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An elementary reproof of Banchoff-Fabricius Bjerre 
formula for polygons by panorama views 

Mahito Kobayashi * Takashi Sano t Minoru Yamamoto + 

Abstract 

Panorama views is a tool for shape detection. Using this and a new characteristic 
to generic height functions, we give an elementary reproof to a theorem by T. 
Banchoff on the shape of polygons, which is a PL-version of the well-known formula 
by Fabricius-Bjerre. 

1 Introduction 

For a smooth closed and regular plane curve C, the following formula in [Fbl] for 
C satisfying certain generic conditions is known as Fabricius-Bjerre formula: 

where 

ttBti denotes the number of bi-tangent lines to C of type I (monoside bi-tangent), 
ttBt2 denotes the number of bi-tangent lines to C of type II (biside bi-tangent), 
ttlfx denotes the number of inflexions, and 
ttD denotes the number of double points of C. 

Here a straight line L in R2 is called a bi-tangent line if it is tangent to C exactly 
at distinct two points and is called type I if C locates in the same side of L near the 
two tangent points, while it is called type II otherwise. We note that C is assumed 
to have no non-simple points other than a finite number of normal crossings and to 
have no straight line tangent to C at more than two points. In Figure 1, we put 
two examples of this formula. 

In [Ba] Banchoff proved the same formula for a piecewise linear closed plane 
curve C (polygon, in short) when it satisfies some generic conditions. Namely let 
C be a polygon with k vertices Vi (i = 1, · · · , k) whose edges ViVi+l are denoted by 
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#Btl= 3 

#Bt2= 0 

#Ifx= 2 

Figure 1: Fabricius-Bjerre formula, two examples 

#Btl= 4 

#Bt2= 1 

#Ifx= 2 

li, where Vk+l stands for v1. A straight line L is tangent to C at a point x E C if 
either; 

(a) x = Vi and one component of R 2 , L is disjoint from li-1 U li (lk U li, in case 
i = 1), or 

(b) x lies in Intli for some li. 

We say that C is non-degenerate if no three vertices are placed on a straight line and 
further no three edges are extended to straight lines meeting at a single point. The 
non-degenerate polygons are generic and we consider only non-degenerate polygon 
C in the following. Any tangent line to C of the (a) type is tangent to C at most 
two distinct vertices and that of the (b) type contains no other vertices of C than 
Vi-1 and Vi. The bi-tangent line to C and their types (type I or type II) are defined 
in the same way as in the smooth case and they are of a finite number. An edge 
li of C is called an inflexion edge if the two adjacent vertices Vi-1 and Vi+2 lie in 
the different sides of the straight line containing li. Any non-simple point of C is 
a transverse intersection by certain two edges li and lj. Then the same formula as 
Fabricius-Bjerre holds for a generic polygon C, where ~Ifx in this case denotes the 
number of inflexion edges. 

The purpose of this paper is to show the formula for non-degenerate polygons in 
an elementary way by introducing a characteristic to a generic height function of C. 
Before that we introduce a tool for shape analysis of a polygon named Panorama 
view. We note that the Fabricius-Bjerre formula for smooth closed curves are gen
eralized by Fabricius-Bjerre [Fb2] and by others such as in [Ha], [Pi] and [Th], etc .. 

2 Panorama views 

We introduce the panorama views by following [KSY] (refer also to [KS] for smooth 
case), in a little simplified style that fits to our purpose to show Fabricius-Bjerre 
formula. For 0 E [O, 1r] let he : R 2 --+ RP1 be the map defined by he ( x, y) 
x cos 0 + y sin 0, and let 

H: R 2 x [O, 1r] --+Rx [O, 1r] 
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be the map given by H(x, y, 0) = (he(x, y), 0). 
Note that he is an orthogonal projection onto the line at O of direction ( cos 0, sin 0) 

and for the restriction he IC, we define its singular points as follows ( refer to Fig
ure 2): 

( X, y) E C is a singular point of he IC if and only if the line ho l (a) for 
a= he(x, y) is tangent to Cat (x, y). 

C 

Figure 2: Singular points (bold) of helC 

For the restriction He = HIC x [O, 1r], set 

SHc = {(x,y,0) EC x [0,1r]; (x,y) is a singular point of helC} 

and we define 

PV = H(C x [0,1r]) and PVo = H(SH0 ), 

which are referred to as the Panorama view image and the Panorama view locus of 
C, respectively. A sample construction is given in Figure 3. 

Each edge li of Chas a special 0 = 0i E [O, 1r] which gives the normal direction 
to li that li is projected by he onto a single point, say a = he(li)- Then the He 
image of li x {0i} is a single point (a,0i) E IR x [0,1r], which we denote by (li)- By 
the same reason, for a straight line L in IR2 and its normal direction 0L, we denote 
the point (a, 0L) E IR x [O, 1r] by (L), where a= heL (L). Using these notations, one 
can see the following correspondences between C and its panorama view locus PVo. 

Theorem 2.1 ([KSY]). Let C be a non-degenerate polygon C with vertices v1, · · ·, 
vk and edges h, · · ·, lk. 

1. PVo is a curve in IR x [0,1r] broken into certain sine arcs (v1), · · ·, (vk) at the 
points (h), · · ·, (lk)-

2. The sine arc ( vi) in 1 is the locus (Ls) by a family of tangent lines Ls to C at 
vi, for a certain parametrizations of the tangent lines to C. 

3. A straight line L in IR2 is bi-tangent to C at Vi and Vj if and only if the point 
(L) E IR x [O, 1r] is a normal crossing by the arcs (vi) and (vj) in 1. 

4. An edge li is an inflexion edge if and only if the point (li) E IR x [O, 1r] is a cusp 
joint of the two arcs ( vi) and ( Vi+1) in 1. 
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Figure 3: Panorama view for a polygon 

Remark The cusp joint in 4 of Theorem 2.1 stands for the following point of 
PVo. Letµ: IR x [0,1r]-+ [0,1r] be the canonical projection µ(u,0) = 0. By 1 of the 
theorem the two sine arcs (vi) and (vi+1) are jointed at (li)- The point (li) is called 
a regular joint in case µ restricted to a neighbourhood of (li) in PVo is an injection 
and a cusp joint otherwise. 

3 B-characteristic 

Let C be a non-degenerate polygon. We say that a restriction h : C -+ IR of the 
orthogonal projection IR2 -+ IR to the y-axis of IR2 has the Morse property if the 
level set h-1 ( t) for any t E h ( C) consists of a finite number of points and further, 
all the singular points of h (in the sense defined for he IC in Section 2) have distinct 
values. For h with Morse property we define a number B(h) as follows. Let p be 
a singular point of h. We count each regular point q E C on the critical level line 
h-1 (c), c = h(p) with weight by +1 or -1 given as below, by its relative position to 
p on the line h-1 (c): 

In the case where p is a local maximum, 

weight at q is {
-1 

+1 

if q is right to p 

if q is left to p, 

and in the case where p is a local minimum, 

weight at q is {
-1 

+1 

if q is left to p 

if q is right top. 
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In case q is a double point of C, we give double of the above weight. Then we define 
B(h) to be the total of the above weighted counts of q's for all the singular points 
of h. Examples of B(h)'s are given below. 

h h 

B(h) = 2 B(h) = -2 

Figure 4: Sample computations of B(h) 

Let ho IC : C ----+ R be the restriction of ho ( x, y) = x cos 0 + y sin 0 in Section 
2 for a non-degenerate polygon C. Considering R 2 equipped with the first axis of 
direction (sin 0, - cos 0) and the second axis of direction ( cos 0, sin 0) we regard ho IC 
as the orthogonal projection h above. Then it has the Morse property except for 0 
in a finite set {1Jl, • • • ,'lJs} where µ- 1 (ryi) contains a cusp joint, regular joint, or a 
normal crossing of PVo, and hence one can consider B(holC) for 0 not equal to any 
'lJi· We may assume by rotation to C if necessary that 'lJi is neither O nor 1r. 

Note that B(holC) is constant for 0 in each component of [O, 1r] - { 'l}l, · · · , 'lJs} 
and the difference 

at 'l} E {'lJ1, · · · ,'lJs}, where a= 'l} - c: and b = 'l} + c: for a positive small constant c:, 
is well defined. 

Recall that a cusp joint and a regular joint are represented by (li) for an edge 
li of C, by Thorem 2.1. We denote by Di the number of edges of C which have 
intersections with the edge k Then one can find the following. 

Lemma 3.1. The difference b.B at 'l} E { 'l}l, · · · , 'lJs} is given as below: 

b.B = 

if µ- 1 (ry) contains a cusp joint (li), 

if µ- 1 (ry) contains a normal crossing of type I, 

if µ- 1 (ry) contains a normal crossing of type II, and 

if µ- 1 (ry) contains a regular joint (li)-

The difference b.B in Lemma 3.1 can be evaluated elementary. For example, a 
cusp joint on µ- 1 (ry) can be classified into two types; a birth of a cusp joint which 
means a cusp joint of PVo such that hb IC has exactly two more singular points than 
halC, and a death of a cusp joint which means a cusp joint of PVo such that halC 
has exactly two more singular points than hblC. The difference b.B caused by a 
birth of a cusp joint can be examined by Figure 5 upper as follows. 

In Figure 5 upper, an edge li of C that induces this cusp joint (li), two connecting 
edges to li, and other three types of edges of C that meet the critical level line of 
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hr,IC at the possible three relative positions to li are indicated. Comparing ha in 
the left picture and hb in the right picture, one can deduce that; two points Pi, P2 
weighted both by -1 are produced in the right figure for each edge of C that meets 
li, two points Q1, Q2 weighted both by -1 are produced by the connecting edges 
to li in the right figure, while the other two types of edges meeting the critical level 
line affect nothing to ilB, by nature of the weights. This implies ilB = -2 - 2Di, 
as required. Evaluation for a death of a cusp joint is similar. 

In Figure 5 bottom, the difference ilB caused by a normal crossing (L) of type 
I is indicated, where L is a bi-tangent line L to C and the normal crossing (L) is 
caused by the coincidence of two maximum values of he IC. Two points Pi, P2 both 
weighted by -1 in the left figure disappear while two points Q1, Q2 both weighted 
by + 1 are produced in the right figure, while edges meeting the line L affect nothing 
to ilB, by nature of weights. This implies that ilB = 4, as required. Evaluation 
for the case where the normal crossing is caused by the coincidence of two minimum 
values of he IC is similar. 

Evaluations of ilB in the other cases in Lemma 3.1 is similar. We put pictures 
for two more cases, as a reference in Figure 6. 

Figure 5: 6-B at a birth of a cusp joint (upper), at a normal crossing of type I (bottom) 
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Figure 6: £:iB at a normal crossing of type II (upper), at a regular joint (bottom) 

4 Proof of the Fabricius-Bjerre formula 

We note that B(holC) = B(hrrlC) because in the identifications of holC and hrrlC 
with the projection h(x, y) = y, both directions of x and y axes are reversed at 0 = 0 
and at 1r, which implies both a singular point p being a maximum or a minimum 
points and a regular point q on the critical level set h-;;1 ( c), c = he (p) being left or 
right of p exchange at 0 = 0 and at 1r. 

It is clear by nature of fj.B that 

B(h1rlC) = B(holC) + L fj.B 
'r/ 

and hence 
Lfj.B = 0, 

'r/ 

where the sum is taken for r, E {r,1, · · · ,r,8 }. Recalling that fj.B is caused by a cusp 
joint, a regular joint, a normal crossing of type I, and a normal crossing of type II, 
one can sum up fj.B by these types and use Lemma 3.1 to see that 

L fj.B = - 2 (the number of cusp joints) - 2 L(Di for a cusp joint (li)) 
'r/ 

- 2 L(Di for a regular joint (li)) 
i 

+ 4 ( the number of normal crossing of type I) 

- 4 ( the number of normal crossing of type II). 
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By Theorem 2.1 and by 'E,,,, f:l.B = 0, this implies 

By nature of Di, the sum of Di is twice of the double points of C. Hence we have 

0 = -2 ijlfx - 4 ijD + 4 ijBt1 - 4 ~Bt2, 

which implies the Fabricius-Bjerre formula 
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