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Stationary martingale solution for the 2D stochastic
Gross-Pitaevskii equation

By

Anne DE BOUARD! Arnaud DEBUSSCHE™* and Reika FUuKuizumI**

Abstract

In this short report we give a proof of the existence of a stationary solution to the Gross-
Pitaevskii equation in 2d driven by a space-time white noise.

§1. Introduction

In this short report we give a proof of the existence of a stationary solution to the

following Gross-Pitaevskii equation in 2d driven by a space-time white noise:
(1.1) dX = (y1 + iv2)(HX — | X2 X)dt + \/271dW, t>0, z€R?

where H = A — |z|?, v1 > 0, and 72 € R. The unknown function X is a complex
valued random field on a probability space (2, F,P) endowed with a standard filtration
(Ft)t>0. This equation is used as a model for Bose-Einstein condensates in the presence
of temperature effects. There are some studies in the physics literature using this model
[1, 6, 7, 14]. We are interested in this equation from a mathematical point of view,
and we have studied the 1d case in [2] in particular the properties of the statistical

equilibrium.
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As is the case for the stochastic quantization equations [4], the use of renormaliza-
tion is necessary in order to give a meaning to the solutions of (1.1), as the Gaussian
measure generated by the linear equation is only supported in W™%49 with s > 0, ¢ > 2,
and sq > 2, where for 1 < p < +o00, 0 € R,

WP (R) = {v € S'(B?), [vhyen(ae) = |(~H)7/?0|nms) < +oo},
denote the Sobolev space associated with the operator H.

Renormalization procedures, using Wick products, have been by now widely used
in the context of singular stochastic partial differential equations, in particular for
parabolic equations based on gradient flows (see for example [4, 13] for the 2d case).
The complex Ginzburg-Landau equation driven by space-time white noise, i.e. (1.1)
without the harmonic potential, posed on the three-dimensional torus, was studied in
[8] and for the two-dimensional torus in [10, 12]. The main difference in our case is the

presence of the harmonic potential |z|2.

The proof in this report will not be published anywhere, nore in [3] where the
existence of strong global solution for (1.1), i.e., much stronger result is established. In
fact, the proof of this report was our first try for ensuring the existence of a solution

o (1.1) for any dissipation parameter 7;: indeed, if 7, is sufficiently large we may
use simply as in the purely parabolic case [13] an LP energy estimate to globalize the
solution. The small v; case was later solved by using ideas inspired by the bootstrap
arguments used in [10] (although the proof in [10] does not directly applies to the present
case), and the proof for any ~; is written in [3]. However, we think it is interesting to
present this first proof in this report, with some precisions about the dependence of
estimates of stationary solutions on the dissipation parameters.

§ 2. notation and main result

In what follows, we will use the following notation: Let {h}ren2 be the orthonor-
mal basis of L?(R2, R), consisting of eigenfunctions of —H with corresponding eigenval-
ues {2 }rene, i.e. —Hhg = A2hy, A2 = 2|k| + 2. We take {hg,ihy}renz as a complete
orthonormal system in L?(R%, C), and we may write the cylindrical Wiener process in
(1.1) as

(2.1) W(t,x) = > (Be.r(t) + B (b)) hi(x).
keN2

Here, (Bi.r(t))i>0 and (Bk.1(t))i>0 are sequences of independent real-valued Brown-
ian motions on the stochastic basis (€2, F,P, (F;)¢>0). The notation E stands for the
expectation with respect to P.
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We will use an approximation by finite dimensional objects. To verify the con-
vergence properties of a function series of the form u = )7, _\» cxhi, we define, for
any N € N fixed, for any p € [l,00], and s € R, a smooth projection operator
Sy : L*(R?,C) — EY := span{hy }jx<n by

(2.2) SN[ Z ckhk} = Z X[%}Ckhk = X[%} [ Z Ckhk]a

keN? keN? kEN2

where x > 0 is a cut-off function such that x € C§°(—1,1), x = 1 on [—1, 2]. Note that
here and in what follows, we denote by Ay the value A(y ), for simplicity. The operator
Sn, which is self-adjoint and commutes with H, may be extended by duality to any
Sobolev space W*?(R?;C), with s € R, and thus by Sobolev embeddings, to any space
WP (R?;C), with p > 1. A simple modification of Theorem 1.1 of [9] implies that Sy
is a bounded operator from LP to LP, uniformly in N, for any p € [1,00]. We denote

the usual spectral projector by

HN[ Z ckhk] = Z ckhi,

kEN?2 keEN2,|k|<N

which is uniformly bounded only in L2.

Let us recall known facts before mentioning precisely our results. Writing the
solution of (1.1) as X = u + Z22*7? with

23 zpm = B [ et e)

which is the stationary solution for the linear stochastic equation

(2.4) dZ = (71 + i) HZdt + \/271dW,

we find out the following random partial differential equation for w:

(2.5) Ou = (M +in2)(Hu—|u+ 2272 (u+Z207)),  u(0) = uo := X(0)—Z3"(0).

We are therefore required to solve this random partial differential equation. However,
using standard arguments, it is not difficult to see that the best regularity we may
expect for Z2172 is almost surely : Z2172 € W=54(R?) for s > 0, ¢ > 2, sq¢ > 2 as
follows.

Lemma 2.1. Fix any T > 0. Let v1 > 0,7 € R;s > 0,9 > 2,sq > 2 and

0<a<ils— %) A 1]. The stationary solution ZX72 of (2.4) has a modification in

C*([0,T),W=*1). Moreover, there ezists a positive constant Cr such that

E | sup [Z17*(t)lw-sa| < Cr.
t€[0,T]
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Thus, to give a sense to the nonlinearity in (2.5), we need a renormalization and
we will consider in place the renormalized equation of (2.5) :
(2.6)
Ovu = (1 +iv2) (Hu—: [u+ Z30P(u+ 22372) 1), u(0) = up = X(0) — Z2172(0),

where :  : in the nonlinear part, using the notation Zr ., = Re(Z17?), Z1 o =
Im (Z2272), ugr = Rew, and uy = Imu, means

(7)) tlut 22 Put 2200 = F (w2 eiss) = Fo+ By + B+ B
with Fy = |u|?u, and
Fy = Zooul* + 2ZR souru + 277 sougu,
Fy=:Zp o« (Bug +iup)+: Z7 ot (ug + 3iug) + 21 Zg,eo Z1,00 ¢ (ur + iug),
Fys=:Z% i +i: 2} o i+ ZRocZie i it ZhyooZloo -
Here, for any k,l € N, the Wick products : (Zr.o0)*(Z1.0)! : are defined as follows.

Recall that the Hermite polynomials H,(z), n € N are defined by

( )67 (e72), n>1

Vn! dx™

(2.8) H,(x) =
and Hy(z) = 1.

The notation : (Syz)" : (z) for n € N, N € N, z € R?, with a real-valued centered
Gaussian white noise z, means
1
pn(z)

(Sn2)" 1 () = pw(z)"VnlH, [ SNz(:c)} , zeR?

with

(@) = LEN; ¢ (3) Ai%mm»?r

It is known (see [2]) that the law L£(Z2172) equals the complex Gaussian measure
= Nc(0,2(-H)™).

Proposition 2.2.  ([3]) For any k,l € N, the sequence {: (SN Zp.c0)® 1 (SNZ1.00)"
}nven is a Cauchy sequence in L1(Q, W~%49(R?)), for ¢ > 2, s > 0 with gs > 2.
Moreover, defining then, for any k,l € N, for any fized t,
. (ZR’OO>k(Z]’OO)l L= I\Pm . (SNZRyoO)k . (SNZ]’OO)Z 5 m Lq(Q,W_s’q(R2)),
—00

where s > 0,q > 2 and sq > 2, there exists a constant M 4, such that

(2.9) E [l (Zroo) (Zroo) : 18y oa] < Mg
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Remark that higher order moments may also be estimated thanks to Nelson for-
mula: Let s > 0, m > ¢ > 2 and sq > 2. Then there is a constant M 4 1 ;m such
that

(2.10) E[l: (Zroo)"(Zr.00)" t [y-sa] < Mg tm.

Note that if we consider the equation (2.6) in terms of X, then

(2.11) dX = (71 + i) (HX — : | X]2X )dt + \/2vdW, t>0, z¢cR

In [3], we constructed a measure p as a weak limit of the family of finite dimensional

Gibbs measure of the form :
dpn(y) = Tye ANEN gy e Eg,

where I'y! = fe_q;‘N(SNy)dy, and

~ 1 1 1
) = 519l + gl + [ [ {@l - 23 @@ + 204 (0)]

Note that . . |
Hy(y) = =|Vyl7 + |2yl + —/ s y(z)[* - de,
2 2 4 Jpo

and V,Hn(y) = —Hy+ : |yy -

Proposition 2.3.  (/3]) The family of finite dimensional Gibbs measures (pn)n
is tight in W1 for any s >0, ¢ > 2 and sq > 2.

Note that py does not depend on v, or 5. It is an invariant measure for the case
of 71 = 0 and 79 # 0 or for the case of v; > 0 and 5 = 0, for the case of v; > 0 and
9 # 0 to the finite dimensional equation:
(2.12)
dX = (y1+iv2) (HX =Sy (: [SyX|?Sn X ))dt++/2n1TIndW, t>0, zecR? X(0) € ES.

The global existence of the solution Xy of this finite dimensional equation is ensured
by the standard fixed point methods, and an energy estimate as in [2] (see also (2.16)
below). Remark that the invariant measure py is unique if v; > 0 and 2 = 0. Eq.(2.12)
gives the Galerkin approximation of X satisfying (2.11).

Finally we deduce the following main result for the equation (2.11):
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Theorem 2.4. Letvy; >0andvys € R, andlet0 < s <1, g > 2 such that sq > 2.

Then there exists a stationary martingale solution X of (2.11) having trajectories in
C(Ry,W=9), and L(X(t)) = p for allt € R.

The proof of Theorem 2.4 will be given in Section 3.
The tightness of the family of measures (px)y in Proposition 2.3 was proved in [3]

considering the coupled evolution on EY given by

du
(2.13) dt
dZ = (1 + i) HZdt + /2y, I v dW,

=y +y2) [Hu—Sn(: |Sn(u+ 2)]PSn(u+Z) : )]

one may easily prove, using e.g. similar estimates as in the proof of Proposition 2.5
below, together with the Gaussianity of Z, and a Krylov-Bogolyubov argument, that
(2.13) has an invariant measure vy on E}% X E(]C\,. Moreover, by uniqueness of the
invariant measure of (2.12) in case of 75 = 0, we necessarily have for any bounded

continuous function ¢ on IE(]CV :

J

Proposition 2.5.  Lety; >0 and 72 € R. Let (un,Zy) € C(R4; ES x ES) be
a stationary solution of (2.13). Then, for any m > 0, there is a constant Cp, », ~, > 0
independent of t and N, such that

o(x)pn(dx) = //E‘CNXE}C\, o(u+ 2)vy(du, dz).

C
N

(2.14) E(|(-H)z7 un[73) < Ciny -

Remark.

(1) The constant Cy, ~, ~, in the RHS does not depend on v; when 7, = 0, and if
v2 # 0, then C,, -, ~, depends on the ratio % Let s with 0 < s <1 and ¢ > 2
such that sq > 2. Using this remark, applying Proposition 2.5 with m = 1 and
v5 = 0, we deduce that for some positive constant C' not depending on N,~;, and
for any t > 0,

1
E(lun()[y-o0) SE(lun(®)[1e) SE((—H)Zunliz) < C,
where we have used the embedding W*'2 C L9, for any q < +o00. Thus,

[ it = [[ ek ol (du o
W—ssa (W—s:a)2
< B (un () By + 125 (D).
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and the right hand side above is bounded indepently of N, «; and ¢, since the law
of Zn converges to a Gaussian measure p (which is independent of 1) on W™91.
We see thus that the tightness is independent of the parameters 1,72, which is
consistent with the fact that py is independent of +; and ~s.

(2) Unfortunately, the bound (2.14) does not provide higher moment bounds on the
measures py, preventing us to obtain p-a.s. initial data global existence of solution
by the method in [5].

For the proof of Proposition 2.5, we will use the following interpolation estimates:
Let a > 0.

(2.15) [fglwaa < C([f|Lnlglwad +|flwealglie),
_ 1

where 1 < ¢ < 00, q1,¢2 € (1,00, 41, G2 € [1,00) with ¢ = -+ &

1,1
=14l
Proof of Proposition 2.5. Taking the L2-inner product of the first equation in (2.13)
with uy yields

1d

3 1w O + |~ ux (O + mlSvun(O)lh: = ~Re(n + i) [ [Fi(Syuy, SxZw)

]R2
(2.16) + Fy(Snun, SNZn) + F5(Sn Zn)] Syun (t)dz.

We first estimate the term containing F3 in the right hand side above. Thanks to
Proposition 2.2, taking 0 < s < 1 and ¢ > 2 such that sq > 2, we may bound

/ F3(SnZn)Snundz| S [F3(SNZN)|w-sa| SNun|yys.af
RQ

with % + % = 1. Interpolating then We 4 between L™ and W2, with % =35+ 1=s we
get

[SNUN |y S |(—H)Z Snunlie|Snun|}*.
On the other hand, noticing that r € (1,2), we have for any v € W'2:

r

/W oa)/"de < [ /W |x|2|v<x>|2dx] 5 [ /IM |m|22-3dw]

<S|(—H) 2o},

2—1r
27

so that [v]pr < [(=H)2v|zz2. Tt follows that

SIF(SNZN) | w-sa|(—H) 2 Snun| 2

/ Fg(SNZN)SNUNdLE
R2

4 +
< (71—|V2|)|F3(5NZN),12/V_S’Q

4!
B4! 1 2
2.17 +— | (—H)z2Syu .
( ) 4(’71+|’V2|)|( ) N N’LQ
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Next, we consider the term containing F5 in the right hand side of (2.16). First,
by (2.7) and (2.15),

/ FQ(SNUN,SNZN)SNUNdI‘
R2

E

S

| : SNZR[,RSNZJQVT]Z : |W—s,q|(SNUN>2|Ws,Q’

=0

PA
v |l

’ . SNZ%V,RZ?VjIl . |W*S,q‘SNuN’L4’SN’U/N‘WS,p
=0

with % = %1 + %. Note that p € (1,2) and we may use the same procedure as before to
obtain

1
|Snvun|ws»r S [(—H)ZSnun]Lz,
so that

/ Fy(Snun, SNZN)SNUN‘
]RQ

3 2
(2.18)< 5 T > | SnZi rSN NI wesa + 5

— L |Syun|ia
— (71 + [2l) t
gi!

1
+—F(—H §SNUJN22.
4(’71+|’72|)|( ) g

We finally turn to the term containing F} in the right hand side of (2.16). We
easily get, thanks again to (2.15),

/ Fl(SNUN,SNZN)SNUNdJJ
R2

SJ|SNZN‘W*S;Q|SNUN’%4’SNUN|W&,T
where r > 2 is such that % = % + % Let m > 2 with % =35+ 1;18, so that

[Snun|wer S |(—H)ZSnun |3z |Snun i

If m > 4, we interpolate L™ between L* and L?™, then use the Sobolev embedding
Wwh2 c L?™ If 2 < m < 4, we interpolate L™ between L? and L*, then use W2 C L2.
In both cases we obtain, using in addition the Poincaré inequality for (—H)

1 _
|Snvun|wer S|(—H)2Snun|$=|Svun|pa®

for some constant « € (0,1). We deduce that

/ Fi(Syun, SNZN)SNUN‘
]R2
SIS Zn|w—ea| Svun |33 (—H) 2 Syun S

1 2(3—a)
<o i (4@1 + mD) Tl

4
SNZn|L2,
- ISNZN |2,
(2.19) n

1 1
+m |:|SNUN|%4 + §|(—H)éSNUN’%2 y
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by Young inequality.
Gathering (2.16)—(2.19), and noticing that |(—H)2 Syuy|z> < |(—H)Zuy|pz2, leads
to

3
d m
O + S un 072 SCo Y- | SnZvnSn 21 : [yt
k+1=1

with

" "
ChH < S
o=m (4@1 + rm)

for some integers my; and kK = ko > 0.

Now, let m > 0. We multiply by |ux (t)[*3~

|75 2 both sides of the above inequality to

get

1d ¥
—lun (O + 5

k+i=1

Applying the interpolation inequality

1 1 m—1
un|r2 < Co|(—H)2un |5 un| 3

(—H) =
to the second term in the left hand side, and using Young inequality in the right hand
side, we obtain

3

m i T
g OIF + s ()T un (OIF S Coslun (O[FF + CoCe 3 |+ SnZiv S 2y
k+1=1

1 d

2
for any € > 0 and constants C. > 0 and m} , > 0. We choose Cye = 47(17;‘,; after using

Poincaré inequality so that the first term of the right hand side is absorbed in the left
hand side,

3
Zlun (B3 + 2o |<_H>mN<t> T SCCe Y 1 SNZN rSN IR Iyt
k+i=1

Integrating in time, taking expectations on both sides and using the stationarity of uy
and of the Wick products, together with (2.10), yields

—r’ 3
E(|(_H)ﬁul\f|%@) Sm <4’7—1|)> Z Ms,q,k,l,m;’la

(71 + |72 P

for some k' = k., > 0 and the conclusion. O

(—H)Zun ()22 un (8) 2572 < Colun (1) 722 Z |1 SNZN RSN ZE ;-

Mg,

W—s:4

mkl

W-

s,q
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§ 3. Proof of Theorem 2.4

We are in position to construct a stationary solution of (2.11) for any values of
v > 0 and 72 € R. We have seen in the previous section that the system (2.13)
has a stationary solution (un,Zy) where Zy = lIxyZ272. Moreover, it is clear that
(un, ZJ17?) is then a stationary solution of

du ) , |
(3.1) o =+ i) [Hu— Sy (: Sy (u+ Z)PSy(u+ 2) -]

dZ = (1 + i) HZdt 4 /2y dW.

In this section we will denote Z21'7? by Z for the sake of simplicity. Using Proposi-
tion 2.5, we first prove that the the law of this sequence {(un, Z)}nen is tight in an
appropriate space to construct a martingale solution.

We will use the following lemma (see [3] for the proof).
Lemma 3.1. Letl<p<gq<+o0,0<s<f<2/p, and m € N\ {0}. Suppose

f—s—(m— 1)(1% —p) >0, and s + m(% - p) <2(1 - %) Then, there is a constant
C > 0 such that

|hfm‘wf(s+m(%*5)),q < C’h‘W*S’q f’%ﬁvp'

Lemma 3.2. Letv; >0, % € R, 0< s <1, and q > 2 such that qs > 2. Let
also 0 < § < %, and let p > max{q, 24, %} The sequence (un, Z)nen 1S bounded in

L¥™(Q, L*™(0, T, H=)) N L5 (2, Wh5 (0, T, W~>P)) x C*([0,T], W91 W~oP)
for any m >0, and o > 0 satisfying o < min(5 — %, g —=1).

Proof. Tt suffices to check the bound in L3 (Q, Whs(0,T, W™2P)), since the other
bounds follow from Proposition 2.5, the stationarity of ux, and Lemma 2.1 for Z. We
write the equation for uy;

uN(t):uN(0)+(’y1 —i—’i’}/z)/(; HUN(O')CZU

—(n +i72)/0 Sn(: [Sn(un + Zn)|?Sn (un + Zn) :)(o)do.

In the right hand side, the first term is constant and clearly bounded in L3 (Q, W3 (0, T, W~27))
by Proposition 2.5 and Holder inequality. For the second term, we have

4
E SCT]E (’HUN‘34 >
W3 (0,1, W-27) L3(0,7,W=27)

S CT]E <|uN|%2(0,T,W172)> 5

ol

/0 Hun(0)do
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where we have used Sobolev embedding and Holder inequality in the last inequality. To

estimate the nonlinear terms, we decompose as in (2.7),

SN(Z ’SN(UN + Z)\QSN(uN + Z) :) = SN(F()(SNUN) + Fl(SNUN, SNZ)
—I—FQ(SNUN, SNZ) + Fg(SNZ))

The terms in Fj are simply estimated thanks to Proposition 2.2 as follows.

“

For the term F{, using Sobolev embeddings L3 C W™2P and W22 C L*, we obtain

4
3 4
3

4
) S CT]E<|SNF3|Z%(O TW—SvP)) S C1T-]\Js,p-

/O S Fy(s)ds

W3 (0,17,W-2.p)

T
2 . 2 3
IEOSNFO’L%(O,T,W—M)) B 0 EISwun SNUN|W72’p)dS

< CrE(||Svun|*Syun|?y) = CrE(|Snvun|2+) < CrE(Junl? 1 ,),
L3 w2

which is bounded independently of N by Proposition 2.5. To estimate the Fj-terms, we
fix s’ > 0 such that s’ < % and s'p > 2, and apply Lemma 3.1 to get

E<|SNF1|34 ) < CrE <|F1|

4 8
< 3 3
L§(O7T,W*2;P) 14 > _ CTE <|SNZ|W75/,p|SNuN|W%’3) *

4
3
W_<S/+j),P

Using then the Sobolev embedding Wzi:2 ¢ W$3 and Holder inequality, the right hand
side is majorized by

17

48
CrE(ISN Z[3y-0) % E(ISnun|7 17 )5,

and is thus bounded independently of N thanks to Propositions 2.2 and 2.5. Finally,
for the terms in F5, we apply again Lemma 3.1:

3 - 3
E (|SNF2|L§(07T’W2,I))) <TE <|F2|W—(S'+%)’p>

SCrE( Y |+ (SvZr)" (SnZD)" s [y, [Svunl? 4 )

k+1=2
4 12 5
<Cr Y E(: (SvZr)"(SnZn)' < [§y-)? E(lun s ,)7,
k+1=2

which is bounded again by Propositions 2.2 and 2.5. Note that in the last inequality we
have used the Sobolev embedding W2 ¢ Wi and Hélder inequality. O

Remark.  We note that by Lemma 3.2, (uy)nen is bounded in

L3(Q, L3(0, T, W32)) 0 L5 (Q, W5 (0, T, W= 2P))
C L5(Q,L3(0,T,W32)) N L3 (Q,Wi=3(0, T, W 2P)),
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and L3(0, T, W3:2)nW12:3(0, T, W~2P) is compactly embedded in L3(0,T, L%). On the
other hand, (un)nen is also bounded in

L3(Q, L*(0, T, W) N L3 (Q, Wh5 (0, T, W™2P))
C L3(Q, L2(0,T, W12 n W 2(0,7,W~27)),

and L2(0, T, W12)n Wﬁ’Q(O,T, W™2P) is compactly embedded in L?(0,T,W??) for
any s with 0 < s < 1. In particular, since W62 W%A, the embedding is compact
in LQ(O,T,W%A). Finally, we note that Wl’%(O,T, W™2P) is compactly embedded in
C([0,T),W=3P).

Proof of Theorem 2.4. Let v > 0 satisfy the condition in Lemma 3.2. We deduce
from Lemma 3.2, Remark 3 and Markov inequality that the sequence {(un, Z)nen} is
tight in

(3.2) L3(0,T,L% N L0, T,Ws2)nC([0,T), W 3P) x CP([0,T), W= 1N W)

for any 8 < a and s’ > s. Fix such § and s’. By Prokhorov Theorem, there exists
a subsequence, still denoted {(uy,Z)nyen} which converges in law to a measure v on
the space (3.2). By Skorokhod Theorem, there exist (Q, F,P), (in, Zn)nen and (i, Z)
taking values in the same space (3.2), satisfying £((un, Z)) = L((an, Zn)) for any
N €N, L((@, Z)) = v, and @y converges to @, P-a.s. in L3(0,T, L*) N L2(0, T, Ws-2) N
C([0,T),W=3P), Zxn converges to Z, P-a.s. in C?([0,T], W4 N W~9P). Moreover,
by diagonal extraction, it can be assumed that this holds for any T" > 0. It is easily
seen that (4, Z) is a stationary process thanks to the convergence of (iiy, Zy) to (i, Z)
in C([0,T], W=32) x C#([0,T], W=*9). This convergence also implies £(Z) = L(Z).
Note also that if we extract from the subsequence we took for the weak convergence pyn
to p, we have that for each t € R, L(X (t)) = L(u(t) + Z(t)) = p.
Write then,

() — i (0) = (11 + i72) / Hiin (0)do

(33) —(")/1 —i—i’}/g)/o SN(Z |SN<Z~LN + ZN>|28N(’L~LN + ZN) 1)(0’)dG.

It remains us to show that the right hand side of (3.3) converges, up to a subsequence,
to

(1 +i72) / Hi(o)do — (11 + i) / @+ 2)P(a+ 2) - (o)do,

P-a.s. in C([0,T], W~2P). This can be checked as follows. First, the convergence of the
linear term follows from the convergence of @y to @ in L?(0, T, W%’Q) C L0, T,W=2P).
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In order to prove the convergence of nonlinear terms, we again decompose the nonlinear

terms into the four terms Fp,..., F3 as in (2.7) and estimate them separately, i.e.,
t t
sup / o+ Z2(a+ 2): (0)do —/ Sn(:|Sn(an + Zn)|*Sn (in + Zy) :)(o)do
te[0,T] |J0 0 W—2,p

3 T
< Z/ |Fy (i, Z) — Sy Fu(Snin, SNZn)|w-20do
k=0"0
=1+ 1IN+ + 1L
We begin with the convergence of I%Y.

T
IéV:/ Sn(ISwiin[2Sniin) — |al2ilyy—sndo
0

T T
< / 1Snvan|*Snan — |al*al 4 do + / ((Sw — I|al*al, 4 do.
0 0

Since %y converges to @ a.s. in L3(0, T, L1), by dominated convergence, the same holds
for Sy, thus |[Syun|[?Snin converges to |a]?a a.s. in L%(O,T,L%). Similarly, the
second term converges to zero by dominated convergence, therefore, I} converges to 0.
Next, we use Lemma 3.1 to obtain

T
IRy g/ Fy(@, Z) — SnFy(Sniin, SNZN)], - ov o
0

s1Z- SNZN’C([O’T}’W_‘S”’) (|SN&N’2L?(0 TS + Wf‘ﬁ(o TW§’4))
+ (lSNZN|C([0,T},W*5vP) + |Z|C({0,T],Wf&p)) <|SN&N|L2(O,T,W%’4) + |ﬂ|L2(O7T,W%74))

x[SntN — u|L2(O,T,W%’4)'

Hence, IV converges to 0 since Sy Zy converges to Z in C([0, 7], W~%?) and, by Remark
3, Syt converges to @ in L2(0,T, Wé"l). Concerning F5, we proceed as for Fp, and
we use Lemma 3.1 in the same way;

LYS > (1 25827 |emw-or) + 198 (SnZn,r)*(Sn Zn.0)' )| L2 0,0 w-5r))
k+1=2

x|Snun — a|L2(o,T,w%»4)

+ > 112825 =Sn( (SnZn.r)H (SN Zn) ez mw-sr)
k+1=2

X (‘SN&N’LQ(O,T,W%A) + ‘a’LQ(o,T,W%"‘)) '

Note that Proposition 2.2 implies the convergence to zero of the second term in LP(€2),
thus extracting a subsequence, P-a.s. The first term goes to 0, too since, again, Sy
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converges to % in L?(0, T, W%A). The term IV can be treated similarly. We deduce
from this convergence result that o satisfies

u(t) —ua(0) = (m +i72)/0 Hu(o)do — (m +i72)/0 (@ + Z)P(a+ Z) 1) (o)do.

Since it is clear that Z satisfies the second equation in (3.1), we easily deduce that

X =4+ Z is a stationary solution of (2.11) on (Q, F,P). Moreover, it is not difficult
to prove that « is continuous with values in W™%4, which ends the proof of Theorem
2.4. O
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