

A 
GxG/(GxG)f ~ 

(r!, T) 
~ P(G X G, G(c,) X t::.G)" ~ ¼ffig 

(id,¢) 
~ G(c,) ~ (G x G)/ t::.G. 
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