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Construction of modular polynomials for families of

elliptic curves and its algorithm
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Abstract

We describe an algorithm for computing modular polynomials for the coeflicients of elliptic curves.
In particular, we consider the modular polynomials for Montgomery curves and Hesse curves. The
algorithm is based on the method of Broker-Lauter-Sutherland and uses the action of the ideal class
group of an imaginary quadratic field. We also present the results of the implementation of the
algorithm.
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BT 2 2 TRDHNE. ZOBEDOFHE IR M, 1ZO(/?) B F, DWHHATH 5.
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(a) B & (-[ARERFEMERD LR 1, ..., je ZRTRD B, (2051, cl(0) & cl(O') DG
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3.1 Montgomery Bi#R
Montgomery Hfi#fid, LT OB OFEHIFRTH 5.
My y? =2 + Az + = (2)
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B {(1,£VA +2),(0,0),00} & Ca £ . TDEE, —DOD Montgomery BifRk Ma,, Ma, DIIC Cy, %
Ca, WRETHITGIEDHET 52 X Ay = Ay DA TH 5.
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L XY IBLTHE#5.
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3. 0% O X T EXH NTL, (1+1). S2Tpd N 22 RHEHE 5.

4. Aj, Ay € CITRILT, PR (A1, A9) =0 THBZ 22 Ma, & Ma, DIICKE N XFEFEGHTH -
T Ca, % Ca, BT LODBEET 5 2 ¥ HFEE.
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3.2 Hesse i
Hesse HifRi%, DUT D2 LEFR SN 2 MR TH 5.
Ha: X34+Y3+ 23 =3dXYZ. (3)
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1. DR O EFERENEECHZEN T 2B N T OEE p 2ENE L VDL EIET 220120
FTH B, 2,134 77 NAVEROIERA D HFTE I N2 RS Z 7z 3 FEEG» H R E 2R —B Lk
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F48 2
FH L > 5 ¥ Hesse ERDRBUC T2 EY 2 5 —Z X 04 1T LT, LITAM HIro.
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X (5) B S0

2. IZDOWTIE, RO Ffp 25 £ A Z 2 TR T E 2. BARINCIZLL T2 D 312



EIE 2
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(0,0) € M4 A Mu(F,) OHE—DRE 2 DHTHS. Zh kb, F, O Montgomery FHERD I oD [+ 545
L Mg — Ma i 1((0,0) = (0,0) BiiZz3. COZehd A2 = AP HES. LAL, p=3mod4 &b,
Mo ¥ Mg & T, EARITRW. XoT, A=A TH3. 1
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M5 E ¥ F, L[R2 Hesse it Hy DFAET 5.

wiF, FO 103 FRE T 2. p=2mod3 D, w¢F, TH3. koT, £(-1:0:1) € Hy D
Ha(Fp) DN 3 DRDETTHS. £z, Hal3] LD p F Frobenius BEEDEF R b, TOH5DEYE
+(-w:1:0)DATH2. io7T, F, D Hesse HFROMIDFEMEGR o : Hy — Ha 1Z((-1:0:1)) =
+(=1:0:1) BEF((~w:1:0)) =+(~w:1:0) Z{ifi/=F. T T Weil pairing ZfRDZ & & HW
22, INLDFGDR T B ZePRENDS. LoT, b LIE 2 (-1:0:1) & (—w:1:0) 2D

MGGy 725, B, d=d TH%. '
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Montgomery B Y Hesse HFRDBRBUCHT 2 EY 2 7 —ZHADFHE T VDY XA HELFHE L
FHRIZOWTIER S, 743V XA ¢ RAFIFETNT Vélu DR Z Wb D ¥ 4 77 VETER T
% [BLS11] O AIED 2 D% FEEL 7z, F2E Julia BE O Z DIRR RNy 7 — P TH % Nemo 2 HWTIT-
7=, FEERERBEIX, Apple M2 Pro, 16GB RAM, macOS 14.2.1, Julia 1.10.2, Nemo 0.40.1 TH 3. £ 11Z
Montgomery Hiff & Hesse HHERDFRENCEI T 2 €Y 2 7 —ZHA D HERM 2 /RS, RAPD Vélu 1 £ KA
FEEMRFHEIC Vélu DANE W % /57, BLS11 &4 77 VR R W% [BLS11] O EETH 5.
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7% 1: Montgomery HBifR & Hesse RO RENCEE T 2 £ 2 7 —ZIHAXOFHHE R (1), 7 Vélu" 1 ¢ X[EH
BT Vélu O % W5 751, "BLS117&E A 7 7 VIR Z FWv % [BLS11] D /7.

L Montgomery Hesse

Vélu | BLS11 Vélu | BLS11
101 14 122 101 41
103 17 125 66 34
107 22 137 78 39
109 21 139 83 38
151 78 272 323 76
503 | 8,132 | 13,7750 | 51,240 | 5,233

#

AR, RBED EREIICRD 720 OFFERFE (JPJ000254) | (2B 2 Bt L& 27e fiEiE
5% — ¥ 2D 72 DF AT AN T 2 WHZEHIE ) DR TH %,

2 £ X M

[BDFLS20] Daniel J. Bernstein, Luca De Feo, Antonin Leroux, and Benjamin Smith. Faster computation

[BLS11]

[BS09)]

[CK19]

[CLO5]

[CRSCS22]

[EIk98]

[Onu23]

of isogenies of large prime degree. In Steven Galbraith, editor, ANTS-XIV - 14th Algorithmic
Number Theory Symposium, volume 4 of Proceedings of the Fourteenth Algorithmic Number
Theory Symposium (ANTS-XIV), pages 39-55, Auckland, New Zealand, 2020. Mathematical

Sciences Publishers.

Reinier Broker, Kristin Lauter, and Andrew V. Sutherland. Modular polynomials via isogeny
volcanoes. Mathematics of Computation, 81(278):1201-1231, 2011.

Reinier Broker and Andrew Sutherland. An explicit height bound for the classical modular
polynomial. Ramanujan Journal, 22:293-313, 09 2009.

Leonardo Colo and David Kohel. Orienting supersingular isogeny graphs. In Number-
Theoretic Methods in Cryptology 2019, 2019.

Denis Charles and Kristin Lauter. Computing modular polynomials. LMS Journal of Com-
putation and Mathematics, 8:195-204, 2005.

Maria Corte-Real Santos, Craig Costello, and Jia Shi. Accelerating the Delfs-Galbraith
algorithm with fast subfield root detection. In Yevgeniy Dodis and Thomas Shrimpton,
editors, Advances in Cryptology — CRYPTO 2022, pages 285-314, Cham, 2022. Springer

Nature Switzerland.

Noam Elkies. Elliptic and modular curves over finite fields and related computational issues.

In Computational Perspectives on Number Theory, pages 21-76, 1998.
Modular polynomials for enhanced elliptic curves, In Proc. of SCIS 2023, 2023.



[TKF+21]

[VélT1]

29

Yasushi Takahashi, Momonari Kudo, Ryoya Fukasaku, Yasuhiko Ikematsu, Masaya Yasuda,
and Kazuhiro Yokoyama. Algebraic approaches for solving isogeny problems of prime power
degrees. Journal of Mathematical Cryptology, 15(1):31-44, 2021.

J. Vélu. Isogénies entre courbes elliptiques. Comptes-Rendues de I’Académie des Sciences,
273:238-241, 1971.





