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1 Introduction 

Let us consider the Cauchy problem of the Navier-Stokes equations in ~n(n ::::=: 2); 

{
OtU - f1u + (u · V)u + V1r = 0 in ~n X (0, T), 

(N-S) div u = 0 in ~n x (0, T), 

ult=O = a in ~n 

where u = u(x,t) = (u1(x,t),··· ,un(x,t)) and 1r = 1r(x,t) denote the unknown velocity 

vector and the unknown pressure at the point x = (x1 , • • • , xn) E ~n and the time 

t E (0, T), respectively, while a = a(x) = (a1(x), · · · , an(x)) is the given initial data of 

velocity. In the famous paper of Kato [1], he proved that for every a E L~ (~n) = P Ln (~n), 
there exist 0 < T < oo and a unique solution u E BC([0, T); L~(~n)) of integral equation 

(IE) u(t) = u0 (t) -1t PV · e-(t-s)A(u 181 u)(s)ds, 0 < t < T, 

with u0 (t) = e-tAa 

satisfying properties 

n ( 1 1) 
f 2 ,;-,; u(t) E BC([0, T); V(~n)) for all n::; p::; oo, 

t~C¼-il+½vu(t) E BC([0, T); £P(~n)) for all n::; p < oo 

(1.1) 

(1.2) 

where P is the Helmholtz projection onto the solenoidal vector fields and A = -Pf:1 

denotes the Stokes operator. We call such a solution u the mild solution of (N-S) on 
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(0, T). It is known that the mild solution u necessarily satisfies u E C((0, T); w2 ,n(JR.n)) n 
0 1 ((0, T); L;(JR.n)) and fulfills the abstract evolution equation 

{
du 
-d +Au+ P(u · 'v)u = 0 in L~(JR.n), 0 < t < T, 

(E) t 
u(0) = a 

due to the theory of the holomorphic semigroup. We call such a solution u the strong 

solution of (N-S) on (0, T). Kozono-Okada-Shimizu [3] constructed the strong solution of 

(N-S) for more general initial data in homogeneous Besov space as well as its analyticity. 

Let us define the approximating solutions { Uj }~o of (IE). 

{
u0 (t) = e-tAa, 

Uj+1(t) = u0 (t) -1t P'v · e-(t-s)A(uj@ Uj)(s)ds, j = 0, l, 2, · · · . 

In this work, we define a very mild solution u as a solution of (IE) only satisfying (1.1) 
and show that it necessarily becomes the strong solution of (N-S) on (0, T). We also show 

that the convergence of the approximating solutions { Uj }~o corresponding to the norm 

in (1.1) 
(1.3) 

for some n ~ p < oo, necessarily yields that { Uj }~0 converge to u in the topology of 

C((0, T); W 2,n(JR.n)) and 0 1 ((0, T); L;(JR.n)). It should be noted that (1.3) is the most 

fundamental scaling invariant norm of u in V with the time weight. Throughout this 

paper, we denote by II IIP the usual LP-norm on JR.n. 

2 Main Results 

Before stating our main theorems, let us define a function space Xp by 

for n ~ p < oo. Xp is a Banach space with the norm 

(2.1) 

Our main results now read: 

Theorem 2.1. (Koizumi-Taniguchi [2]) Let a E L;(JR.n). Suppose that u is a very mild 

solution of (N-S) on (0, T). Then, it necessarily holds that 
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(i) t~C¼-¼l+½v'u E BC([0, T); Lq(JRn)) for all n :=; q < oo; 

(ii) u E C 1 ((0,T);Ln(JRn)) nC((0,T);W2,n(JRn)) with 

sup tllAu(t)lln + sup t118tu(t)lln < oo; 
O<t<T O<t<T 

(iii) u satisfies the differential equation (E) with llu(t) - alln ---+ 0 as t---+ +0. 

Theorem 2.2. (Koizumi-Taniguchi [2]) Let a E L~(JRn). Suppose that u is a very mild 

solution of (N-S) on (0, T). Let {uJ}.~0 be appmximating solutions of (IE). Then, it holds 

that Uj E Xp for all n :=; p < oo and all j = 0, 1, • • • . If 

lluj - ullxp ---+ 0 

for some n :=; p < oo, then we have the following pmperties (i) and (ii). 

(i) 

for all n :=; q < oo; 

(ii) 

sup tllAuJ(t) - Au(t)lln---+ 0 as j---+ oo, 
O<t<T 

sup t118tuj(t) - 8tu(t)lln---+ 0 as j---+ oo. 
O<t<T 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

Remark. (i) It should be noted that convergences (2.4) and (2.5) are obtained only in 

terms of (2.2). Furthermore, we will clarify that even (2.6) is a consequence of (2.2). We 

emphasize that (2.2) is closely related to a scaling invariant norm. Indeed, for the norm 

11 · llxv defined in (2.1) with T = oo, it holds that 

llullxv = llu>-llxv for all A> 0, 

where u>-(x, t) = .X.u(.X.x, .X.2t). Hence, our theorem exhibits that once approximating 

solutions { Uj }~0 converge to the very mild solution u like (2.2) in such a scaling invariant 

norm in XP as (2.1), the convergence in higher ordered Sobolev spaces like (2.4) and (2.5) 
necessarily holds. 

(ii) As a further result of Theorem 2, Koizumi [3] proved that (1.3) necessarily implies 

that 
+1"1+n(1 1) sup tm 2 2 ,;-;; 118;'1 D"uj (t) - 8;11 D"u( t) llq ---+ 0 as j ---+ oo (2.6) 

O<t<T 

for all n :=; q < oo, all m E No and all a: E No with D" = 8';. Moreover, if we define the ap-

proximating solutions of the pressure {pj(t)}~1 of (N-8) bypj(t) = (-~)-1div div(uj-i® 

Uj_1)(t), as a consequence of (2.6), {pj(t)}~1 satisfy 

sup tm+q.l+~(¼-¼l+½118;'1D"pJ(t)-8;'1D"p(t)llq---+ 0 as j---+ 00 (2.7) 
O<t<T 
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for all n :::; q < oo, all m E N0 and all o: E N0, where p is the pressure determined by (E) 
i.e., p(t) = (-~)-1div div(u ® u)(t). 

3 Outline of the Proof 

In what follows we use the symboluj(t) = uj(t)-u(t), ej(t) = ( uj ® uj)(t) - ( u ® u)(t)(j = 

0, 1, ... ). The following lemma is essential for the proof of our main theorems. 

Lemma. Let a E L;(JRn). Suppose that {uj}~0 and u are approximating solutions of 

(IE) and a very mild solution of(N-S) on (0, T), respectively. Then we have the following 

estimates (i), (ii) and (iii). 

(i) 

llullYq::; C(lluollxq + llulltq + llulltr + llullx2q(lluollx2q + llullt)) (3.1) 

with n :::; q < oo and n/2 < r < n. 

(ii) 

llcjllYq S CIIEj-illXq2(lluollxn + llullt1 + lluj-2llt + (llullxn + lluj-1llxqJ(llullxq2 + lluj-2llx02 )) 

(3.2) 

(iii) 

sup tllAcj(t)lln + sup tll8tEj(t)lln (3.3) 
D<t<T D<t<T 

::; c(11Cj-1IIYq(lluollxp + llullxp + llullt)+IIEj-illYr2llullxr1 + IIEj-2IIYr2llullxpllullxr1 

+ IIEj-1 llxP (lluo llxq + lluj-1 IIYq + lluj-2 llxrJuj-2 IIYr,) + IIEj-2 llxP lluj-1 IIYq (llullxP + lluj-2 llxP) 

+ IIEj-1llxrJuj-1IIYr2 + IIEj-2llxrJullxplluj-2IIYr,) 

with n < p, q < oo, 1/n = 1/p + 1/q, n S r1, r2 < oo and 1/n < 1/r = 1/r1 + 1/r2 < 1/q + 1/n. 

The proof of the lemma is based on Holder continuity in time of u(t), Ej(t) and Ej(t) 

as _LP-valued functions. We only prove (3.3) using the following proposition which shows 

Holder continuity in time of 'Vej(t) as an Ln-valued function. 

Proposition. Let 1/n = 1/p+ 1/q with n < p, q < oo. Assume that 1/n < 1/r = 1/r1 + 

1 / r2 < 1 / q + 1 / n with n :::; r 1, r2 < oo. Suppose that { Uj} ~o and u are approximating 

solutions of (IE) and a very mild solution of (N-S) on (0, T), respectively. Assume that 

Uj E Xr, for all j = 0, 1, • • • and all n :::; p < oo. Then it holds that 
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~ c( (llcj IIYq lluollxp + llcj-1 IIYr2 llullxp llullxr1 

+ llcJ-1 llxv lluj IIYq (llullxv + lluJ-1 llxv) + llcJ-1 llx,Jullxv lluJ-1 IIY,2 
+ llcJllxv(lluollxq + lluJ-illx,1 lluJ-illY,2))h"'ret-l 

+ (llcJ IIYq llullt + llcJ-1 llxv lluJ IIYq (llullxv + lluJ-1 llxv)) h13n,vr1-f3n,v 

+ (llcj llxv lluJ-1 llxr, lluJ-1 IIY,2 + llcJ-illXr1 llullxv lluJ-1 IIYr2 

+ llcj-1 IIYr2 llullxp llullxr1) h13n,q,rrl-f3n,q,r), 

1 n 1 nl 1 
h > 0 0 < t < T /3 = - - - /3 = - - -(- - -) 

' ' n,p 2 2p' n,q,r 2 2 r q 

for all O <a< f3n,q,r, where C = C(n,p, q, r, a) is a constant independent of h and t. 

Proof of (3.3). By (IE) and the definition of Uj we have 

t -1 2 PAe-(t-s)A((uJ-l · v')uj_1)(s) - ((u · v')u)(s))ds 

+ it PAe-(t-s)A(v'EJ-1(t) - v'£J-1(s))ds 
2 

= l1(t) + l2(t) + J3(t), 0 < t < T. 

It holds by the Holder inequality and the bounds of {e-tAh>o and Pin V that 

IIJ1(t)lln ~ Cll(uj-1 · v')uj-1)(t) - ((u · v')u)(t)lln 

~ C(llcJ-1IIPllv'uJ-1(t)llq + llu(t)IIPllv'cJ-1(t)llq) 

~ Cr1(llcJ-illxvlluj-lllYq + llcj-illYqllullxp) 

(3.4) 

(3.5) 

for all O < t < T with C = C(n). It holds by the Holder inequality, V-Lq estimate of 

Stokes semigroup and the bounds of P in V that 
t 

IIJ2(t)lln ~ 12 IIAe-(t-s)A((uj-1 · v')uj-1)(s) - ((u · v')u)(s))llnds (3.6) 

t 

{2 n(1 1) 
~ C Jo (t - s)_1_2 ;:-n ll((uj-1 · v')uJ-1)(s) - ((u · v')u)(s)llrds 

t 

~ C 12 (t - s)-l-~(i-¼\llcJ-1(s)llr, llv'uj-1(s)llr2 + llu(s)llr, llv'cj-1(s)llr2)ds 
t 

~ C(IICJ-illxr, lluj-illYr2 + llcj-illYr2 llullx,,) 12 (t - s )-i-;e-!) s-i-;(! - ~)ds 

t 

~ C(llcJ-illx,Juj-illY,2 + llcj-illYr2 llullx,,)r1-~(i-¼) 12 s-l-~(¼-¼lds 
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= cr1(llcj-lllxr1 lluj-lllYr2 + llcj-illYr2 llullxrJ 
for all O < t < T with C = C(n,r). By the analiticity of {e-tAh>o we have 

IIJ3(t)lln ~ lt IIAe-(t-s)A(v'£j-1(t) - v'£j-1(s))llnds 
2 

~ C lt(t- s)-1llv'Ej-1(t)- v'£j-1(s)llnds 
2 

for all O < t < T with C = C(n). Set 0: = f3n,q,r/2. Changing variable s-+ T = t - s of 

integration and using the Proposition, from the above estimate we obtain 

(3.7) 

r½ 1 
~ C Jo T- llv'£j-1(t) - v'£1-1(t - T)llndT 

~ c( (llcillYqlluallxp + llc1-1IIYr2 llullxpllullxr1 + llcj-illxplluillYq(llullxp + lluj-1llxp) 
t 

+ llc1-illxr1 llullxplluj-illYr2 + llc1llxp(lluallxq + lluj-1llxri lluj-illYr,))r1-Q 12 T-l+adT 

t 

+ (llc1IIYqllullt + llc1-1llxplluillYq(llullxp + llu1-illxp))r1-J3n,p 12 T-l+J3n,pdT 

+ (llcj llxp lluj-1 llxri lluj-1 IIYr2 + llcj-1 llxr1 llullxp llu1-illYr2 
t 

+ llcj-illYr2 llullxp llullxrJr1-/3n,q,r 12 T-l+/3n,q,rdT) 

~ Cr1 (llcj-1 IIYq (lluallxp + llullt)+llc1-2IIYr2 llullxp llullxri 

+ llcj-illxP(lluallxq + lluj-2llxrJuj-2IIYrJ 
+ llcj-2llxPlluj-1IIYq (llullxP + lluj-2llxP)+llc1-2llxr1 llullxPllu1-2IIYrJ) 

for all O < t < T with C = C(n,p,q,r). Now the desired estimate for Ac1(t) follows from 

(3.4)-(3.7). The estimate for OtE1(t) is easily deduced from the one for Acj(t). In fact, 

due to the semigroup argument we have 

The second term of the above equality is estimated as 

IIP(uj-1 · v')u1-1)(t) - P((u · v')u)(t)lln 
~ C(llcj-1(t)IIPllv'uj-1(t)llq + llu(t)IIPllv'c1-1(t)llq) 
~ Cr1(llci-1 llxp lluj-1 IIYq + EJ-1 IIYq llullxp 11)­

Combining (3.5)-(3.7) and (3.8), we have (3.3). 

(3.8) 

□ 
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