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ABSTRACT. We introduce a new family of real simple modules over the quantum affine
algebras, called the affine determinantial modules, which contains the Kirillov-Reshetikhin
(KR)-modules as a special subfamily, and then prove T-systems among them which gen-
eralize the T-systems among KR-modules and unipotent quantum minors in the quan-
tum unipotent coordinate algebras simultaneously. We develop new combinatorial tools:
admissible chains of i-boxes which produce commuting families of affine determinantial
modules, and box moves which describe the T-system in a combinatorial way. Using these
results, we prove that various module categories over the quantum affine algebras pro-
vide monoidal categorifications of cluster algebras. As special cases, Hernandez-Leclerc
categories ‘5; and ¢ provide monoidal categorifications of the cluster algebras for an
arbitrary quantum affine algebra.
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1. INTRODUCTION

The notion of monoidal categorification is proposed by Hernandez-Leclerc in [20]. This
notion offers a framework for proving Laurent positivity and linear independence for a
cluster algebra o7, when &7 is isomorphic to the Grothendieck ring of a monoidal category
% . Conversely, it provides quite interesting information on the monoidal category %" once
we show that % is a monoidal categorification of a cluster algebra, we acquire a family
F of real prime simple objects in € (identified with the cluster variables in 7)) whose
certain groupings in .% (identified with the clusters in ) consist of mutually commuting
real prime simple objects.

The purpose of this paper is to prove that various module categories over quantum affine
algebras provide monoidal categorifications of cluster algebras.

A cluster algebra &7, introduced by Fomin and Zelevinsky in [9], is a commutative Z-
subalgebra of Z[X! | k € K| with a distinguished set of generators, called the cluster
variables, which is grouped into overlapping subsets, called the clusters. The clusters are
defined inductively by a procedure called mutation from the initial cluster { X} }rex, which
is performed via an exchange matrix B. The notion of cluster algebras is extended to
a quantum version, quantum cluster algebras <, in Z[q*'/?][X;F]rek by Berenstein and
Zelevinsky in [3], which are not commutative any more, but their cluster variables in each
cluster are g-commutative. The g-commutativity is controlled by a Z-valued K x K-matrix
L. From their introductions, numerous connections and applications have been discovered
in various fields of mathematics (see [9, 3, 47, 48, 64, 17] and references therein).

For each Kac-Moody algebra g of affine type, let U;(g) be the corresponding quantum
affine algebra and let 6; be the category of finite-dimensional integrable modules over
U,(g). Since the category %, has interesting properties including monoidality and rigidity,
it has been intensively studied since 1990’s, in various aspects of point of view. To name
a few, the complete classification of simple modules in % is obtained in terms of Drinfel’d
polynomials ([4, 5, 6] for the untwisted cases and [7] for the twisted cases) and it is proved in
[1, 34, 62] that every simple module in € can be obtained as the head of a tensor product of
fundamental modules. Also, it is proved in [49, 50] (for simply-laced untwisted affine types)
and [18, 19] (for general types) that the g-characters of Kirillov-Reshetikhin (KR) modules,
a special class of modules in %, are solutions of the T-system which is closely related to
discrete dynamical systems arising from the thermodynamic Bethe-ansatz, Y-system (see
46, 26]).

The first result on monoidal categorifications was established in [20, 52] for relatively
small monoidal subcategories %gl of ¢, for untwisted simply-laced affine type g. One of the
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main ideas of those papers is interpreting the T-system among KR-modules as exchange
relations of a cluster algebra by mutations. (See [61] for the monoidal categorifications of
related categories €, (N € Z>1) and see [24, 25] for the relation between cluster algebras
and T-systems.)

One of other successful instances on the monoidal categorification is given in [33] by
using the monoidal subcategories C,, in R-gmod which categorify the quantum unipotent
coordinate algebras. Here R denotes a Z-graded algebra, called quiver Hecke algebra,
introduced independently by Khovanov-Lauda [45] and Rouquier [59, 60], and R-gmod
denotes the category of finite-dimensional graded modules over R. We shall explain the
result in a more precise way. In [14, 15], Geif}, Leclerc and Schréer showed that the
quantum unipotent coordinate algebra A,(n(w)), associated with a symmetric quantum
group U,(g) and its Weyl group element w, has a skew-symmetric quantum cluster algebra
structure. To see this, they (i) used a system of quantum determinantial identities among
unipotent quantum minors Dyla,b] in A,(n(w)), called also T-system, (ii) constructed
an initial quiver Qgrs(w) arising from a choice of a reduced expression w of w and (iii)
employed the representation theory of preprojective algebras related to A,(n(w)). Here,
the T-system also plays the role of exchange relation of the quantum cluster algebra by
mutations. In [33], it is proved that C,, provides a monoidal categorification of the quantum
cluster algebra A,(n(w)) by showing

(1) Z[g™?] @z K(Cu) = Agiz(n(w)) == Z[g*?] @zjg01) Ag(n(w)),
(ii) there exists a quantum monoidal seed . = ({M,}iek, L, B, D) in C,, consisting of
(a) a commuting family {M;};ck of real simple modules in C,, called determinan-
tial modules, corresponding to the g-commuting family of quantum flag minors
D, [0, b] via the isomorphism in (i),
(b) the matrix L = (—A(M;, M;)); jex where A(M;, M;) denotes the homogeneous
degree of the R-matriz between M; and M,
(c) the incident matrix B of the quiver Qgrs(w), and
(d) the set D of weights of M;’s in the root lattice of g
sluch that []:= ({¢™ [Mi]}iek, L, B) is a quantum seed of A 1/2(n(w)) for some m; €
s
9%y
(iii) . admits successive mutations in all directions in K, which is revealed as a conse-
quence of the A-admissibility of . and the isomorphism A i/2(n(w)) ~ <7 ([.]) [33,
Theorem 7.1.3].
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Here the A-admissibility of . means that, for every k € K,

there exists a simple module M, satisfying the following properties:

(1.1) (a) M, corresponds to the mutated cluster variable X in the direction k,
(b) 1 =20(Mj, M) := (A(My, My) + A(M}, My)) /2,
(¢) Mj is real and commutes with M; for all i € K\ {k}.

The Z-grading structure of R, the quantum cluster algebra structure of A,(n(w)) and
the primeness of cluster variables ([16]) play important role in the proof of the monoidal
categorification by C,, in [33].

In [28], Kang-Kashiwara-Kim constructed a functor F, called quantum affine Schur-Weyl
duality functor, from R-gmod to %, by observing the singularities of the U, (g)-module
homomorphism Rj7'% , called the normalized R-matriz, for modules M, N in 6;. The
quantum affine Schur-Weyl duality functor thus makes a bridge between the representation
theory of quiver Hecke algebras and the one of quantum affine algebras.

On the other hand, a monoidal full subcategory € of €, is introduced in [21] for simply-
laced untwisted affine g, which is defined by using the combinatorics of the Auslander-
Reiten quiver of a Dynkin quiver ). Then the notion of ¢ is extended to all affine
types by generalizing Dynkin quivers @ to Q-data 2 in [32, 57, 55, 13] (see § 6.1). In
29, 32, 42, 55|, the Schur-Weyl duality functor Fo: Ry, -gmod — % is constructed for a
Q-datum 2, and Fg sends simple modules in Ry, -gmod to simple modules in the monoidal
full subcategory €9 C ¢, bijectively. Here, we associate a simply-laced finite-dimensional
simple Lie algebra gg, to each affine Lie algebra g (see (6.1) and (6.11)), and Ry, is the
quiver Hecke algebra associated with ggy,.

Thus one can conclude that ¢» provides a monoidal categorification of the coordinate
ring C[N] of the maximal unipotent group N associated with gg, (see also [21, 23, 12]).

Ofin

In 4, there are other interesting and important monoidal full subcategories (see §6.3
for more details).

(A) The subcategory 4, is defined in [20] for a simply-laced untwisted affine g satisfying
the following property: for any simple module V' in %, it decomposes as a tensor
product of parameter shifts of simple modules in Cﬁgo. Thus sometimes %0 is referred
to as the skeleton subcategory.

(B) The subcategory % is defined in [22] for an untwisted affine g which contains all simple
modules in ‘fgo up to parameter shifts. It is proved in [22] that the Grothendieck ring
K(%,) has a cluster algebra structure with an initial cluster consisting of KR-modules,
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by using T-systems among KR-modules. Note that the definition of the subcategories
‘590 and ¢ are also extended to all affine types.

(C) The subcategory %9 has a remarkable property as a subcategory of Cfgoz for any
fundamental module V' in ‘Kgo, there exists a unique fundamental module U in %9 and
k € Z such that V ~ 2*(U). Here 2%(U) denotes the k-th repeated dual of U. Thus
%9 is understood as a heart subcategory of %ﬂgo.

(D) For N € Z,, the subcategory %" is defined in [20] (denoted by €x_; in [20]) for a
simply-laced untwisted affine g, which is generated by (|Is,| X N)-many fundamental
modules. Here I, is the index set of simple roots of gg,.

The subcategories in (A)—(D) are also referred to as Hernandez-Leclerc categories.

On the other hand, the authors of this paper have recently developed interesting results
on ¢y which are briefly summarized as follows.

(I) In [38, 39], the Z-valued invariants A(M,N), d(M,N) and A>®°(M,N) for a pair of
modules M and N in %; are introduced by analyzing the R-matrices associated with
M ® N,. By using them, we associate a simply-laced finite root system of type ggs, to
each ;. They can be understood as quantum affine analogues of Z-graded structure and
weights of modules in R-gmod, respectively. Contrary to R-gmod, the category ¢ is a
rigid monoidal category and these invariants enjoy interesting properties that result from
rigidity. (See §2.3.) Also in [38], a criterion for a subcategory C in 6 to provide a monoidal
categorification of a cluster algebra is established (see Theorem 7.8).

(IT) In [40], the authors generalize the notion of Q-datum 2 one step further to the notion
of (complete) duality datum D (see [40, Definition 4.7] and Definition 4.8). It induces a
Schur-Weyl duality functor Fp: Rg-gmod — %go which sends simple modules in Rz-gmod
to simple modules in Cfgo injectively, where g is the simply-laced finite-dimensional simple
Lie algebra determined by D (see § 4.1). Also it is proved that the category %p, the
image of Fp, also enjoys the similar properties to those of €% in the following sense:
for each complete duality datum D and a reduced expression w, of the longest element
wy € Wy, 6, is generated by the images {Si}1<r<r(wo) Of {Du, [K]}1<ketwy) in Rg-gmod
by Fp (Definition 2.27), and their repeated duals {Si}rez. More precisely, every simple
module V' in CKEO can be obtained as the head of an ordered tensor product of S;’s. Thus
{Sk}rez plays the same role as fundamental modules in ‘590, and we call them the affine
cuspidal modules (Definition 4.5) associated with the complete PBW-pair (D, w,). Here,
a PBW-pair (D,w,) is a pair of a duality datum D and @, := (),., € Ig” which is
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a sequence in the index set Iy of simple roots of g such that s, -5, ,, is a reduced
expression of the longest element wy of the Weyl group for every k (£:={(wy)) (see §4.3).

Furthermore, it is proved that the invariants defined in both categories, such as A(M, N)
and ?(M, N), are preserved under the functor Fp (see §4 for notations and details).

With these recently developed results at hand, we show in this paper that various sub-
categories of ¢, provide monoidal categorifications of cluster algebras. In our results, there
is no restriction on the affine type of g; i.e., our results hold for an arbitrary U/(g).

The main results of this paper can be summarized in the following three main theorems:

(MT1) We give a vast generalization of T-system which implies the determinantial iden-
tities among quantum unipotent minors and the functional relations among g¢-
characters of KR-modules simultaneously.

(MT2) We develop two combinatorial notions: admissible chains of i-bozes which provide
commuting families of affine determinantial modules, and box moves which describe
T-system in a combinatorial way.

(MT3) We study a family of subcategories %”g[a’b]’p’% of ‘590, introduced in [40], which con-

tains Hernandez-Leclerc categories, and prove that ‘Kg[a’b]’p’% provides a monoidal

categorification of a cluster algebra, when D is the duality datum arising from a
Q-datum 2.

Here is a remark on the main theorems. Although a criterion providing a monoidal
categorification of a cluster algebra has been established in [38], applying the criterion to
subcategories of ¢y is a quite different problem. More precisely, it is not easy to find a
monoidal seed that satisfies the conditions of the criterion. To overcome this difficulty,
we use the new invariants and the PBW theory to study affine determinantial modules
(see (1.2) below) and their T-systems in a general setting, and then obtain (MT1) and
(MT2). These theorems allow us to find desired monoidal seeds, which provides (MT3).
Some of these results have been already announced in [41].

We first define affine determinantial modules as follows. Let (D, w,) be a PBW-pair.
Then we define the affine determinantial module

(1.2) Mla,b] :==hd(S,® Sy @+ @ Sgr @ S,)

for any interval [a, b] such that a < b and 12, = 1, called an i-boz. Here, we set sT:=min{¢ |
s<t, u=n15}and s”:=max{t |t <s, 1y =15} for s € Z. It is proved in Theorem 4.21
that each affine determinantial module is real simple.
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Main Theorem 1 ([Theorem 4.25]). For an arbitrary PBW-pair (D,w,) and an i-box

la,b], we have an ezxact sequence

(13) 0= @  Mla()*,b()] = Mla* b ® Mla,b] — Mla, 8@ M[a*,b7] -0,
J€1g; d(1a,7)=1

where d(z,7) denotes the distance between v and j € Iy in the Dynkin diagram A of g,

s(p)T=min{t | s <t, 4 =3} and s(y)” :=max{t [t < s, 4 =3} fors € Z and ) € I,.

The exact sequence (1.3) is also called T-system.

When an i-box [a,b] is contained in [1,£], M][a,b] is isomorphic to Fp(Dy,[a,b]) and
hence (1.3) can be interpreted as a T-system among quantum unipotent minors. When a
PBW-pair (D, w,) is associated with a Q-datum, the affine determinantial module M |a, b] is
a KR-module for an arbitrary i-box [a, b] (Theorem 6.14), and hence we can interpret (1.3)
as a well-known T-system among KR-modules.

However, when the i-box [a, b] is not contained in [1, ¢] nor is the PBW-pair (D, w,) as-
sociated with any Q-datum, the affine determinantial modules and exact sequences among
those modules were not investigated before as far as the authors know.

Thus Main Theorem 1 can be understood as a vast generalization of the T-system in
R-gmod and the T-system among KR-modules simultaneously.

We also develop the combinatorics to construct a commuting family M(€) of affine
determinantial modules and to describe T-system among affine determinantial modules
as exchange relations in the cluster algebra by mutations. More precisely, we define the
notion of an admissible chain of i-bozes € = (cy,...,¢) as a sequence of i-boxes ¢ (see
Definition 5.1), so that ¢, := Ui<j<k ¢; is an interval with [¢x| = k for 1 < k < 1. We say
that ¢, = [a, b] is the range of €

Main Theorem 2 ([Theorem 5.5, Lemma 5.10 and Proposition 7.13]). Let (D, w,) be an

arbitrary PBW-pair and let [a,b] be any interval such that a < b € Z L {£o0}.

(a) For any admissible chain € = (¢x)1<k<p—ar1 Of i-bozes with the range |a,b], M(€) :=
{M (¢x) hr<kcv—ar1 forms a commuting family of affine determinantial modules.

(b) For any admissible chains € and €' with the same range, we can obtain M(') from
M(C) by applying a sequence of T-systems described in terms of newly introduced no-
tion, called box moves.

Next we construct an initial exchange matrix (equivalently, an initial quiver) and the
initial cluster variable modules which are expected to give a cluster algebra structure on

K (%[a,b],p,%) for —oo < a < b < +o0. Here, ‘Kg[a’b]’p’% denotes the monoidal subcategory
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of € generated by {Si}s<r<s, and the categories explained in (A)~(D) are special cases

of %[a’b]’p’%. We present such data by adapting the combinatorics given in [14]: for the
subsequence (@k)a< r<p Of Wy, we take the initial cluster variable modules {M;}acs<p and the
initial quiver Qars := Qars(() 4<p<;) With the vertices [a, b] as follows:

if s~ <t <s<tandd(s,u)=1,
M, := M[s,b(1s)"] and s—t <(or
ift=s",
for a < s#t<b(see (7.5)).
Since the sequence ([b—s+1, b(zb_8+1)7]>1<5<b—a+1

M(€_) :={M;},<s<p is @ commuting family of affine determinantial modules.
Now, for any PBW-pair (D, w,) and any i-box [a, b], we obtain a monoidal seed

(1.4) 7 = ({M}asscr, Baars)

where EQGLS denotes the incident matrix of Qgrs. Then we prove in Theorem 7.20 that
S is A-admissible (see (1.1))

To show this assertion. we employ the similar framework of [33. Section 11].

Recall that the subcategory €~ is a special case of %[a’b]’p’% and its Grothendieck ring

K (%) has a cluster algebra structure. Using the cluster algebra structure, we have the

following theorem:

is an admissible chain €_ of i-boxes,

Main Theorem 3 ([Theorem 8.1], [Proposition 8.4]). Let (D,w,) be a PBW-pair with
D =Dy for some Q-datum 2. For any admissible chain € = (¢;)1<x<y forl:=b—a+1 €
Z>1 U {oo} with the range ¢, = [a,b] (a < b € Z U{xoo}), there exists an A-admissible
monoidal seed . such that

(a) its set of cluster variable modules is M(€) := { M (¢x) }r <<,
(b) its set of frozen variable modules is

{Mla()*,b(2)7] |1 € Ign, —00 < a < a(?)™ <b(1)” <b< +oo},

(c) K(Cfg[a’b]’p@o) has a cluster algebra structure with the initial seed [#]:={ [M (¢x)] }1<k<i;
and ng[a,b],p,% provides a monoidal categorification of the cluster algebra <7 ([.7]).

In particular, the categories ‘590 and € provide monoidal categorifications of the cluster
algebras.

Do we need
to mention

this?
— Se-jin
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For a pair € and €’ of admissible chains of i-boxes, the monoidal seed M(€’) is obtained
from M(C€) by successive mutations. Note that M(€) consists of KR-modules when w, in
Main Theorem 3 is adapted to 2.

To prove Main Theorem 3, we first prove that the quiver Qgrs for [—oo, 00] and 2-
adapted w, coincides with the quiver Qg in [22] by analyzing a sequence ((tx,Pk))sez
in I, X Z associated with a Q-datum, called an admissible sequence (Proposition 7.27).

Then we prove Main Theorem 3 for €, by using the criterion established in [38]. Finally,

we deduce the result on ‘Kg[a’b}’p’% for any interval [a,b] and w, from the one on € by

developing various methods including mutation equivalence of A-admissible seeds.
We conjecture that Main Theorem 3 still holds when we weaken the complete PBW-pair
(D, w,) with D = Dy in the statement to any PBW-pair (D, w,) (see Conjecture 8.13).

Organization This paper is organized as follows. In Section 2, we give the necessary
background on the quantum affine algebras, their representations, the invariants related
to R-matrices and the root system associated with %;. In Section 3, we give the neces-
sary background on the quiver Hecke algebras, the quantum unipotent coordinate rings
and T-systems among the determinantial modules. In Section 4, we recall the quantum
affine Schur-Weyl duality functor F and the results in [40]. Then we define the affine de-
terminantial modules, study their commuting condition and prove T-system among affine
determinantial modules. In Section 5, we develop the combinatorics by introducing the
notions of admissible chain of i-boxes and box moves. In Section 6, we review the notion of
Q-datum and introduce the notion of admissible sequence in Iy, X Z. Investigating them,
we show that Hernandez-Leclerc categories (A)—(D) and KR-modules are special cases of

%”g[a’b]’p’% and affine determinantial modules, respectively. In Section 7, we first review the

cluster algebras and the criterion on monoidal categorification by a monoidal subcategory
C of €, established in [38]. Then we study the properties of monoidal seeds of several
kinds and prove that the monoidal seed . in (1.4) is A-admissible. In the last part, we
prove the Qagrs coincides with the quiver Qpr, under certain condition. In Section 8, we
prove Main theorem 3.

Acknowledgments The second, third and fourth authors gratefully acknowledge for the
hospitality of RIMS (Kyoto University) during their visit in 2020.
Convention. Throughout this paper, we keep the following conventions.

(1) For a statement P, 6(P) is 1 or 0 according that P is true or not. In particular, we
set 0, :=0(i = j) (Kronecker’s delta).
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(2) For a field k, a € k and f(z) € k(z), we denote by zero._,f(z) the order of zero of
f(2) at z = a.

(3) For k,l € Z and s € Z=y, we write k =, [ if s divides k — [ and k #, [, otherwise.

(4) For an object M of an abelian category with finite length, we denote by hd (M) the
head of M and by soc(M) the socle of M.

(5) For a finite set A, we denote by |A| the number of elements in A.

(6) ord(c) denotes the order of ¢ for an element o of a finite group.

(7) For vertices 4, j in a simply-laced Dynkin diagram, d(i,j) denotes the number of
edges between ¢ and j.

(8) &,, stands for the symmetric group of degree n.

2. REVIEW ON QUANTUM AFFINE ALGEBRAS

In this section, we will briefly review the definition of quantum affine algebras and their
representation theory. Then, we will recall the invariants related to R-matrices which were
recently introduced in [38]. We refer to [38] for more details.

2.1. Quantum affine algebras. Let (A, P,I1, P¥ 1Y) be an affine Cartan datum con-
sisting of an affine Cartan matriz A = (a;); jer with a finite index set I, a weight lattice
P, a set of simple roots M ={w; | i € I} C P, a coweight lattice P¥ := Homgz(P,Z) and a
set of simple coroots MY = {h; | 1 € I} C PY. We have (h;, «;) = a;; for all 4,5 € I where
(, ): PYx P — Z is the canonical pairing. We choose {A;};c; such that (h;,A;) =, ; for
1,7 € I and call them the fundamental weights.

We also take the imaginary root 6 = > ,c;u;x; and the center ¢ = Y ;crc;h; such
that {\ € @IZoci | (hi,A) = Oforeveryi € I} = Zb and {h € @IZhi | (h,o;) =

1€ 1€

0 for every i € I} = Zc (see [27, Chapter 4]). We set Py := P/(P N Q) and call it

the classical weight lattice. We choose p € P (resp. p” € PY) such that (h;, p) = 1 (resp.

(pY, ;) = 1) foralli € I. Set h:=Q ®z PY. Then there exists a non-degenerate symmetric

bilinear form ( , ) on h* satisfying

((X’h (x'L)
We denote by g the affine Kac-Moody algebra associated with (A, P,T, PV 1Y) and by

W= {(s; | i€ I) C GL(h*) the Weyl group of g where

81)\:)\—<hz,)\>061 for A € P.

(hi, \) = and (c,\) = (8,\) foranyie€ I and \ € h".
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We will use the convention in [27] to choose 0 € I except Agi)—type, in which case we take
the longest simple root as &g, and Bél), A:(f), and E,gl) (k =6,7,8) types, in which we take
the following Dynkin diagrams Ag:

2 1 2
Agn) © O<——0 o 0<——0 Bé ) © O—=>0<——0 A:())) ¢ OE——0——=0
n n—1 n—2 1 0 0 2 1 0 2 1
?0
(o]
2
(1) . (L2 (1) .
. o ~ ~ o o) o) o O o o)
1 3 4 5 6 0 1 3 4 5 6 7
(@)

2
(1
BV
o O O ®) ) 0. O
1 3 4 5 6 7 8 0

We define gg to be the subalgebra of g generated by the Chevalley generators e;, f; and
h; for i € Iy:=1\ {0} and W, to be the subgroup of W generated by s; for i € I;. Note
that go is a finite-dimensional simple Lie algebra and W} contains the longest element wy.

Let ¢ be an indeterminate and let k be the algebraic closure of the subfield C(q) in the
algebraically closed field k := Um>0 C((¢"™)). For i € I, we set q; = ¢(*»*:)/2,

Let us denote by U,(g) the quantum affine algebra associated with an affine Cartan
datum (A, P,1, PV, 1Y) generated by e;, f;, ¢:=" (i € I) over k.

2.2. Finite-dimensional representations. We say that a module M over U/(g) is inte-
grable if (i) M decomposes into P.-weight spaces; i.e., M = @yep, My where M) = {u €
M | ¢liu = ql{hi”v}, and (ii) the action of e; and f; on M is nilpotent (i € I). We denote
by €, the category of finite-dimensional integrable Uy (g)-modules.

A simple module M in %, contains a non-zero vector u of weight A € P, such that (i)
(hi,A) = 0 for all i € Iy, (ii) all the weights of M are contained in A\ — > ;er, Zsocl(a;),
where cl: P — P, denotes the canonical projection. Such a A is unique and u is unique up
to a constant multiple. We call X\ the dominant extremal weight of M and uw a dominant
extremal weight vector of M.

For an indeterminate z and a U/ (g)-module M, let us denote by M, the U;(g)-module
k(2] ® M defined by

ez(uz) = z&',o(eiu)m fz(uz) = Z_éi’o(fiu)za qZhi (uz) - (thiu>z:
where u, denotes 1 ® z for u € M.

For x € k*, we define
M, :=M,/(z —x)M,.
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We call = a spectral parameter. Note that, for a module M in 4, and = € k*, M, is also
contained in @;. The functor T, defined by T,(M) = M, is an autofunctor of €; which
commutes with tensor products.

For each i € Iy, we set

w; .= ng(Co, Ci)_lCI(Col\i — Ci/\O) € Pcl-

Then there exists a unique simple module V (w;) in %, called the fundamental module of
weight t;, satisfying certain conditions (see, e.g, [34, §5.2]).

For a U (g)-module M, we denote by M = {@ | u € M} the U (g)-module whose module
structure is given as zu := Zu for x € U/(g). Here ~ is the ring automorphism of U,(g)
such that g=¢ ', & =e;, f; = f; and ¢" = ¢~ ".

Then we have

M, ~ (M)g, M®N~N® M.
Set m; = ged(co, ¢;) "H(coNs — ci\g) € P. Let m; be a positive integer such that
Wm0 (mi + Z8) = m; + Zm;s.

Note that m; = («;, ®;)/2 in the case where g is the dual of an untwisted affine algebra,
and m; = 1 otherwise. Then, for z,y € k*, we have V(w;), ~ V(w;), if and only if
™o =y™ ([1, §1.3]).

For simple modules M and N in 6, we say that M and N commuteif M @ N ~ N ® M.
We say that they strongly commute (or M strongly commutes with N) if M ® N is simple.
Note that M and N commute as soon as they strongly commute. We say that a simple
module L in 4 is real if L strongly commutes with itself, i.e., if L ® L is simple.

Recall that the simple objects in €y are parameterized by Iyp-tuples of polynomials P =
{Pi(u)}icr,, where P;(u) € kl[u] and P;(0) = 1 ([6, 7], see also [29, (1.5)] for the choice of
a function Iy — {£1}). We denote by P} (u) the polynomials corresponding to a simple
module V', and call PY(u) the Drinfel’d polynomials of V. The Drinfel’d polynomials
PY (u) are determined by the eigenvalues of the simultaneously commuting actions of some
Drinfel’d generators of U,(g) on a subspace of V' (see, e.g., [6] for more details). Note that
PV (u) = PY (x™u) for any x € k*.

The Kirillov-Reshetikhin (KR) module, usually denoted by ngg for k € Iy, a € k*
and m > 1, is a simple module of dominant extremal weight mwy, in €5 whose Drinfel’d
polynomials P = {P,;};cy, are (see [19, 51, 58] and [53, Remark 3.3.1] for more detail)

Pi(u) = 6ip(1 — au)(1 — age*u)(1 — agy*u) - -+ (1 — ade™ *u) + (1 — &) (i € L),
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where
. Jax unless g= Agj? and k = n,
= q ifg:A%)andk:n.

Then the Kirillov-Reshetikhin module V(i) := WTS?(f gin-m is simple and bar-invariant.

With the terminology of V(w;).,, the module V(i") can be described as follows:

hd (V(wyj)(_qi)m—l ®V(wi)(_qi)m73 (SRR %] V(wi)(_qi)l—m) if g 1S untwisted,

22) V(") ~
22V E") {hd (V(wz‘)(_q)mfl RV (@) (—gm-3® -+ ® V(wi)(_q)km) otherwise,

for i € Iy and m € Z; (see [19]).
Note that the category €, is rigid, i.e., every module M in %; has the right dual M
and the left dual 27'M. Hence we have the evaluation morphisms

MIM —1 and 2'MeM — 1.

We extend this to 2* for k € Z. In particular, the duals of V(i™), (z € k) are given as
follows:

PV (i")e) 2 V(i) ")pra and 27V (™)) = V(@)™ gyt

Here p* := (—1)<pv’5>q<‘3’p> and ¢* € I is defined by o+ = —wp ;.
We set

(2.3) o(g) =1y xk*/ ~
where the equivalence relation is given by
(i,2) ~ (J,y) <= V(@i)e = V(wi)y.

We denote by [(7,a)] the equivalence class of (i,a) in o(g). When no confusion arises, we
simply write (4, a) for the equivalence class [(7, a)].

The set o(g) has a graph structure: we join (i,a) and (j,b) when V (i), and V(j), do
not commute. We choose a connected component oy(g) of o(g).

We denote by ‘590 the full smallest full subcategory of €, such that it contains V(w;),
((i,a) € op(g)) and is stable under taking subquotients, extensions and tensor products
(see [20, 36] and Definition 6.16 below).
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2.3. R-matrices and invariants. For modules M and N in %, there exists a k((2)) @ U (g)-
module isomorphism, denoted by R, and called the universal R-matriz of M and N:

RN, k(2) ® (M®N.) —k(z) ® (N.@M)

k[z£1] K[z£1]

satisfying certain properties (see [34] and [1, Appendices A and B]).
For non-zero modules M and N in %, if there exists f(z) € k((2))* such that

FE)RUN.(M®N,) C N.® M,

univ

then we say that R’y is rationally renormalizable. In the rationally renormalizable case,
one can choose ¢y n(2) € k((2))* as f(z) such that, for any = € k*, the specialization of
RiPn. = cun(Z)RIN.: MQN, = N, @M at z =z

RiN. | M@N, = N,®M

does not vanish. Such Ri%y and cyn(z) are unique up to a multiple of k[z*']" =

Unez k*2". We call cyn(z) the renormalizing coefficient. We write v, . := RjF'y. i
and call it R-matriz. The R-matrix r,, . is well-defined up to a constant multiple when

R}\l/?fx,z is rationally renormalizable. By the definition never vanishes.

Ty N
For simple modules M and N in %, let v and v be dominant extremal weight vectors

of M and N, respectively. Then there exists an n(z) € k((2))* such that
RN (u®vs) = anw(2) (v, @ u).

Then R}V :=a z) IR N
M,N. M (2) RN, k()81 (MEN.)

induces a unique k(z) ® U, (g)-module iso-

morphism
RPN k(2) @upetr) (M @ N.) =5 k(2) Qo) (N, @ M)

sending u® v, to v, ® u. Hence, the universal R-matrix RX}“X, is rationally renormalizable.
We call ays n(z) the universal coefficient of M and N, and R3¢y, the normalized R-matriz.
Note that k(2) ®yp+1 (M @ N.) is a simple k(z) ® U (g)-module by [34, Proposition 9.5].

Let dy n(2) € k[z] be a monic polynomial of the smallest degree such that the image
of dyn(2)REFN. (M ® N,) is contained in N, ® M. We call dy n(2) the denominator of
Ri7N.- Then we have

Rir'n. = dun(2)RyfN.: M @ N, — N, ® M up to a multiple of N
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Hence, we have

dM7N(Z)
CLMJV(Z)

Ritw. = ann(2) dun (RN, and  cyn(z) =

up to a multiple of k[zF!]*.
Note that for simple modules M, N, we have

HOmk[ziq@Ué(g)(M@Nz; NZ ®M> — k[Zil]Rg\Zr’lNz

Similarly, there exists a k[z*'] ® U} (g)-linear homomorphism R} y: M. ® N — N @ M,
such that

(2.4) Homy.+1) ¢ vy () (M © N, N @ M.) = K[z R} v
Remark 2.1.

(a) The denominator formulas and universal coefficients were studied and computed be-
tween fundamental modules in [1, 8, 11, 29, 54, 55|, and between KR-modules in [56].

(b) For (i,z) and (j,y) € o(g), we put d many arrows from (¢, z) to (j,y), where d is the
order of zeros of dV(wi),V(Wj)(ZV(Wj)/ZV(wi)) at ZV(wJ-)/zV(wi) = y/l’. Thus, 0'(9) has a
quiver structure.

We set
00 (_1)nﬁn(n—1)/2

~ . ._ %2 __ _2(c,p) d L =5 _
p=pT=q and  p(z):= (1-p°2) = = —
seljlz% nz::() [Th: (1 = p*)

2" e k[[Z]].

Definition 2.2. We define the subset G of k((2))* as follows:

g:= {czm IT »(az)™ cek’,mez, }

ek M. € Z vanishes except finitely many a’s

Note that G forms a group with respect to the multiplication and k(2)* C G.

Proposition 2.3 ([38, Proposition 3.2]). Let M and N be non-zero modules in 6.
(i) If Ri}Y, is rationally renormalizable, then cpn(z) belongs to G.
(i) If M and N are simple, then ay n(2) as well as ey n(z) is contained in G.
For a subset S of Z, we set
p%={p" | ke S}
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By taking S = Z or Z, the following group homomorphisms from G to Z were intro-
duced in [38, Section 3:
Deg: G —7Z and Deg™:G — Z,
which are defined by

Deg(f(2))= > ma— >, na and Deg™(f(z))= > na

agp "<0 acp >0 acp ?
for f(z) = cz2™[[p(az)™ € G.
Note that
(2.5) Deg(f(2)) = 2zero,—1 f(z) for f(2) e k(z)* C G

(see [38, Lemma 3.4]).

Definition 2.4 ([38, Definition 3.6, Definition 3.14]). Let M, N € E,.

(1) If R}y, is rationally renormalizable, we define the integers A(M, N) and A>(M, N)
as follows:

A(M,N) = Deg(cun(2)) and A*(M,N) = Deg™(cpn(2)).
(2) For simple modules M and N in 6, we define d(M, N) by

o(M,N) = ;(A(M, N)+A(Z27'M,N)).

Proposition 2.5 ([38, Proposition 3.16, Corollary 3.19]). For simple modules M and N
in 6y, we have
(26) b(M, N) = ZeI‘OZ:1(dM7N<Z)dN7M<Z_1)>.
In particular, we have
1

o(M,N) € Zsy and »M,N)= 5(A(M, N)+ A(N,M)) =»(N, M).
Corollary 2.6 ([38, Corollary 3.17]). Let M and N be simple modules in %;. Assume
that one of them is real. Then M and N strongly commute if and only if d(M, N) = 0.

Interestingly, the invariants A and A*° are calculated by b as follows:

Proposition 2.7 ([38, Proposition 3.22], [40, Proposition 2.16]). For simple modules M
and N in 6, we have the followings:
(i) A(M,N) =S (—=1)FE<0y(A1, ZEN),

keZ
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(ii) A®(M,N) =Y (=1)*»(M, Z*N),

keZ
(ili) zero,_ican(z) = D (—1)Fo(M, Z*N).
k=0

Proposition 2.8 ([38, Proposition 3.18, Corollary 3.20]). For simple modules M and N
in 6y, we have the followings:

(i) A(M,N) = A(Z-'N, M) = A(N, ZM).

(i) If M is real, then we have A(M, M) = 0.

We conjecture that A(M, M) = 0 holds for an arbitrary simple module M.

Proposition 2.9 ([30, Corollary 3.11], [38, Proposition 2.11]).
(i) Let My be a module in €y (k =1,2,3), and let o1: L — My ® M3z and py: My @ My —
L' be non-zero morphisms. Assume further that My is a simple module. Then the
composition

M@ L 2220 Mo My @ My 222 110 M,

does not vanish.

(i) Let M, Ny and Ny be non-zero modules in €y, and assume that RuNI:,VMz is rationally
renormalizable for k = 1,2. Then R}{};%NQ,MZ s rationally renormalizable, and we
have

Cny v (2)Cns 0 (2)
CN1 ® N2, M (Z)
If we assume further that M s simple, then we have

€ k[,

cniana i (2) = eny i (2)en a(2) mod k[z*1]"
and the following diagram commutes up to a constant multiple:

~ TNy @ No, M ~-‘_\\
// \

N1 ® Ny @ M N1 @ M ® Ny M ® N1 ® Ns.
1OTN, M Ny, M © N2

Theorem 2.10 ([30]). Let M and N be simple modules in €y and assume that one of them
is real. Then

(a) Hom(M @ N, N®@ M) =kr,, .

(b) M ® N and N ® M have simple socles and simple heads.

(c) Moreover, Im(r,, ) is isomorphic to the head of M @ N and the socle of N ® M.
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(d) M ® N is simple whenever its head and its socle are isomorphic.

For modules M and N in %, we denote by M VN and M A N the head and the socle
of M ® N, respectively.

Proposition 2.11 ([33, Proposition 3.2.17] (see also [42, Lemma 7.3])). Let M and N be
simple modules in €y. Assume that one of them is real and ¥(M,N) = 1. Then we have

an exact sequence
O MAN-—->MKIN—-MVN — 0.

In particular, M ® N has composition length 2.

Definition 2.12 (cf. [35, Definition 2.5]). A sequence (L, ..., L,) of real simple modules
in 6y is called a normal sequence if the composition of the R-matrices

LS T H LY <rLr_1,LT> o (rLg,LT ©-r0 rLQ,Lg) © (rLl,LT ©-r0 rLl,Lg)
1<i<k<r

L ® QL —LQ QL
does not vanish.

Lemma 2.13 ([38, Lemma 4.15, Lemma 4.16]). Let (L1, ..., L,) be a normal sequence of
1s simple and coincides with the head

.....

.....

Lemma 2.14 ([38, Lemma 4.17]). For real simple modules L, M and N in €, the triple
(L, M, N) is a normal sequence if one of the following three conditions holds:

(i) L and M strongly commute,
(ii) M and N strongly commute,
(iii) L and 97'N strongly commute.

Definition 2.15 ([40, Definition 5.1]). Let (M, N) be an ordered pair of simple modules
in 6;. We call it unmized if

2(ZM,N) =0,
and strongly unmized if

W(Z"M,N)=0 forany k € Z-;.
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Definition 2.16. A sequence (M, M, 1, ..., M;) of real simple modules over U/(g) is
(strongly) unmized if (My, M;) is (strongly) unmixed for all s > k > i > 1.

Proposition 2.17 ([40, Lemma 5.2]). For a strongly unmized pair (M, N), we have
A®(M,N)=A(M,N)=A(N,2M).

Proposition 2.18 ([40, Lemma 5.3]). Any unmized sequence of real simple modules is a
normal sequence.

Proposition 2.19 ([38, Proposition 4.2]). For simple modules L, M and N, we have
b(S,L) <d(M,L)+dN, L)
for any simple subquotient S of M & N.
Proposition 2.20. Let (M, My_1,..., M) be a strongly unmized sequence. Then
(hd(My @ M1 ®... M), hd(Ms_1 ®... My® M))
1s strongly unmized for any 1 < s < k.
We recall the following criteria of reality of simple modules.

Proposition 2.21 ([33, Proposition 3.2.20, Corollary 3.2.21], [38, Proposition 4.9]). Let
X, Y, M and N be simple modules in 6;. Assume that there is an exact sequence

0= X—->MN—=Y —0,

and X @ N and Y ® N are simple.
(i) f X@N £Y ®N, then N is a real simple module.
(i) If M is real, then N is a real simple module.

Lemma 2.22 ([40, Lemma 2.27]). Let M, N be a real simple module such thatd(M, N) < 1.
Then MV N is real.

Remark that only the case d(M, N) = 1 is proved in [40, Lemma 2.27]. However, the
assertion is obvious when M and N commute.

Lemma 2.23. Let M and N be real simple modules. We assume that M ¥V N commutes
with M. Then M V N is real simple.
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Proof. We have a commutative diagram (up to constant multiples):

MoNeMoON~—  voMeoNoN —2Y _MoNoMeN
i ® i |
27) (MVYN)@M&N —" > Ma(MVN)@N — M&N&(MV N)
MVN,M MVN,N
i © |
(MV N)®&(MV N) _ (MV N)®(MV N).
MVN,MVN

Here, the commutativity (up to a constant multiple) of @ follows from the fact that

M ® M ® N has a simple head M ®(M V N) and that the composition M @ M @ N M,

M@N@M — (M V N)®M does not vanish by Proposition 2.9 (i). The commu-
tativity (up to a constant multiple) of follows from the fact that the composition
(MVN)QN>>N@M®N — N®&(M V N) does not vanish by Proposition 2.9 (i)
and that dim Hom((M V N)® N, N ®(M V N)) = 1 by Theorem 2.10 (a).

The commutativity (up to a constant multiple) of © follows from the fact that the
composition (M VN)@MIN — MQN MV N) - (MV N)®(MV N) does not
vanish by Proposition 2.9 (i).

Thus we obtain the commutativity of the diagram (2.7).

The composition M@ M@N®@N - MO N@M®N —s (MVN)®(MVN)is
an epimorphism since it is the composition of the epimorphisms M @ M @ N @ N — (M V
N)@M®N and (MVN)QM®N — (MVN)®(MV N). It implies that vy ooy =
id(arvnv) e(mvn) Up to a constant multiple.

U

Lemma 2.24. Let L; and M; be real simple modules (j = 1,2). Assume that

(i) L; V M; commutes with Ly, for j,k =1,2,
(ii) Ly and Ly commute.

Then we have the followings:

(a) L; V M, is real for j =1,2.

(b) Ifo(ZL;, My) =0 for j =1,2, then

(L1® Ly) V (My V My) 2 ((L1 ® Lo) V M) V My o= (Ly V My) V (Lo V Ms).
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(c) Assume that d(PL;, My) =0 for j,k =1,2. Then M; and My commute if and only if
LV My and Ly V My commute.
Proof. (a) follows from the preceding lemma.

(b) The first isomorphism follows from the fact that (L; ® Lo, My, M5) is normal.
On the other hand, (Lg, L1 V My, M5) is normal, and hence Ly ®(L; V M;) ® M, has a
simple head. Since we have epimorphisms

Lo @(L1 V M) @ My ~ (L1 ¥V My) ® Lo @ My — (L1 ¥V My) V (L V Ms) and
LQ ®(L1 \Y% Ml) & M2 ~ <<L2 &® Ll) AV M1> &® M2 - ((Ll &® LQ) \V4 Ml) AV MQ,
we obtain

(L1 V My) V (Ly V My) =~ ((L1 ® Ly) V M) V M.

(c) Assume first that M; and My commute. Then we have by (ii)
(L1 V My)V (LyV My) ~ (L1 ® Lg) V (M V My)
~ (L1 ® Ly) V (MyV My) >~ (Ly V My) V (L1 V My).
Hence L; V M; and L, V My commute.
Conversely, assume that Ly V M; and Ly V My commute. Then we have
(L1 ® Lo) V (M1 V My) ~ (Ly V My) V (Ly V M)
~ (LyV M)V (L1 V M) >~ (L ® L) V (My V My).
Hence we have M; V My ~ My V M, which implies that M; and M, commute. O
Proposition 2.25. Let M, N and L be simple Ué(g)—modules such that L is real. Assume
that
(i) 8(ZM,L) =0, (Z2L,N) =0, and
(i) M ® L® N has a simple head.
Then we have
o(L,hd(M®@L®N)) =0dL,MV L)+dL,LVN).

Proof. The condition 2(2L, N) = 0 implies that (L, M V L, N) is normal by Lemma 2.14.
Thus we have

A(L,hd(M ® L& N))

AL, (MV L)V N)
=AL,MVL)+ALN)=AL,MVL)+A(L,LVN)
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by Lemma 2.13. Similarly, (M, L V N, L) is normal and hence we have
AhdM® L& N),L) =AMV (LV N),L)
=ANM,L)+ AN(LVN,L)y=AMV L,L)+ ALV N, L)
by the same reason. Summing up two above equations, we have
o(L,hd(M®@L® N))=oL,MV L)+?dL,LVN). O

Lemma 2.26 ([38, Proposition 3.11, Proposition 4.5]). Let L, M, N be simple modules in
Gy and let S be a simple quotient of M @ N. Then, m = A(L, M)+ A(L,N) — A(L, S)
belongs to Z=o and the diagram

RI'GH Rren
L.oaMaN —=" - ML.oN —=" - MeN®L,
i a(z)(z—1)mRren i
L.®S be? S® L.

commutes for some a(z) € k(z) which has neither pole nor zero at z = 1.
Definition 2.27. A root module is a real simple module L such that
o(L, 2*(L)) = 6(k = £1) for any k € Z.

The following proposition is obtained by the explicit denominator formulas between
fundamental representations (e.g., see [54, Appendix], [55] and [11]).

Proposition 2.28. Fvery fundamental representation is a root module.

2.4. Simply-laced finite root system associated with ‘590. In [39], we associate to

the category ngo a simply-laced finite type root system in a canonical way: for a simple
module M € %, set E(M) € Homge(0(g), Z) (see (2.3)) by

E(M)(i,a) = A (M, V(w;)a) for (i,a) € o(g).

Let

Wo :={E(M) | M is simple in ‘590} and Ag:={E(V(w;).) | (i,a) € 0p(g)} C Wh.

Then, W, is a Z-submodule of Homge(0(g), Z) and endowed with a symmetric bilinear
form ( , ) which satisfies

(E(M),E(N)) = —A>(M, N) for any simple modules M, N in ‘590.

Theorem 2.29 ([39]). The pair (R ® Wy, Ay) is a root system, the bilinear form (', ) is pos-
itive definite and invariant by the Weyl group action, and we have Ag = {a € Wy | (o, ) = 2}.
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3. REVIEW ON QUIVER HECKE ALGEBRAS

In this section, we briefly recall the definition of quiver Hecke algebras R and the cate-
gorification of the quantum unipotent coordinate rings by R. Then we will review T-system
among the determinantial modules.

3.1. Symmetric quiver Hecke algebras. In this subsection, we recall basic notions of
symmetric quiver Hecke algebras associated to a finite simple Lie algebra g of simply-laced
type. We denote by II; = {a, | © € I} the set of simple roots of g and by (, ) the
symmetric bilinear form on the root lattice Q of g invariant by the Weyl group action and
normalized by (o, a,) = 2. Set QT = Z Lo,
1€lg
Take a family of polynomials (Q,)),, ez, in k[u,v] which are of the form

Q. (u,v) = £5(1 # 3)(u — v) (@)
such that Q,,(u,v) = Q,(v,u).
For each § € Q" with |3| = n, weset I} = {v = (11,...,v) € I | 3_; o, = B}. Note
that the symmetric group &, = (s, | 1 <k <n —1) acts on Ig by place permutations.
The symmetric quiver Hecke algebra (also called Khovanov-Lauda-Rouquier algebra)
R(B) at f € Q" associated to g and (Q,)).c1,, is the algebra over k generated by the
elements {e(y)}yeléa, {z1 }1<ken and {7, }1<men—1 satisfying the following defining relations:

eWe(V) =dppev), Y eW) =1, zptm=tmzy, ze(v)=e(v)zy,
velf
Tme(V) = €(5m (V) T, TeTon = TmTi if [k —m| > 1, 7le(v) = Quyiosr (T, Tig1)e(v),
—e(v) ifm=k v, = v,
(ThTm — Tsp(m)Th)E(V) = (V) itm=k+1,vp = Vg1,
0 otherwise,

Thy Thy1) — Thio, T
(Th1 Tk et 1 — ThTh17k)E(V) = s Qi (s Tur1) = Qg (Tar kﬂ)e(V).
T — Tr42

The algebra R(5) is Z-graded with
dege(v) =0, degare(r)=2, and degrne(v)=—(a,,,qu,.,)

Let us denote by R(5)-gMod the category of graded R(/3)-modules with homomor-
phisms of degree 0, by R(/)-gmod the full subcategory of R(/3)-gMod consisting of finite-
dimensional graded R((3)-modules. For an R(f)-module M, we set wt(M):=—5 € Q™.



MONOIDAL CATEGORIFICATION AND QUANTUM AFFINE ALGEBRAS II 25

For the sake of simplicity, we say that M is an R-module instead of saying that M is a

graded R(()-module. Let us denote by ¢ the grading shift functor: for M € R-gmod :=
@ R(5)-gmod. We have (¢M),, = M, by definition.

BeEQT

For 1 € I, L(1) denotes the 1-dimensional simple graded R(c,)-modules ku(z) with the
action

x1u(2) = 0.

We also sometimes ignore grading shifts if there is no risk of confusion. Hence, for R-
modules M and N, we sometimes say that f: M — N is a homomorphism if f: ¢*M — N
is a morphism in R-gmod for some a € Z. If we want to emphasize that f: ¢°M — N is
a morphism in R-gmod, we say so. We set

HOMR(g)(M, N) = @ Hom

a€Z

r()-gmod (4" M, N).
For 8,7 € QF, set e(8,7) := Eyelgﬂ e € x V') € R(B + ), where v x v/ denotes

the concatenation of v and v/. Then there is a k-algebra homomorphism R(f) ® R(y) —
e(B,7)R(B+7)e(B,7). The convolution product — o —: R()-gmod x R(~y)-gmod — R(S+
v)-gmod is a bifunctor given by

MoN :=R(8+7)e(f,7) R(ﬁ)%Rm(M ® N).

Set R-gmod := @ R(S)-gmod. Then the category R-gmod is a monoidal category with
peEQT

the tensor product o and the unit object 1:=k € R(0)-gmod.
For 1 < a < |B], we define the intertwiner ¢, € R(5) by

(Taxa — xaTa)e(u) if v, = veq1,
pae(v) =
T.e(V) otherwise.

For m,n € Zxq, let us denote by w[m,n| the element of &,,,,, defined by

E+n ifl1<k<m,
<

k—m ifm<k<m+n,

wlm, n](k) = {

and set @y, ) = @, - Py, Where s, -+ s, is a reduced expression of w[m, nl]. It does not
depend on the choice of a reduced expression.
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Let M be an R(()-module and N an R(7y)-module. Then the map M @ N — No M
given by u® v — @y, 51(v @ u) induces an R(S + v)-module homomorphism

Ryn: MoN — NoM.

Let z be an indeterminate homogeneous of degree 2, and let ¢, be the graded algebra
homomorphism

=2 R(B) — Kk[z] @ R(P)
given by
Vo(zp) = xr+ 2, Va(Ti) =Tk, Ye(e(v)) = e(v).

For an R(B)-module M, we denote by M, the (k[z] ® R(B))-module k[2] ® M with the
action of R(f) twisted by ..

For a non-zero R(3)-module M and a non-zero R(7y)-module N, let s be the largest non-
negative integer such that the image of Ry, n is contained in z*(N o M,). We denote by

R} v the R(f)-module homomorphism z7°Rys, x and call it the renormalized R-matriz.
We denote by TN T RiE N ‘220: MoN — NoM and call Ty N the R-matriz. By the
definition, r, . never vanishes.

We denote by A(M, N) the homogeneous degree of Ty N and set

A(M,N) = ;(A(M, N) + (wt(M),wt(N))), »(M,N):= ;(A(M, N) +A(N, M)).

The invariants A and d enjoy the similar properties of A and b for 4;. For more details, we
refer to [33, 38, 39].
Let € Qt. Forve I, ,1<a< |8 and M € R(f)-gmod, we set

EM:=e ()M and E'M:=ep ()M wheree,(2):= > e(v) € R(f).

I/EI?,Vazl

Then, E, and E are functors from R(f)-gmod to R(5 — «,)-gmod. For a non-zero module
M € R(B)-gmod, we also set

e, (M) =max{n € Z>o | E’M #0} € Z~o and
5*<M) = max{n c Z>0 | E:nM # 0} S Zgo.

)
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3.2. Quantum unipotent coordinate ring and T-systems. Let U,(g) be the quantum
group associated to a finite simply-laced Cartan datum (C, P, II, PV II") of g, which is the
associative algebra over Q(q) generated by e,, f, (1 € I;) and ¢" (h € PY).

Note that U,(g) admits a weight-space decomposition as follows:

U,(g) = @ U,(g)s, where U,(g)p = {ZL‘ eU,(g) | R q<h”3>x for any h € Pv} )
BEQ
We denote by U,f(g) the Q(g)-subalgebra of U,(g) generated by {e, | € I}. Let US(g)z4+1)
be the Z[g*!]-subalgebra of U, (g) generated by e{™ :=e!/[n]! (1 € Iy, n € Zsy).
Let A, be the algebra homomorphism Uf(g) — Uf(g) @ U/ (g) given by A,(e,) =
e, ®1+1®e,, where the algebra structure on U (g) ® U/ (g) is defined by

(11 @x2) - (Y1 1) = qf(Wt(m)’Wt(yl))(xlyl ® TaYa).

Set

A,(n) = /35(%7 Aq(n)s  where Ay(n)s := Homgg) (U, (8)-5, Q(q))-
Then Ay(n) is an algebra with the multiplication given by (v -8)(x) = 6(xx))¥ (2 (2)), when
An(x) = 21y ® (2) in Sweedler’s notation.

Let us denote by A,(n)zp+1) the Z[g*!]-submodule of A,(n) consisting of ¢ € A4(n) such
that (U (g)zi#y) C Z[g™']. Then it is a Z[¢*']-subalgebra of Ay(n). Moreover, the
upper global basis B™ is a Z[q*!]-module basis of Ay(n)zig+1y. For the detail of the upper
global basis, see [33, Section 1.3]. For w € Wy, let Ay(n(w))zj421) be the Z[g*!]-submodule
of Ay(n)zjg+1 consisting of the elements 1) € A,(n)zp+1) such that e, ---¢,,9 = 0 for any
B e (QtNwQ*t)\ {0} and any sequence (11, ...,1,) € IP. Then Ay(n(w))z+1 is a Zlg*']-
subalgebra of Ag(n)z+1 ([37, Theorem 2.20]). We call this algebra the quantum unipotent
coordinate ring associated with w. The set B (w) :=B" N A,(n(w)) forms a Z[¢*!]-basis
of Ay (n(w))ziger) ([43))

For a dominant weight A € P™, let V(\) be the irreducible highest weight U,(g)-module
with highest weight vector uy of weight A. Let (, ) be the non-degenerate symmetric
bilinear form on V' (\) such that (uy,uy)y = 1 and (zu,v)y = (u, p(z)v), for u,v € V(A)
and = € U,(g), where ¢ is the algebra antiautomorphism on U,(g) defined by ¢(e;) = f;,
o(f;) = e; and p(¢") = ¢". For each u,( € Wg), the unipotent quantum minor D(u,()
is an element in A,(n) given by D(u,()(7) = (zu,,uc) for x € U (g), where u, and u
are the extremal weight vectors in V' (\) of weight p and (, respectively. Then we have
D(u,¢) € B' L {0}.
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For a reduced expression w = s,,s,, - - - s, of w € Wy, define wey :=s,, ---s,, and A\, :=
wepl\,, for 1 <k < 1. Note that A\~ = wey, (A, if &~ > 0. Here

k™= max({s €l,k—1]|ws=u}tU {O}>
For 0 <t < s <1, we set
(we Ay, wey 1A,  if1<t<s<land o =1,
(we oy, Ay) if0=t<s<
if0=t=s.

[
L,

p—

Then D, t, s| belongs to B"(w). The set {Dg[k] =Dy [k, k] |1 <k < l} generates Ag(n(w))zg1
as a Z[q*!']-algebra.
We omit the subscript ,, if there is no confusion about the choice of w.

Remark 3.1. In [33], we use D(s,t") instead of D[t, s], where k™ := min({t elk+1,1 |

=1 U{l+ 1}) We hope that there is no confusion by the differences of the notations.

Theorem 3.2 ([45, 59, 60, 63]). There exists a Z[q*]-algebra isomorphism:
chq: K(R-gmod) == Ag(n)ze=1).

Furthermore, under the isomorphism chy, the upper global basis B™ of Ay(n)zjg+1) corre-
sponds to the set of the isomorphism classes of self-dual simple R-modules.

Since D(u,() is a member of the upper global basis, there exists a unique real simple
module D(y, ) in R({ — p)-gmod such that ch,(D(y,()) = D(p, (). We call it the deter-
minantial module. For a reduced expression w = 8,5, ---5,, of w € Wy and 0 <t < s </
such that ¢ = 0 or o5 = 1, let Dy [t, s] be a simple module such that ch,(Dylt, s]) = Dylt, s].
In particular, we call D, [k] := Dy [k, k] the cuspidal module for 1 < k < I.

Proposition 3.3 ([33, Proposition 10.2.5], [37, Proposition 4.6]). For a reduced expression

W= 8,5, 5, ofwe Wg, we have the followings:

(i) For 1 < a <b <1 with i, =, there exists an exact sequence in R-gmod :

(3.1) 0— o Dla(y)",b(3)"] — D[a*,b] o Dla,b”] — Dla,b] o D[a*,b"] — 0.

9€Ig; d(1a,9)=1

Here we understand D[t, s| ~ 1 for t > s. For the notations k(3)*, see (4.2) below.
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(il) For 1 <a <b<c <1 with 1, =14 = 1., we have
D[b*,c] V Dla, b] ~ D|a, c|.

We call an exact sequence of the form in (3.1) a T-system.

For an R(fS)-module M, define

W(M):={yeQ"n(B-Q") |e(y,8—7)M #0},
WH(M):={ye Q" N(B—Q") [e(Bf—7,7)M #0}.

For w € Wy, we denote by R,-gmod the full subcategory of R-gmod whose objects M
satisfy W(M) € QT NwQ~. Here R denote the quiver Hecke algebra associated to g.

Theorem 3.4 ([37]).

(a) R,-gmod is the smallest subcategory of R-gmod which is stable under taking subquo-
tients, extensions, convolutions, grading shifts, and contains the determinantial mod-
ules {Dy k] | 1 < k <1}, where w = s,,5,, -+ s, is a reduced expression of w.

(b) There exists a Z[q*']-algebra isomorphism between K (R,-gmod) and Azsy(n(w)).
Here, Azpey(n(w)) is the Z[g*']-subalgebra of Aq(n)ze+y generated by DIt s| with
1<t<s <.

(c) The set of self-dual simple modules in R,-gmod coincides with the upper global basis
of Azpg=1)(n(w)) under the isomorphism chy.

In particular, for any A € PT, the determinantial module D(wA, A) strongly commutes with
all the simple modules in R,,-gmod.

4. QUANTUM AFFINE SCHUR-WEYL DUALITY AND T-SYSTEMS

In this section, we briefly recall the quantum affine Schur-Weyl duality functor from the
category R-gmod of finite-dimensional modules to 4, constructed by Kang-Kashiwara-Kim
in [28] (cf. [40]), which preserves several invariants of those categories. We also review the
affine cuspidal modules, PBW-pairs and reflections, defined in [40]. Then we will construct
affine determinantial modules, which are real simple modules associated to i-boxes and
PBW-pairs. In the last part, we will investigate the commuting condition and T-systems
among affine determinantial modules, which can be understood as a vast generalization of
the T-systems in R-gmod and among KR-modules.
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4.1. Quantum affine Schur-Weyl duality functor. Let g be a simple Lie algebra with
a simply-laced Cartan matrix C = (¢, ;)i er,- Let D := {L,},e;, C €, be a family of real
simple modules of €. The family D is called a strong duality datum associated with g if
it satisfies the following conditions ([40, Definition 4.7]):

(1) L, is a root module for each 1 € I,
(2) for any 1,7 € Iy with 2 # 3, d(L,, Z*L,) = —6(k = 0)c,,.
Let us denote by Rc¢ the symmetric quiver Hecke algebra associated with C.

Theorem 4.1 ([28, 40]). For a given strong duality datum D associated with g, there exists
a functor

Fp: Rc-gMod — U!(g)-Mod,

where U, (g)-Mod denotes the category of integrable U/ (g)-modules. Moreover, Fp satisfies
the following properties:

(a) Fo(L(2) =L,
(b) The functor Fp induces an exact monoidal functor on R-gmod which preserves simplicity:
(4.1) Fp: Rc-gmod — 6.

Namely, Fp sends finite-dimensional graded Rc-modules to modules in 6y and, for any
My, My € Rc-gmod, we have isomorphisms

Fp(Rc(0)) =k, Fp(Myo M) ~ Fp(M) @ Fp(Ms),

and Fp sends simple modules to simple modules.
(c) For M € Rc-gmod, we have

Fo(M.) ~ Fp(M).:
(see [40] for more details).
We call the functor Fp the quantum affine Schur-Weyl duality functor.

Definition 4.2 ([40, §5.2]). The category %p is defined to be the smallest full subcategory
of 6y such that
(1) it contains L, for any ¢ € I, and the trivial module 1,
(2) it is stable by taking subquotients, extensions, and tensor products.
Hence ¢p contains Fp(M) for any module M € Rc-gmod.
The Grothendieck ring K (Rc-gmod) has a Z[qT!]-algebra structure. We set

K(Rc-gmod)|,=1 := K(Rc-gmod)/(q¢ — 1) K (Rc-gmod).
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Theorem 4.3 ([40]). Let D be a strong duality datum. Then there exist a Z-algebra
1somorphism

ch: K(Rc-gmod)|,—1 == K(%p),

and a C-algebra isomorphism

C[N] ~ C ®(K (Rc-gmod)|4=1),
where K(%p) denotes the Grothendieck ring of €9 and C[N| denotes the coordinate ring
of the unipotent group N associated with the nilpotent Lie subalgebra n of g.

4.2. A, A and b under the duality functors. Keep the notations g and C = (Cop)ugel,-

Let D be a strong duality datum associated with g. For each k € Z, we define a subcategory

P*¢p as follows: 2*€p is the smallest full subcategory of %, such that (a) it contains

P*(Fp(L)) for all simple modules L in Rc-gmod, and (b) it is stable by taking subquotients,

extensions and tensor products. By [40, Proposition 5.4], there is no non-trivial module

which is contained in distinct 2*¢p and 2'¢p simultaneously. Note that we have
o(M,N)=0

for a simple module M in 2*%p and a simple module N in 2'6p if |k — 1| > 1.
We recall one of the main results of [40], which tells that the invariants A,? are preserved
under the functor Fp:

Proposition 4.4 ([40, Theorem 4.12]).
(i) For simple modules M, N € Rc-gmod, we have

MM, N) = A(Fo(M), Fo(IV)),
A(M,N) =v(2Fp(M), Fp(N)).
(ii) For a simple module M in Rc-gmod and 1 € I, we have
2(2Fp(L(1), Fp(M)) =&, (M) and (2 ' Fp(L(1)), Fp(N)) = & (N).

4.3. Affine cuspidal modules, PBW-pair and reflections. Let g and C = (c, ), e,
be as in the last subsection. Let D:={L,},¢z, be a strong duality datum associated to g, and
let ¢ be the length of the longest element wy of the Weyl group of g, and let wg =s,, ...s,
be a reduced expression of wy. We extend the definition of (21.), ., to (x),cz by

L

e = (1)" for any k € Z.
We set Wy = (%) ez, and we call (D, w,) a PBW-pair.

Note that s,, 5, -+ 8., , 15 a reduced expression of wy for any k € Z.
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Definition 4.5. We define a sequence of simple U, (g)-modules (Skp’%) yez i Gy as follows:
(1) For 1< k < £, SP0 = Fp(Dy, [K]) and, for all k € Z, it is defined by
(2) Sfﬁo = @(Skp’%) for any k € Z.
The modules Sf@“ are called the affine cuspidal modules corresp(inding to the PBW-pair
(D, w,). For simplicity of notation, we drop the superscript %o if there is no risk of

confusion.
Throughout this section, we fiz a PBW-pair (D, w,) and frequently use the notations:
(42) sTi=min{t | s < t, 1 = 1,}, sTi=max{t |t <s, 1 =1},
s(pT i=min{t | s <t, 1w =3}, s(p) i=max{t|t<s, 1y =7}

for s € Z and j € 1.

Proposition 4.6 ([40, Proposition 5.7]).

(i) For every k € Z, Sy, is a root module.
(ii) For any a,b € Z such that |a — b| > £, we have d(S,, Sp) = 6(la — b| = {).

(iii) For any a < b, the ordered pair (Sy, Sa) is strongly unmized.

For any j € I, we set
(D) ={F (L) her, and  77H(D) = {7 (L)hesy,

(4.3)
where
9L, if 1 =, 27, ifi=y,
(L) =<sL,vL, ife¢,=-1, and %_I(LZ) =1L VL, ife¢,=-1,
L, if ¢,, = 0, L, if ¢,, = 0.

It is easy to see that )0 .7, (D) = D and .#,"! 0 .%)(D) = D for any j € I.
Proposition 4.7 ([40, Proposition 5.8, Proposition 5.9]). Let (D, Wy = (),c5) be a

PBW-pair and j € Ig.
(i) The data .#,(D) and #; (D) are also strong duality data associated with C.

(ii) Set S (Wo) = (1) ez with 1, = yr1. Then S (D, W) := (S, (D), 7 (W,)) and

S YD, w,) = (S YD), S (W) are PBW-pairs.
(iii) We have
S'Zﬂ(p’%) = Sfﬁo forany k € Z.
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For each interval [a, b], we denote by Cfg[a’bw@” the smallest full subcategory of ¢, satis-
fying the following conditions (see [40, §6.3]):

(1) it is stable under taking subquotients, extensions, tensor products and
(2) it contains Sy, for all a < k < b and the trivial module 1.

Hence we have

%g[a,b},y’(D,@o) _ cgg[aﬂ,bﬂ],p@o_
Definition 4.8 ([40, Definition 6.1]). A strong duality datum D in ‘590 is called complete
if, for any simple module M € €, there exist simple modules My € 6p (k € Z) such that

(1) My ~ 1 for all but finitely many k,
(2) M ~hd(-- @ P’My @ IM, @ My@2'M_1®---).

We say that a PBW-pair (D, w,) is complete if D is a complete duality datum.

Note that if D is complete, then C is the Cartan matrix of the simply-laced root system
associated with g in §2.4 ([40, Proposition 6.2]).

Proposition 4.9 ([40, Theorem 6.9]). For any complete PBW-pair (D, w,), we have
Lemma 4.10 ([40, Lemma 6.8]). Let (D,w,) be a complete PBW-pair, |a,b] an interval,
and M a simple module in (590. Then, M belongs to ‘gg[a’b]’p’% if and only if
%(2Sy, M) =0 fork >b and 527 'Sy, M) =0 for k < a.
Corollary 4.11. Iiet (D, w,) be a complete PBW-pair, [a,b] an interval, M a real simple
module in ng[a,b],p,% and X a simple module in %go. If MV X and X V M belong to
ngl[a,b],D,@(), then so does X.
Proof. For k > b, we have 2(2Sy, M) = d(2?Sy, M) = 0. Hence Lemma 4.12 below implies
0=02S, X VM) =>02DS;, X).
Similarly, for k¥ < a, we have 9(271Sy, M) = 2(272S;, M) = 0. Hence we have
0=22 'S, XVM)=22'S,, X).
Therefore, X belongs to ng[a,b],D,QO. g

Lemma 4.12. Let L, M be real simple modules and X a stmple module.



34 M. KASHIWARA, M. KIM, S.-J. OH, AND E. PARK

(i) Ifo(L, M) =o2L, M) =0, then we have

d(L, X V M) = (L, X).
(ii) Ifo(L, M) =o(2 'L, M) = 0, then we have

S(L, MV X) = (L, X).

Proof. (i) By the assumption, (L, X, M) and (X, M, L) is normal sequences. Hence by [38,
Lemma 4.16], we have

(L, XVM)=9L,X)+dL,M)=>52L,X).
(ii) can be similarly proved by using the normality of (L, M, X) and (M, X, L). O
4.4. Affine determinantial modules associated with i-boxes. In this subsection, we

introduce the notion of i-boxes, assign a simple module to each i-box, and then study its
properties.

Lemma 4.13. For any a € Z, we have d(S,+,S,) = 1.

Proof. Set + = 1,. By Proposition 4.7, we may assume that a = 1. If £ = 1, then the
assertion easily follows from S,+ = 25, and Proposition 4.6 (i). Assume that ¢ > 1. Then
we have a = 1 < at < (. Hence we have S, ~ Fp(L(2)) and S,+ ~ Fp(M), where
M :=D(we,+ Ay, s,\,). Since s,we+ A, = we+ A, and s,we,+ A, = 5,5 - s, N 2 s, (33,
Proposition 10.2.4] implies that ¢,(M) = — (o, we,+A,) and (M) = 0.

On the other hand, [37, Corollary 3.8] implies that

d(Sa+, Sa) = 0(L(2), M) = &,(M) + £} (M) + (v, wt(M))
= —(, Weg+ A) + (v, wegr A, — s,A,) =1, O
For a,b € Z U {£o0}, an interval [a,b] is the set of integers between a and b:
la,0] :={k€Z |a<k<b}.
If a > b, we understand [a, b] = (). We call max(b— a+ 1,0) the length of [a, b] and denote
it by | [a, b]|.
Definition 4.14. Let (D, w,) be a PBW-pair.
(1) We say that an interval ¢ = [a,b] is an i-boz if —co < a < b < 400 and 1, = 1.

(2) For an i-box [a, b], we set

[a, b]|4 := ’{s | s € [a,b] and 1, =15 = zb}‘.
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(3) For an i-box [a, b], we define
MP%0[q,b] :=hd(Sy ® Sp- ® - -+ @ Sar ® Sa).
We call MP%o[q,b] an affine determinantial module.

Sometimes MP%o [a,b] with a > b appears, and we understand M Dy [a,b] = 1 in such
a case. R

For simplicity of notation, we sometimes drop the superscripts P%o if there is no risk of
confusion.

Proposition 4.15.
(i) For any i-box [a,b], the module M]a,b] is simple.
(i) Fora<b<d <V, the pair (M[a’, V'], Mla,b]) is strongly unmized.

Proof. (i) follows from Proposition 2.18 and (ii) follows from (iii) in Proposition 4.6. [
Note that we shall see that M]a, b] is real in Theorem 4.21 below.

Lemma 4.16. For any i-box [a,b] C [1,/], the module M|a,b] is isomorphic to the image
of a determinantial module under the functor Fp. More precisely, we have

MP%0[q, b] =~ Fp(Dy, [a, b]).

Proof. This follows from [37, Proposition 4.1, Proposition 4.6] and the fact that Fp is an
exact monoidal functor sending simple modules to simple modules. Il

Corollary 4.17. For an i-box [a,b] with b —a + 1 < ¢, we have an exact sequence in €,
as follows:

0— R Mla(y)*,b(3)7] = Mla™,bl @ M[a,b”"] — M[a,b]®@ M[a*,b"] — 0.

)€Ig; d(1a,9)=1

Proof. The above exact sequence is the image of (3.1) under the exact functor Fp. Il

4.5. Commuting condition between affine determinantial modules. In this sub-
section, we will give a sufficient condition that simple modules Mlay,b] and Mlas, bs]
commute. We start with the following definition on the pair of i-boxes [ay, b1] and [asg, b].

Definition 4.18. We say that i-boxes [a1, b1] and [ag, by] commute if we have either

a; <ag<by<bf or a; <a; <b <by.
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The main goal of this subsection is to prove the theorem which tells us that affine
determinantial modules Mlay, b;] and M ag, by] commute if [aq,b;] and [ag, by] commute
(see Theorem 4.21 below).

Proposition 4.19. For any i-box [a,b] and s € Z such that a= < s < b, we have
o(M]a,b],Ss) = 0.
Proof. We shall argue by induction on |[a, b]| 4.
(i) Assume first that a < s < b and 72, = 1, = 15,. Note that
Mla,b) = hd(M[s*,b] ® Ss ® Mla, s™])
and hence
b(Ss, Ma, b)) =b(Ss, hd(M[s*,b] ® S, @ M[a,s])).
Since the pairs (M[s™,b],Ss) and (Ss, M|a, s7]) are unmixed by Proposition 4.15, we have
b (Ss, hd(M[s*,b] ® S, ® Mla,s7]))

= (Ss, hd(M[a, sT]®S,)) + (Ss, hd(Ss @ M[s™, b))

=10 (Ss, Ma, s]) +d(Ss, M([s,b]) =0
b[y ]?]roposition 2.25. Here, the last equality follows from the induction hypothesis on
|[a, b]]e.

(ii) Assume that a < s < b and 1, = 1, # 15. Set ¢ = min{k € [a,b] | 14, = w,s < k}. Then,
we have a < ¢” <s<c<b, and

M|a,b] = hd(M]c, bl ® M|a,c]).
Now our assertion follows from the induction hypothesis.
(iii) It remains to prove the cases
(a) a <s<a and (b) b<s<b'.
We shall prove only the case (b) since the other case is similarly proved.
(iii-1) Assume first that s > a + ¢. Then we have
Mla,b] = M[a™,b] V S,.

On the other hand we have d(Ss, S,) = 0 and d(Ss, M[a™,b]) = 0 by Proposition 4.6 and
the induction hypothesis, respectively. Thus our assertion follows from Proposition 2.19.
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(iii-2) Assume that s < a 4+ ¢. We may assume that a = 1 by Proposition 4.7. Hence it is
enough to show that
M][1,b] commutes with S, if 27 =1, b < s < bt and s <1+ (.

Assume first that s < . Then we have S, = Fp(D[s]) and Fp(D(we Ay, Ay, )) = M[1,b]
by Lemma 4.16. Then the assertion follows from the fact that D[s] € R,_-gmod and
D(wesA,, A,) commutes with every simple module in R,,_ -gmod by Theorem 3.4.

Now we assume that s = ¢ 4+ 1. In this case, we have S, = 5.
We divide this case into two sub-cases:
(1) Assume that b = ¢+ 1 = s. Then we have

Mla,b] = Sy V M[1,b] = Sg V Fp(D(wol,,, Ayy)).
By Proposition 4.4 and Lemma 4.16, we have
o(Ss, M[1,07]) =o(2Sy, M[1,b7]) = &,,(D(woA,,, Ay))).
Then [33, Lemma 9.15] tells that
£, (D(wol,,, Ay)) = max(O, —(a“,woA“)) < 1.
Now [40, Proposition 2.17] implies that
b(Ss, M[a,b]) =0,
yielding our assertion in this case.

(2) Assume that b < £. Then we have b < s = £ 4+ 1 < b* and hence 1} = 1,11 # 1, = 3.
Since wol,, = sy, - -+ S, Ny = Sy, -+ Sy, Ayy, we have M1, 0] = D(woA,,, A,,). Hence we have

o(Ss, M[1,0]) =0(2S1, M[1,0]) = gzl(D(wOA“,AHD
= maX(O, —(a“,woA“)) = maX(O, (aZI,A“)) =0,
where the last equality follows from ] # 2;. Thus we obtain the desired result. U
Proposition 4.20. For any i-box [a,b], we have
o(Sy+, Mla, b)) =0(S,-, Mla, b)) = 1.

Proof. We shall only prove that d(Sy+, M[a, b]) = 1 since the other assertion can be proved
similarly. Since Sy+ V Mla, b] ~ M|a,b*], we have M|a,b] ~ Mla,bT]V ZSy+. Noting that
Sy+ is a root module (see Definition 2.27), we have

0 < 8(Sy, Mla, b)) < 0(Sp+, Mla, b+]) +0(Sps, 2S5+ ) = 1.
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Assume that 5(Sy+, M|a,b]) = 0. Then we have M[a,b*] ~ Sy+ ® M[a,b], and
0 = 2(Sp, M[a,b"]) =2(Sp, Sp+) +d(Sp, M[a,b]) =1
by Lemma 4.13, which is a contradiction. Thus we conclude that d(Sy+, M(a,b]) =1. O
Theorem 4.21.

(a) For any i-box [a,b], M|a,b] is a real simple module in %,.
(b) If two i-bozxes [a1,b1] and [as, bs] commute, then Mlay,b1] and M |ag, by] commute.

Proof. By induction on ||a, b] |4, we may assume that a < b~ and Ma,b”] is real simple.
Hence (a) follows from Mla,b] =S, V M[a,b” |, Lemma 2.22 and Proposition 4.20.

(b) is an immediate consequence of Proposition 4.19. O
Lemma 4.22. For any i-boz [a,b], we have

o(Mla,b], M[a=,b7]) < 1.
Proof. Note that M[a~—,b"] = MJa,b"] V S,-. Thus Theorem 4.21 and Proposition 4.20

tell that
o(Mla,b], M[a™,b7]) < d(Mla,b], M]a,b7]) +2(Mla,b],S.-) = 1. O

Later, we see that d(M|a,b], M[a~—,b"]) = 1 in the course of the proof of Theorem 4.25.
Lemma 4.23. For any i-boz [a,b], we have
2(2Sy, M[a,b)) =1 and 2 'S,, Mla,b)) = 1.

Proof. Since M[a,b] ~ S,V Mla,b~] and 2(2*S,, M[a,b]) = 0 for k > 1, the first equality
°2(2Sy, Ma,b]) = 1 follows from [40, Lemma 6.7]. The second equality can be proved
similarly. Il

For an interval [a, b] with a < b, we define i-boxes
(4.4) la,b} :==[a,b(1,)"] and {a,b]:=[a(w)T, ]
For notations, see (4.2).
Lemma 4.24. [fa < b, then M[a,b} and Sy- commute.

Proof. Set ¢ = b(1,)” so that a < ¢ < b < ¢ and MJa,b} = Ma, c].

(i) If b= > a~, then MJa,c] and Sy- commute since a~ < b~ < b < c*.

(i) If b= < a™, then 1, # 1, and hence ¢ < b. Then (b7)” <b” <a  <a<c<b=(b")",
which implies that M]a, c] and Sp- = M[b~,b~] commute. O
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4.6. T-systems among affine determinantial modules. A T-system was introduced
in [46] as a system of differential equations associated with solvable lattice models. It
was conjectured in [10] that the g-characters of Kirillov-Reshetikhin modules solve the T-
system. The T-system can be written as a short exact sequence in terms of KR-modules.
In [56, Appendix|, T-systems are presented in terms of notations Wk(?s and also V (i*), for
1 € Iy, k € Z>, and x € k*. For instance, for a simply-laced untwisted g and i € Iy,
T-system is given as follows:

0— ® ngfaz(—q) - ngfa)n(—q)Q & Wk(,li‘ - Wl§21,m(—q)2 ® ngil,:c — 07
jelo; d(i,5)=1

for any ¢ € Iy and x € k*.
In our context, it is paraphrased as follows (see Theorem 6.14 below).

Theorem 4.25. For an arbitrary quantum affine algebra U;(g) and an arbitrary i-box [a, b]
such that a < b, we have an exact sequence

(45) 0— & Mla(y)",b())"] = Mla™,bl® Mla,b"] — Mla,b]®@ M[a™,b"] — 0.
J€lg; d(2a,7)=1

We call it also a T-system.

Note that the left term and the right term in (4.5) are simple.
By this theorem, we have also an exact sequence

(4.6) 0— Mla,b]@ Mla",b"] = Mla,b"|®@ M[a*,b] — & Mla(y)*,b(3)"] — 0.
J€lg; d(1a,9)=1

The rest of the subsection is devoted to the proof of this theorem. We begin with the
following lemma.

Lemma 4.26. Let X,Y,Z be real simple modules in €y, and we assume the following
conditions:
(i) (X,Y, Z) is a normal sequence,

(i) A(Y,X)+A(Y,Z) — A(Y, X V Z) = 25(X,Y).

Then, the composition X @Y @7 —25 Y @X®Z - Y V (X V Z) is an epimorphism
and it induces an isomorphism hd(X @ Y ® Z) ~Y V(X V Z).
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Proof. Set A =9(X,Y). Then we have a commutative diagram:

XoYewz — — SR,
2 idX®Y8z®Z e’ ——‘"\

J{R;gnyez ®\> \

Y 9X®Z — XQYe®Z — X®Z®Y.
Yoz, X Yoz ,2

i i

Yo ©(X V Z) (XV Z)® Y.
PREY vvz

up to constant in k[[z]]*. Here the commutativity of @) follows from Proposition 2.5 and
the one of ® from Lemma 2.26 and the hypothesis (ii). Hence, the following diagram is
commutative:

X®Ye:®Z
Ry. 2
lRﬁzz\\\\\\\\‘“\*\~\\\\\\\\\\\\\\\\\$
Ye: @ X QR Z X®ZRY,
}/ez ®(X v Z) ren (X v Z) ® }/ez
RYCZ,X
Setting z = 0, we obtain a commutative diagram:
XQYeZzZ hd(X®Y ®Z)
i Yy 7
Xy
YoX®Z X®ZRY
| | T
Y®RXVZ)— (XV2Z)eY ZXQY . ZRY X
Y,XVZ XY

Let S be the image of the composition

YRX®Z>YR(XVZI) Y (XV) QY 20X QY.

Then S ~ Y V (X V Z) is a simple module. By the above commutative diagram, the
image K of the composition of X @ Y ® Z Yo xewzeY X% 7@ X @Y is contained
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in S. On the other hand, the image of K — Z®Y ® X is isomorphic to the simple
module hd(X ® Y ® Z). Therefore K is non-zero and hence K = S, and it is isomorphic
to hd( X ®Y ® 7). 0

Proof of Theorem 4.25. We argue by induction on |[a, b]|, > 2.

Assume first that |[a,b]|s = 2, i.e., b = a™. If £ > 1 then we have b —a + 1 < ¢ and
hence we have the desired result by Corollary 4.17. If £ = 1, then we have S, = S, and
we have an exact sequence

0—1—95,®S, — 25,VS, — 0
since S, is a root module. Hence, for any ¢, we have obtained an exact sequence:

(4.7) 0— & Mla()*, (a")(y)]— Ser ®Ss — Sa+ V S, — 0.

9€Ig; d(1a,3)=1

Now we can assume |[a, b]|s > 2.
In order to prove the theorem, it is enough to show
(I) o(MJa,b~], M[a™,b]) < 1,
(IT) Ma™,b] V Mla,b”] =~ M[a,b] ® M[a™,b7],
(III) Mla,b”]V Ma™,b]~ & Mla(y)",b(s)"],
d(2a,7)=1
(IV) Mla*,b]V M|a,b~| %2 M[a,b~]V Ma™,b].
Indeed, (I) and (IV) imply d(M(a, b~ |, M[a™,b]) = 1, and [38, Proposition 4.7] implies the
existence of a short exact sequence

0 — Mla,b"]V M[a",b] — M[a*,b]® M[a,b"] — M[a™,b] V M[a,b"] —> 0.

Now let us show (I)—(IV).
(I) follows from Lemma 4.22.
Let us show (II). The composition
Mla™,b] @ M[a,b™|==M[a™,b]® S, @ M[a*,b"] - M[a,bl®@ M[a™,b]

does not vanish by Proposition 2.9. Since M]Ja,b] and M[a™,b~] commute by Theo-
rem 4.21, Mla,b]® M[a™,b7] is a simple module. Hence we obtain an epimorphism
Mla™, bl ® Mla,b"] = Mla, bl ® M[a*,b”]. Thus we obtain (II).

Let us show (III).
We shall first prove

(4.8) hd(M[a™,b]® S, ® S+ ) 2 S, V Mla™, b].
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In order to prove (4.8), we shall apply Lemma 4.26 with X := M[a™",0], Y :=S,, and
Z :=S,+. Since (X, Z) is unmixed, (X, Y, Z) is a normal sequence.

We shall verify (ii) in Lemma 4.26. Note that (ii) is equivalent to

AY,Z)-ANY, XV Z)=AX,Y).
We have A(M[a*",b]V Sa+,Sa) = A(M[a™,b],S,) + A(Sa+, Sa) because (M[a™T,b],S,) is
unmixed. On the other hand, we have
2=20(Mla",b],S,) = A(M[a*",b] V S+, Sa) + A(Sa, M[a™,0] V S,+)
and
2 =209(S.+,Sa) = A(Sa+, Sa) + A(Sa, Sat)-
Hence we obtain
2 — A(Sq, M[a™F,b] V Spi) = A(M[a™,b],Sa) + (2 — A(Sa, Sat)),

which implies (ii). Hence, Lemma 4.26 implies (4.8).
Thus, we have a chain of morphisms

Ma*,b @S, @ Mla™,b] - M[a™,b7] (S, V Ma™, b))
~ Mla*,b"]®@hd(M[a™",b]® S, ® S.+)
~ M[a", b7 @(M[a*",b] V (Sa V Sat)).

On the other hand, the pair (M[a™,b7],S, V S,+) is unmixed since
SaVSer~ Q@  Mla(y ) (@)()7] by (47) and  (aT)())” <a’.
7€lg; d(1a,)=1
Therefore, (M[at,b™], M[a™",b], S, V S,+) is a normal sequence and we have an epimor-
phism
Mla®,b7]® S, ® Mla™,b] — (M[a", 0]V M[a™",b]) V (Sa V Sa+).
By the induction hypothesis, we have
M(a™,07] V Ma™", ] ~ ( (X; M{(a™)(7)",b(2)"].
d(9,a
Hence [33, Lemma 3.2.22] implies that

(M[a*,67]V M[a**,b]) V (S, V Sa+)
~  ® (M@ b)YV Ma()*, (a™)(2)7])

J€Ig; d(1a,3)=1

~ A,
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where A := X Mla(y)*,b(y)"].
J€1g; d(1a,)=1
Thus we obtain an epimorphism

M[at,b7]® S, @ Mla™,b] - A.

Since 2(M[a™,b7],S,) = 1, we have an exact sequence

0— S, VMat,b7] — Mla*,b7]®S, — M[a,b"] — 0.

Now, we shall show
(4.9) (Se V M[a*,b7]) and M|a™,b] commute.
We have
b(S, V M[a",b7], M[a",b]) <(Se, Mla®,b]) +0(M[a",07], Mla®,b]) =1+0=1.
Hence it is enough to show
b(Se V Ma®, b7, M[a®,b]) # 0(Sa, Mla™,b]) +d(Ma™,b7], M[a",0]).
If the equality holds, then [40, Lemma 2.23] implies that (M[a*,b], SQ,M[CLJF,b*]) is a
normal sequence. Hence we have
A(M[a*,b], Mla*,b7]) + A(Se, Mat,b7]) = A(M[a™,b] V S, M[a™,b7]) = 0.
On the other hand, we have
A(M[a*,b), M[a*,b7]) = —A(M[a",b7], M[a™, b)),
and
], M[a™,b] VS,)
Mfa* ) - Al b5,
where the last equality follows from the normality of (M [a™,b7], M[a™,b], Sa>.
Thus, we obtain
0 =A(M[a",b], M[a*,b7]) + A(Sa, M[a",b7]) — A(M[a*,b] V Sa, M[a™,b7])
= —A(M[a",b7]), M[a*,b]) + A(Sq, M[a™,b7])
(A" b, M b))~ A(M[a*, b7, 5,))

A(M[a*,b] V Sq, Mla®, b‘]) = —A(M[cﬁ, b~
= —A(Mla*,b7]

= 2b(Sa,M[a+,b_]),
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which contradicts ?(S,, M[a*,b7]) = 1. Thus we obtain (4.9). In particular, (S, V
Mla*,b7]) ® M[a*,b] is a simple module.

e The simple modules (S, V M[a*,b7]) @ M[a",b] and A are not isomorphic.
Indeed, we have b(ZSy, (S.VM[a*,b7]) @ M[a*,b]) > 2(2Sy, M[a*,b]) = 1 by Lemma 4.23
and b(.@Sb,A) =0.

Thus the composition

(Sa V Mlat,b7]) @ M[a™,b]==M[a",b"|® S, ® M[a",b] - A
vanishes, and hence M[a*,b"|® S, ® M[a™,b] — A factors through Mla,b"|® M[a™,].
Thus we obtain an epimorphism

Mla,b"] @ M[a™,b] — A,

which completes the proof of (III).
Finally, (IV) follows from d(2Sy, M[a,b~] V M[a*,b]) = v(ZS;, M[a, b]
and »(2Sy, M[a®,b] V M[a,b7]) =2(2S, &  Mla(y)*,b(y)7]) =

J€Ig; d(1a,7)=1

® Mla*,b7]) = 1
0 O

5. ADMISSIBLE CHAINS OF i-BOXES

In this section, we construct commuting families of real simple modules consisting of
affine determinantial modules and then investigate relations among the families, called
box moves. Throughout this section, we fix a PBW-pair (D, w,) and keep the data and
notations in the previous section.

5.1. Chains of i-boxes. Recall [a,b} and {a, b] defined in (4.4).

Definition 5.1.
(1) A chain € of i-boxes
(Ck = [(Ik, bk])lgkgl for [ € 221 L {OO}
is called admissible if

¢ = [ag, bi] = U la;,b;] is an interval with [¢,| =k for k=1,...,1
IS
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and
either [ag, by] = [ar, be} or [ak, by] = {ag, by] for k=1,... 1.
(2) The interval ¢ is called the envelope of ¢, and ¢; is called the range of €.
Note that the chain is uniquely determined by its envelopes:

o g, b} (1) if G = Gy — 1,
5.1 cr = lag, by :i=Tp_1[ar,bp] = “ 7 < I
(5:1) k=l bl := Toa [, ) { (an b (i) if by = by + 1,
for 1 <k <. In case (i) in (5.1), we write Ty_; = £, while T;,_; = R in case (ii).

Thus, to an admissible chain of i-boxes of length [, we can associate a pair (a,T) consist-
ing of an integer a and a sequence ¥ = (T, Ty, ..., T;_1) such that T; € {£L, R} (1 <i <),
[ — L,by] if Ty = L,

[Zik_l, b—1 + 1] if T,_1 =R.

a=a; =b =a = by, [@»bk}:{

Note that [ag, bx] = [’dk,gk} or {6k,5k] according that Ty,_1 = L or T,_1 = R.
Lemma 5.2. Let € = (i), ., be an admissible chain of i-boxes, and (¢x) ;e its en-
velopes. Then, we have

(1) (ak)_ <ap < Ek < (bk)+,
(ll) (ak)_<aj<bj<(bk)+ if 1<) < k<.
In particular, ¢; and ¢, commute.

Proof. (i) Set © = 1,, = 1,. Then we have a;, = ax(2)". Hence we have (ax)” < ax. The
other strict inequality on b5 can be proved similarly.

(ii) This assertion follows from
(ar)” < ar <a; <bj <bp < (). O
For an admissible chain of i-boxes € = (ck)Kkgl and 1 <t <1, we set
Cep = (Ck)1<k<t'

Proposition 5.3. Let € = (ck),,; be an admissible chain of i-bozes and let ¢ = [a, b]
be an i-box such that ¢ C ¢ and ¢ commutes with all ¢, (1 < k < 1). Then there ezists
s € [1,1] such that ¢ = .
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Proof. We can assume that ¢ C ¢; and ¢ ¢ ¢;_1 and [ > 2, which implies
(1) a=a; < a1 or (11) b= gl > El—l-

Since the case (ii) can be proved similarly, we only treat the case (i).

Then ¢; = [a;, b satisfies a = a; = @; and b = Bl(zb)’. Hence, we have b < b;. If b = by,
we have ¢ = ¢;. Thus we may assume that b < b;. Hence b™ < b < Zl = 51,1. Take the
smallest s > 1 such that b™ < b,. Then 1 < s <1 — 1.

Assume first s > 1. Then we have by_; < b™ < by, and hence b™ = b, = b,. Since ¢ and
¢, commute and b" < b, we have

- +
a, <a<b<b;.
Hence we have a; < a < a;—1 < as, which contradicts 1,, = %, = 4+ = 2,.

Hence we have s = 1. Therefore, a; < b™ < @;. Now take the smallest ¢ > 1 such that
a; <bT. Since ¢ <a<b<b", we have ;1 = 1+ a; < b'. Hence we have 1 <t <1 — 1.

If ¢t > 1, then we have a; < b™ < a,_1, and hence bt = @, = a,. If t = 1, then
b = a; = a;. In any case, we have b+ = a;.

Since ¢ and ¢, commute and bt < b, we have

a; <a<b<bf.
Hence, we obtain a; < a = a; < a—1 < a; < a;, which contradicts 1, = 1+ = 14. O

Corollary 5.4. Let € = (c4),,, be an admissible chain of i-boxes. Let ¢ = [a,b] be an
i-box such that a~ < @ < a and b < by < b*, ie. a = (&))" and b = (b)(2)~ for some
v € Ig. Then ¢ is a member of €.

Proof. 1t follows from the fact that ¢ C ¢, commutes with all ¢, (1 <k <1). O

For an admissible chain € of i-boxes, let us define a family of real simple modules M(€)
as follows:

M(€) := { M (cx) }r1<p<t-

Theorem 5.5. For any admissible chain € = (cx), 4o, M(E) forms a commuting family
of real simple modules.

Proof. By Lemma 5.2, ¢, and ¢, commute for all k1, ko € [1,1]. Thus our assertion follows
from Theorem 4.21. g
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5.2. Box moves. For an admissible chain € = (c;), ., With the associated pair (a,T)
and for 1 < s < [, we say that an i-box ¢, is movable if s = 1 or Ts_1 # T, (s > 2).
Note that the last condition (for s > 2) is equivalent to the condition as,1 = as—; — 1 and

bs+1 = 5571 + L.
For a movable ¢, in €, we define a new admissible chain By(€) whose associated pair
(a/,F') is given
(0 ad=a+1 ifs=1and Ty =R (resp. L),
i
a=a if s >1,
(i) T, =T, fork¢g{s—1,s} and T, #T, forke{s—1,s}

That is, Bs(€) is the admissible chain obtained from € by moving ¢, by 1 to the right or
to the left inside ¢s11. We call B4(€) the boz move of € at s.

Proposition 5.6. Let € = (c), ., be an admissible chain of i-boxes and let ko be a

movable i-box (1 < ko <1). Set By (€) = (¢})1<pey- Assume that Yo 7 B i1 i.€., Crot1
s not an i-box. Then we have

c;c = cﬁko(k)7
where s, € &; is the transposition of ky and ko + 1.
Proof. Set p = kg + 1.By the assumption, we have

[ap, bp} = [ap, by — 1} and  {ay, by = {a, + 1,5,
which implies the desired result. U
Proposition 5.7. Let € = (¢1), ., = (¢, %) be an admissible chain of i-bozes and let cy,
be a movable i-box. Assume that vz, = =1 Lo e Ckot1 05 an i-box. Set cxyy1 = [a, b
0

with a = Gpysy and b = by 41, and set By, (€) = (¢4)1<kes- Then we have

(i) exy = [a*, 0] and ¢}, = [a,b7] if Tyy—1 = R,
(ii) cx, = [a,07] and ¢, = [a*, ] if Ty—1 = L,

In particular, we have an exact sequence

(5.2) 0— u ®) 1M[a(])+,b(j)_] = X®Y = M(ckyr1) @ M[a™, 7] — 0.

ta,J)=

where (X,Y) = (M(cko),]\/[(cﬁm)) in case (i) and (X,Y) = (M(CZO%M(%O)) in case (ii).
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Proof. By the assumption that i = B i’ [a,b] := [argt1, Okor1] = [Aror15 Oror1]-
In case (i), we have
[akov bko] = {ako+1 + 175k0+1] = [aJr? b] and c?co = [ak0+175k0+1 - 1} = [CL, bi]
The proof in case (b) is similar.
The last statement follows from Theorem 4.25. O
Remark 5.8. When ¢, is movable and ¢;,+1 = ¢x41 = [a,b] is an i-box, Corollary 5.4

tells that the i-boxes {[a(7)*,b(7)7] | d(2,7) = 1} appearing in (5.2) are all contained in
Cckor1 and hence in €. Note that [a™, b~] commutes with i-boxes in {[a™, ], [a,b7], [a,b]} =
{Cho—1, Chy> ckoﬂb and it also commutes with all i-boxes in €<y, since (a™)” = Agyy1 <
ar < ap < by < b <bggr1 = (b7)F for 1 <k < ky— 2. It follows that [a™,b7] is contained
in €. Thus, the operation By, under this situation can be understood as a combinatorial
analogue of T-system (see Lemma 7.17 below, also [14, Section 13] and [15, Section 12]).
Definition 5.9. For admissible chains € and € of the same length [ € Z-;, we say that
they are T-equivalent, denoted by ¢ L @) if there exists a sequence (py,pa,...,pr) €
{1,2,...,1 =1} (r € Z>1) such that
By, (- (Bp (By, (€)) - -) = €.
The following lemma is almost obvious.

Lemma 5.10.

(i) The binary relation z for admissible chains of finite length is an equivalence relation.
(ii) If €W and €@ are T-equivalent, then they have the same range.
(iii) Two admissible chains ¢ and €@ with the same range are T-equivalent.

Example 5.11. Let us consider a PBW-pair (D, w,) with g = A3 and

—~

Wy =+ "+ 8172 8171 S’Lo S’Ll SZQ 813 e
—r 83 32 33 31 82 83 e
and an admissible chain ¢ = (cg))lgk<3 = (0, = (£,£)) = ([0],[-1,0},[-2,0}) =
([0], [—1], [—2,0]) associated to w.
Note there exists only one movable box cgl) in ¢, Thus we have
¢ = (cl(f))lglc<3 = BI(Q(I)) = (_L T = (R, E))
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since [—1,0] is not an i-box (see Proposition 5.6).
For € the second i box cg) is movable and hence we have
¢® = (cl(vg))lgkg?) = 31(6(2)) = (_17(3 = (E:R))

since [—2,0] is an ¢-box (see Proposition 5.7).

Finally, cg?’) is movable hence we have

e = By(e¥) = (2,5 = (R, R)) = ([-2], {~2, ~1],{-2,0]) = ([-2], [-1], [-2,0).

6. Q-DATA AND ASSOCIATED PBW-PAIRS

In this section, we recall the notion of Q-data introduced in [13]. A Q-datum is a
generalization of a Dynkin quiver with a height function. Then we attach a complete
PBW-pair to each Q-datum.

6.1. Q-data. For each untwisted quantum affine algebra Uy (g), we associate a finite simple
Lie algebra gg, of simply-laced type as follows (see §2.4 and [39]):

g [|AY =1 |BY n=2) | n=3) | DY (nz4)| EN, | FY |GV
(6.1) | gn Ay Azpq Dyi1 D, Eg 78 Es | Dy
hY n+1 2n — 1 n+1 2n—2 |12,18,30| 9 | 4

Here hY := (¢, p) = Yies ¢ is the dual Coxeter number of g.

Let A4, be the Dynkin diagram for gg,. Then there exists a Dynkin diagram automor-
phism o of Ay, whose orbit set A7 yields the Dynkin diagram Ag,: for g = (ADE)(D-

case, we have ¢ = id. In the remaining cases, o is given by V or V in the following
diagrams:
oo P V9 s oo
<AA2"—1 Gt oo k¥ =2n k) Ap,: o—=% SO0=Q
k ifk<n-—1,
/on \% :
Ap,p: 9—F R E'=in+1 ifk=n, = A, 09— 00,

et n ifk=n+1
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21 1V'=6, 6Y =1,
VvV __ AV . o _
JAYR o—9—0—0—0, 3V =5, 5Y =3, :>AF4.? o=>0—0,
AV =4 2V =9
o [1V¥=3,3"=4, 4" =1,
Ap, : 10—20<O37 {2922 = Ag, 1 =9
1

We denote by I, = {1,2,...,|[s,|} the index set of Ay, . Let (C,Pgy, gy, Py, 1Y) be
the finite Cartan datum associated to gs,. Let us denote by Wg, the Weyl group, by
{A, | v € Ig,} the set of fundamental weights, by ® the set of roots, by P{. the set of
dominant integral weights, by «, the +-th simple root, by Q the root lattice of gg,, and by
(, ) the symmetric bilinear form on Q, all of which are associated to gg,. We also write
O (resp. @) for the set of positive (resp. negative) roots of gg, and Q™ (resp. Q™) for the
positive (resp. negative) root lattice of gg,. For = Y er. ki, € Q, weset |B]:=cr.. |kl

Let Iy, = {1,2,...,n} be the index set of A,,. Note that I, = I, when g = (ADE)(1.
To distinguish the index sets Is, and I;,, we use ¢ for indices in Is, and ¢ for indices in /.
We write 7: I, — Iy, for the projection. Then the orbit of 2 is given as

7 lr(2) = {o™() | m € Z}.
We denote by A = (a; ;)i je 1,, the Cartan matrix associated to go. Then we have
ai;=—|{sen(G) | d(,g) =1}
fori # j € I, and v € 7 (7). Set d; = |7~ ()| and D = diag(d; | i € I,) the diagonal

matrix. Then, DA is symmetric.
For 1 € Ig,, we write also d, for d

), L.e.,
d, = |77 '7(2)).
Note that d, € {1,ord(¢)} and
(%r(r), &r(r)) = 2d,ford ().

In this subsection, we fix g and a pair (A, ,0) of the Dynkin diagram A, of finite
type ggn and an automorphism o = id, V or V. If there is no afraid of confusion, we simply
write A for Ay, .

Definition 6.1 ([13, Definition 2.5]). A function {: Iy, — Z is called a height function on
(A, o) if the following two conditions are satisfied.

(1) For any ¢, € Ig, such that d(¢,)) =1 and d, = d,, we have |{, — &,| = d,.
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(2) For any ¢,) € Ig, such that d(z,7) =1 and 1 = d, < d, = ord(o), there exists a
unique element j° € 7~ '7(y) such that |§ — &o| = 1 and &k o) = &jo + 2k for any
0 <k <ord(o).

We call the triple 2 = (A, 0,&) a Q-datum for g.

Note that, when o = id, a Q-datum coincides with a usual Dynkin quiver with a height
function ([44]).

Remark 6.2. The convention for a Q-datum in this paper is associated to the sink-adapted
orientation which is different from the source-adapted orientation in [13, 21]. We take this
convention in order to match Ma, b] as the image of a certain unipotent quantum minor
under the quantum affine Schur-Weyl duality functor (see §4.1 and §6.3 below).

Example 6.3. For an untwisted affine type g, we give examples of Q-data 2:

(1) 2= %f;%j; - ﬁil—ﬁ% for g = AWM, ord(o) = 1,
Qon—l
(2) 2= T — s for g = DO, ord(c) = 1,
n— n— 1 0 —1 1 n— n—
(3 2555~ o b8 g0 forg=BY, od(o) =2

0 -
() 2= 95" %5 o forg= F4(1), ord(c) =2,

—_
o I=

3

?3
(6) 2 = O%iﬁff for g = G, ord(c) = 3.

—

Here,

(1) an underline integer x is the value of §, at each vertex 1 € A,
(2) an arrow ¢+ — 7 means that & > &, and d(¢,7) = 1.

For a Q-datum 2, we call a vertex ¢ € I, a sink of 2 if §, < ¢, for all j € Iy, such that
d(z,7) = 1. We also call a vertex a source of 2 if { — 2d, > &, — 2d, for all j € I, such
that d(z,7) = 1.
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For a Q-datum 2 = (A, 0,§) and its sink 2, we denote by 5,2 the Q-datum (A, o, s,§)
where s,€ is the height function defined as follows ([13, Lemma 2.11]):

(Slf)J = f] + 51; x 2d,,

Then 5,2 becomes a Q-datum associated to the same g of 2. Similarly, we can define
the Q-datum s; .2 for a source ¢ € Iy, of 2. We call these operations as (combinatorial)
reflection functors on Q-data associated to g.

For a reduced expression w = s,,8,, - -+ s,, of w € Wg, and 1 < k < [, we set

1

wo,
(6.2) Wep =SS0 Sy Wep =S8, S, , and B =58, -5, q,.

Let £ be a Q-datum associated to g and let Wg, be the Weyl group of type A, . For
w € Wy, and its reduced expression w = s,,s,, - - - s, we say that w is adapted to 2 (or
simply 2-adapted) if

1 is a sink of s, s, , - -5, 2 forall 1 <k <.

Proposition 6.4 ([13, Corollary 2.21]). Let wy = S,, - - - S, be a reduced expression of wy.
Then the following conditions (i) and (ii) are equivalent:
(i) The following two conditions hold:
(a) For any 1, j € I, such that d(1,7) = 1 and any s such that 1 < s < st < ¢ and
1 =1, we have

Ht|s<t<st,m(y) =n(w)} ifd <d,
—An(g),m() =
! Ht|s<t<st,g=u} otherwise.

Here st :=min({p | s <p < {, 1, = 1,} U{+00}) and s~ :=max({p | s > p >
1, 1, =1} U {—oo})

(b) If s— <t<s<st <landds,yu) =1, d, <d,, then there exists t' such that
s <t <standw =o(u).

(ii) The expression s, ---s,, is adapted to some Q-datum 2 associated to g.

In [13], for each Q-datum 2, a unique element 79 = s,, - - - 5,0 € W0 is defined, which
can be understood as a generalization of a Coxeter element associated to a Dynkin quiver
in the o = id case. Here, we regard Wg,0 as the subset of the automorphism group of the
root lattice of A. We call 7o the 2-adapted Coxeter element. We refer the reader to [13]
for its definition, but give some of its properties instead.

Remark 6.5 ( [13, §2]).
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(a) The element (75)°"4?) is contained in Wg,, of length t := ord(c) x |I,| and has a
2-adapted reduced expression s,,s,, - - - S,,.
(b) Any Z-adapted reduced expression s,,s,, - - - 8, of (72) satisfies the following prop-
erty. Set 2" =3, ---5,2, and let £ and &’ be the height function of 2 and 2'. Then

we have

ord(o)

& =&+ 2 xord(o) for any 1 € Ig,.
(c) Let hY be the dual Coxeter number of go. Then one can check (see [13, Table 1]) that
2|07
ord(o) [ g,

(d) Let wy = s,, - - 5,, be a Z-adapted reduced expression of the longest element wy. Set
9 =wy'2:=5, 5,2 and let £ and ¢ be the height function of 2 and 2'. Then
we have

h =

& =¢&- +ord(o)h for any 1 € Ig,.

In particular, setting 241 = (21)*, Suy =+ - Sy,
of wy.

S, 1s an (s, 2)-adapted reduced expression

For a Q-datum 2 = (A, 0, ) associated to g, we define
(6.3) To:={(,p) €Iin X Z | p—& € 2d,Z}.

We define the quiver Vo Whgse set of vertices is I 2 and arrows are assigned in the
following way: for (2,p), (7,9) € 9, we have

(6.4) (t,p) = (9,¢) if d(e,y)) =1 and ¢—p=min{d, d,}.
Let ® := ®* x Z. For each 1 € I, we define
72 =1 —73)A, € dT.

In [13, 21], it is shown that there exists a unique bijection ¢ o : Ty — @ defined inductively
as follows:

(2) if qﬁg(z,p) = (B, m), then we define
. (8) bap +20) = (% (). m) it 15(9) € 0,
' (b) ¢o(t,p+2d,) = (=75 (8),m+1) if 75'(8) € @,
(¢) ¢2(1,p—2d,) = (15%(8),m) if 7,%(8) € @+,
(d) ¢o(t,p—2d,) = (=% (B),m—1)  if r,%(8) € ™.
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(1-4) (1L,-2) (L.0) (L.2)
N N N
AL — (2.-3) (2.-1) (2.1) (2.9
3 N P N N,
e (3,-4) (3.-2) (3,0 (3.2)
1,-7) (1,-3) (1,1)
N e AN
B(l) _ (2.-8) (2.-6) (2.-4) (2.-2) (2,0)
2 ~ 7 ~N 7
(3.-5) (3.-1)
(1,-6) (1,-4) 1,-2) (1,0) (1,2)
NN N N NS
C(l) — (2.-5) (2.-3) (2.-1) 2,1) (2,3)
3 ~ 7 ~N S AN
(3,—-4) (3,0)
(4,-6) (4,-2) (4,2)
(1,-6) 1,-4) 1,-2) (1,0)
N N T T S
D(l) _ (2,-5) (2,-3) (2,-1) (2,1)
4 7 NN x 7 N\ x
(3,—6) (3,—-4) (3,-2) (3,0)
(4,-6) (4,—4) (4,-2) (4,0)

FIGURE 1. Some examples of the quivers W,.

Note that the full subquiver I'y of I with
Io:= ¢35 (DT x {0}) C I4n X Z

as the set of vertices is isomorphic to the Auslander-Reiten (AR) quiver if 2 is associated
to g = (ADE)M to the twisted AR-quiver if 2 is associated to g = (BCF){1, and to the

triply-twisted AR-quiver if 2 is associated to g = Ggl) ([57]). Throughout this paper, we
call I' 9 the AR-quiver in a uniform way.

Proposition 6.6 ([13, Corollary 2.39]). Let hY be the dual Cozxeter number of go. Then
we have

b1, €& + ord(o)hY) = (42, 1).
Hence, for k € Z and ¢5(1,p) = (8,0) for € ®F, we have

¢o(™,p+ k ord(o)h") = ((—wo)kb’, k:)
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|k|-times

—
Here 1% :=1*"""*_ In particular, we have

Io={(,p) €Io|&<p<& +ord(o)h'}.
Proposition 6.7 ( [2, 13, 57]). For a Q-datum 2, we have the followings:

(i) If a sequence ((ix,Pr)) <p<e Of elements of I satisfies
(a> [Q = {(Zkapk) ‘ I1<k< g}; and
(b) (g, pr) = (e, pwr) in I'o implies k < k',
then wy = s,, -+ 8, 18 a Z-adapted reduced expression of wy, and
k= 5%(‘9%4 5, 2).
Here, we set £,(2) :=¢&, for a Q-datum 2 = (A, 0,§).

{4

(ii) Conversely, if wy = s,, - - - 5,, is a 2-adapted reduced expression of wo, then ((ir, Pk))i<pes

with py =&, (S,,_, - - 5, 2) satisfies (a) and (b) in (i).
(iii) For any sequence ((ix, pr))1<pep Satisfying (a) and (b) in (i), we have ¢po(u, pr) =
(Br,0) (1 < k<L), where B, = Sy -+ Sup_, ().

Remark 6.8. The statements below follow from [21] and [13].
(a) For Q-data 2 and 2’ associated to the same g, Iy and Iy differ by constant integer
(see [21] and [13]); that is, there exists a unique k € {0, 1,...,20ord(c) — 1} such that

Lo ={(t,p+ k) | (1.p) € La}.
Note also that there exists a unique pair (¢,m) € {0,1} x [0,ord(c) — 1] such that
Ly ={(p+€) | (™(1).p) € Lo}.

Thus we use the notation fg and ¥g instead of I and U, when we can neglect integer
shift.

(b) A subset K of Iz, x Z is equal to I for some Q-datum 2 if and only if K satisfies the
following condition:

(i) For any ¢ € Ig,, we have {m € Z | (1,m) € K} = 2d, Z+a for some a € 7Z,
(6.6) (ii) if d(z,7) = 1, d, < d, and (y,p) € K, then we have (2,p+ d,) € K,
(iii) for any (z,m) € K, we have (o(2),m +2) € K.

Definition 6.9. We say that an infinite sequence §:= ((t4, Pr)) pez I Ian X Z is admissible
if the following conditions are satisfied:

<1> Ps+ = Ps + 2d257
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(2) pt = ps + min(d,,,d,,) if d(2s,2;) =1l and t~ < s <t < sT,

(3) pr — (ps +2) € 2d,,Z if s,t € Z satisfy 1, = o(1),

(4) Sy, - Surp, = wo for every k € Z, where ¢ denotes the length of the longest
element wy € Wgy,.

Note that (4) implies that 1, = (1)* for any k € Z. Note also that, when s < t and
15 # 1, the condition t~ < s < t < sT is equivalent to 15,9 & {2 | s < k < t}.

Lemma 6.10. Let 5 = ((25,ps)),cp be an admissible sequence, and assume that s,t € Z
satisfy d(is,1) = 1. Then we have the followings:

(i) ps < p¢ if and only if s < t.
(i) ps — pt — a € 2aZ where a = min(d,,.d,,).
Proof. 1t is enough to show that ps < p; and p; — p; — a € 2aZ under the condition s < t.
Take t' € Z such that 1 =1, and (')~ < s < t' and then take s € Z such that 1y = 1,
and s’ <t < (s')". Then we have ()~ < s’ <t < (s')", and hence
Py =Dy T Q
by (2). Since s < s’ and t' < t, (1) implies ps < py and py < p;. Thus we obtain

Ps S Py < Pr < Pt
and
Ps+a=py+a=py=p; mod2a.
Note that 2d,,, 2d,, € 2aZ. U

Proposition 6.11. Let A be the set of pairs (2,w,) of a Q-datum 2 and a 2-adapted
reduced expression wy of wy, and let B be the set of admissible sequences s. Then there
exists a bijective map 0: A — B defined as follows.

(i) For a pair (2,wy) of a Q-datum 2 = (A, 0,€) and a 2-adapted reduced expression
Wy = Sy, -+ Sy, of wo, we define ((Z87p8))seZ by:

{]8 if m is even,

Lstme for s,m € Z such that 1 < s </,

(75)*  if m is odd,

. fzk (Szk,l e 5116@> ka 2 1
P () ) e (50)12) iR <O,
Here, we set ,(2) :=¢&, for a Q-datum 2 = (A, 0,§).

Then ((vs,Ds)) ey @5 an admissible sequence and we set 0(2,wy) = ((1s,Ps)) sez-
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(ii) Conversely, for an admissible sequence s = ((15,s)) ez, (2, wo) = 07 '(8) is given by
Wy =8, -8, and & =Dy,
where ¥, :=min{k € Z; | 1y, = 1}.
Moreover, if (2,w,) and s correspond by o, the following properties hold.
a) The map s +— (15, ps) gives a bijection 7 5 Ty,

(
(b) For 1 <k <4, ¢po(tk,pr) = (Bk,0), where By, = Sy, -+ Sy, Oy -
(€) 1540 = (15)* and psio = ps + ord(o) hY, where hY is the dual Cozeter number of go.
(d) Set wy' = 51,805 -+ 50,50, and 8 := ((1, P}.)) ez where (1, p)) = (g1, Prs1). Then vy
is a sink of 2, and §' = g(s“c@,wo’>.
(e) If s— <t<s,d(s,u) =1 and d,, <d,,, then there exists t' such that s <t < s* and
1 = o(1).
Proof. (i) By the construction of (1), it is evident that we have wy = s,, ., - - - s,,,, for
any k. By Remark 6.5, 1 is a sink of s,,_, - -+ 5,, 2 for any k > 1. Similarly ¢ is a source of
(S00) M (Ser) "t (840) 712, Hence, there exists a sequence of Q-data (2}),., such that
2y =2,
41 is a sink of 2y and Ly = s, P,
1, is a source of @, and 2, 1 = (s,.) ' 2y,
Hence, py = &, (Zx—1) and (4, px) € Iy for any k.
Now, the conditions (1), (3) and (4) in Definition 6.9 are almost obvious by the con-
struction (see also (6.6)).
Let us show (2). The following properties are almost obvious by the construction:
(6.7) () ps < py if d(25,2:) =1 and s < t.
' (B) pi — ps — min(d,,,d,,) € 2min(d,,,d,,)Z if d(zs,2;) = 1.

Now assume d(25,2;) = 1 and ¢~ < s < ¢ < s™. Then (1) and («) implies p;- = p; — 2d,, <
Ps < Dy < ps+ = Ds + 2d,,. Hence we obtain

Ds < Dt < DPs + Qmin(dzs> dzt)'
Then (3) implies that p; = ps + min(d,_, d,,). Thus s is an admissible sequence.

(ii) Conversely, let s = ((2s,ps)) ..z be an admissible sequence. Let us show that (§,)

is a height function.

SEZ 1€1g,
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(ii-a) Let us show (1) in Definition 6.1. Assume that ¢, € Iy, satisfy d(z,7) = 1 and
d, = d,. In order to see |{, — | = d,, we may assume that 9, < 9,. Then we have
(9,)” <0<V, <I,. Hence py,)- =& —2d, < py, = & < py, = & by Lemma 6.10 (i).
Since &, — (¢, —d,) € 2d,Z by Lemma 6.10 (ii). we obtain &, = ¢, — d,.

(ii-b) Let us show (ii) in Definition 6.1. Assume that 1,7 € Iy, satisfy d(z,7) = 1 and
d, = 1 < d,. We may assume that 9, > 9, for any 7 € 7 '7(j). Set sp = d,. Then by
(1) and (3) in Definition 6.9, for any k € Z, there exists s, € Z such that 1, = o*())
and p,, = ps, + 2k. Since py, = ps, + 1 mod 2, there exists ?; such that 2, = ¢ and
Py, = Pso + 2k + 1. Then we have p,, < p, < ps,,,, which implies sp < tx < Sgq1
by Lemma 6.10 (i). Hence (s3),c, is a strictly increasing sequence. Since 7,_, = 7 and
s_1 < 89 = V,, we have s_;y < 0. Hence sy < 0 < 9, and (3,)7 < 0 < sp. Then
Lemma 6.10 (i) implies §,—2 < §, and §, —2 < §,. Hence we have [§,—¢,| < 1. Since &, # ¢,
by Lemma 6.10 (ii), we obtain |{, — §,| = 1. On the other hand, if 1 < k& < ord(o) — 1,
then we have (sx)” = Si—ord(e) < S-1 < 0, which implies s = V,(;, and we obtain
gak(]) = Ps;, = Psp + 2k = §7 + 2k.

a) is obvious.

(a)
(b) follows from Lemma 6.7.

(c) follows from the definition and Remark 6.5 (d).
(d) follows from (i).

(e) By (1) and (3) in Definition 6.9, there exists ¢’ such that 1 = o(v;) and py = p; + 2.
Then we have ps < p;+1 < py = py + 2 < ps + 2 = py+, where the first inequality follows
from p, — 2 = ps- < p;. Hence s < t' < st by Lemma 6.10 (i). O

6.2. Associated fundamental modules, and twisted case. For each untwisted affine
g and (z,p) € Iy X Z, we define the fundamental module Vy(2,p) € %, in the following
way: set ¢ = ¢"/") and

V(wﬂ(z))(quh)p if g= AW cm pin) Ef()-’l%g, Ggl),
(6.8) Vg(z,p) = V(ww(l))(,l)d(z,n)(qsh)p if g = bel),
V(ww(z))(_l)d(z,%(qsh)p if g= F4(1)

Note that ¢y = (q,)%. By [21, 57], V4(2,p)’s are distinct. The fundamental modules
(Va(%:2)) (pyets, xz 4o not depend on the choice of Q-data.
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Now let us consider the twisted affine types g2 A%) (n>1), Agi),l (n > 2), D,(L%Zl
(n>3), B 2 and g® = DY By [19, Theorem 4.15], there exists a ring isomorphism

(6.9) xe: K(C) 25 K(Cg)  (t=2,3)

sending fundamental modules to fundamental modules, and KR-modules to KR-modules
(see also [31]). Here, K(¢, %,) and K (¢, %, ) denote the Grothendieck rings of (fg?(l) and ‘Kgom,
which are called the Hernandez-Leclerc subcategory of U;(g(l)) and U;(g(”), respectively
(see Subsection 6.3 below for definitions). Note that x; commutes with 2.

The image of fundamental modules by y; can be described as follows.

For (1,p) € Iy X Z, we set

Ve (1,p) = V(@r()) A

where
7 if (1) g® = A and + < [N/2]
or (i) g® = D?)| and 1 < n,
o) = N+1-—0 ifg® =A% and 1> [N/2],
n if g@ = Dgl and 1 =n,n+ 1,
1) =n6)=1, 73)=n()=2 =n(4)=3, w2)=4 ifg?® =E",
{w(1) —r(3)=n4)=1, w(2)=2 if g® = DY,
and
(~q) i) 82 = Ay and 1 < [N/2]
or (ii) g® = E6 and 2 = 1,3,
(=D)N(—q)? if g@ =AY and 1+ > [N/2],
) = ) (VD ey if g = D, and v < n,
’ (=1)(—q)? if g =D and v =n,n+1,
—(—q)? if g = E((f) and 2 = 5,6,
(vV=D)(=q)" if g = £ and 1 = 2,4,
(81 — 8,2 + 0, 5w + 6,40) (—q)? if g® = DY

Here w is the third root of unity. Recall that we follow the enumeration of vertices of the
Dynkin diagram of g as [27] except the A2n case given in (2.1).
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Then we have

(6.10) e[V (1, p)]) = Vg ()] for any (2,) € Ty,

For each twisted quantum affine algebra U, é(g), we associate a finite simple Lie algebra
gsn and Uy as follows:

g | AP @=3)| D2 (n=3) | DY 2%
(9fin, ¥g) (An,‘I’A%w) <Dn+17\I’DS+)1) <D4,‘I’D§1>) (E67\I/Eél))

Also, the set of Q-data associated to Ué(g(t)) (t > 2) are the same as the one for Ué(g(l)).
In particular, ¢ = id in the twisted case. Note also that the dual Coxeter number of g(!
and the one of g® coincide.

In the sequel, we write simply V' (z,p) for V;(z,p) if there is no afraid of confusion.

(6.11)

6.3. PBW-pair associated with a Q-datum. For each Q-datum 2, the subcategory €
of €, introduced in [21], is defined as the smallest subcategory of €, containing V' (¢, p) for
all (z,p) € Iy and the trivial module 1 and is stable under taking subquotients, extensions
and tensor products.

Theorem 6.12 and Proposition 6.13 below are proved for untwisted (resp. twisted) affine
A and D types in [29, Theorem 4.3.1, Theorem 4.3.4] (resp. [32, Theorem 5.1]), for un-
twisted affine B and C types in [42, Theorem 6.3, Theorem 6.5], and for the remaining
exceptional affine types [55, Theorem 6.3, Theorem 6.7, Theorem 6.13, Theorem 6.15] (see
also [40, Proposition 6.5]):

Theorem 6.12 ([29, 32, 42, 55]). Let U;(g) be a quantum affine algebra and let 2 be a
Q-datum associated to g. Set

(6.12) Vo(a,) :=V(1,p) for j € Isn, where ¢35 (a,,0) = (2,p).
Then, we have

(a) The family Do:={Va(a,)},er,, is a complete duality datum associated with the Cartan
matrixz C of type gan. Hence the functor

Fo:=Fp,: Rc-gmod — €y in (4.1) is exact.
(b) The functor Fo sends simple modules to simple modules.

For an admissible sequence § = ((tk,Pk)) ez 0 Ian X Z, we say that (Dg,w,) is the
associated PBW-pair, where 2 is the corresponding Q-datum and @, = (1) ez
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Proposition 6.13 (29, 32, 42, 55]). Let s = ((u,Pk)) ey be an admissible sequence in
Isn X Z, and let (Dg,w,) be the associated PBW-pair. Then we have

L= Sp2 o V(uy, p).
We can say more. By (2.2), we have the following theorem.
Theorem 6.14. For an admissible sequence s in fg and any i-bozx [a,b),
M?|a,b] := MP2 [a,b] is a KR-module over U,(g).
Hence we can understand KR-modules as a special case of affine determinantial modules.

Remark 6.15. Let s be an admissible sequence. Then, for any i-box [a, b] with 7, =1, =1
with |[a,b]|s = k, we have
(1:p0) = (1,00 +2d, x (k= 1)) and  M*[a,b] = W)

(qsh)pa Y

where ¢ = ¢/°"1?) and € € C* is determined by (6.8) and (6.9).

Definition 6.16. For each interval [a,b] and an admissible sequence s, we set

cgg[a,b} - cgg[a,b} ,’DQ,@O )

Namely, ‘Kg[a’b]’s is the smallest full subcategory of 4 satisfying the following conditions:

(1) it is stable under taking subquotients, extensions, tensor products and
(2) it contains S% ~ Vg (1, ps) for all a < s < b and the trivial module 1.

Now let us compare ‘Kg[a’b]’s with the subcategories introduced in [20, 21, 22], which are
stable under taking subquotients, extensions, tensor products. Those categories depends
on the choice of I, and we choose one.

(a) The subcategory €, of €, introduced in [20, 36], is defined as the smallest subcategory

of €, containing V (1, p) for all (z,p) € I,. Thus %, can be identified with ng[—oo,oo},s for
any admissible sequence s.

(b) Let fg_ = fg N (Iin X Z<o). The subcategory €~ of €, introduced in [22], is defined as
the smallest subcategory of %, containing V' (¢, p) for all (+,p) € fg’ and stable under
taking subquotients, extensions, tensor products. Take a unique Q-datum £ with
¢ €[1,2d,] and Iy = fg, and let w, be a Z-adapted reduced expression of wy. Now let
s be the admissible sequence corresponding to (2, w,) (see Proposition 6.11). Then,

00,0],5

%, coincides with the category %g[_ . In a similar way, we can define %;t fort € Z
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generated by V' (1, p) with (z,p) € fg<t ‘= I, N (Isn X Z<;). Then it is equal to %[—oo,o],s
taking s such that f;t = { (&, Pr) }k<0-

(c) For each untwisted affine g of simply-laced type and N € Z-4, the subcategory ‘KQN of
%y, introduced in [20], is defined as the smallest subcategory of % containing V' (1, p)
for all (z,p) € Iy N (Iy X [~2N 4 1,0]). By taking a Q-datum 2 with [1,2] 3 &, and
(1,€,) € I, and a 2-adapted reduced expression wy, %, coincides with ‘Kg[a’ol’s, where
s is the admissible sequence corresponding to (2, w,) and a =1 — (N X |Igy,]).

(d) For each Q-datum £, the subcategory €» of €, coincides with %9[1’4’5 for any corre-
sponding admissible sequence s.

Sometimes, we write CK;ﬁ for the monoidal category Cﬁg[foo’o}’g, since it depends only on
the choice of a Q-datum 2 = (A, 0, &). Indeed, by setting

(6.13) IS5 ={(,p) | (1,p) € To,p < &},

we have

7. CLUSTER ALGEBRA STRUCTURE AND MONOIDAL CATEGORIFICATION

In this section, we briefly recall the definition of a cluster algebra with small modifications
as in [38]. We also briefly review the main result of [38] on A-monoidal categorification of
cluster algebras, which is an application of the invariants A, A* and » on €3, and can be
understood as a quantum affine analogue of the result for quiver Hecke algebras in [33].
After reviewing several properties of monoidal seeds of various kinds developed in [35] and
[39], we will construct A-admissible monoidal seeds associated to PBW-pairs (D, w,) and
the quivers Qqars(w,) introduced in [14]. In the last part, we will review the result in [22]
which gives a cluster algebra structure on K (%) associated to the initial quiver Qmur,, and
prove that the initial seed of K (%) in [22] lifts to a A-admissible monoidal seed. For more
details on cluster algebras and monoidal categorification, we refer the reader to [3, 9] and

[38).

From now on, C is a full subcategory of 6, containing the trivial module 1 and stable
under taking tensor products, subquotients and extensions. Note that its Grothendieck
group K (C) has a ring structure with the Z-basis consisting of the isomorphism classes of
simple modules.
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7.1. Cluster algebras. Fix a countable index set K = K™ LU K which decomposes into a
subset K of ezchangeable indices and a subset K ' of frozen indices.
Let B = (bij)(i,j)ekxkex be an integer-valued matrix such that

(1) for each j € K™, there exist finitely many ¢ € K such that b;; # 0,

(7.1) (2) the principal part B := (b;;); jekex is skew-symmetric.

We call B an ezchange matriz. We extend the definition of b;; for (i,7) € K x K by:
bij = —bji if i € K* and j € K™, and b;; = 0 for 4,5 € K™,

so that (b;;)i jex is skew-symmetric.

To the matrix E, we associate the quiver Q@ such that the set of vertices is K and the
number of arrows from i € K to j € K is max(0,b;). Then, Q3 satisfies the following
conditions:

(a) the set of vertices of Qg is labeled by K,
(b) Q Fioes not have any loop, any 2-cycle, nor arrow between frozen
(7.2) vertices,
(c) each exchangeable vertex v of Qz has finite degree; that is, the
number of arrows incident with v is finite.

Conversely, for a quiver satisfying (7.2), we can associate a matrix B satisfying (7.1) by
taking

b;; := (the number of arrows from ¢ to j) — (the number of arrows from j to 7).

We say that a Z-valued skew-symmetric K x K-matrix L = (\;;); jek is compatible with
B (or (L, B) is a compatible pair), if
Z Aikbi; = 20; for each 7 € K and j € K*.
keK
Let {X;}iek be the set of mutually commuting indeterminates.
Definition 7.1. For a commutative ring &, we say that a triple S = ({2; }iex, L, B) is a
A-seed in o if

(1) {x;}iex is a family of elements of &7 and there exists an injective algebra homo-
morphism Z[X;;i € K] to & such that X; — x;,
(2) (L, B) is a compatible pair.
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For a A-seed S = ({2 }iek, L, B), we call the set {2;}iex the cluster of S and its elements
the cluster variables. An element of the form x* (a € Zgg) is called a cluster monomial,
where

2®:= ]2 for c=(c;)iex € Z".
ieK

Let § = ({{Ei}ieK,L,E) be a A-seed in a field & of characteristic 0. For k € K*, we
define

—Aj + > max(0, —by,) A if i =k, j#k,

tek
<a> :uk(L)lj = _)\zk’ + Zmax((), _btk))\it if 4 7& kv .7 = ka

teK

Aij otherwise,
~ —b;; ifir=korj=%k
b B)i; = * ’
(b) By {bij 4 (—1)2bix<0) max(b;xby;,0) otherwise,
@ 22 ifi=k,

where a’ := (a})iex € Z%F and a” := (a!);ex € Z% are defined as follows:

~1 if § = k, R if i = k,
a;, = a. =
! max (0, by,) if i # k, ! max(0, —by,) if i # k.
Then the triple

1 (S) == ({rn(@)i tiek, (L), pi(B))
becomes a new A-seed in K and we call it the mutation of S at k.

The cluster algebra A(S) associated to the A-seed S is the Z-subalgebra of the field
R generated by all the cluster variables in the A-seeds obtained from S by all possible
successive mutations.

A cluster algebra structure associated to a A-seed S on a Z-algebra A is a family .%# of

A-seeds in A such that

(1) for any A-seed S in %, the cluster algebra A(S) is isomorphic to A,

(2) any mutation of a A-seed in .Z is in .Z,

(3) for any pair S, &’ of A-seeds in .%, S’ can be obtained from S by a finite sequence
of mutations.
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7.2. Monoidal seeds and their mutations. Let C be a full subcategory of %, containing
the trivial module 1 and stable under taking tensor products, subquotients and extensions.

Definition 7.2.

(1) A monoidal seed in C is a quadruple . = ({M;}icx, B; K, K™) consisting of a
commuting family {M;};ex of real simple modules in C, an integer-valued K x K-
matrix B = (bij) (i, j)ekxkex satisfying the conditions in (7.1), an index set K and an
index set K C K of exchangeable vertices.

(2) For i € K, we call M; the i-th cluster variable module of ..

For a monoidal seed . = ({M;}iex, B;K,K™), let A = (A])ijex be the skew-
symmetric matrix given by A7 = A(M;, M;).

Definition 7.3. We say that a monoidal seed .7 = ({M;}icx, B; K, K™) in C is admissible
if it satisfies the following conditions:

(1) for each k € K, there exists a simple object M, of C such that there is an exact
sequence in C

0= @ MP"™ = Myo M, —» ® MZT"™ o,

bix>0 b;<0

(2) Mj commutes with M, for each k € K* and any i € K\ {k}.
Note that we have also an exact sequence

0= @ M 5 Mi@M,— @ M —0.

birx<0 bir>0

Note also that M;, is unique up to an isomorphism if it exists, since My VM, ~ & Mi®(_b““).

b;<0

Lemma 7.4. If a monoidal seed . = ({M,};ck, B:K, K*) is admissible, M}, in Defini-
tion 7.3 is real for any k € K.

Proof. 1t follows from Proposition 2.21 (ii). O
By this lemma, if .% is admissible, then the quadruple
(L) = ({M;}ip U{M}}, pi(B); K, K™)
is a monoidal seed in C. We call p () the mutation of . in direction k.
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Proposition 7.5 ([38, Proposition 6.4]). Let . = ({M;}iex, B; K, K™) be an admissible
monoidal seed in C. Let k € K™ and let M be as in Definition 7.3. Then we have the
following properties.
(i) For any j € K, we have (A” E)]k = —20(M;, M}).
(ii) For any j € K, we have
A(Mj, My) = =A(Mj, My) = > A(Mj, Mi)bi,
b;<0
b;i>0
Definition 7.6 ([38, Definition 6.5]). Let . = ({M;}ick, B; K, K®™) be an admissible
monoidal seed.

(1) We say that a monoidal seed . is A-admissible if M} in Definition 7.3 satisfies
b( Mg, M) = 1.

(2) If . is A-admissible, we say that the mutation p(.) of ¥ at k € K™ is a
A-mutation,

(3) We say that a monoidal seed . is completely A-admissible if .7 admits successive
A-mutations in all possible directions.

For a monoidal seed . = ({M;};ex, B) in C, we define the triple [.#] in K(C) by
7] == ({[Mi]}iex, —A7, B).
If . is a A-admissible monoidal seed, then [] is a A-seed.

Definition 7.7 ([38, Definition 6.7]). A category C is called a A-monoidal categorification
of a cluster algebra A if

(1) the Grothendieck ring K (C) is isomorphic to A,
(2) there exists a completely A-admissible monoidal seed .7 = ({M; }iex, B; K, K™) in
C such that _
7] := ({{Mil}iex, —A7, B)

is an initial A-seed of A.

Now we present the main result of [38]:

Theorem 7.8 ([38, Theorem 6.10)). Let . = ({M;}iex, B; K, K™) be a A-admissible
monoidal seed in C, and set

] = ({[Mi] }iex, _Ay,g)_
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We assume that the algebra K(C) is isomorphic to the cluster algebra A([#]). Then, we

have
e . is completely A\-admissible, and

e C gives a A-monoidal categorification of A([.7]).
Definition 7.9. A family of real simple modules {M;};ck in C is called a real commuting
family in C if it satisfies:
(1) {M,}iek is mutually commuting.
It is called a mazimal real commuting family in C if it satisfies further :

(2) if asimple module X commutes with all the M;’s, then X is isomorphic to ®;cx M, “
for some a = {a;}iex € ZZ5.

Corollary 7.10 ([38, Corollary 6.11]). Let . = ({M;}icx, B; K, K™) be a A-admissible
monoidal seed in C and assume that the algebra K (C) is isomorphic to A([#]). Then the
following statements hold:

(i) Any cluster monomial in K (C) is the isomorphism class of a real simple object in C.
(ii) Any cluster monomial in K (C) is a Laurent polynomial of the initial cluster variables
with coefficient in Z .
(i) For k € K™ and the k-th cluster variable module M;, of a monoidal seed .% obtained
by successive A-mutations from the initial monoidal seed .#, we have

(M, M) = 1.

Here M; i is the k-th cluster variable module of ,uk(% .
(iv) Any monoidal cluster {M,};ck is a maximal real commuting family.

7.3. Properties of A-admissible monoidal seeds. Recall the definitions of W, Ay,
E(M) (M € €,) given in § 2.4.

Lemma 7.11. Let . = ({M;}iex, B; K, K®) be an admissible monoidal seed in €,. Then
we have
> E(M;)by =0 for any k € K™,
ieK
where B = (bij)(i,j)eKXKex-
Proof. By the definition, there is a short exact sequence with a simple M;:

0= ® MP"™ = Mo M, - ® M ™" -0,

bix>0 bir<0



68 M. KASHIWARA, M. KIM, S.-J. OH, AND E. PARK

Then we have

Z E z zk _E< ® M®b2k)

1k>0 bzk>0

= E(My) + E(M}) =E( @ M) = 3" E(M

bik <0 bik <0

by [39, Lemma 3.1]. Hence we have the desired result. O

Lemma 7.12 (cf. [35, Lemma 3.2)). Let . = ({M;}ick, B; K, K™) be a A-admissible in
‘50 and B = (bij) (i j)erxkex. Assume that K is a finite set.

(i) Then we have dim (3 ;ex QE(M;)) < |K.
(i1) Assume further that dim(ZieK QE(MZ-)) = |KE|. Then, for any k € K™, (bix)iek is a
unique element (v;)iex of QX such that
Z E(M;)v;=0 and Z(Ay)ﬂvi = —20,) for any j € K™.
ieK ieK

Proof. Let f: Q®K — Q®Xx @ W), be the linear map given by (A”)z; and E(M;). Then,
Im(f) contains Q¥¥** @0 by Proposition 7.5 and Lemma 7.11. Moreover, the image of
the composition f: Q®X — Q%K*xPW, — Wy is Yiexk QE(M;), which implies that
m(f) = Q*@(Tiexk QE(M;)). Hence the dimension of Im(f) is equal to [K™| +
dim (Y ;ex QE(M;)). Then, [K| > dim(Im(f)) implies (i).

(ii) If dim (Y ek QE(M;)) = |K™], then f is injective. O

Proposition 7.13. Let . = ({M;}iek, B; K, K™) be a A-admissible monoidal seed in Gy
with B = (bi) (i, j)ekxkex, and let k € K. Assume that

(i) K is a finite set and dim (Y ;ex QE(M;)) > [KH,
(i) there exist a real simple module X € C and an exact sequence

0—>A—>M®X —B—D0,

uch that
) X commutes with M; for all j € K\ {k},
) (Mk> ) L,
) A= Q@ MP™, B= ® MZ"™ for some m;,n; € Z.

€K ieK
Then we have by, = m; — n,;.

(a
(b
(
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If we have furthermore m;n; = 0 for all i € K, then we have
X ~ M,
where Mj, is given in Definition 7.3.
Proof. We shall apply Lemma 7.12. Set A;; = A(M;, M;). Then we have
ieK ieK
For any j € K, we have
> Aimi = A(A, My) = AMX V My, M;) = A(X, Mj) + A My, M;)
ieK
> Njini = A(M;j, B) = A(M;, My, v X) = A(Mj, My,) + A(M;, X)
ieK
Hence we have
Z /\ﬂ(nz — mz) = A(X, M]> + A(Mk, MJ) + A(Mj, Mk) + A(Mj, X)
ieK
= 2(b(M;, X) + (M, My)) = 26, .
Thus, Lemma 7.12 implies that b;, = m; — n;.

Now assume that m;n; = 0 for all i € K. Then we have n; = max{0, —b;,} and
B~ @ M.
bi <0
Hence, we obtain
M,V X ~ B~ M,V M,
which implies that X ~ M.

69

g

As an immediate application of Proposition 7.13, we can show that the exchange matrix

is uniquely determined for a A-admissible monoidal seed.

Proposition 7.14. Let .7 = ({M;}iek,, Bo; Ko, K) and . = ({M; }iex, B; K, K™) be two
A-admissible monoidal seeds in 6, such that Ko C K and K§* C K™. Assume that K is a

finite set and dim(ZiEK QE(MZ-)) > K| Then
§|K0XK8" = Eo cmd E|(K\KO)XK8" = O.

The following lemma is almost obvious by the definition.
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Lemma 7.15. Let . = ({M; }iex, B; K, K™) be a monoidal seed in C. Let Ko be a subset
of K with a decomposition Ko = K& U KE such that K& C K. Set
| (Ko, Kex) = ({Mi}z‘eKo, E’(KO)XKS"§ Ko, K&¥).

Assume that
(73) bij =0 ZfZ e K \ KO andj S Kgx.
Then, we have

(i) (MS(E))M =0ifs e K, ieK\Kyand j € K,

(ii) if & is A-admissible, then we have

(157 ) o) = ps(L | ko, kge))  if s € KG,
0o y|(KO7K8X) ZfS e K \ KO

In particular, if . is a completely A-admissible monoidal seed in C, then so is Y\(Kongx).

7.4. Monoidal seeds and admissible chains of i-boxes. Let (D, w,) be a PBW-pair.
Throughout this subsection we consider admissible chains € of i-boxes associated with
(Dvﬁo)'

Let € = (cx),<,; be an admissible chain of i-boxes with a range [a,b]. We define

K(€):=[1,1],
(7.4) Kir(€):={s € K(€) | ¢s = [a(2)T,b(2)7] for some 2 € I},
' K™ (€):=K(€) \ K™(2),
M(@):={M (6 o

Here, if | = oo, we understand that K(€) is the empty set. Recall that M(€) is a
commuting family of real simple modules (see Theorem 5.5).

We shall first prove the following lemma that assures that Proposition 7.13 is applicable
to .#(€) for any admissible chain € of i-boxes with a finite range.

Lemma 7.16. Let € = (¢x)1<k< be an admissible chain of i-bozes associated with w, and
assume that its range [a,b] is finite. Then we have

dim( Y QE(M(e)) = K*(@)] = |{u. | s € a1}

1<k«
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Proof. By Proposition 5.6 and Proposition 5.7, Y 1<« @E(M(ck)) does not change by box
moves. Hence, we have E(S,) € 1<,y QE(M (cy)) for any s € [a, b]. Therefore, we have

>, QE(M(e)) = > QE(S) =~ Y Qa,,
]

1<kl s€la,b s€[a,b]
which implies that dim(ZKKZQE(M(ck») = ‘{zs | s € [a, b]}‘ O

The following lemma says that box moves correspond to mutations.
Lemma 7.17. Let € = (cx)1<k<t be an_admissible chain of i-boxes associated with wy and
a finite range such that . = (M(@), B; K(€),K™(€)) is a A-admissible monoidal seed in
‘590 for some exchange matriz B. If ky € K(€) and ¢k, is a movable i-box such that
Chot1 = Cko+1 = |@, b, then we have
ko (jﬂ) = (M(Bk’o(g))v Mko(g); K<Bk’0(€))v KeX<Bk’0(€))>
= ({Mi}ickroy UM, b 1o (B); K(€), K(0)),
where
M = M[CL?b_] Zf Ok = [a+7b]>
ko + . o _
Mla*,b] if ¢ = [a,b7].
Thus By, in Remark 5.8 corresponds to py in this case and the mutation . corresponds to
T-system in (4.5).

Proof. By Theorem 4.21 and Remark 5.8, the modules Mla(y)*,0(y)"] (d(%,)) = 1) and
Mla™,b”] commute with M]a,b], and they are contained in M(€). Thus our assertion
follows from Proposition 5.7, Proposition 7.13 together with Lemma 7.16. O

Together with Proposition 5.6, we obtain the following corollary.

Corollary 7.18. For a finite interval [a,b], let € and €’ be admissible chains of i-boxes
associated with the same w, and the same range [a, b]. Assume that (M(€), B; K(€), K™(&))

is a completely A-admissible monoidal seed in ‘590 for some exchange matrix B. Then,
(M(€"), B'; K(¢7), K™(¢")) is also a completely A-admissible monoidal seed in @, for some
exchange matrix B

Proposition 7.19. Let (D, w,) be a complete PBW-pair and let ¥ = ({Mi}ieK, B; K, K™)
be a monoidal seed in ‘Kg[a’b]’p’%. If & is (completely) A-admissible in (fgo, then it is

(completely) A-admissible in (ﬁg[a’b]’p’%_
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Proof. 1t is enough to show that the mutation Mj of . at a vertex k € K belongs to

cgg[ab],D&o. Since My, M V Mj, and M] V M, belong to ng[a,b],D,yo’ our assertion follows
from Corollary 4.11. O

7.5. An example of A-admissible monoidal seeds. Let (D, w,) be a PBW-pair. Let
Qcrs(Wy) be the quiver structure on Z with two types of arrows (with the notations in

(4.2)):

(7.5) vertical arrow s —>t if s7 <t” <s<tandd(is,1u)=1,
. horizontal arrow : s — s~

If there is no afraid of confusion, we write shortly Qgrs for Qars(Wy).

For an interval [a, b], we denote by Q[gf]s (wy) its induced quiver on [a, b], and by Eg’ﬁg’%

the exchange matrix associated with the quiver Q%% (a@).

Theorem 7.20. Let (D,w,) be a PBW-pair. For —oo < a < b < +00, the monoidal seed

m %g[a’b]’D’%
(7.6) FUIPL — ((MPE0]s, b} serany, Boia ™ K, K)

is A-admissible. Here K = [a,b], K* ={s € [a,b] | a < s7}.

Note that %P2 — o (Qi[f’b]’p@o) with the admissible chain of i-boxes

[a,b],D,w,
¢ Ci=([b+1—k, b})1<k<b—a+1'

We devote this subsection for the proof of Theorem 7.20. We employ the framework of
the proof of [33, Theorem 11.2.2].

Set My = MP%([s,b}, K = [a, b] and

K ={s¢€lab]|s <a<s},
K*=K\K'={s€Z|a<s <s<b},

[avb] Wy

Bgis ™ = (bi) (i,j) EKx Kex -
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In order to prove Theorem 7.20, we will show

(a) {M; | s € K} is a real commuting family,

(b) for s € K**, there exist a simple module M/, and an exact sequence

(7.7) 0— @ M —M,eM, — ® M) — 0,
bts>0 bts<0

(c) (M, M}) =1,

(d) M. is real and M, commutes with M, for any a <t # s < b.

Note that, (a) is already proved in Theorem 5.5. Thus it suffices to prove (b), (c¢) and (d).

For a vertex s € K, the arrows incident to s can be classified into four types as follows (see
(7.5)): (i) horizontal incoming arrows : st — s (ii) horizontal outgoing arrows s — s~
(iii) vertically incoming arrow : ¢t — s with d(25,%;) = 1 and t~ < s~ <t < s, and (iv)
vertically outgoing arrow : s — t with d(2s,;) =1 and s~ <t~ < s < t.

Let us fix a vertex s € K™ and set » = 1,. We define the subsets of K as follows:
Vi(s):={t€ Z |d(1,u) =1land t~ <s™ <t <s}
={s7)7 1d(y) =1, s~ <s()7},
Vo(s):={t€ Z |d(,u) =1and s~ <t~ <s<t<b}
={s()" [d(1,5) =1, s~ < ()7, s()" <b}.

(7.8)

We set
M= & M, and MY:= ® M,
teVi(s) teVo(s)

Then we have

® M ~ My @MY and Q@ MUY ~ M @MY

bts>0 bts<0

Now let us show the following lemma.

Lemma 7.21. The module
(7.9) M, =MV VS,
satisfies the following properties:

(i) M. is a simple module.

(i) My VM. ~ ® MPP) ~ M- @ MYe.

bts <0
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(iii) M. VM, ~ @ MZ" ~ M @MYL

bts >0

Note that M’ in (7.9) is simple by Theorem 2.10 because MY° is simple.

Sublemma 1. We have
M, VM, ~ M- @MY°.

Proof. We have

On the other hand, we have
M, ® (MY°V Si-) =M, @S- @ MY° — M- @ M),

whose composition does not vanish by Proposition 2.9 (i). Thus our assertion follows from
Theorem 2.10. U

Note that we have
M(s,b} ~ M[s*,b} V Sy==S, ® M[s",b}.
Thus we have the following monomorphism:
(MY V S ) @M= (MY V S,- ) ® S, @ Mg+

Hence, in order to prove (iii) in Lemma 7.21, it is suffices to show that there exists an
epimorphism

(7.10) (MY°V S )®S, — MY,
by Proposition 2.9 (i).
Note that we have a surjective homomorphism
MY°® S, ®S, — (M°VS,-)®S,.
Sublemma 2. The sequence (MX‘), S,-, Ss) is normal. In particular, hd(M;/0 ® S,- ® SS>
s simple.
Proof. Note that if t € Vo(s), then ¢ > s. Hence we have
(MY, 27'S,) =0,

by (iii) in Proposition 4.6, i.e. (MY°,S,) is unmixed. Hence, our assertion follows from
Proposition 2.14. Il
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Hence we have
hd (MY°® S,- ®S,) =~ (MY° V S,-) V S,.

Sublemma 3. For s € K™, we have

hd (M°® S,- ®S,) ~ M}".
Proof. By T-system described in (4.5), we have

M ®S, ®S, » M{*® < ® M[s~ ()", s(ﬁ‘]) ~XQY®Z,

d(z,0)=1,s—<s(y)~
where

Y = ® Ml[s=(5)*,s()7],

d(2,9)=1, s_<s(])_,s(])+<b
Z = ® Mls™(7)",s(2)" ]
d(1,7)=1,8"<s(3)7,s(5)T>b

We have an epimorphism

XY — ® (Ms(5)*,0} V M[s~(5)",5(5)7])
d(1,5)=1,s"<s(3) ", s(5)T<b
~ ® M[s™(9)",b}.

d(%]):l»s_<s(.7)_75(.7)+<b
by [33, Lemma 3.2.22]. On the other hand we have
Z ~ ® M[s™(3)", b}
d(2,7)=1,5"<s(3)7,s(p)t>b

Finally we obtain epimorphisms

MY®S, ®S, » XY ®Z

(0 ®  Msorn)e(  ®  Ms o)y
d(z7]):17 d(Z7]):17
s7<s(2)7,8()T<b s7<s(2)7,8()T>b
~ (%) M[s= ()", b} ~ MY O

d(r,0)=1,s"<s(9)~

75
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Hence we have shown the existence of an epimorphism (7.10), and obtain (iii) in Lemma 7.21.
Thus we complete the proof of Lemma 7.21.
Now let us show (7.7) (c).

Lemma 7.22. For any s € K™, we have

o(M,, M) = 1.
Proof. Since the set of real modules {M;};ck is a real commuting family and M, ~ MY° v
S,—, Proposition 2.19, Theorem 5.5 and Proposition 4.20 imply that

d(Mg, M) < 2(My, MY°) + (M, S,-)

=b(Ms, Ss-) = 1.

On the other hand, we have
N27'S, M- @MY) =1 and 9(27'S,.,M;s @MY =0,

by Proposition 4.6, (7.8) and Lemma 4.23. Since M, V M/, ~ M,- ® MY° and M, V M, ~
M+ @ MY! we have

M, V M, £ M. vV M.
Thus, we have the desired result from Theorem 2.10 (d). O

Now we shall show (7.7) (d).
Lemma 7.23. For s < b, M, commutes with Sy.

Proof. Sublemma 3 tells that
M,V S, ~ b2 M{t,b}.
d(r,0)=1t—<s~<t<s

Hence, M/, V S, commutes with S,. Since 27!S, commutes with S, we conclude that
M., ~ (271S,) V (M, V S,) commutes with Sy. O
Proposition 7.24. Let s < b.

(i) M. is real simple.

(i) M, commutes with M[k,b} for any k € Z such that k < b and k # s.

Proof. We argue by induction on b > s.
If b= s, then M, = S.- is real and commutes with M|k, b} for £k < b by Lemma 4.24.
Now assume that b > s. Assuming that (i) and (ii) hold when we replace b with b — 1,
we shall prove (i) and (ii).



MONOIDAL CATEGORIFICATION AND QUANTUM AFFINE ALGEBRAS II

Set
Y = X MIt,b— 1},

tefab—1]; d(usue)=1,
sT <t <s<t<b—1

X =Y VS,-.

7

Then by the induction hypothesis, X is real and commutes with M[k,b — 1} if £ < b and

k # s. (Here, we understand M[k,b— 1} =1if k =b.)
MYo ~ Sy VY if d(1s,%) =1 and s= < s(w) 7,
* Y otherwise.
Since (Sp, S~ ) is unmixed we have

Sy VX ifd(e,)=1and s~ < s()7,

M, =MV S, ~ .
X otherwise.

We have also
M[/{,‘,b} ~ S(,VM[]{Z,Z)— 1} if Tk :"lb,
Mlk,b—1} otherwise.
We have d(2Sy, X) = 02(ZSy, M[k,b—1}) = 0. By Lemma 7.23, we have
2(Sp,M,) =0 and d(Sy, M[k,b}) = 0.

Now we shall apply Lemma 2.24 with M; = X, My = M[k,b— 1}, and Ly, Ly = S, or 1.

Then we have
L1VM12M; and LQVMQZMU{’,[)}

Since M; and Mj are real and commute by the induction hypothesis, L; V M; ~ M/ and

Ly V My ~ Mk, b} are real and commute.

Thus we complete the proof of Theorem 7.20.

g

7.6. The cluster algebra structure on K (%;5). We take a quantum affine algebra

U,(g) and the associated data (A, o). We freely use terminologies in §6.

In the sequel, we choose an arbitrary Iy, and we consider only Q-data 2 and height
functions  such that Iy = I 5 (see Remark 6.8). Note that the choice of I; determines ‘590.
Indeed, 6590 is the smallest full subcategory of €, which contains all V' (¢, p) with (2, p) € fg

and is stable under taking tensor products, subquotients and extensions.
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(1,—6) (1,—4) (1,-2) (1,0
7 S 7 L 7 S 7
A(t) (t -1 2) — —(2-7) (2,-5) (2,-3) (2,-1)
3 ) L 7 N 7 S 7 L
(3,—6) (3,—4) (3,-2) (3,0)
(1.-7) (1.-3)
N — N\
B(l) _ <2,-10) (2,-8) (2,-6) (2,-4) (2,-2) (2,0)
2 \ S \ Vi
(3.-9) (3.-5) (3.-1)
= (1,-10) (1,-8) (1,-6) (1,-4) (1,-2) (1,0)
A N N N
oW — (2.-9) (2.-7) (2.-5) (2.-3) 2-1)
3 7 e
(3,-8 (3,4 (3,0)
< (4,-10) (4,-6) (4,-2)
(1,-6) (1,-4) (1,-2) (1,0)
\ e pd ™~ e S 7
D(t) (Zf —1.9 3) _ ce=—(2,-T) (2,-5) (2,-3) (2,-1)
4 ) <y // \ / \ // \ / \
ﬁ,—fi) (3,-4) (3,-2) \(ji.o)
(4,—6) (4,—4) (4,-2) (4,0)

FIGURE 2. Some examples of the quivers Q..

Recall that I:5¢:={(2,p) € I; | p < &} and the category %;=¢ is the smallest full subcate-

gory of €, containing all V (s, p) with (z,p) € f;f and stable under taking tensor products,
subquotients and extensions (see (6.8) and (6.13)).

Definition 7.25. We say that an admissible sequence s = ((tx, Pr)) ez i I, is &-adapted
if Ig<€ = {(Zk,pk) | ke Zgo}.

As seen in §6.3, there exists a -adapted admissible sequence.

Definition 7.26. We define the quiver Qgr, whose set of vertices is I, X Z and the arrows
are assigned as follows (cf. (6.4)):

(1,2) = (3,v) (i) if d(z,7) =1 and = = y — 2d, + min(d,, d,),
or (ii) 1 =y and x = y + 2d,.
We denote by Qﬁi the quiver on IAgf€ induced by Q..

The following proposition gives a relation between Qur, and Qgrs given in (7.5).
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Proposition 7.27. Let s = ((is,Ds)) ey be an admissible sequence in fg. Then the quiver

Qacrs(s) is isomorphic to the quiver Qup by the bijection Zi)fg gwen by Z > s —
(16, 1s) € Iy.
Proof. Set (1,x) = (15, ps) and (3,y) = (2, p¢). By Definition 6.9 (1), it is obvious that
1=7 and rz=y+2d,<=t=5".
Hence it remains to prove the equivalence under the hypothesis d(z, 7) = 1:
ps = pr — 2d, + min(d,,d,) <= s~ <t~ <s<t.
Since
pi- +min(d, _,d,,) = p; — 2d,, + min(d,,, d.,),
it is enough to show (by replacing ¢ with ¢1)
ps = p; + min(d,,,d,,) ifand only if s <t <s<t",

under the hypothesis that d(zs,2) = 1.
If d(25,2:) = 1 and s~ <t < s < t*, then Definition 6.9 (2) implies ps = p; + min(d,,, d,,).
Conversely assume that p; = p; + min(d,,, d,,). Then we have

ps- = ps — 2d, = py — 2d, + min(d,, d,) < pr < ps = p; + min(d,, d,) < p; +2d, = p+.
Thus we have s~ <t~ < s <t by Lemma 6.10 (i). 0
Definition 7.28. For (1,p) € I, we define

MG =0d(V(,p+7-(2d) @V (,p+ (r—1)(2d,) ®---@ V(1,p)),

(1.p)
where 7 is the largest integer such that p + - (2d,) < §,. It is a KR-module.

Remark 7.29. Let us take a £-adapted admissible sequence s in fg and a € Z such that
(2,p) = (24, pa). Then we have

(7.11) MG ~ M°[a,0},

up)

For t € 7, we set IAg<t ={(1,p) € I | p < t}, and let %, be the smallest full subcategory

of €, which contains V' (z,p) for (2,p) € l¢g<t and stable under taking tensor products,
subquotients and extensions. Then there exists a unique height function &' such that
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IAg<t = ]Ag<5t, namely, &' satisfying (§'), € [t,¢ +2d, — 1] for all ¢ € Ig,. We write M, and

t t
5t instead of Méi) and Qg . Hence we have

(7.12) M(ftk) = hd(V(@,p +7r- (2d1)) ®V(z,p + (r — 1)(2d,)) - ®V(z,p)),

where 7 is the largest integer such that p + - (2d,) < t.
In [22], Hernandez-Leclerc proved that the seed arising from {MG},}, ) c7xe and Qb
gives a cluster algebra structure on the Grothendieck ring K (‘59<t) as follows: set z,, =

MG € K(6;) for (1,p) € f;t and let Bt be the exchange matrix associated with
<t

HL-

Theorem 7.30 ([22, Theorem 5.1)). Take an arbitrary I, and an integer t. Let S<* =

({zw}(z pyel<t) Bgit) be a seed in K(€;") with the empty set of frozen variables. Then, we
) g

have

A(S) ~ K(6).

8. MONOIDAL CATEGORIFICATION OF CLUSTER ALGEBRAS

In this section, we shall state and prove our main theorem. We fix fg associated with
%?. Recall that €7 is the smallest full subcategory of €, which contains V (2, p) ((z,p) € I,)
and is stable under taking tensor products, subquotients and extensions. We only treat
height functions & such that (1,¢,) € ]Ag for every @ € Ig,, and admissible sequences s in fg.

8.1. Statement of the main theorem. The purpose of this section is to prove the
following main theorem of this paper.

Theorem 8.1. Let (D,w,) be a PBW-pair with D = Dg for some Q-datum 2 and an
arbitrary reduced expression wy of wy, and let € be an admissible chain of i-bozxes with a
range [a,b]. Then, there is an exchange matriz B(€) = (bs,t) (s.1)eK (@) xkex(¢) Satisfying the
following properties.

(a) (€)= (M(@),E(@); K(2), Kex(€)) is a completely A-admissible monoidal seed in
Cfg[a’bw@“ (see (7.4) for the notations in . (€)).

(b) A(LF(€)]) = K (6 7%),

Namely, the category ng[a,b],D,@O provides a /A-monoidal categorification of the cluster algebra

K(%[a,b],p@o) with the initial monoidal seed .7 (€).
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Note that K (‘Kg[a’b}’p’%) is the polynomial algebra generated by {[Ss| | s € [a,b]} as an
algebra (see [40, §6.3]).

This section is devoted to the proof of this theorem. Since the proof is intricate, we
afford the plan of the proof.

For t € 7 and a height function &, we define the monoidal seed .7<* in €=* and the
monoidal seed .#<¢ in %Efg as follows:

’y <{M<t }Zp €]<t7B§ItJ;j—g<t7fg<t>7
y <{M<€ }zp €]<57BI§E7[<§ I<€)7

g 779

where Bt (resp. Byt ) is the exchange matrix associated with the quiver on f;t (resp. lég<5 )
induced by Qur, (see (7.12) for M and Definition 7.28 for /\/l(zp ).

Remark that, once fg is fixed, <! depends only on t € Z and .<¢ depends only on &.
The monoidal seed .#<! is a special case of monoidal seeds .<¢. Indeed, if € is a unique
height function satisfying the following condition:

(8.1) €, € [t,t+2d, — 1] for every ¢ € Iy,

then we have .<¢ = <!, We denote by ¢! the height function satisfying (8.1).
Recall that s = ((2,0s)) ez, is §-adapted if 176 = {(,ps) | s < 0}. We have

<€ _ y_[—oo,()],D;%@Q _ y(e:[—oo,o],s)

where 2 is the Q-datum associated with &, w, is associated with a 2-adapted reduced

expression w, of wy, s is a {&-adapted admissible sequence in fg and ¢ is the admissible

chain of i-boxes ([1 — k,0})1< (see (7.6) and Theorem 8.1 (a) for the notations).
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Consider the following statements, where £ is a height function:
(I) <" is a completely A-admissible monoidal seed in €, for any ¢ € Z,
(II)¢ .#<% is a completely A-admissible monoidal seed in €,

(IIT)¢ for the Q-datum 2 associated with ¢ and any reduced expression w, of
wy, the seed plreellPaty iy completely A-admissible monoidal seed in
A

(IV)¢ for the Q-datum 2 associated with ¢, any reduced expression w of wy,
and any admissible chain € of i-boxes, . (€) = (M(€), B;K(€), K™(¢))

is a completely A-admissible monoidal seed in ‘gg[a’b}’p’@’% for a suitable

choice of exchange matrix B.

The first step of the proof of main Theorem 8.1 is to show (I) by using the result of
Hernandez-Leclerc (Theorem 7.30). Hence, (II); holds as soon as & satisfies condition
(8.1).

Then we will prove
(II)e = (III),.

in Proposition 8.4, by showing the monoidally mutation equivalence between . <¢ and

700’0 7D 2, W,
pleetlPoto pyan we prove

(I)e = (IV)e.

Now, we can see easily that for any & there exists a £-adapted reduced expression w =
Sy + - 8, such that ¢’ :=s, - -- s, € satisfies condition (8.1). On the other hand, (II)¢ holds.
Hence, in order to see (II)¢ for an arbitrary &, it is enough to show

(I)s,e = (I)¢ if 2 is a sink of &.

It is performed in Proposition 8.12.
Theorem 8.1 is equivalent to saying that (IV)¢ holds for any €.

8.2. Monoidal categorification by ‘K;t. In order to achieve the main goal of this section,
we shall first prove the conjecture suggested by Hernandez-Leclerc for untwisted affine g.
Recall that 5" := {(2,p) € Iy | p < t}, and G~ is the smallest full subcategory of %,

containing V'(z,p) for (z,p) € f;t and stable under taking tensor products, subquotients
and extensions.
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Theorem 8.2 (cf. [22, Conjecture 5.2]). The category €,;=* provides a A-monoidal cate-
gorification of the cluster algebra K(%;t) associated to the initial completely A-admissible
monoidal seed /<.

Proof. Take an admissible sequence s = ((25,ps)) ¢z in I, such that f;t::{(zk,pk) | k < 0}.

Then we have €, " = ;" and

(8.2) gt = ool

by Proposition 7.27. Hence <" is a A-admissible monoidal seed by Theorem 7.20. Since
A([<") =~ K(%;") by Theorem 7.30 due to Hernandez-Leclerc, the assertion follows from
Theorem 7.8. U

Thus we have obtained (I).

8.3. Mutation equivalence.

Definition 8.3. Let . = ({M; }iex, B; K, K™) and .%" = ({M!}sexr, B'; K/, (K')®™) be ad-
missible monoidal seeds in C.
(1) We say that .’ is monoidally mutated from .7 if the following condition is satisfied:
For any finite subset J of K’, there exist
(i) a finite sequence (ky, ko, ..., k,) in K® such that ug, o--- o py, () is an ad-
missible monoidal seed for each 1 < s < r,
(ii) an injective map o: J — K, depending on the choice of J, such that
(a) o(J™) C K, where J*™ :=J N (K')*,
(b) Mj = w(M)q(;) for all j € J,

(¢) (B') (i) = W(B)o(i),o(j) for any (z,7) € J x J™,
where W= py, 0« fug, .
(2) We say that the admissible monoidal seeds . and . are monoidally mutation
equivalent if . is monoidally mutated from . and . is also monoidally mutated
from ..

For a PBW-pair (D, w,), let 7200 P& 16 the admissible chain of i-boxes ([1—k,0})1<k
and recall that

—00,0],D,w —00,0],D,wpy SD,Wwg s~
(83) SN — ({M (€T, BEES (@y); [0, 0], [~00,0]).

When 2 is the Q-datum with the height function & (see (8.1)) and w, is a 2-adapted
reduced expression of wgy, we have

y<t — y[—oo,o],Dg ’@0
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and it is a completely A-admissible monoidal seed by Theorem 8.2.

Proposition 8.4. Let (D, w,) be a PBW-pair and wj, be another reduced expression of wy.

Then the A-admissible seeds

ploellDty g oo tlDo o monoidally mutation equivalent.

This subsection is devoted to prove the above proposition.

Remark 8.5. Recall the notion of the affine cuspidal modules Sf’% in Section 4.3.

(a) When wj = s,, ...s,, is obtained from w, = s,, ...

some k such that 1 < k < ¢, we have

s,, by a single braid move; i.e., for

d(ve—1, %) = 1, Y1 = J, Jir1 = 4 , and 2, = J, for any s € {k — 1,k, k + 1},

the affine cuspidal modules are related by

S?fr%o ifs=yk—1,
(8.4) 5P Sg’g“ vSPE s =k,
SHiy if s=,k+1,
o otherwise.

Here (8.4) follows from [40, Proposition 5.9]. Indeed, by this proposition, we can

reduce to the case where k = 2, and it is easy to check this case. Note that Sg

SD)EO

Dw, .
a1 VS it s =4 k.

(b) When wj, = s,, ...s,, is obtained from w, = s,, ...

i.e., there exists a 1 < k < £ such that

D

~
Wo ~

s,, by a single commutation move;

d(te—1,%) > 1, 1 = Jp—1, -1 = Jr and 2, = 3, for s ¢ {k — 1, k},

we have

if s =y k— 1,
if s=,k,
otherwise.

(c) All reduced expressions of wy are connected via braid moves and commutation moves.

D»Ho

Set Mg

.= MP[s 0} for a reduced expression wy of wy and s € Z .
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Lemma 8.6. Let (D, w,) be a PBW-pair and wjy = s,, - - - s,, be a reduced expression of wy
obtained from wy = s,, - -+ S, by a single commutation move as in Remark 8.5 (b). Then
we have R

MP%o  if s =, k,

Dwy, _ Dw o
Mg#0o = IM5° if s=ok— 1,

D .
Ms =%  otherwise.

Proof. This is a direct consequence of Remark 8.5 (b) O
Lemma 8.7. Let us keep the notations in the previous lemma. Then the quivers Q[(;fg’(’] (W)
and Q[(;Log’o](ﬁg) are isomorphic to each other under the index change @: [—oc0,0] —
[—00,0] given by

s—1 ifs=4k,
O(s)=<s+1 ifs= k-1,
s otherwise.

The proof is straightforward.

Lemma 8.8. Let (D,w,) be a PBW-pair and let wy = s,, ---5,, be a reduced expression
of wy obtained from wy = s,, -+ s,, by a single braid move as in Remark 8.5 (a). Then we
have

Mfﬁo ifs=k—1,
MSD_’%O if s =p k,
( ?%), ifs=,k+1,

Dw .
M= otherwise,

(8.5) MPZ ~

where (M?’M(’)/ denotes the mutation MS(MD@O)S of MZ™ described in (7.9).
Note that, when s =, k + 1, there exists at most one vertically outgoing arrow starting

from s in Qgrs(@Wy), which is s — (s — 1);F if (s — 1);F < 0. Since (s); = s — 2 (see (8.6)
below), we have

(MP2o) M0 S5 (when s = k+ 1),

Proof. We shall argue by the descending induction on s. If k+1—/¢ < s < 0, the assertion
is obvious by (8.4).
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In the course of the proof, we denote

(a)} = max{k >a |1y =1}, (a)]+ =max{k > a |k = Ju}

8.6
(8.6) (@), =max{k <a |y =1.},

Note that we have
~ D -~ ~ ~1 D -~/ ~
MP2o ~ M(S’)%O vV SP%  and MPo ~ M(s’)%o vV SPo,
I3 J
Here we understand
MSD’Q0 ~ M?&o ~1 ifs>0.

Note that if we set t = (s) > s, then we have

MoYe ift=,k—1,

Du@, D,w .
M7 = M0 ift =, k,

M2 f ¢ £, ke k1.

(i) Let us consider the case s =, k. Then j, = 1,1. Set t = (s)]. First, let us show

(8.7) MP 20~ pPo

(s+1);F"

(a) Case t =¢ k — 1. Then js = 1541 = ) = 441, and hence (s + 1);7 = ¢+ 1. Hence
we have (8.7).
(b) Case t =; k. Then js = 1541 = 3y = %1, and hence (s 4+ 1);7 = t — 1. Therefore
we have (8.7).
(¢) The case t =4 k + 1 does not occur.
(d) Case t #; k,k+ 1. Then t = (s+ 1);” and we have (8.7).
Thus we complete the proof of (8.7).
Then, we have
MP:iZo ~ MP20 7 (SPifh) o Moiss V(ST v S = M2,
(ii) Consider the case s =; k — 1. In this case, we have (s)f = s+2. Set t = (s +2)].
As in (i), let us show

~1 ~

(8.8) MPo ~ P

(s+1)

(a) Case t = k — 1. Then js = 1541 = )y = 441, and hence (s + 1);7 = ¢+ 1. Hence
we have (8.8).
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(b) Case t =; k. Then j5 = 1541 = 3y = u_1, and hence (s + 1);f =t — 1. Therefore
we have (8.8).

(c) The case t = k + 1 does not occur.

(d) Case t #Z; k,k+ 1. Then t = (s + 1), and we have (8.8).

Thus we complete the proof of (8.8).

Hence, we have (8.7) + (88
3 times
~/ o~ ~
D’LU ~ Dw() DEO D,@l ~ D7MO D,@ D7wo
Mo ~ M () +VS$+2 VS, °—M<s+1)rv(5s 0V S.5°%)
D,w, D.wyy ., paD:Wo
~M +1)+ (Serl ) — Ms+1 ’

which implies the assertion for this case.
(iii) Let us consider s =, k + 1. Similarly to the proof of (8.7), we can prove

o~/ o~
Mpvﬂo ~ Mpvﬂo
(5)] (5_1)7:'—

Hence, we have
D, Dw D, Dw Dw D.w,\/
My u’ONM OVS wONI\/l °+VS 50~ (Mg %)

which implies the assertion in this case.
(iv) Finally, assume that s #, k, k + 1. Similarly to the proof of (8.7), we can prove

D,w, D,w
M0 ~ M 70
(s); (s)

Hence, we have
Do Dy o <D, Dw D% Do
Mo ~ l\/l(s’):0 V Sy o~ M(S’):O V S0 ~ Mo, O
J 7

Lemma 8.9. Let us keep the notations in the previous lemma. Then there exists a quiver
isomorphism
. — 00, [ 0] ™
ez (Qars " (@) — Qurs” (@),
where

[kt1—e7- [GL°§ O](wo)) " O flf41-2¢ © M41— e(QGLs }(wo))-
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Proof. Note that fu41-u © ptr1—se(Qirs (@o)) = tir1—se © prr1—(Qirs” (@o)) for any
t,s € Z~g. For s € Zy, define the index change map @ : [—00, 0] — [—00, 0] as follows:
s if s,k k—1
O(s)=¢s—1 ifs=4k,
s+1 ifs=k—1.

For each t € Z>y and @ € Igy, set uf := min{x € [—(t + 1)+ 1, —tl] | 1, = 2}. Then,
there is no arrow between

[—(ts + )0+ 1, =t 00\ {ul* | 2 € Ign} and [—(ta + 1) + 1, —to/]

in Q[G_fso’o] (wy) when t; >ty € Z>o. Thus it is enough to show that the restriction of ® to
[a, 0] is a quiver isomorphism if a is sufficiently small. Then, our assertion follows from the
lemma above together with Proposition 7.14 and Lemma 7.16. U

Proof of Proposition 8.4. From the above four lemmas, we can conclude the followings:
17_[_00’0]’1)@0 and

(i) If wy can be obtained from w, by a single commutation move

A Y monoidally mutation equivalent.

(ii) If w( can be obtained from wy by a single braid move, the sequence iy 11-¢7., gives

a monoidally mutation equivalence between ool Pt g gl 0k P (see Defi-
nition 8.3).

Thus our assertion follows from Remark 8.5 (c). g
As a corollary of Proposition 8.4, we obtain the following assertion.

Corollary 8.10. Let (D, w,) be a PBW-pair and wj, be another reduced expression of wy.

If the A-admissible seed .7 P20 jg 5 completely A-admissible monoidal seed in ‘5;5,

. —00,0],D g ,@l
then so is .71 >0P2:L.

Thus we obtain (III)¢ for £ satisfying condition (8.1).

8.4. Proof of the main theorem. By the result of the preceding subsection, we have

already proved that the monoidal seed ool Patty 4o o completely A-admissible monoidal
seed when 2 is a Q-datum with the height function ' and w, is an arbitrary reduced
expression of wy. The next step is to generalize this result to an arbitrary Q-datum (with
an arbitrary height function £) and an arbitrary interval [a, b].
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Proposition 8.11. Lett € Z and assume that ootk Pt o g completely A-admissible
monoidal seed in ‘590. Then, for any admissible chain € = (cx)kepy of i-bozes with a range

la,b], LS (€) = (M(Q),E(Qf); K(€),K™(€)) is a completely A-admissible monoidal seed in

‘ﬁg[a’b]’ P20 with a suitable exchange matriz B(¢).

Proof. We shall prove first the case —oco < a < b = t. Set Ky = [a,t] and K§* =
{s € Ko |a < s }. Then there is no arrow in Q[G_f;’t]’p’% between K§* and [—oo,t] \ Ko.
Hence 71174 — (5/ [7°°’t]’D’%> is a completely A-admissible monoidal seed

(KO’/\KSX)
in ‘Kgo by Lemma 7.15. Hence Lotk P o g completely A-admissible monoidal seed in

ng[a,t],D,@O by Proposition 7.19. Then, Corollary 7.18 implies that, for any admissible chain
¢ of i-boxes with the range [a,t], .#(€) = (M(€), B(€); K(€),K™(€)) is also a completely

A-admissible monoidal seed in ‘Kg[a’t]’p’% for some exchange matrix B(€).

Now we treat the case —oo < a < b < t. First we treat the special case €, = (’:[f’b} =

([b =k +1,0})1cpcp_qs1- Then the monoidal seed

F(€) = PR ((MPBo[s b} sepon), Bl D20 K(€o), K™ (€))

is A-admissible by Theorem 7.20. Then we can enlarge €, to an admissible chain €' =
(¢k)1<pep Of i-boxes with the range [a,t]. For example, we can take I' = [ + (t — b),
¢ = {a,b+k—1] for l <k <. Since (&) is A-admissible, Lemma 7.14 implies that
condition (7.3) is satisfied for K(€'), K(€y) and K™(&). Moreover it implies .7 (&y) =
()| (k(eo), Kex(eo))- We know already that .#(€') is a completely A-admissible monoidal
seed with a suitable exchange matrix. Hence we can apply Lemma 7.15 to conclude that
(&) is also a completely A-admissible monoidal seed. Finally, Proposition 7.19 implies

that .(€) is a completely A-admissible monoidal seed in ‘@[a’b}’p’ﬁo for any admissible
chain € with a finite range [a, b] provided that —oco < a < b < t.

Now let [a,b] be an arbitrary finite interval, and let € be an admissible chain of i-
boxes with the range [a,b]. There is m € Z-( such that b — 2m¢ < t. Here ( is the
length of the longest element of the Weyl group of gg,. Define the automorphism ¢ of
Z by 6(s) = s+ €. Then we have Ssi) ~ ZS, by Definition (4.5). We set §-2"€ =
{67®"¢ Hicher- Then the monoidal autofunctor 272™ transforms . (€) to . (§2m¢)
with the range [a —2mt, b — 2m/]. Since .#(672™€) is a completely A-admissible monoidal
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%}[a—m&b—zmz],p,% with a suitable exchange matrix, we conclude that . (€) is a

(gg[avb] 7’D7@0

seed in

completely A-admissible monoidal seed in
Now we take an arbitrary interval [a,b], possibly infinite. Let € = (cx);,, With en-

velopes ¢, = ['dk,gk]. For each m such that m < [, set €, = (¢&);4c,, With the range

G, by]. Then .7 (€<,y) is a completely A-admissible monoidal seed in %l[a’b]’p’% for any

m, and hence .(€) is also a completely A-admissible monoidal seed in %g[a’b]’p’%. U

Proposition 8.12. Let & be a height function, and let 1 be a sink of &. If S <% is
a completely A-admissible monoidal seed in ‘Kgo, then #<¢ is a completely A-admissible
monotdal seed in (590

Proof. Take a &-adapted admissible sequence s in fg such that 2y = 2. Then we have
p<sit = gloolls gnq <€ = #2005 Then the result follows from Proposition 8.11. [

Proof of Theorem 8.1. Let & be the height function associated with the admissible sequence
5. Taket € Z such that ¢, < t for any ¢ € I,. Then, there is a £-adapted reduced expression
w =8, -8, such that £ :=s,, ---s,¢ satisfies { € [t,t + 2d, — 1] for all + € I5,. Hence
I<¢ = I<'. Then Theorem 8.2 implies that .#<¢ = .<! is a completely A-admissible
monoidal seed in ‘ﬁgo. Hence by a successive application of Proposition 8.12, the monoidal
seed .<¢ is completely A-admissible in %,

By Corollary 8.10, the result for arbitrary .#<¢ in Proposition 8.12 implies that ool Doy
is also a completely A-admissible monoidal seed for any Q-datum 2 and any reduced ex-
pression wy of wy.

Hence we conclude that for any admissible chain € of i-boxes with the range [a,b],

S = (€) is a completely A-admissible monoidal seed in %”g[a’b]’p’@ o by Proposition 8.11.

It remains to prove that A([]) ~ K(%[a’b]’pg@o). By truncating €, we may assume
that [a, 0] is a finite interval. Set . = ({My}1<k<t, B, ; K, K™).
Let { X} }1<re be the cluster variables, and set f := [[._,[My] € K(€*"P2). Then
we have R
A([]) C ZIXT, .. XY = K (G0 P2o)[f1]
by X +— [M;]. Since . is completely A-admissible in Cﬁg[a’b]’pg ’@0, it induces a ring
homomorphism

A([S)) — K(G)aP2to),
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For any s € [a, b], after successive box moves, the moved € contains {[s]}. Hence, the image
of A([]) contains [S,]. Since K (C@[a’b]’pg *0) is the polynomial ring with the system of

generators {[Ss|}sejap, A([Z]) = K (‘Kg[a’b]’pg ) is surjective. Since their dimensions are
equal to |[a, b]], it is an isomorphism. O

8.5. Conjecture. We give the following conjecture which asserts that Theorem 8.1 holds
for an arbitrary PBW-pair (D, w).

Conjecture 8.13.
(i) For any PBW-pair (D, w,) and any admissible chain € = (c4), ., of i-boxes with an

arbitrary range [a, b], the monoidal category ‘Kg[a’b}’p’% is a A-monoidal categorification
of K (Cﬁg[a’b]’p’%) with an initial A-admissible monoidal seed (M(Z), B; K(€),K™(¢))
for some exchange matrix B.

(i) If —oo < a < b < 400, the monoidal category ng[a,b],p,% is a A-monoidal categorifi-

cation of K (%g[a’b}’p’%) with an initial A-admissible monoidal seed

a,b],D,w, ” =la,b],D,w, ex
FPL (MP0[5 b} scans Borg 0 K, K).

Problem. For any PBW-pair and an admissible chain € of i-boxes, determine explicitly
the exchange matriz of .7 (<).
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