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Abstract

The Volterra lattice, when imposing non-zero constant boundary values, admits the struc-
ture of a completely integrable Hamiltonian system if the system size is sufficiently small. Such
a Volterra lattice can be regarded as an epidemic model known as the SIR model with vaccina-
tion, which extends the celebrated SIR model to account for vaccination. Upon the introduction
of an appropriate variable transformation, the SIR model with vaccination reduces to an Abel
equation of the first kind, which corresponds to an exact differential equation. The equipoten-
tial curve of the exact differential equation is the Lambert curve. Thus, the general solution
to the initial value problem of the SIR model with vaccination, or the Volterra lattice with
constant boundary values, is implicitly provided by using the Lambert W function.

§1. Introduction

The Volterra lattice is a simultaneous system of infinitely many first-order differ-
ential equations that pertain to the nodes on a one-dimensional infinite lattice [1, 2, 3].
By imposing an appropriate boundary condition, the Volterra lattice reduces to a com-
pletely integrable Hamiltonian flow on a finite-dimensional Poisson manifold. Signifi-
cant boundary conditions that contribute to complete integrability include the periodic
boundary and the open-end boundary. When the Volterra lattice imposes either the
periodic or the open-end boundary, it admits a bi-Hamiltonian structure on the Poisson
manifold, thereby providing a sufficient number of conserved quantities [4, 5, 6] .

In this article, we consider another boundary condition that contributes to the
complete integrability of the Volterra lattice: the boundary nodes are assigned constant
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values, which are not necessarily zero. Although such a Volterra lattice has a Poisson
structure, and hence, is a Hamiltonian flow on a finite-dimensional Poisson manifold,
it does not admit a bi-Hamiltonian structure. Thus, the Volterra lattice with constant
boundary values is, in general, not a completely integrable Hamiltonian system. Nev-
ertheless, if the system size is sufficiently small, the Volterra lattice exhibits complete
integrability because a sufficient number of conserved quantities immediately follow from
the Hamiltonian. If the system size is two, the Volterra lattice with constant boundary
values reduces to an integrable epidemic model called the SIR model with vaccination
[7], which is an extension of the SIR model [8] under the influence of vaccination and is
abbreviated to the SIRv model. If the system size is three, the Volterra lattice with con-
stant boundary values also exhibits the complete integrability; however, its significance
as an epidemic model is unclear.

Upon the introduction of an appropriate variable transformation, the SIRv model
is transformed into an exact differential equation via a first-order nonlinear differential
equation of degree three called Abel’s equation of the first kind [9, 10]. The exact
differential equation thus obtained possesses the potential arising from the symplectic
structure of the Volterra lattice. Moreover, the invariant curve of the SIRv model, or
the equipotential curve of Abel’s equation, is the Lambert curve. Hence, the general
solution to the SIRv model, or the Volterra lattice with constant boundary values, is
implicitly provided in terms of the Lambert W function [11]. In addition, an integrable
discretization of the SIRv model, possessing exactly the same conserved quantity as the
continuous model, is achieved through a geometric construction utilizing the Lambert
curve [12].

This article is organized as follows. In §2, we introduce the Volterra lattice and
briefly review its Poisson structure. Then we show that the Volterra lattice with constant
boundary values is a completely integrable Hamiltonian flow on the Poisson manifold
if the system size is either two or three. We moreover show that the two-dimensional
Volterra lattice can be regarded as an epidemic model called the SIRv model. In §3,
we investigate Abel’s equation of the first kind and show that it reduces to an exact
differential equation if some conditions are satisfied. We also show that Abel’s equation
can be related with the SIRv model. The equipotential curve of the exact differential
equation is the Lambert curve, thereby the general solution to the initial value problems
of the SIRv model, or the two-dimensional Volterra lattice with constant boundary
values, is implicitly provided in terms of the Lambert W function. We provide the
concluding remarks in §4.
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§ 2. The Volterra lattice

Let p be a natural number. The following simultaneous system of infinitely many
first-order differential equations that pertain to the nodes on a one-dimensional infinite
lattice is called the Volterra lattice or the Lotka-Volterra system [1, 2, 3, 4, 5]

(21) a; = a; Z Qjtj — Z a;—j (Z S Z),

J=1 J=1

where a; = a;(t) is a differentiable function in ¢ assigned to the i-th node, and “ "7

denotes the derivative with respect to t. Throughout this article, we assume p = 1,
which achieves the simplification of (2.1):

(22) a; = a; (ai+1 — ai_l) (’L € Z)

§2.1. Boundary conditions

Let us consider the differentiable L-dimensional manifold
V = RL(al,ag, c.,ar),

where (a1,as9,...,ar) stands for the local, and hence, the global coordinates. The
Volterra lattices equipped with the following two boundary conditions are known as
completely integrable Hamiltonian systems on the phase space V' [4, 5, 6].

(I) Periodic boundary (a; = ap;).

a1 = ar+4+1 a‘2 ar—1 ar = ap

(I) Open-end boundary (ag = ar, = 0).

apg = 0 ajq ar—1 ayj, = 0
o————e—-------- °
The exterior nodes a_y,a_3,... and ary1,ar+2,... are not uniquely determined,
even when the values of the inner nodes ag, a1, ..., ar, are assigned. Actually, since

O:do:ao(al—a_1>:0(a1—a_1),

O0=ar =ar(ap+1 —ar—1) =0(ar41 —ar—1)
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holds, the nodes a_; and ar; are arbitrary, thereby we inductively arrive at the
claim. Since ag = ar = 0 and the exterior nodes are arbitrary, the Volterra lattice
with the open-end boundary is a Hamiltonian system on the phase space V = RF~1,
making it a subsystem of the one with the periodic boundary (I) on V = RL.

In this article, we consider the third boundary condition with which the Volterra
lattice (2.2) is completely integrable Hamiltonian system on V = RM for certain system

sizes M':

(IM) Constant boundary (ag = «, ap+1 = B, a, B € R\{0}).

ap = o aq an ar+1 =8
----0 -~ - o o-----
Contrary to (I), the exterior nodes a_1,a_s,... and apry2,apr43, ... are uniquely
determined as rational functions of the inner nodes ag,aq,...,ap 41 via (2.2):
a; .
Aj—1 = Qj41 — - (Z < 0),
Qs
a; :
aiiq :a¢_1+a— (Z>M—|—1).
i

In particular, the nearest exterior nodes are reflective with respect to the boundary

nodes ag and aps41,
a_1=a; and ap42=ay,

since ag # 0, apr+1 # 0 and ag = apr41 = 0. Hence, the system with the constant
boundary is not a subsystem of the one with the periodic boundary (I).

Numerical examination implies that the Volterra lattice (2.2) with the constant
boundary (IIl) is, in general, not completely integrable. Nevertheless, the Volterra lattice
with the constant boundary (IIl) exhibits the complete integrability if the system size
M is sufficiently small, since it has a Poisson structure on V = RM for any M.

§ 2.2. Poisson structures

Before reviewing the Poisson structure, we introduce the two-field form of the
Volterra lattice. Let agr = xp and asx—1 = yx. Then the Volterra lattice (2.2) reduces
to the system of first-order ODEs called the two-field form

(2.3) Tk = Tk (Yet1 — Yi) s

(2.4) Uk = Yk (T — Tp—1)
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for k € Z.
First remark the bi-Hamiltonian structure of the Volterra lattice (2.3-2.4) on the
2N-dimensional phase space

V:RZN(xlv"'vajvalv'"ayN)

with the periodic boundary (I). We adopt the following convention: the Poisson brack-
ets are defined by writing down all non-vanishing brackets between the coordinate func-
tions. We say that two Poisson brackets on V' are compatible if their arbitrary linear
combination is also a Poisson bracket on V.

Proposition 2.1 ([6]).  Suppose the periodic boundary condition (I). The rela-
tions

{xku yk}Q = mkylm
{xkayk‘+1}2 = ~TkYr+1
define a quadratic Poisson bracket {-,-}2 on V. The flow (2.3-2.4) is a Hamiltonian
system on (V,{-,-}2) with the Hamiltonian function

N

Hy(x,y) := Z(xk + Yr)-

k=1

Also the relations

{r, yets = zryr(xr + yi),

{Th, yrs1ts = —Zryrr1(Tr + Yra1),
{Zr, Tha1}s = —TRYkt1Th41,
Uk, Ukv1}s = —YeTrYr+1

define a cubic Poisson bracket {-,-}5 on V compatible with {-,-}2. The flow (2.5-2.4)
is a Hamiltonian system on (V,{-,-}3) with the Hamiltonian function

N

(log x, + logyk) -
k=1

Hy(z,y) :=

N | =

These Poisson structures are also valid for the open-end boundary (II). ]

Let F(V') be the set of smooth real-valued functions on the M-dimensional manifold
V. For F,G € F(V) and a Poisson bracket {-,-} on V, we have

M
oF 0G
{(F.Gy =Y Ay,
]8CL7; 8aj

4,j=1
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where A;; = {a;,a;} forms the skew-symmetric M x M matrix as a coordinate repre-
sentation of the Poisson tensor.

The assertion in Proposition 2.1 can be confirmed as follows. For the cubic Poisson
bracket { , }3, we have

1
{Ho,x1}5 = 3 ({logzgp—1, 2k }5 + {log i1, ity + {logyk, 2k } 5 + {10 Yrs1, Tr }5)

1 (_ Th_1YkTk n TRYk+1Tk4+1 Yk (T + Yrk)

TrYk+1 (Tk + yk+1))
2 +

Tk—1 Th+1 Yk Yk+1
= Tk (Yk+1 — Yk) -

For the quadratic bracket { , }2, we also have

{Hy, e}y = Uk, Tty + {Ykt1, Thfo = Tk (Y1 — Yi) -
We similarly obtain

{Ho,yk}s = {H1,Ur}y = Ye(Tr — Tp—1).

Thus (2.3-2.4) defines two compatible Hamiltonian flows on V = R2¥:
& ={H1, 2}ty = {Ho, %1},
Uk = {H1,Yr}o = {Ho Yk }3 -

Meanwhile, suppose the Volterra lattice (2.3-2.4) to have the constant boundary
(IM). If we consider the phase space

V=R*™(zy,...,ex,y1,...,YN)
of 2N-dimension then (2.3-2.4) reduces to

(2-5) Y1 = yl(flh - a),

(2.6) Ty = Tk (Y1 — Yk) for k=1,2,...,N —1,
(2.7) Uk = Y (Th — T—1) for k=2,3,...,N,
(2.8) in =on(8—yn)

Whereas, if the phase space is of (2N — 1)-dimension,

1% :]RQN_l(xl,...,xN_l,yl,...,yN),

then

(2.9) 1 =yi(z1 — @),

(2.10) Tk = Tk (Yk+1 — Yk) fork=1,2,...,N —1,
(2.11) Uk = Yk (T — Ti—1) for k=2,3,...,N — 1,
(2.12) yn = yn(B —xNn-1).
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Let us consider the following function Hoyy(z,y) in xx and y

N N N
(2.13) Hyi(z,y) Z xk+yk)—a210gxk—5210gyk.
k=1 k=1 k=1

If M = 2N then the boundaries are x9 = o and yy+1 = S, and the derivative of Hy;
with respect to t always vanishes

N N

N
Hoy(x,y) Z TrYkr1 — Tho1yk) — @ > (Y — k) — B Y (K — T1)
k=1 k=1

=Bzy —ay1 — (B —y1) — Blzy —a) =0.

Therefore, Hy is a conserved quantity of the system (2.5-2.8) for arbitrary a, f.
If M = 2N —1 then the boundaries are g = a and xy = 3, but Hp; is, in general,
not a conserved quantity; the derivative of Hp; with respect to ¢ does not vanish:

Ho1(z,y) =rn-1yn — ay1 +yn(B —zn—-1) — a(yn —y1) — B(B — a)
=y~ — B)(B — ).

However, this computation suggests that if &« = 8 then Hy; is still a conserved quantity.

Moreover, it implies that Hy; is divided into two conserved quantities G; and G5 as
H01 = Gl — OéGQ if = ﬁ, where

N N

Gi(z,y) == Z(mk + yk) — aZlogmk,

k=1 k=1
N

= Z log yi.
k=1

Now, investigate the Poisson structure of the Volterra lattice (2.3-2.4) equipped
with the constant boundary (1), or (2.5-2.8) and (2.9-2.12). We easily see that the
Hamiltonians Hy and H; in Proposition 2.1 are no longer conserved when the constant
boundary condition (II) is imposed. However, we know that the function Hp; (see
(2.13)) is still a conserved quantity of (2.5-2.8) for arbitrary «, 5, and is of (2.9-2.12)
when o = 8. We then obtain the following proposition concerning the Poisson structure
of the Volterra lattice with the constant boundary (II).

Proposition 2.2.  Suppose the constant boundary condition (HI). If V = RV,
the flow (2.5-2.8) is the Hamiltonian system on the Poisson manifold (V,{-, -}2) with
the Hamiltonian function Hy, for any «, 8. Similarly, if V. = R*N 1 and o = 3, the
flow (2.9-2.12) is also the Hamiltonian system on (V,{-,-}2) with Hy;.
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Proof. We have

TrYk TrYk+1 TrYk TrYk+1
{Ho1,logzi}y = — + 248 - =y —
Tk Tk TrYk TrYr+1
TrYk Tr—-1Yk TrYk Tr—1Yk
{Ho1,log yk}g = - —Q + =Tk — Tk—1
Yk Yk TrYk Tr—1Yk

for non-boundary nodes xj and y;. If V = RV these are also valid for the boundary
nodes y; and x for any boundary values «, 3, since we have

T1Y1 11

Hpy,lo = -« = — «Q,
{ 01 gyl}z ” _— 1
INYN INYN
{Hop, log o}y = — NN | gTNIN _ 3y
TN ITNYN

Whereas, if V = R?Y =1 and a = 3, at the boundary, we also have {Hp1,logy: }, = 21—«
and

IN-1YN ITN-1YN
+ «
YN TN-1YN

=a—xN_1=—TN_1.

{Ho1,logyn}y = —
Hence the Hamiltonian low

d
7 log x) = {Ho1,108 Tk} = Ykt1 — Yks

d
T logyr = {Ho1,logyr}y = o) — Tp—1

is equivalent to the Volterra lattice (2.3-2.4) for both V = R?¥ with arbitrary a, 8 and
V = R2V-1 with a = 8. O

Remark.  In the limit as «, f — 0, the constant boundary condition (1) reduces
to the open-end one (II), and Hy; consistently approaches Hy, the Hamiltonian of the
Volterra lattice with the open-end boundary (II) with respect to the Poisson bracket

{ ) }2-
For the Poisson bracket { , }2 on the 2N-dimensional phase space
V=R*®MNx,....,ex,y1,...,UN),

we have the skew-symmetric 2N x 2N matrix A = (A4;;) of the Poisson tensor that
possesses the following non-zero entries

A1 0k = —TkYk and Aok or—1 = TrUk for k=1,2,..., N,

A2k,2k+1 = —TrYr+1 and A2k+1,2k = TkYk+1 fork=1,2,...,N — 1.

The matrix A is non-degenerate, thereby we also have a symplectic structure on V.
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In order to capture the symplectic structure, we introduce new coordinate variables
tk = logyy +logys + - + logys,
pr = logzy,

for k=1,2,...,N. Then we have

{pr,tr}te = {logzy,logyr}, =1
for k=1,2,...,N and

{pr, tky1}2 = {logzk, logyr }, + {log zx, log yr41}, =0

fork=1,2,...,N — 1. Hence r1,...,In,P1,-..,pn form canonically conjugate coordi-
nates on the symplectic manifold (V = R?V Q) possessing the symplectic form

(2.14) 0= dek ndg = 303 e

T
k=1 (=1 kYt

The symplectic manifold (V,€2) is called the canonical phase space of the Hamiltonian
flow (2.5-2.8).
In these canonical coordinates, the Hamiltonian Hy; is represented by

Hox(p,x) Zepk +Z€“ e —Oézpk — Brw,

k=1

where we assume rg = 0. Hence we have

aHOl Pr
=e’r —a=1x, — q,
Opy
— ezck—zckq _ e?k+1_Fk =Yk — Yki1,
Ory, "
k ” k
ikZZy— er—w 1) =2 — a,
. Tk
Pr = e = Yk+1 — Yk-

Therefore, the Volterra lattice (2.5-2.8) is canonically represented by the Hamilton

equations

. 8]‘101
2.1 =

. 8H01
2.16 = —
(2.16) Pk o5

fork=1,2,...,N.
Thus, we obtain:
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Proposition 2.3.  Suppose the constant boundary condition (Ill). The flow (2.5-
2.8) is a Hamiltonian system on the symplectic manifold (V = RN Q) with the Hamil-
tonian function Hyy with respect to the symplectic form Q given by (2.14). ]

For the Poisson bracket { , }2 on the (2N — 1)-dimensional phase space
V= RQN_l(ZCl, ey IN—1,Y15- - ,yN),

the skew-symmetric (2N — 1) x (2N — 1) matrix of the Poisson tensor is degenerate,
thereby it does not define a symplectic structure on V.
It should be remarked that the Hamiltonian Hy; and the functions G; € F(V)

(i = 1,2) are in involution with respect to the Poisson bracket { , }» on V = R2VN—1,
{Ho1,G1}y, = {Hoy, G2}, = 0.
Indeed, we have Hy; = G1 — aGs and
N-1
{G1,Ga}, = Z {zr — alogxy,logyk}y + Z {7y — alog wk,log yry1},
k=1 k=1

N N-1
:E .ka—Oé E .Tk—Oé

k=1 k=1
=rny —a =0,

where we use the assumption xy = f = a. Thus, if a = 3, there exist at least two
functionally independent conserved quantities for the Hamiltonian flow (2.9-2.12) on
the Poisson manifold (V = R2VN=1 £ 1,).

§ 2.3. Complete integrability

By virtue of the above observation, we easily find two completely integrable Hamil-
tonian systems equipped with the constant boundary (II).

The first one is the case where M = 2N and N = 1. The Hamiltonian H,; achieves
a sufficient number of conserved quantities since the phase space V' is of two-dimension.
The Hamiltonian flow (2.5-2.8) then reduces to

(2.17) iy =1 (B—-1y1),
(2.18) 1=y (1 — ),

and the Hamiltonian

Hoi(z1,y1) = 21 +y1 — alogzy — Blogy:
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to the conserved quantity.

If « > 0and as § — 0, (2.17-2.18) is nothing but the SIR epidemic model [8], which
is known as an integrable dynamical system crucial for mathematical analysis on the
spread of infectious diseases. Moreover, if « > 0 and § < 0, (2.17-2.18) is an integrable
extension of the SIR model under the influence of vaccination, called the SIRv model
[7]. In the next section, we will investigate (2.17-2.18) precisely, and reveal the relation
with an exact differential equation via Abel’s equation of the first kind. We further
provide the general solution to the initial value problem of (2.17-2.18) in terms of the
Lambert W function.

As mentioned earlier, the symplectic structure of (2.17-2.18) is provided as
dx 1 A\ dyl
T1y1

where the canonically conjugate coordinates r and p are given by

(2.19) Q=dpAdx=

r = logy; and p=logz;.
The Hamiltonian in the canonically conjugate coordinates,
Hoi(p,x) = € + € —ap - fr,

solves Hamilton’s canonical equations (2.15-2.16) of motion with N = 1.

The case where M = 2N — 1 and N = 2 includes the second completely inte-
grable system. In this three-dimensional system, we further assume o = 5. Then the
Hamiltonian flow (2.9-2.12) reduces to the system

(2.20) 1=y (21— ),
(2.21) i1 =1 (Y2 — Y1),
(2.22) U2 =y2 (@ — 1),

which possesses two conserved quantities:

G1(21,91,92) = y1 + 21 + y2 — alogzy,
Ga(z1,y1,92) = log y1 + log yo.
However, having these conserved quantities is sufficient for (2.20-2.22) to exhibit com-
plete integrability, since the phase space V is of three-dimension.
We can eliminate yo from (2.20-2.22) by employing the conserved quantity Ga. Let

G4 be a constant log?¢ (¢ > 0). Then we have y1y2 = ¢. By replacing y» with ¢/y1,
(2.20-2.21) and G, respectively reduce to

U1 = y1(21 — ),

. 4
1 =1\ — —Y1 ],
Y1



22 ATsusHI NOBE

and
l
Gi(r1,91) =y + 21 + e alogz;.
This is a two-dimensional completely integrable system possessing the conserved quan-
tity G, but it differs slightly from (2.17-2.18), or the SIRv model. In the limit as
¢ — 0, it approaches the SIR model. However, its significance as an epidemic model has
remained unclear.

§3. Abel’s equation of the first kind and the SIRv model

In the previous section, we observed that the SIRv model is a completely integrable
Hamiltonian system on the symplectic manifold (V = R2,Q), where € is the symplectic
form (2.19). Meanwhile, in this section, we investigate the SIRv model from another
perspective on integrability through a first-order nonlinear differential equation of degree
three known as Abel’s equation of the first kind [10]. Abel’s equation of the first kind is
a generalization of the Riccati equation, and similarly to the Riccati equation, it admits
complete integrability under certain conditions.

§3.1. Abel’s equation of the first kind

Let us consider the following first-order nonlinear ODE of degree three pertaining
to ¢ = ¢(x)
do
dx
where fo, f1, fo and f3 are meromorphic functions in . The equation (3.1) is called
Abel’s equation of the first kind if f3 # 0, whereas the Riccati equation if f3 = 0 and

f2 #0.
Hereafter we assume f3 # 0, which makes (3.1) Abel’s equation of the first kind.
We have the following lemma [10].

(3.1) fo+ 16+ f20° + f3¢°,

Lemma 3.1. If fy, fi, fo and f3 satisfy

(32) fo EO,
d. . f2
(3.3) ar log s =/1,

then (3.1) reduces to an exact differential equation.

Proof.  First introduce a new dependent variable ¢ = ¢(x) such that

Pp = exp (/ flda:) =: F(z).
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If fo =0, (3.1) reduces to the following ODE concerning ¢:

d
(34) @ﬁ +f2F90+f3F2 =0.

Next consider a function w in x and ¢:

W(CE, 90) = e—(1—|—kcp)—kG7

G(z) = / foFdx = / foexp < / fld:z;> da

and k is the integration constant of (3.3):

_ 2
f3F"

By multiplying the integrating factor w, (3.4) reduces to the exact differential equation

where

k

(3.5) dU(z, ) =0
possessing the potential
U(z, ) = (1 +kp)w(z,¢).
Indeed, we compute
d¥(z, ) = —k°w [(foFo + f3F?) dz + @dyp]
which asserts the equivalence of (3.4) and (3.5). O

The solution to the exact differential equation (3.5) is provided by using the Lam-
bert W function W (z). Through the relationship w = W (z), this function parametrizes
the following non-algebraic curve on the (z, w)-plane, known as the Lambert curve [11]:

(we” —z=0).

The Lambert W function W(z) is single-real-valued on [0, c0), while it is double-
real-valued on [—e~!,0) and is not defined on (—oco, —e™!) as a real function. We denote
the brach such that —1 < W (z) < 0 by Wy(z), and the one such that W(z) < —1 by
W_1(z). Hence the function

Wo(z) (—e ! <2<0),

Wiz) =
) W(z) (2=0)
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is real analytic on [—e~1, 00). The Taylor series of W (z) about 0 is

o0

Sy
n=0
with the radius e~ ! of convergence.
Proposition 3.2.  Let
(3.6) o(z) = —% (W (—°%*) + 1]

using the Lambert W function, where ¥ is the initial value of the potential ¥. Then ¢
solves the initial value problem of the exact differential equation (3.5), which is equivalent
to (3.4) with imposing (3.3).

Proof. First note that, given initial value xzq of x, the solution curve, or the equipo-
tential curve, of the exact differential equation (3.5) is given by

(3.7) U(z, ) = (1 + kp)w(z, ) = U(zo, p(x0)) = T°.
Since w(x, p) = e~ 1HFP) kG e have
(3.8) —(1 + kp)e~ (k) — _g0ehG,
The solution curve is the Lambert curve on the (z, w)-plane by imposing
z=—0%" and w=—(1+ko).
It immediately follows
(3.9) —(1+kp) = W (—0%")
from (3.8). Thus the solution to the exact differential equation (3.5) is given by (3.6). O

Corollary 3.3.  Let

F kEF

(3.10) #2) =~ =~ a1

Then ¢ solves the initial value problem of Abel’s equation (3.1) of the first kind with
imposing (3.2) and (3.3). O

Remark that the real-valued Lambert W function W (%) is defined only for z €
—e~ 1 00) € R. Moreover, W(z) is double-valued and has the branch point only at
z = —e~ 1. Given initial value x¢ of x, the initial value ¥° of the potential ¥(x, ) at



THE VOLTERRA LATTICE, ABEL’S EQUATION OF THE FIRST KIND, AND THE SIR EPIDEMIC MODELS 25

(o, p(x0)) is uniquely determined. Therefore, the solutions (3.6) and (3.10) potentially
possess the branch point only at x that satisfies

(3.11) PO = g~kG(@)—1

The branches of W (z) in (3.6) and (3.10) are uniquely determined as follows.
(1) If 9 > 0 then the solution curve ¢ = ¢(x) is restricted to the region

S={(z,¢) | kp> -1}

on the (z, p)-plane, since w is always positive (see (3.7)). In this case, W takes negative
value (see (3.9)), therefore, we have U0 < e=*¢=1 gince W (z) is defined only on z >
—e~ 1. Thus ¥° obeys

0< Y < kG-,

Moreover, there may exist branch points z satisfying (3.11). Hence, ¢(x) may be
double-valued on §. Let

S_={(z,¢) | —1<kp<0}CS.

Since ¢(x) is given by (3.6), we choose the branch Wy such that Wy > —1 for (z,¢) € S—
to give the solution (3.6). Whereas, we choose another branch W_; such that W_; < —1
for (z,p) € S4 to give (3.6), where we let

Sy =8\S- = {(x,¢) | k¢ >0}
(2) If ¥Y < 0 then the solution curve is contained in

T = {(a,0) | kp < —1}.

For such an initial value W° of ¥, W in (3.6) necessarily takes positive value. This is
consistent with the positivity of the independent variable —¥%e*G(®) of W, because W
is positive-valued on the positive real axis. Hence, for (z,¢) € T, the solution (3.6) is
uniquely given by the single-valued W defined on [0, 00).

(3) Finally, if ¥ = 0 then (z,¢) is on the boundary between S and 7. Hence,
ko(x) = —1, thereby ¥ = 0. This gives a constant solution to (3.4), which is a special
solution contained in (3.6).

Above discussion is summarized into the following;:

Proposition 3.4.  Assume (3.2) and (3.3) to be satisfied in order that Abel’s
equation (3.4) of the first kind reduces to the exact differential equation (3.5). Let W¥°
be the initial value of the potential ¥ to (3.5).
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(1) If ¥° > 0, the Lambert W function W in the solution (3.6) to (3.4) is either
(a) the branch Wy for (z,¢) € S_ or
(b) the branch W_y for (z,¢) € Sy,

both of which are defined on [—e™1,0).

(2) If ¥° < 0 then W in (3.6) is the single-valued W function defined on [0, 00). O

§ 3.2. The SIRv model and its general solution

Now, we relate Abel’s equation (3.1) of the first kind to the SIRv model (2.17—
2.18), following the approach of [9]. Introduce a new variable ¢ = ¢(x) as an antideriva-

tive of ¢(x):
t= /gb(x)dx.

Then we find
dx 1 1
E = z E and
dx
d?z d

ldzdy  1dg

1
dtz2 ~ dt ¢ o2 dt dr 3 dx

It follows that we have

1 do x
QS—E and %—_($/)35

where we denote the derivative with respect to ¢t by ' for simplicity.

Then Abel’s equation (3.1) of the first kind reduces to the second order ODE
" + fo (ac’)S + f (x')2 + for' + f3 = 0.

Dividing by x, we obtain

(3.12) (logz)” + fo (logz) + 10 (&) 4 HLt L 2 I3

T

Let us consider the following system of first-order ODEs

(3.13)
(3.14)

/ —

' = —xy+azr+0b,
y' = xy+cy+d,
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where a, b, c,d € R. From the first equation (3.13), we have
b /
y=a+ — — (logx)" .
x

By substituting this into the second equation (3.14), we get

/

b b
(logz)"” — c(logz) — x (logz)" + x_a; +a(x+c)+ E(a%l—c) +d=0.

Comparing this with (3.12), we see that, if

1
b=0, fo=0, f1:—5, fo=—xr—c¢, and
fzs=a(z + c)z + dz,

the system (3.13-3.14) of ODEs reduces to Abel’s equation (3.1) of the first kind, which
satisfies (3.2). Moreover, if d = 0, the condition (3.3) is also satisfied:

thereby (3.13-3.14) reduces to the exact differential equation (3.5).

Thus, we obtain the following proposition that claims a relation between Abel’s
equation of the first kind and the SIRv model, thereby the integrability of the SIRv
model via the exact differential equation.

Proposition 3.5.  Let

(315) f0:07 flz_iv f2:’y_a}7 and fgzl/(’)/—flf).flf,

where v and v are real numbers, in particular, v # 0, since we assume f3 Z 0. Then,
(3.1) reduces to

(3.16) — = —1¢+(7—x)q§2+1/(7—.r)x¢3.
Abel’s equation (3.16) of the first kind is equivalent to
(3.17) ¥ = —zy — vz,
(3.18) y' =y —y,
which is (3.13-3.14) with imposing
a=-v, b=0, c=-—v, and d=0.

Moreover, (3.17-3.18) attributes to the exact differential equation (3.5). O



28 ATsusHI NOBE

Suppose z and y respectively stand for the populations of the susceptible and the
infected of an infectious disease. Also let v and v respectively represent the transmission
rate and the vaccination rate. Then the system (3.17-3.18) of ODEs governs the spread
of the infectious diseases under the influence of vaccination, and is called the SIRv
model [7, 12]. Thus, when we call (3.17-3.18) the SIRv model, we assume v and v to
be positive, since they respectively represent the rates of transmission and vaccination.

The discussion in the previous section leads to the following proposition concerning
the integrability of the SIRv model on the Poisson manifold.

Proposition 3.6.  Let
ro=a=7v x1=x, To=p=—-v, and Yy =Y.

Then the SIRv model (3.17-3.18) is the completely integrable Volterra lattice (2.17-2.18)
with the constant boundary (L) on the Poisson manifold (V = R% { | }2) possessing

the Hamiltonian
(3.19) Hoi(z,y) =x+y—~vylogx + vlogy.

The SIRv model (3.17-3.18) is also the Hamiltonian flow arising from the symplectic
structure

_dr Ndy
=
on the symplectic manifold (V, ). O

Q

Remark.  Suppose v = 0 against our assumption f3 = v(y—x)z # 0. Then
(3.17-3.18) reduces to the original SIR model. Unfortunately, the discussion above,

based on Abel’s equation of the first kind, is not valid for the SIR model. The SIR
model can be investigated using the Riccati equation instead of Abel’s equation [12].

The SIRv model attributes to Abel’s equation (3.16) of the first kind employing
the coefficients (3.15), which reduces to the exact differential equation (3.5). Hence
the SIRv model (3.17-3.18) and the Volterra lattice (2.17-2.18) are exactly solved as

follows.

We have
F:exp/fldac: ﬁ,

X

G = /ngda: =Cp(ylogzx —z) + Cg,

where Cr and Cg are integration constants. Since e“S acts on w, or ¥, as a constant
multiplication, it does not affects the exact differential equation d¥ = 0. Hence, we can
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assume C'g = 0 without loss of generality. Moreover, since we define the constant k to
be the integration constant

g2 _ L
J3F vCp’
we may assume Cr = 1 by putting k£ = 1/v. Thus we obtain
1 1
F=— G=~vlogx — x, and k=—.
x v
Then the equation (3.4) concerning ¢ reduces to

d —x —x
(3.20) @—(p + 7—90 Tl
dx T

This attributes to the exact differential equation

(0.0 (1+ 1) o] =0

=0.

with employing the integrating factor

w(z, ) = exp [— (1 + %g@)

The potential is

(3.21) ¥ag) = (14 ) mlag) = - exp (),

v

where Hp; is the Hamiltonian (3.19) and we use (3.17) and 2’ = pz. Thus the potential
U is, of course, conserved through the evolution. In addition, the exact differential
equation d¥ = 0 is equivalent to Hamilton’s canonical equation of motion,
OH OH
01 dp + 01
Ip Or
on the symplectic manifold (V = R?, Q).
Remark that, for any initial values zg, 7o € R, the initial value ¥ of the potential

dHOl(pax) = d;ZO,

is negative when v > 0. Hence, if v > 0, by virtue of Proposition 3.4, the solution (3.6)
to (3.20) is provided by the single-valued Lambert W function W on [0, c0). Explicitly,

we have

1%

1 4
o(r) = —v {W (—xvellf(Hglx)) + 1] ,

where HY, := Ho1(xo, o). Similarly, the solution (3.10) to Abel’s equation (3.16) of the
first kind is also provided by the single-valued W':

1
¢(x) = - 1 ” 1 0 *
v {W (—xvev(me)) + 1]

1%
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Since the independent variable t is the antiderivative of ¢, the solution to the SIRv
model (3.17-3.18) is implicitly given by

d
(3.22) t:—/ﬁ ° .
1 ol l(HO —.’L‘)
VT {W (—xvev 01 ) +1}
v
Moreover, since we have
x/
y=-v-——
x
from (3.17), we obtain
1 -
(323) y = UW <_xuei(H81_I)) ,
v

if = satisfies (3.22), where we use ' = ¢z, or equivalently =’ = 1/¢.
We summarize the discussion above into the following:

Theorem 3.7.  The SIRv model (3.17-3.18) reduces to the exact differential
equation d¥(z, ) = 0 for the potential (3.21) by introducing ¢ = (logx)’. The so-
lution to the initial value problem of the SIRv model is implicitly provided by (3.22) and
(3.23), where HY, is the initial value of the conserved quantity (3.19). Remark that W
is the single-valued Lambert W function defined on [0,00), since we assume v > 0. [

For the Volterra lattice (2.17-2.18), we have

1 i 1 %O
k=—=, = =fB—y, and U= _exp|—"2].
3 ¥ o By 3 p( 5

Remark that we assume 3 # 0. We have ¥° < 0 if and only if 3 < 0. Hence, according
to Proposition 3.4, (z1,¢(z1)) = (21,8 — y1) is contained in 7, thereby (z1,y1) is in

T :={(z1,3) | y1 > 0}.

The solution (x1,y1) to the Volterra lattice (2.17-2.18) is given by the single-valued
Lambert W function.

Whereas, we have ¥° > 0 if and only if 3 > 0. Hence, according to Proposition
3.4, (z1,¢(x1)) = (z1,5 — y1) is contained in § = S_ U S, thereby (z1,y1) is in

S=8_US,,
S_:={(z1,51) | 0 <y < B},
St = {(z1,11) | 1 > B}
The solution (z1,y1) to the Volterra lattice (2.17-2.18) is given by the branch W of

the Lambert W function if (z1,y1) € S_, while by the branch W_; if (z1,y1) € §+.
Thus, we obtain:
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Theorem 3.8.  The general solution to the initial value problem of the Volterra
lattice (2.17-2.18) is implicitly provided by

t—/ dSL’l
Bx [W (—%x;geé(ml_H&)> + 1]
1 —% ;(x 7H0)
1 =—BW 0 e o)

where HY, is the initial value of the Hamiltonian Hoy. If 8 < 0, the function W is the
single-valued Lambert W function, whereas, if 3 > 0, W is the branch Wy of the Lambert
W function when (x1,y1) € S—, and is the branch W_1 when (x1,y1) € S4. O

§4. Concluding remarks

We investigate the complete integrability of the Volterra lattice with imposing the
constant boundary condition (II) in terms of the Poisson structure { , }2 and the
symplectic structure Q on the phase space V.= RM. We then find that the Volterra
lattice has the symplectic structure € if M = 2N for any boundary values «, 3, and
hence it achieves the complete integrability if M = 2. Such a Volterra lattice is nothing
but the SIRv model, an integrable extension of the SIR epidemic model under the
influence of vaccination. Wheres, if M = 2N — 1 and a = (3, the Voltera lattice has the
Poisson structure { , }2, and hence it also admits the complete integrability if M = 3
and o = 5. While such a Volterra lattice can also be seen as an integrable extension of
the SIR model, its significance as an epidemic model has not yet been revealed, as far
as the author knows.

Meanwhile, upon the introduction of an appropriate variable transformation, the
SIRv model is transformed into Abel’s equation of the first kind, which attributes to an
exact differential equation. The potential of the exact differential equation is, of course,
the conserved quantity of the SIRv model, i.e., the Hamiltonian Hy; of the Volterra
lattice on the symplectic manifold (R?,€2). Thus, the exact differential equation is
equivalent to the Hamiltonian flow on (R?, Q) with the Hamiltonian Hp;. In addition,
the invariant curve of the SIRv model, or the equipotential curve of the exact differential
equation, is provided by the Lambert curve. Thus, we implicitly obtain the general
solution to the initial value problem of the SIRv model, or the Volterra lattice on
(R%,Q), in terms of the Lambert W function.

The integrable discretization of completely integrable systems has been extensively
studied for several decades. Regarding SIR epidemic models, there has been enthusiastic
investigation into integrable discretization, resulting in the discovery of several discrete
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models that possess complete integrability (see [13, 14, 15, 16]). In particular, an inte-
grable discretization of the SIRv model, which maintains the same conserved quantity
as the continuous model, has been achieved through a geometric construction utilizing
its invariant curve. Although the process of geometric discretization was omitted in this
article due to space limitations, it has been thoroughly documented in [12]. Interested
readers are encouraged to refer to this article for further insight into the geometric
discretization of the SIRv model.
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