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On vertices of frontals in the Euclidean plane 

N ozomi N akatsuyama 
Muroran Institute of Technology 

1 Introduction 

The four vertex theorem is a classical result in differential geometry. It states that there 
are four vertices for simple closed regular convex plane curves ( cf. [2]). In general, 
there are four vertices for simple closed regular plane curves (cf. [l]). There are counter 
examples for non-simple closed regular plane curves. See also [9]. 

We investigate vertices for plane curves with singular points. As smooth curves with 
singular points, we consider Legendre curves (respectively, Legendre immersions) in the 
unit tangent bundle over the Euclidean plane and frontals (respectively, fronts) in the 
Euclidean plane. We define a vertex using evolutes of frontals. After that we define a 
vertex of a frontal in the general case. We give conditions under which a frontal has a 
vertex and the four vertex theorem holds for closed frontals. 

The content of this paper is based on joint research with Masatomo Takahashi ( cf. 
[8]). 

2 Preliminaries 

We quickly review the theories of regular curves, Legendre curves on the unit tangent 
bundle over IR2 and the evolutes of fronts. 

Let I be an interval or IR, and let IR2 be the Euclidean plane with the inner product 
a· b = a1b1 + a2b2, where a= (a1, a2) and b = (b1, b2) E IR2. 

2.1 Regular plane curves 

Let 'Y : J ➔ IR2 be a regular plane curve, that is, "'(( t) = ( d"f / dt) ( t) i- 0 for all t E J. We 
have the unit tangent vector t(t) = "'y(t)/b(t)I and the unit normal vector n(t) = J(t(t)), 
where J is the anti-clockwise rotation by 1r /2 on IR2 • Then we have the Frenet formula 

( t(t) ) ( o l"'f(t)lii(t) ) ( t(t) ) 
n(t) - -b(t)lii(t) o n(t) ' 

where the curvature ii : J ➔ IR is given by 

ii(t) = t(t) · n(t) = det ("'t(t), i(t)) 
b(t)I b(t)l 3 . 

Note that the curvature ii(t) is independent of the choice of a parametrization up to sign. 
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We say that t0 EI is an inflection point of 'Y if "'(to) = 0 and a vertex of 'Y if k(t0 ) = 0. 
Then the classical four vertex theorem is as follows. 

Theorem 2.1 (The four vertex theorem of regular curves, [1, 2, 9]). If 'Y : I----+ ffi.2 is a 
simple convex regular curve, then 'Y has at least four vertices. In general, if 'Y : I ----+ ffi.2 is 
a simple closed regular curve, then 'Y has at least four vertices. 

In particular, [9] has a detailed explanation of vertices and the four-vertex theorem in 
Japanese. 

Suppose that 'Y does not have inflection points. We define an evolute Ev('Y) : I----+ ffi.2 

of 'Y by 
1 

Ev('Y)(t) = 1(t) + "'(t) n(t). 

Then t0 is a singular point of Ev('Y) if and only if t0 is a vertex of 'Y· 

2.2 Legendre curves in the Euclidean plane 

Let ('Y, v) : I----+ ffi.2 x 8 1 be a smooth mapping, where 8 1 is the unit circle. We say that 
('Y, v) : I----+ ffi.2 x 8 1 is a Legendre curve if i(t) • v(t) = 0 for all t E I. Moreover, if ('Y, v) 
is an immersion, we call ( 'Y, v) a Legendre immersion. We say that 'Y : I ----+ ffi.2 is a frontal 
( respectively, a front or a wave front) if there exists a smooth mapping v : I ----+ 8 1 such 
that ('Y, v) is a Legendre curve (respectively, a Legendre immersion). 

Let ('Y, v) : I----+ ffi.2 x 8 1 be a Legendre curve. We put on µ(t) = J(v(t)) and call the 
pair {v(t), µ(t)} a moving frame along the frontal 1(t) in ffi.2 . Then we have the Frenet 
type formula of the Legendre curve which is given by 

( v(t) ) ( o £(t) ) ( v(t) ) . 
µ(t) = -f(t) 0 µ(t) ' 'Y(t) = f3(t)µ(t), 

where f(t) = v(t) · µ(t), f3(t) = i(t) · µ(t). The pair (f, /3) is an important invariant of 
Legendre curves. We call the pair (f, /3) the (Legendre) curvature of the Legendre curve (cf. 
[3]). Then ('Y, v): I----+ ffi.2 x 8 1 is a Legendre immersion if and only if (£(t), (J(t)) i- (0, 0) 
for all t E I. We have the existence and the uniqueness for Legendre curves in the unit 
tangent bundle like as regular plane curves, see [3]. 

Theorem 2.2 (The Existence Theorem for Legendre curves [3]). Let (f, /3) : I----+ ffi.2 be 
a smooth mapping. There exists a Legendre curve ('Y, v) : I----+ ffi.2 x 8 1 whose associated 
curvature of the Legendre curve is (£, /3). 

Definition 2.3 (Congruent as Legendre curves, [3]). Let ('Y, v) and (::Y, v): I----+ ffi.2 x 8 1 

be Legendre curves. We say that ('Y, v) and (::Y, v) are congruent as Legendre curves if there 
exist a constant rotation A E 80(2) and a translation a on ffi.2 such that ::Y(t) = A('Y(t))+a 
and v(t) = A(v(t)) for all t EI. 

Theorem 2.4 (The Uniqueness Theorem for Legendre curves, [3]). Let ('Y, v) and (::Y, v) : 
I ----+ ffi.2 x 8 1 be Legendre curves with curvatures of Legendre curves (f, /3) and (£, 'iJ). 
Then ('Y, v) and (::Y, v) are congruent as Legendre curves if and only if (f, /3) and (£, 'iJ) 
coincide. 
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For n E NU {O}, we say that a Legendre curve ('y, v) : [a, b] --+ JR2 x 5 1 is en_ 
closed if ('y(kl(a), v(kl(a)) = ('y(k)(b), v(k)(b)) for all k E {O, • • • , n}, where ,(kl(a), v(kl(a), 
,(kl(b) and v(k)(b) mean one-sided k-th differential. Similarly, we say that a Legendre 
curve ('y, v) : [a, b] --+ IR2 x 5 1 is C00-closed if ('y(kl(a), v(kl(a)) = ('y(k)(b), v(k)(b)) for all 
k E NU {O}. In this paper, we say that ('y, v) is a closed Legendre curve, if the curve is 
at least C 1-closed (cf. [6]). When a and bare singular points of 1 , we treat these singular 
points as one singular point. Moreover, a frontal 1 : [a, b] --+ IR2 is simple closed if for 
t 1 < t 2 , we have 1 (t1 ) = 1 (t2 ) if and only if t 1 = a and t2 = b. 

We define a convex frontal in the Euclidean plane. From now on, I is a closed interval. 
Let ('y, v) : I --+ IR2 x 5 1 be a Legendre curve. We denote the tangent line at t of 1 
by Lt, that is, Lt = p.µ(t) + 1 (t) I ..\ E IR}. Any tangent line Lt divides IR2 into two 
half-planes H+ and H_ such that H+ UH_ = IR2 and H+ n H_ = Lt. By using 11, the 
half-planes H+ and H_ are presented by H+ = {x E IR2 I (x - 1 (t)) • v(t) ~ O} and 
H_ = {x E IR2 I (x - 1 (t)) • v(t) :SO}. For a Legendre curve ('y, v) : I--+ IR2 x 51, we 
say that ('y, v) is a convex Legendre curve (or, 1 is a convex fronta0 if 1 (1) CH+ for any 
tangent line of I or ,(I) C H_ for any tangent line of 1 . Note that if I is a regular curve, 
then µ(t) is equal to the unit tangent vector of I at 1 (t) up to sign. Therefore, 1 is a 
convex curve as a frontal if and only if I is a convex curve as the usual mean when I is 
a regular curve ( cf. [7]). 

Theorem 2.5 ([6]). Let ('y, v) : I--+ IR2 x 5 1 be a closed Legendre curve with curvature 
(£, /3) which the frontal I is simple closed. Suppose that zeros of£ and of /3 are isolated 
points. Then the frontal I is convex if and only if the curvature satisfy one of the following 
condition: 

(i) Both of £(t) and f3(t) are always non-negative, 
(ii) £(t) is always non-negative and /3(t) is always non-positive, 
(iii) Both of £(t) and /3(t) are always non-positive, 
(iv) £(t) is always non-positive and /3(t) is always non-negative. 

2.3 Evolutes of fronts 

In order to define a vertex of a front, we consider an evolute of the front, in detail see 
[4]. Let ('y, v) : I--+ IR2 x 5 1 be a Legendre curve with curvature(£, /3). If ('y, v) does not 
have inflection points, namely, £(t) i- 0 for all t EI, then ('y, v) is a Legendre immersion. 
In this subsection, we assume that ('y, v) does not have inflection points. 

Definition 2.6 (The evolute of the front, [4]). The evolute Ev('y) : I --+ IR2 of the front 
1 is given by 

Ev('y)(t) = 1 (t) - ;gj v(t). 

Proposition 2.7 ([4]). The evolute Ev('y) is also a front. More precisely, (Ev(,), J(v)): 
I --+ JR2 x 5 1 is a Legendre immersion with the curvature 

( df3(t)) 
£(t), dt £(t) . 
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Definition 2.8 (The vertex of the front, [4]). For a Legendre immersion ('-y, v) with curva­
ture (.C, /3), t0 is a vertex ofthefront1 (or a Legendre immersion ('-y, v)) if (d/dt)Ev(t0 ) = 0, 
namely, (d/dt)(f3/.C)(to) = 0. 

Proposition 2.9 ([4]). Let ('-y, v) : [a, b] --+ JR2 x 8 1 be a closed Legendre immersion 
without inflection points. 

(1) If 1 has at least two singular points which degenerate more than 3/2 cusp, then 1 
has at least four vertices. 

(2) If 1 has at least four singular points, then 1 has at least four vertices. 

3 Evolutes of frontals and vertices 

In order to define a vertex of a frontal, we consider an evolute of the frontal, in detail see 
[5]. Let ('-y, v) : J--+ JR2 x 8 1 be a Legendre curve with curvature (.C, (3). 

Definition 3.1 (The evolute of the frontal, [5]). The evolute Ev('-y) : J --+ JR2 of the frontal 
1 is given by 

Ev('-y)(t) = 1(t) - a(t)v(t), 

if there exists a unique smooth function a : J--+ JR such that (3(t) = a(t).C(t). In this case, 
we say that the evolute Ev('-y) exists. 

Proposition 3.2 ([5]). If the evolute Ev('-y) of the frontal exists and (3 = a.C, then the 
evolute Ev('-y) is also a frontal. More precisely, (Ev('-y), J(v)): J--+ JR2 x 8 1 is a Legendre 
curve with the curvature (.C, a). 

Definition 3.3 (The vertex of the frontal, [5]). We say that t0 is a vertex of the frontal 1 
(or, of the Legendre curve ('-y, v)) if the evolute Ev('-y) of the frontal exists and £v('-y)(t0 ) = 
0. 

Let n, k EN and m = n+k. We consider a smooth map germ ( 1, v) : (JR, 0) --+ JR2 x 8 1 , 

1(t) = (±tn, tm f(t)), 
1 . 

v(t) = ----;::========(-mtk f(t) - tk+1 f(t), ±n), 
J(mtk f(t) + tk+1 j(t))2 + n2 

where f : (JR, 0) --+ JR is a smooth function germ with f (0) #- 0. Note that 0 is a singular 
point of 1 when n > 1. Then ('-y, v) is a Legendre curve with curvature 

.C(t) = ± ntk-1 (mkf(t) + (m + k ~ l)tj(t) + t2 /(t)) 
(mtk f(t) + tk+l f(t))2 + n2 ' 

(3(t) = -tn-1 J(mtk J(t) + tk+1 j(t))2 + n2. 

We say 1 is of type ( n, m). Suppose that a Legendre curve ( 1, v) : J --+ JR2 x 8 1 at t0 E J 
is of type (n, m), that is, ('-y, v) at to is R-equivalent to Cr, v) : (JR, 0) --+ JR2 X 81, 

'i(t) = (±tn, tm j(t)), 
1 . 

v(t) = ----,:::::=======(-mtk j(t) - tk+l j(t), ±n), 
J(mtk J(t) + tk+1 j(t))2 + n2 
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where f : (JR, 0) --+ JR is a smooth function germ with f(O) i- 0 and the curvature (iJJ). 
Then we say that 'Y has a point t0 of type ( n, m). 

If n 2:: k, then there exists a unique function a : (JR, 0) --+ JR, 

_ tn-k((mtkf(t) + tk+l j(t))2 + n2)~ 

a(t) = =f n(mkf(t) + (m + k + l)tj(t) + t2 /(t)) 

such that (3 = a£. 
Proposition 3.4 ([8]). Let ('Y, v) : J --+ JR2 x 8 1 be a Legendre curve with curvature 
(C, (3) and (3 = a£. 

(1) In the case of n = k. If 'Y has four points of type (n, m) = (n, 2n) with j(O) = 0, 
then 'Y has at least four vertices. 

(2) In the case of n = k + 1. If 'Y has four points of type (n, m) = (n, 2n - 1), then 'Y 
has at least four vertices. 

(3) In the case of n 2:: k + 2. If 'Y has two points of type (n, m), then 'Y has at least 
four vertices. 

Theorem 3.5 ([8]). Let ('Y, v) : J = [a, b] --+ JR2 x 81 be a closed Legendre curve with 
curvature (C, (3) and (3 = aC. Suppose that zeros of C and of (3 are isolated points. If 'Y is 
a simple convex frontal, then 'Y has at least four vertices. 

4 Vertices of frontals in the general case 

In the previous section, we define the vertex using the evolute of the Legendre curve 
('Y, v) : J --+ JR2 x 8 1 with curvature (C, (3) under the condition (3 = aC. We give a 
definition of a generalisation of the vertex of frontals. 

Let ('Y, v) : J--+ JR2 x 81 be a Legendre curve with curvature (C, (3). In this section, we 
assume that C and (3 are linearly dependent on I, that is, there exists a non-zero smooth 
mapping (k1 , k2 ) : J--+ JR2 \ {0} such that k1 (t)C(t) + k2 (t)(3(t) = 0 for all t E J. 

Definition 4.1 (Vertex of the frontal, [8]). Under the above assumption, we say that 
t0 E J is a vertex of the frontal 'Y (or, of the Legendre curve ('Y, v)) if k1(t0)k2(t0 ) -

k1(to)k2(to) = 0. 

If (3(t) i- 0 for all t EI, then 'Y is a regular curve and we can take k1 (t) = 1, k2 (t) = 

-C(t)/(3(t). It follows that t0 is a vertex of 'Y as a regular curve if and only if t0 E J 
is a vertex of 'Y as the frontal. Moreover, if C(t) i- 0 for all t E J, then ('Y, v) is a 
Legendre immersion and we can take k1 (t) = -(3(t)/C(t), k2 (t) = 1. It follows that t0 is a 
vertex of the front 'Y if and only if t0 E J is a vertex of 'Y as the frontal. Furthermore, if 
(3(t) = a(t)C(t) for all t E J, we can take k1 (t) = -a(t), k2 (t) = 1. It follows that t0 is a 
vertex of the frontal 'Y in the sense of the previous section if and only if t0 E J is a vertex 
of 'Y as the frontal. 

Proposition 4.2 ([8]). Let ('Y, v) : J --+ JR2 x 8 1 be a Legendre curve with curvature 
(C, (3) and C = a(3, where a: J--+ JR is a smooth function. 

(1) In the case of n + 1 = k. If 'Y has four points of type (n, m) = (n, 2n + 1), then 'Y 
has at least four vertices. 

(2) In the case of n + 2 :S k. If 'Y has two points of type (n, m), then 'Y has at least 
four vertices. 
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In general case, we have the four vertex theorem of frontals by the Propositions 3.4 
and 4.2. 

Theorem 4.3 ([8]). Let ('y, v) : I ➔ JR2 x 8 1 be a Legendre curve with curvature (€, /3). 
Suppose that there exists a non-zero smooth mapping (k1 , k2 ) : I ➔ JR2 \ {O} such that 
k1 (t)€(t) + k2 (t)f3(t) = 0 for all t E I. If there exist four points of the following types 
(n,m): 

(i) n = k and j(O) = 0, (ii) n 2: k + 2, (iii) n + 2 ::; k, 

then 'Y has at least four vertices. 

Theorem 4.4 ([8]). Let ('Y, v) : I ➔ JR2 x 8 1 be a closed Legendre immersion with 
curvature (€, /3). If 'Y is a simple convex front with at least two singular and two inflection 
points, then 'Y has at least four vertices. 

Example 4.5. Let ('Y, v) : [0, 2w] ➔ JR2 x 8 1 be 

1(t) = - coss t, - sins t , v(t) = ------;:::===== (- sin3 t, - cos3 t) . ( 1 1 ) 1 
5 5 ✓ cos6 t + sin6 t 

By a direct calculation, ('Y, v) is a closed Legendre curve with the curvature 

3cos2 tsin2 t . V . f(t) = - 6 . 6 , /3(t) = -costsmtcos6 t+sm6 t. 
cos t + sm t 

If k1 (t) = -(cos6 t + sin6 t)~, k2 (t) = 3costsint, then (k1 ,k2 ) is a non-zero smooth 
function and k1 (t)€(t) + k2 (t)/3(t) = 0 for all t EI. By a direct calculation, we have 

k1 (t) = 9cos2tcostsintJcos6 t+sin6 t, k2 (t) = 3cos2t. 

Since 

k1 (t)k2 (t)-k1 (t)k2 (t) = 0 ifand only if cos 2t = 0. It follows that t = 1r / 4, 3w / 4, 5w / 4, 77f /4 
are vertices of 1- Therefore, 'Y has four vertices. Note that the singular points of 'Y are 
5/2-cusps at t = 0, 1r /2, w, 3w /2. See Figure 1 left. 

Example 4.6. Let (1, v) : [0, 2w] ➔ JR2 x 8 1 be 

1 (cost sin t, 1) . 
✓ cos2 t sin2 t + 1 

By a direct calculation, ('Y, v) is a closed Legendre curve with the curvature 

cos2t V f(t) = - 2 . 2 , /3(t) = -sintcos2 tsin2 t+ 1. 
cos tsm t + 1 

Note that ('y, v) is a closed Legendre immersion, since (f(t), f3(t))-/- (0, 0) for all t E [0, 2w]. 
By Theorem 2.5, 'Y is not a convex front. Moreover, t = 1r / 4, 3w / 4, 5w / 4, 7w / 4 are inflection 
points of 'Y· If k1 (t) = - sin t(cos2 tsin2 t + 1)~, k2 (t) = cos 2t, then (k1 , k2 ) is a non-zero 
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smooth function and k1(t)£(t) + k2(t)f](t) = 0 for all t E J. By a direct calculation, we 
have 

Since 

k1(t)k2(t) - k1(t)k2(t) 

= - costJcos2 tsin2 t + l(cos 2t(cos2 tsin2 t + 1 + 3sin2 tcos2t) + 4sin2 t(cos2 tsin2 t + 1)), 

k1(t)k2(t) - k1(t)k2(t) = 0 if and only if cost= 0. It follows that 1 has only two vertices. 
Therefore, it does not satisfy on the four vertex theorem. Note that the singular points 
of 1 are 3/2-cusps at t = 0, 1r. See Figure 1 right. 

-3 

')'(t) = (½ cos5 t, ½ sin5 t) ')'(t) = (cost,½ sin3 t) 

Figure 1: Closed Legendre curves 
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