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Abstract
We will give the Zariski closure of the image of polynomial mappings from the set of all complex
square matrices of order n to a tensor product of irreducible representations of the complex general
liner group of degree n. In this paper, we give the Zariski closure of the image of polynomial mappings
from the set of all complex square matrices of order 4 to a tensor product of spaces of alternating
2-tensors on 4-dimensional complex vector spaces. We also describe features of the Grébner basis of
the ideal defining the Zariski closure.

1 FE
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k=1
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EHOTI L7 F—HED 2 RERLHADITTERD L HICHEEHT:
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4 THEFRIESTTH A € My(C) DA% a;; eCF5. HL1<i,j <42 T3 2O 36MHD2X
BFRZEAEZLU R TERT2: 1<p<q<4,1<r<s<4iTHLT,

qurs = QprQgs — ApsQqr.

Z LT fogrs VT, C10 2 My(C) 206 CO NDZIHAER f 2RO KD KCEHT 5:

ZOrE f(CO) CcCHO VY RAFFHEERD &.

1.2 FRIED

f:C¥ - 36 (asj) = (fpqrs)-

EISI=]
B>

4 R —IHNIE GLy(C) OBHIRIE \2CH 5L, ZOL %, C MM CI6 = M, (C),C% =

A Cro A2 C* =2 My(C) TH 225, ZIHNG £ 1%

[+ My(C) — Ms(C); (aij) = (br1)

LAHIRED (2, 3] L, by = fogrs = Qprags — Qpsagy THB. DF D, 1.1 i THRRZIHAER
f:C — C36 1%, 4 KERIEHFTHNRIKDES My(C) 205 6 KERIESFITHRIKDES Ms(C) ~NDBEAR
LRERREHRTH 5.

F 72, n REEREEE GL, (C) DBEEZEBLZ, C, A°C™, .., NV'CrTH 3. Xk oT, BIIRE
NCr e 7oA NP Cr @ NP O, n RERIESTTHI2KRDES M, (C) © C B2 L LTORTT
% zhzh, dime A¥C", dime A¥C" @ A" Cr dime M, (C) & L, SHET 2 LU RO@EY TH 2. L,
n=1,....5t3%. ¥, k=00¢ = dimc\°C"=12% 3.

k| dime AFC! | dime AFC @ AFC! | dime M;(C) k | dime AFC* | dime A"C* @ AFC* | dime My(C)
0] 1Co=1 1Cy x 1Co=1 1 0] 4Co=1 1Co x 4Co = 1 16
1 4C1 =4 4C1 x 4C1 =16 16
k | dime AFC? | dime A C2 @ AFC? | dime My (C) 2| 4Cr=6 4Cs x 4Cy = 36 16
0 20y =1 2C x 2Cy =1 4 3 403 =14 4C3 x 4C3 =16 16
1] .0 =2 2Cy x50y =4 4
k| dime AFC? | dime A"CP @ AFC® | dime M;5(C)
k | dime AFC3 | dime AFC3 @ A¥C3 | dime M3(C) 0] 5Co=1 5Co x 5Cp =1 25
0] sCo=1 3Co x 3Cp = 1 9 1| ¢ =5 5C1 x 50y = 25 25
1| s¢,=3 3C1 x 301 =9 9 2| 5C=10 5C2 x 5C5 = 10 25
2 3Cy =3 30y x 3C =9 9 3| 5C5=10 5C3 x 5C3 =10 25
4| 5Ci=5 5Cy % 5C4 = 25 25

22T, dime A"C" @ APC" £ 1, dime M, (C) #1552 %,

k

dime /\ C" &0 \ C* # dime M, (C)

Y5 XS RRITHERNDERIRIZE X 5 &, 4 JUTEBHZER C @ 2 ROLZRT > VL% \* C4
TH5b. LdoT,n=4,k=205E0MERETCYIAFHUEEZ 5.
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CORTEH 1 AT BTS2 ) 2 F D AR Z BN 2.

IR, A 771 = (z1 — fi212, %2 — f1213,- -, T36 — faaz4) C Clz1,...,%36,a11,...,024] DT LT F—
HEEZ G35, 72720, FIEAEFIX a11 > aip > - > agq > 21 > a9 > -+ > x36 1T 5 2REGEE
ERIEF LT 2. £, Ty 7 UH—F ATV R L% HEHT 3.

AERRL IOV 7K G

T33T34 — T32%35 + T31236,
G =1 aax34 — 4335 + Qa2236, .. ., . (1)

2 2
—XoTo7T29T3T3oT7 + +++ — A12T1X56T36T6TLY

%1_%:%%% 2.16 W@(ﬁf?l/7ﬂ‘v—%f£§ G16 = G N (C[xh .. .7l'36} %%1‘%}3—5 X

Gro— ) T33T34 — T32035 + 2317365 - - -,
16 =
2.2
—Z4T8T10T25T26L29X32 + +++ — TITZT26X27L33T36
={g1,...,9m2} (2)

FEASE 3. 16 KDMEA F 7 I = (Grg) DIEH 2RI,

gl(xl,...,xgﬁ) :O,
V(gl7 s 79772) = ('Tlv s 7~T36) € (C36 . (3)

grra(w1, ..., 236) =0

FHAAGR 4. F(C0) OF Y RFHWE f(C6) xBL. ZDE X, f(C9), f(CI), V(gy,...,gm) DEE
BIRIIRDED TH 5
f(C'%) C f(C16) =V (g1, .., gmr2). (4)

2T, R4 PEYILOMHEBRS. F9, ROERHBD LD (1]

FIE 1 (ZEAREFHFRTIEL)

ERIERIKE U, F k™ = k™ (t, ..o tm) = (At tm)s e fa(te, oo tm)) 22HRGHBE 2. &
B, AFTNT R T = (1 — fi,. . o — fn) CE[t1, .. b, @1, ] TEFRL, Ly = TN k[z1, ..., 2]
EmROMEATTNETE. ZOLE, V(1) & FE™) C k" OV ) AFHUTH 5.

FoT, W1 Tk=C,m=16, n = 36, 16 XJL7 7 4 > Z4B C® ¥ 36 XoL7 7 4 >4 C36 O
FEAFER 2 TN Clarn, . .., aaa], Clo, ..., @s6], f1 = fiz1i2, f2 = f1213,---, f36 = faaza B L, R
(1), (2), 3) &b, 774 YREZHIK V(I16) = V(gr,....g9m2) 2145, WA, T 1 OFRID

f(CO) C f(C1) =V (Li6) = V(g1,....9772), THDB f(C'O) C f(C) =V (gn,...,9772) BES.
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ZDFETIE, 16 ROHBEET L 7T F—RK Gig DFHEIBRTZIC, ZRUTEEND 2 RERZHADRR
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3.1 16RDBEEITLTH—EEK G DR
FLOIT, 16 RDEES L 7 F— K G DRI TR D@D TH 5.
o #Gg = T72.
o 16 RDHET L T F—HIE Gig DITLRFXZHATH 5.

G16 DT %5
2 XERZIHA 40
IXRFXRZIEN | 294
AXRBFRZIHA | 342
5 XAXRZIHN 18
6 KERZIHA 70
7 RERZHA 8

k72, RAIC 2, DI E % weight(z;) = (0 <i <n) THA, PR 22l - 2dr DR %
weight (z]' x)? - - xin) = Zzyz

LEDD. ZDLE FTNTOEHPFELWEIHAZFEZIHA L X [4]. AT 16 ROEE TV 7 —H
EGlﬁ @ﬁbilﬁji Iﬁffﬁé t%) \7\77‘07’:_ lex_bi g = T1T12—T2T11 +T3T10+T4T9—T5T8+TeL7 € G16
rde,

weight(z1212) = weight(—z2x11) = weight(xsx19) = weight(z429) = weight(—zs5xs) = weight(zex7) = 13
Thb. & >TC, g BIRIEZEXTH 3. §7C7 g = T1T36 — ToX35 + T334 + L4233 — T5X32 + Tex31 + T7T30 —
TgTag + ToTag + T10T27 — T11T26 + T12%25 € Gi6 L B &,

weight(x1x36) = weight(—z2235) = weight(z3x34) = weight(zyx33) = weight(—z5232) = weight(xexs;)

= weight(x7230) = weight(—xgza9) = weight(zexeg) = weight(x10227) = weight(—x11226) = weight(z12225)
=37

TH3. £oT, g IAELHNTH 3.

3.2 16 RDHEEITLTF—EEG,; D2REFRZIER
16 ROMPEZL 7F —HIE Gig D 2 XERZHNIILUTOREHOTEHEET Z N TE 5!

Q a, b, d Zb xak+b$—ak+d§ a,a, b,d € Z.
k=1
7272 L
1 k=0,1 d 3
s(k) = (k=0,1 mod 3)
-1 (k=2 mod 3)

3%, BUR, I(a,a,b,d) ZHWVT 16 ROBPEI L 7 F—HIK Gig D 2 XRERZHA L EZET.
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3.2.1 a=30D2XFRLIER
40 D 2 RERZLIHAD S B, a =3 D2 RXFRZLHAILTT 12H2. ZhoD55H, XD 6 1f#

T1T6 — T2T5 + T3T4, T7T12 — T8T11 + T6X10, T13T18 — T14T17 + T15T16,

T19T24 — T20T23 + T21%22, T25T30 — T26T29 + T27T28, T31T36 — L32T35 + T33T34
EUUToOREF-oTEEEHE 5!

T6n—5T6n — T6n—4aTLen—1 + Ten—3Ten—2; 7 =1,...,6.

X512, 2O Ia,a,b,d) ZHOTRD XS ICEHEZEY 2.

3
T6n—5T6n — Ten—4Ten—1 T Len—3Ten—2 = E S(k)mlk+6n—6x—k+6n+l
k=1

1
31(6.1,6n —6,6n+1); n=1,....6.

7z, HD D6 i

T1T31 — T7x25 T T13219, T2X32 — T3T36 + T14T30, L3L33 — T9T27 + T15T31,

T4T34 — T10%28 + L16L22, TsT35 — 11229 + T17223, LeT36 — T12T30 + T2sT24
HRONE o THEHEES:

TnTn430 — Tnt6Tni24 + Tnp12Tni1g; n=1,...,6.

Eoz, ZORE I(a,a,b,d) ZHWTEHEEE S:

B

TpTn+30 — Tnt+6Tn+24 T Tnt12Tnt18 = S(k)I6k+n—6I—6k+n+36

ol
Il

1

1(6,6,n —6,n+36); n=1,...,6.

N =

FeHdy, 2D a=3 D2 XEXZENT 2HOATEEEE 3!

1 1
5](6,1,6n—6,6n+1), 5](6,6,71—6,71—!—36); n=1,...,6.

3.2.2 a=602XFRZIER
a=06DZHERIIEIMT 24 [MBD 3. FIDIZ, KD 40D 2 KERZIHK

T1T12 — X2X11 + T3T10 + T4T9 — Ts5T8 + TeX7, T1X18 — T2T17 + T3X16 + T4T15 — L5214 + TeL13,

T1T24 — T2T23 + T3T22 + T4T21 — T5X20 + T6T19, T1T30 — T2T29 + T3T28 + TaTar — T5T26 + TeT2s

B TFOAZM o THEEY 5:

6
Z S(k)l‘kl'_k+6n+7; n = 1, e ,4.
k=1
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X5, 2D (o, a,b,d) ZHIWTHEEYR %:

6
Zs(k)xkx_k+6n+7 =1(6,1,0,6n+7); n=1,...,4.

—

k=
KD 3ED 2 REFKRZIERA

T7T18 — XgT17 + T9T16 + T10T15 — L1114 + T12213, T7T24 — TeT23 + T9Ta2 + T10T21 — L11T20 + T12T19,

T7T36 — TgT35 + ToT33 + T10T32 — T11T31 + T12T30

BUTORZM - THEZEY 5:

Z $(K)Th 46T —p43n2—3n410; P =1,...,3.
k=1

BlioCHEEYS. X512, 20X (o, a,b,d) EFANVTEHEHEY 3:
6
Z (k)T 46Tt 3n2—3nt10 = 1(6,1,6,3n° —3n+19); n=1,...,3.
k=1

RD 48D 2 XFRZ I

6

T13T30 — T14T29 + T15T28 + T16T27 — T17T26 + T18T15, T13T36 — T14T35 + T15T34 + T16T33 — T17T32 + T18T31,

T19T30 — T20T29 + T21T28 + T22T27 — T23T26 + T24T15, T19T36 — T20TL35 + T21T34 + T22T33 — T23T32 + T24T31

BUTORXEMo THEERS:

6
Zs(k)$k+6m+6$0—k+6n+25; m=12 n=12
k=1

X512, 2OREF I(a,a,b,d) ZRHVWTEEEES:

6
> s(k)ktom46T—ki6nt2s = 1(6,1,6m +6,6n +25); m = 1,2, n=1,2.
k=1

RD 1EAD 2 KFRZIHN
To5T36 — T26T35 + T27T34 + T28T33 — T29T32 + T30T31

BHUTORZ{ o THEEYE 5:
6

Z 5(k)Thy24% _y37-
E=1

X512, 2ORE I(a.a,b,d) ZFAVTEZEE3:
6
j{:s(k)rk+2¢r,k+37::](6,1,24,37)
k=1

RD 4EHD 2 REXRZIHA

T1T32 — T7x26 + T13%20 + T19T14 — T25T8 + T31T2, T1x33 — T7T2r + T13T21 + T19T15 — T25T9 + T31X3,

T1T34 — T7x28 + T13%22 + T19T16 — T25T10 + T31T4, T1T35 — T7T29 + T13%23 + T19T17 — T25T11 + T31T5
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BHUTORZM o THZHEYE :

6
Z s(k)xek—52_ektntsr; n=1,...,4
=1

X512, 2OoREF I(a,a,b,d) ZRHVWTEZEES:

6
Z s(k)mek_5m_6k+n+37 = 1(6, 6,—5,n + 37); n=1,...,4.
k=1

KD 3ED 2 REFXRZER

ToT33 — TyT27 + T14%21 + T20T15 — T26L9 + T32T3, T2T34 — TeTag + T14T22 + T20T16 — T26T10 1+ T32T4,

ToT36 — T8T30 T T14%24 + T20T18 — T26T12 + T32T6

BUTOREMF-o THEEES:

E S(k)zﬁk—4l'_6k+%nz_%n+39; n=1,...,3.
k=1

X512, ZONE I(a,a,b,d) ZHWVTEEEY S:
¢ 1 1
Zs(k)xek—4$76k+%n2*%n+39 =1 <6767 —4, 5“2 - 5” + 39) ;= 1... ’ 3.

k=1

KD 4 fEHD 2 KFEXZHA

T3T35 — T9T29 + T15%23 + T21X17 — T27x11 + T33L5, T3T3e — T9T30 + L1524 + T21218 — T2rX12 + T33%6,

T4T35 — T10T29 T T16T23 + T22T17 — T28T11 + T34T5, T4T36 — T10T30 + T16T24 + T22T18 — T28T12 + T34T6

BHROR Lo THEE :

6
Zs(k)$6k+m—4x—6k+n+40§ m=1,2,n=1,2
k=1
X512, 2O I(a,a,b,d) ZHWTEHEER 5!
6
> 5(k)6km-aT—ghsnrao = 1(6,6,m — 4,n+40); m = 1,2, n = 1,2,
k=1

RIRIT, KD 1D 2 ERZIHN
T5T36 — T11T30 + T17T24 + T23T18 — T29T12 + T35%6
BUTORZE > THEHEYES: )
Z s(k)Tek—1% ka2

k=1
X512, ZORE (o, a,b,d) ZFNVTEEEY 3:
6
> s(k)aer—17_grraz = 1(6,6,—1,42).
k=1



FrHde, 24D =602 XREXZIHEA SHOXTHEHEL 3.

1(6,1,0,6n+7); n=1,....4, (5)
1(6,1,6,3n> = 3n +19); n=1,...,3, (6)
I(6,1,6m+6,6n+25); m=1,2 n=1,2, (7)
1(6,1,24,37),
1(6,6,—5,n+37); n=1,...,4,
I <676,74,1n2 — 1n+39> in=1,...,3,
2 2
1(6,6,m —4,n+40); m=1,2, n=1,2, (8)
1(6,6,—1,42).
3.2.3 a=28®M2RFERZER
=802 XRHERZIHNIILTD 3HTH %:

T1T36 + TeL31 — TT2g + ToTag + T10T27 — T11%26 + T13%24 + T18%19, 9)

T1T36 + T334 + L4233 + TeT31 — T8T29 — T11%26 + T14T23 + L1720, (10)

— Z1%36 + Ta%35 + T5T32 — TeL31 — ToZag — T10%27 + T15%22 + LT16T21- (11)

Zho xR (5), (6), (8) Bffio THEMET.
Feowg, XG)iEm=0,n=1,RX6)ITn=5%2HV 2,

1(6,1,6,31),1(6,6,—5,42)

THs. ZhooMEHET 2L

6 6

1(6,1,6,31) + 1(6,6,-5,42) = > s(k)wriet—krs1 + P 5(k)Ter—5T_6kta2
k=1 k=1

= 136 + TeT31 — TeT29 + T9T28 + T10T27 — T11X26 + T13%24 + T18T19
e7b, X9 2115, £oT, X (9)
T1T36 + TeTg1 — TeTag + ToTag + T10Tar — T11%26 + T13T24 + L1819 = 1(6,1,6,31) + 1(6,6, —5,42)

CHEHEES.
Kz, G IKn=5RB)Im=0,n=1%2Hn3L

1(6,1,0,37),1(6,6,—4,41)

TH5. ZhooMzFFHRT S

1(6,1,0,37) + 1(6,6,—4,41) = Y s(k)x@eis7—k + Y _ S(k)Tm—at6kTnra0— ok

6 6
k=

1 k=1

= T1T36 + T3T34 + T4T33 + T6T31 — TeT29 — T11T26 + T14T23 + T17T20
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r 7D, 3 (10). LEA-T, & (10) 1
= 21236 + T3T34 + TaZ33 + TeT31 — TeTog — T11L26 + T14%23 + T17220 = 1(6,1,0,37) + 1(6,6, —4,41)

rHEHEES
BB, R KKm=1,n=0,RXG)In=5%FH3L
1(6,6,—3,40),1(6,1,0,37)
THb. IhoDiEHNTEE

6

6
1(6,6,-3,40) — 1(6,1,0,37) = > s(k)wor—s7_ckra0 — P 5(k)TrT_kys7
k=1 k=1

— T1Z36 + T2T35 + T5T32 — TeT31 — T9Tag — T10T27 + T15T22 + T16T21
b, X (11) 2185, Lo, A (1) &
—T1236 + T235 + TsTaz — LT3 — ToTag — T10T27 + T15T22 + L1671 = 1(6,6,-3,40) — I(6,1,0,37)
CHEXEES. Fr0dr, 3HD a =802 XFXZHAIIK (5), (6), (8) ZHWTHZEES
1(6,1,6,31) + (6,6, —5,42), 1(6,1,0,37) + I(6,6,—4,41), —I(6,1,0,37) + I(6,6, 3, 40).

3.2.4 o=1202RXFERZER
a=12D 2 XERZHNZ1ETH 5:
g = T12T36—Tal35+T3T34+TaTa3 — TsTa2 +TeX31 +LT7T30 — Lelag +LoLag +T10Ta7 — T11T26 + T12T25. (12)
Zhzei (5), () 2o THEEEHT. XG)Kn=5X(TNKm=0n=12Hn3L
1(6,1,0,37),1(6,1,6,31)
ThHb. INHOMEFHT L

12

1(6,1,0,37) + 1(6,1,6,31) = > s(k)ara k137 =g
k=1

i, K (12) 2185, 32, a=12D 2 XFRZENIEKX (5), (1) EHVTEEEE 3

1(6,1,0,37) + I(6,1,6,31).
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