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1 Introduction 

This note is a survey of our paper [6]. We consider the initial value problem for the 

incompressible magnetohydrodynamics (MHD) equations with the Coriolis force in a 3D 

infinite layer ID) = JR2 x 'IT': 

8tu - v/).u + Oe3 x u + (u · V)u - (B · V)B + Vp = 0 t > 0, (x, z) E lDl, 

8tB - !).B + (u · V)B - (B · V)u = 0 t > 0, (x, z) E lDl, 

v'·u=v'·B=0 

u(0, x, z) = u0 (x, z), B(0, x, z) = B0 (x, z) 

t 2:: 0, (x, z) E lDl, 

(x,z) E lDl. 

(1) 

Here 'IT'= IR/Z ~ [0, 1] represents the lD torus. The point of ID) is denoted by (x, z) with 

x = (x1 , x2 ) E IR2 and z E 'IT'. Let u = u(t, x, z) = (u1 (t, x, z), u2 (t, x, z), u3 (t, x, z)), B = 

B(t, x, z) = (B1 (t, x, z), B2(t, x, z), B3(t, x, z)) and p = p(t, x, z) be the unknown velocity 

field, the unknown magnetic field and the unknown pressure of the fluids, respectively. 

The vector fields uo = uo(x,z) = (uo,1(x,z),uo,2(x,z),uo,3(x,z)) and Bo= Bo(x,z) = 
(B0,1(x, z), B0,2(x, z), B0,3(x, z)) denote the given initial velocity field and the given initial 

magnetic field satisfying the divergence-free conditions V · u0 = V · B0 = 0, respectively. 

The constants O E IR and v > 0 are the speed of rotation around the vertical unit vector 

e3 = (0, 0, 1) and the viscosity coefficient, respectively. 

Let us first review the known results for the rotating MHD equations (1) in IR3 • Ahn

Kim-Lee [1] proved the unique existence of global solution to (1) for the initial data 

u0 E H 8 (IR3 ) (½ < s < ¾), B0 E (L2 n Lq(IR3)) (q > 3), when the rotating speed IOI 
is sufficiently large. Takada-Yoneda [8] showed that (1) has a unique global solution for 

sufficiently large IOI when u0 , B0 E if½ (IR3 ). It follows from the proof of [8] that the global 

solution ( u, B) converges to (0, et~ B0 ) as the size of rotating speed IOI tends to infinity. 
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In the case B = 0, (1) corresponds to the Navier-Stokes equation with the Coriolis 

force. We review the known results for the rotating Navier-Stokes equations in IDJ. We 

decompose a function fas f = J + J, where the 2D part J(x) = QJ(x) := J'JJ' f(x, z)dz 
and the 3D part J = (I - Q)J(x, z) := f - J. Gallay and Roussier-Michon [4] showed 

that for the initial velocity u0 E H1;c(IDJ) satisfying u0 E (I - Q)H1 (1DJ), u0 ,3 E H1 (I~.2), 
81u0,2 - 82u0,1 E (L1 n L 2 )(JR2), there exists a unique global solution for the sufficiently 

large IOI, and the solution converges to 2D Lamb-Oseen vortex in L1 (JR2 ) as t --+ oo. 

The authors in [5] showed that there exists a unique global solution for the sufficiently 

large IOI if u0 = u0 + u0 E L2 (JR2 ) + (I - Q)ir½(IDJ), and the solution converges to the 

solution to 2D incompressible N avier-Stokes equations associated with the initial data u0 

as IOI--+ oo. 

We first introduce limit equations. The limit equations are represented as the coupled 

system of the 2D incompressible MHD equations in JR2 : 

OtUO() - v!lhu= 

+IP'[(uh • ·,h)u= - (B'f • "h)B= - Q(iJ= • v')B=] = o t > o, x E lR2 , 

8tB= - !lhi3= +(uh· v'h) J3= - (B'f · v'h)u= = o 
v'h ·uh= v'h · B'f = o 

t > 0, X E JR2 , (2) 

u=(o, x) = u0 (x), J3=(o, x) = B0 (x) 

and the induction equation in the 3D layer IDJ: 

{
8tB~ - fliJ= + (u= • v')B= - (B'f • v'h)u= = o 
v' · B= = 0 

iJ=(o, x, z) = B0 (x, z) 

t 2: 0, X E JR2 , 

XE JR2 

t > 0, (x,z) E IDJ, 

t 2: 0, (x,z) E IDJ, 

(x,z) E IDJ. 

(3) 

Here !lh =of+ a?, v'h = (81 , 82), vh = (v1 , v2 ), and IP' is the Helmholtz projection onto 

the divergence free vector fields defined in (5). 

In this manuscript, we prove the global well-posedness of (1) for (u0 ,B0 ) E L2 (JR2 ) + 

(I - Q)Ji½ (IDJ) when the rotating speed IOI is sufficiently large. Furthermore, we shall 

consider the global solution ( u, B) to (1) converges to that of the limit system (2) and (3) 

as IOI --+ oo in the space-time norm LP(0, oo; Lq(IDJ)) for 2 < p, q < oo with~+~= 1. p q 

The main results of [6] read as follows: 

Theorem 1. Let (u0 ,B0 ) = (u0 ,B0 ) + (u0 ,B0 ) E L2 (lR2 ) + (I - Q)ir½(IDJ). 

(I) There exists a constant w = w(v, u0 , u0 , B0 , B0 ) > 0 such that for every O E JR with 
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IOI 2: w, (1) has a unique global solution (u, B) = (u, B) + (u, B) in the class 

u, BE C([0, oo); L2 (ll~.2)) n L2 (0, oo; H1(ffi.2)), 

u, BE C([0, oo); (I - Q)H½(][)))) n L2 (0, oo; H£(][)))). 

(II) Let 2 < p, q < oo satisfy ~ + ~ = I. Then, p q 

1Jf-=!100 llu - u00 IILP(O,oo;M(TI))) = 1Jf-=!100 IIB - B 00 IILP(0,00;£Q(TI))) = 0. (4) 

Here, (u00 , B 00 ) is the global solution to (2), (3) associated with the initial data 

( u0 , B 0 ) in the class 

u00 , .B00 E C([0, oo); L2 (lR.2)) n L2 (0, oo; H1 (IR2 )), 

B00 E C([0, oo ); (I - Q)H½ (][)))) n L2 (0, oo; H£ (][)))). 

Remark 2. Let 2 < p, q < oo satisfy 2/p + 2/q = 1. Then, by the Sobolev embedding 

H1- 2/q(IR2 ) c......+ U(IR2 ) and the interpolation inequality, it holds 

Moreover, it follows from the Sobolev embedding H£(1- 2/q)(][))) '------+ Lq(][))), and the Poincare 

inequality (6) that 

L00 (0, oo; (I - Q)H½ (][)))) n L2 (0, oo; H£ (][)))) 

c......+ L00 (0, oo; (I - Q)L2 (][)))) n L2(0, oo; H£ (][)))) '------+ V(0, oo; (I - Q)U(][)))). 

Remark 3. In the proof of [8], it is shown that for 2 < q < 6 

lim II ( u, B) - (0, et~ Bo) 11 4 ( .. 1,3 ( 3 )) = 0. 
l!!l➔oo L O,oo,W2 IR 

On the other hand, our result yields 

This manuscript is organized as follows. In Section 2, we introduce some notation and 

prepare the some inequalities. In Section 3, we prove the global regularity to the limit 

system (2) and (3). In Section 4, we consider the linear solution and state the space

time estimate. In Section 5, we introduce the modified linear solution uL, and state 

the global space-time estimates. In Section 6, we establish the energy estimates for the 

perturbations. Finally in Section 7, we present the proof of Theorem 1. 
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2 Preliminaries 

In this section, We follow the notation in [4], state several notation in ID. We define the 

Fourier transforms in II}) as 

fn(k) := - f(x, z)e-i(k-x+21rnz) dzdx, 1 111 . 
21r JR2 0 

for f E L2 (ID) 3 . Then, the inverse Fourier transform is represented as 

f(x, z) = 2~ f 2L fn(k)ei(k·x+ 21rnz) dk, XE n~.2, z E 'IT'. 
}IR nEZ 

Also, we introduce the inner-product of the homogeneous Sobolev space Jl8(ID) for s E JR 

as 

Then, we define the norm of f in }[8 (ID) as 

llfll1s(]]J)) := (J, J) H•(]]J)) · 

Note that (I - Q)H8 (ID) is equivalent to (I - Q)Jl8(ID) in the sense of equivalent norms: 

· s/2 ~ ~ s/2 ~ 
mm{l, 2 }llflllfs(]]J)) :::;: llfllHs(]]J)) :::;: max{l, 2 }llflllfs(]]J)) 

for all j E (I - Q)Jl8(ID) and s E R Indeed for k E JR2 and n E Z \ {O}, there hold 

fo(k) = 0 and 

Next, we define the Helmholtz projection ]ID in the 3D layer II}) onto the divergence-free 

vector fields by 

(5) 

where~= (k, 21rn) E lR2 x 21rZ and k = (k1 , k2) E lR2 with lkl2 = ki + k~. 

Finally, we state the following Poincare inequality and the interpolation estimates in ID. 

Lemma 4. 

(i) Let -oo < s0 :::;: s1 < oo. Then, it holds for J E (I - Q)ifsi (ID) 

llfllH•o(]]J)) :::;: (21r)-(si-so) llflllfsl(]]J))· (6) 

(ii) Let -oo < s0 :::;: s :::;: s 1 < oo and O :::; 0 :::; 1 satisfy s = 0s0 + (1 - 0)s1 . Then, it 

holds for f E Hs 0 (ID) n Hs1 (ID) 

llfllHs(]]J)):::;: llfllt-•o(]]J))llfllk~~(]]J))· (7) 
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3 Limit System 

In this section, we prove the result on the global existence and global energy estimate 

for the limit system (2) and (3). Let U00 := (u00 , B 00 ), and U0 := (u0 , B0 ). 

Theorem 5. For U0 E L2 (IR2 ) with Vh · (uo)h = Vh · (Bo)h = 0 and B0 E (I -Q)H½(]]])) 
with V · B0 = 0, (2), (3) has a unique global solutions u00 , B00 , B00 with 

u00 , B00 E C([0, oo); L2 (IR2)) 3 n L2 (0, oo; H1(IR2))3, 

B00 E C([0, 00 ); (I - Q)H½ (]]])) )3 n L2 (0, oo; H~ (]]])) )3. 

Moreover, there exists a positive constant C = C(lltJollL2(JR2), IIBollH½(loi)) such that 

sup (11D00 (t)ll~2(JR2) + IIB00 (t)11 2
. 1 ) +2min{l,v} roo IID00 ll?i1(JR2) + IIB00 il 2

. 3 dt 
t:2:0 H:J (llli) } o H:J (llli) 

S K. (8) 

Proof. Taking the L2 (IR2)-inner product of the first equation of (2) and u00 (t), the L2 (IR2)

inner product of the second equation of (2) and B 00 (t), and the L2 (]]]))-inner product of 
the equation of (3) and B 00 (t), we have 

}! (llu00 (t)ll~2(JR2) + llf300 (t)ll~2(JR2) + IIB00 (t)[2(llliJ 

+ min{l, ll} (11v hii00 (t) 11~2(JR2) + 11v hf300 (t) 11~2(JR2) + IIV B 00 (t) lli2(llli)) 

S - ((ur. Vh)ii00 ,ii00 )L2(JR2) + ((f3r. Vh)f300 ,u00 )£2(JR2) 

+ / Q(B00 • V)B00 , u00 ) 
\ £2(JR2) 

- ((uh• Vh)f300 ,B00 )L2(JR2) +((Eh• Vh)u00 ,B00 )£2(JR2) 

_ /(iioo. V)Boo,Boo) +/(Boo. Vh)iioo,Boo) 
\ L2(llli) \ h £2(llli) 

=0, 

which follows from the integration by parts and the divergence-free condition. 

Therefore we have (8) and this complete the proof of this lemma. □ 

4 Linear Solution 

In this section, we state the linear solution associated with (1) with B = 0. 
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Let {T11(t)}t:2:o denote the semigroup generated by the linear operator -vD.. + DlP'e3 x lP' 
in ]]J), which is given explicitly by 

Tn(t)ii(x, z) 

= 2~ L 12 L e-t(vl~l2+cri!12i'ef'l (iin(k), (v")n(k))ic3 (v")n(k)e-i(k-x+21rnz) dk 
crE{±} JR nEZ\{O} 

~ t(vf'>.-cri!1.123.IDI) ~er ( ) = L..,; e u x, z (9) 
crE{±} 

for x E JR2, z E 11' and the vector field ii with v' • ii = 0, where 

and 

( 
21rk1n ± ik2lll ) 

± 1 . 
(v )n(k) := v'2 21rk2n =f ik1l(I • 

2llllkl -lkl2 

Here, we remark that (iin(k), (v0)n(k))ic3 = 0 from the divergence-free condition of ii. For 

the derivation of the explicit form of (9), we refer to [4,5]. 

Next, let R > 0, and we define PR as 

(10) 

where XE C0 (JR) satisfies 0 :S XS 1, X = l in [-1, 1] and X = 0 in JR\ [-2, 2]. Then, we 

recall the following space-time estimates for the semigroup Tn(t). 

Lemma 6 ([3], Theorem 5.3, [4], Corollary 2.4). Let R > 0, let v > 0, and let l :Sp :S oo 
1 2 

and 2 :Sq :S oo satisfy-+- :S 1. Then, there exists a positive constant CR= C(v, R,p, q) 
p q 

such that if ii0 E (I - Q)L2 (]]J)) and J E L1 (0, oo; (I - Q)L2 (]]J))) satisfy the divergence-free 

condition and if v is the solution to the linear equation: 

{
atv - vD..v + De3 XV+ v'p = PR] 

v'·v=0 

v(0, x, z) = PRiio(x, z) 

then it holds for D E JR\ {O} 

t > 0, (x,z) E ]]J), 

t 2:': 0, (x,z) E ]]J), 

(x, z) E ]]J), 

llvllLP(O oo·Lq([l))) s cR1n1-t (11iioll£2([]1) + IIPRJII ) . ' ' L1 (0,oo;£2([]1)) 

Here, PR is defined in (10). 

(11) 
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5 Modified Linear Equation 

In this section, we follow the ideas in [2, 7], and introduce the modified linear dispersive 

solution uL for the velocity fields. We shall state that the space-time norm £P(O, oo; U(lDl)) 

of uL can be taken arbitrarily small when the rotating speed IOI is sufficiently high. 

We consider the linear equation generated by (1) with the external force N5 : 

{

8tUL - vD..uL + OJID (e3 X uL) = PRJIDN5 

\7-uL =0 

uL(o, x, z) = PRua(x, z) 

where PR denotes (10), and N5 is defined by 

t > 0, (x,z) E lDl, 

t 2': 0, (x,z) E lDl, 

(x,z) E lDl, 

(12) 

Also, in order to establish the space-time estimates for uL, we introduce the following 

integral equations for (12), which follows from the Duhamel principle: 

uL(t) = Tn(t)PRuo + 1t Tn(t - T)PRJIDN5(T)dT. (13) 

Here, T0 (t) is defined in (9). Then, we shall state the global-in-time existence of the 

solution uL to (12), the global a priori ir½(lDl)-estimates for uL, and space-time estimates 
for UL: 

Lemma 7. Let u0 E (I - Q)H½ (lDl) satisfy \7 • u0 = 0, and (B00 , B00 ) is a global-in-time 

solution to the system (2) and (3). Then, the equation (12) with the initial data PRuo 

has a unique global solution uL in the class 

Moreover, the solution uL to (12) satisfies the following estimates: 

(i) There exists a positive constant C = C(v) such that 

~~r lluL(t)II~½(]]}) + V 100 ll'VuL(t)II~½(]]}) dt::::; lluoll~½(]]}) + CK2 , (14) 

where the positive constant K is defined in (8). 

(ii) Let l ::::; p ::::; oo, 2 ::::; q ::::; oo satisfy ! + ~ ::::; 1 and R > 0. Then, there exists a 
p q 

positive constant C4 = C(v,p, q, R) such that for any n E IR\ {0}, there holds 

lluL IILP(O,oo;M(]]})) ::::; C41n1-t (11uollL2(]]}) + K¾ ( K¼ + 1)) . (15) 
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6 Energy Estimate for the Perturbation terms 

In this section, we establish the global a priori estimates for the perturbations (vt, f3r), 
and (v,r, FF), where i],T := u-u00 , [3r := l3-l300 , fj,r := u-uL and fJr := B- B00 . First, 

we have the time evolution equation for (ur, f3r): 

OtUr - vbi.hur + JIDN6 = 0 t > 0, XE IR2 , 

OtBr - bJ.h[3r + N1 = 0 f > 0, XE IR2 , 

"h ·uh= vh -l3r. = o t;::, o, x E IR2 , 

ur(o, x) = f3r(o, x) = 0 

where N6 and N7 are denoted as 

j,kE{r,L} 

+ L { ( u{ · v h) uk - ( l3{ . v h) f3k - Q ( fJj . v) fJk} , 
j,kE{r,oo} 

(j,k),f(oo,oo) 

N1 := L { (u{ • vh) f3k - (l3{. vh) uk} 
j,kE{r,oo} 

(j,k),f(oo,oo) 

+ L Q { ( uj . v) fJk - ( fJk . v) uj} , 
j=r,L 
k=r,oo 

respectively. Secondly, we state the time evolution equation for ('ur, fJr): 

Ot'Ur - vt:i.ur + DJID (e3 X ur) + JID[Ns - (I - PR)N5] = 0 t > 0, (x, z) E lDl, 

OtBr - bi.Br+ Ng= 0 t > 0, (x, z) E lDl, 

V · ur = V ·Br= 0 t;::, 0, (x, z) E lDl, 

ur(o, x, z) = (I - PR)uo(x, z), fJr(o, x, z) = 0 (x, z) E lDl, 

(16) 

(17) 
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where N5 , N8 and Ng are given by 

M, = (I_ Q) ( Boo . v') Boo + ( [300 . v') Boo+ ( Bf . v' h) [300, 

Ns := L (I- Q) (uj • v') uk + L {(u{ • v'h) fl+ (ii• v') uj} 
tkE{~L} j=~L 

k=r,oo 

L { (I - Q) ( BJ . v') Bk+ ( B{. v' h) [3k + ( f3J . v') Bk} ' 
j,kE{r,oo} 

(j,k),f(oo,oo) 

Ng := L { ( uj . v1) Bk - ( Br v1 h) uj} 

respectively. 

j,kE{r,oo} 
(j,k )#( 00,00) 

+ L { (I - Q) ( uj . v') Bk - ( Bk . v') uj 
j=r,L 
k=r,oo 

Let ()r := (ur, f3r) and [;r := (ur, Br). Then, we establish the following energy estimates 

for the perturbations ()r and fir: 
Lemma 8. Let v > 0, and let ()r, fir, uL, (u00 ,B00 ) and B00 be solutions of (16), (17), 

(12), (2) and (3), respectively. 

(i) There exists a positive constant C = C(v) such that 

:t (110rll~2(~2) + liurl[2(TI}J + min{l, v} (IIOrll~1(~2) + liur[1(TI})) 

::; (1iar11~2(~2) + llur[2(TI}J Fi(t) + G1(t) + C ll(I - PR)Nsll~-½(TI})' (18) 

where 

Fi(t) = C {II000 ll~1(~2) + (1 + IIB00 [½(TI}J IIB00 [~(TI}J, 

G,(t) ~ C 11uL11:~(0) {,~00 IIV'll:,(R') + 11uc11:,(0) + 11,,£11:,(D) + + ll 800 ll:,(O)}. 

(ii) There exists a positive constant C = C(v) such that 

dd 11ur112. i + min{l, v} 11ur112. 3 t H2(TI}) H2(TI}) 
::; C llfir(t)II -1 11ur(t)112. 3 + 11ur(t)112. 1 F2.1(t) + F2.2(t) + G2(t), (19) 

H'J (TI}) H'J (TI}) H'J (TI}) 
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where 

F,,(t) ~ c[,~00 (1 + IWj(tJll~,(R')) IW'(tJll~,(R') 

+ IIB00 ll:,J(o) IIB00 [,J(D) + llu'll~l(O) lifi'll~J(O)], 

F2.2(t) = c{ ll(I -PR)N5ll~-i(Il}) + IIOr(t)ll~2(JR2) IIB00 (t)[~(Il}) 

+ IIBoo(t) 11:i(Il}) IIOr(t) 11~1 (IR2) }, 

G,( t) ~ C [ 11u£ 11: 00 (0) { I + j~oo IWj II"'(•') + IIB' ( t) 11:i (0)} 

+ 11vuL11£00 (D) j~ IWjll~,(R') + 11vuL11~00 (D) ( 1 + IID"(tJll:,(Di) l · 
7 Proof of Theorem 1 

We present the proof of Theorem 1. 

Proof of Theorem 1. Let T;,ax be the maximal existence time of the perturbation part of 

the solution (vt, [3r, vt, Br) to (16) and (17) with 

v/ _[3r E C([O T2 )· L2(JR2))3 n L2(0 T2 · H1 (JR2))3 , , max , , max, , 

ft, Br E C([O, T;ax); (I - Q)H½(ID))3 n L2 (0, T;ax; H~(ID))3. 

Let O < E: < 1 be determined later, and we define the positive time T; as 

T?; ,~ { 0 <: T <: T!,, a,(T) <: e', f3,(T) <: e}, 
a2(T) := sup (li0r(t)ll~2(IR2) + ll{f(t)ll2 ) 

O~t~T L2(Il}) 

+min{l,v} 1T (11or11~l(JR2) + 11ur11:1 (Il}J dt, 

f32(T) := sup 11ur(t)112. 1 + !min{l,v} {T 11ur(t)112. 3 dt. (20) 
o~t~T H'l (Il}) 2 } 0 H'l (Il}) 

Choosing a positive constant R1 such that 
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we see that T; is positive. 

Assume that O < T; < T;,ax. Integrating (18) on [O, T] and using (6), we have for 

0 :S T :S T; and R 2: R1 

II ur(t) 11~2(JR2) + 11 ur(t) 11:2(Il)) + min{l, I/} 1T ( IIOT ll~l(JR2) + II [rr 11:l(Il)J dt 

c:4 
<- 4 

+ 1T ( (110r(t)ll~2(JR2) + llur(t)[2(Il)J Fi(t) + G1(t) + C ll(I -PR)N5(t)ll~-½(Il}i) dt. 

We see from (8) that 

1T Fi(t)dt = C 1T { 11vh000 11~2(JR2) + ( 1 + IIB00 [½(Il}J llv B00 11:½(Il}J dt 

:S CK(K + 1) =: K1 . (21) 

It follows from (8), (14) and (15) that there exists a positive constant C1.R such that 

[ c,(t)dt ~ c [ {,~ IW'll'.,o,,i + lltrll:,(D) + 11uL11;,(") + + 11s=ll:,(I>)} dt 

::; c 100 lluLll~OO(Il}J dt 
1 

::; C1.R1n1-4. (22) 

By the Gronwall lemma, combining (21) and (22) yields 

a2(T) :S eK1 ( C: + C1.R1n1-¼ + C 1T ll(I - PR)N5(t)ll~-½(Il}) dt). (23) 

Integrating (19) on [O, T] and choosing an c such that Cd :S } min{l, 11} yield 

ll [rr(T)11 2. 1 + min{l, 11} {T 11vur11 2. 1 dt 
H'l (TI}) lo H'l (TI}) 

:S ll(I - PR)uoll~½(Il}) 

+ {T {c II [rr(t) 11. 1 II [rr(t) 11 2. 1 + II [rr(t) 11 2
. 1 F2.1 (t) + F2.2(t) + G2(t) }dt lo H'l (TI}) H'l (TI}) H'l (TI}) 

c4 1 1T _ 2 1T { ~ 2 } :S-+-min{l,11} 11vur11. 1 dt+ 11ur11. 1 F2.1(t)+F2.2(t)+G2(t) dt. 
4 2 o H'l(Il}) o H'l(Il}) 
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It follows from (8) and (14) that 

[ F,, (t)dt ~ c [ [,~oo ( 1+ IIVj (t) 11:,,(R')) 11v ,a'( t) 11:,(•'I 

+ IIBoo[,(O) llvfioo[,(O) + Wll~l(D) 11vu'll~l(D) ]dt 

:s; C { (1 + K)2 + (lluollH½(lIJ) + K 2)2} =: K2. (24) 

We have by (8) 

1T F2.2(t)dt = 1T c{ ll(I - PR)Nsll~-½(lIJ) + I1Dr(t)ll~2(JR2) llv'B00 (t)[½(lIJ) 

+ II B00 (t) 11:½ (lIJ) IIv hur(t) II~2(JR2) }dt, 

:SC 1T ll(I - PR)Nsll~-½(lIJ) dt + CKE2. 

We see from (8) and (15) that there exists a positive constant C2.R such that 

[ G, (t)dt ~ C [ [ llu' 11:00 (0) { 1 + j~oo + 11v ,Vi IIL'(R') + II 8' (t) 11:,, (0)} 

(25) 

+ IIVii''IILOO(I>) j~oo 1wj11:,(.') + IIVii''ll:oo(I>) (1 + IIIT(t)[,("J ]dt 

:s: c 100 

(lluLll~"°(lIJJ + IIVuLIIL"°(lIJJ + IIVuLll~"°(lIJJ) dt 

1 l 

+ c ({ lluL 11:oo(oi dt) ' {,~J II v ,a, 11:'(R'J di}' 
:s; C2.R (101-¼ + 101-½). (26) 

It follows from (24), (25), (26) and the Gronwall lemma that 

f32(T) 

:S eK2 { ~
4 + C 1T ll(I - PR)Nsll~-½(lIJ) dt + CKE2 + C2.R (101-¼ + 101-½)}. (27) 

Choosing an E > 0 such that 

. {1 1 . 2 1 1 1 } 
E '.S mm 2' 4c2 mm{l, I/ }, eK1' eK2' 12CKeK2 ' 
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we can take R0 = max{R1 , R2 } satisfying 

Thus, we can choose positive w such that 

and we see from (23) and (27) that 

(28) 

for O E IR with IO I 2: w. This contradicts to the definition of T;, and we complete the 

proof of the global well-posedness of (1). 
2 2 

It remains to prove (4). Let 2 < p, q < oo satisfy - + - = 1, and we can decompose 
p q 

Then, we consider the estimates for the each term. We first establish the estimates for 

(vt,f3r). It follows from the Sobolev embeddings ir1-¾(JR2 ) '-----+ U(IR2 ) and the interpola

tion inequality that 

lli{IILP(O,oo;Lq(JR.2)) :SC lli{IILP(O .ifl-%(JR.2)) :SC II llurlll2(JR.2) llv\urll~~(k2) II 
,oo, LP(O,oo) 

l 1-l 
:SC llinllco(o,oo;L2(JR.2)) ll'v'hur11£2(~,oo;L2(JR.2))' (29) 

llf3rllLP(0,ooP(JR.2)) :SC llf3rllr00 (0,oo;L2(IR.2)) ll'v'hf3rll~:(t,oo;L2(IR.2)). (30) 

We next derive the estimates for (ut, fr). We see by (6), (7) and the Sobolev embedding 
H£(1-¾l(]]J)) '-----+ U(]]J)), that 

llinlLP(O,oo;Lq(Illi)) :Sc llinlLP(O -il~(l-%\Illi)) :Sc II llur11L(Illi) ll'v'ur(-}(Illi) II ,oo, LP(O,oo) 

l 1-l 
< c II -rll q 11v-r11 q 
- U £ 00 (0,oo;il½ (Illi)) U £2(0,oo;il½ (Illi)) (31) 

lliJrllLP(O,oo;Lq(IIJI)) :SC lliJrll!00 (0,oo;il½(Illi)) ll'v' iJr[:(!,oo;il½(Illi)) · (32) 

Finally, since ! + ~ :S ! + ~ = 1, we have by (15) in Lemma 7 that 

(33) 
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Combining (29)-(33) with (28) yields that there exist R > 0 and w > 0 such that for 

IDI ~w 

llu - u00 IILP(O,oo;Lq(IIJJ)) :S llurlb(o,oo;Lq(JR2)) + llinlLP(O,oo;M(IIJJ)) + lluLIILP(O,oo;Lq(IIJJ)) 

:SC (c + IDl-f,;), (34) 

IIB - B00 IILP(O,oo;M(IIJJ)) :S llltllLP(O,oo;M(JR2)) + 11..arllLP(O,oo;M(IIJJ)) :S Cc. (35) 

Thus, we obtain (4) from (34) and (35), and this completes the proof of Theorem 1. □ 
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