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A recent topic on rogue wave

By

Yasuhiro OHTA*

Abstract

Rogue wave type solutions for the self-dual Yang-Mills equation are constructed by using
the Gram type determinant expression of solutions for systems related to toroidal Lie algebra.

§1. Introduction

Rogue waves are large and spontaneous waves which are localized in time direction
and usually in space direction also[1]. In these years the mathematical structure of such
localized wave solutions has been intensively studied for various soliton equations in
the KP hierarchies which are associated with the affine Lie algebra symmetry. Other
hierarchies of integrable equations can be generated by the representation theory of
toroidal Lie algebra[2, 3]. The self-dual Yang-Mills (SDYM) equation is one of the
typical examples of equations related with the toroidal Lie algebra symmetry. The
rogue waves for this class of equations have not been studied well and we could expect
different structure of solutions from the case of KP hierarchies. The explicit expressions
for solutions of SDYM equation of SU(2) case are constructed in terms of the Hankel
determinant whose matrix elements are given by an arbitrary function satisfying a linear
dispersion relation[4]. Recently the theory of Cauchy matrix schemes for KP and AKNS
hierarchies is developed to the case of SDYM equation and a broad class of solutions
is explicitly constructed[5, 6]. These kinds of explicit expressions are useful to derive
concrete solutions such as solitons, breathers and rogue waves.

In order to derive the rogue wave type solutions to SDYM equation, we first con-
struct the Gram type determinant solution whose matrix elements contain arbitrary
functions. A direct proof based on the bilinear method is described in an elementary
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way. By taking these arbitrary functions as appropriate polynomials, the Gram type
determinant gives the rogue wave type solutions.

§ 2. Gram type determinant solution for SDYM equation

The SDYM equation in the R gauge of Yang is given as
(2.1) 0y(J 0, J) + 0:(J 10, J) =0,

with det J = 1, where the gauge field J = (Jkl) et is an M x M matrix function
1<k,l<

of four variables y, 4, z and z. By scaling we can relax the condition, det J = 1, and
replace it by

(2.2) det J : nonzero constant.

Theorem 2.1.  The Gram type determinant solution for SDYM equation (2.1)
and (2.2) is given as
G
2.3 J = _7 G - ( ) )
(2.3) 7 I4) | < rens

where f is N x N Gram type determinant and gy; is its bordered determinant,
(2.4)

mi1 - NN P
mi1 - MaN ) ) .
. . mi; il : : :
f= det (my)=]| - © | gl =det| 4 - ’
1<i,5<N J . . —@Dk 5kl
- m m q; 7RI myN1 -+ MNN $NI
N1""~ NN 1 1
Wk TN 0w

(2.5) mij =

Z Soz;ﬂ/}uja

(2.6) Cip = 0in(Y+piz, Z — piy), Yuj = V(U — q;2, 2+ q;v),

pz+QJ

where ;,, and 1,,; are arbitrary functions of two variables, and p; and q; are constants.

Remark. For the Gram type determinant solution in the above theorem, we have
(2.7) det J = TT (=2,

and J~t is given as

H
2.8 J ==, H= ( ) ,
(28) f fowi 1<k,I<M
mi1 - MAN p%SOll
R S : : :
(29) hkl = det <ml] P Qozl) = ’ ’ : ,
Uiy Okl myi-:° MNN ]%SONZ
Y1 - YrN Om
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since f, gri and hyy in (2.4) and (2.9) satisfy

M
(210) Z hkugul = 5klff

p=1

By using (2.3) and (2.8), the SDYM equation (2.1) is decoupled to two bilinear equa-
tions,

M

(2.11) > D.hy - gu = 2Dy fu - f,
pn=1
M

(2.12) Z Dyhyy - g = 2Dz fr - f,
pn=1

where D 1is the Hirota bilinear differential operator and fr; is an auxiliary variable which

18 given as the bordered determinant,

mi1 - MIN P

(2.13) fri = det (mij %Z) =

Yrj 0 Mmy1 " MNN ©NI

Yr1 -0 Yen 0

An elementary proof of the facts in above theorem and remark is given in appendix.

§ 3. Rogue wave type solutions

By choosing the arbitrary functions ¢;, and 1,; in the Gram type determinant
solution appropriately, we can derive various solutions explicitly. For example the stan-
dard N-soliton solution of SDYM equation is obtained by taking

©ip(§+piz, 2 —piy) = Aipexp(ri(y + piz) + ui(Z — piy)),
Vui (Y — @z, 2 + qjy) = Bujexp(s;(J — q;2) +v;(Z + ¢;9)),

where p;, r; and u; are wave numbers of i-th soliton, 1/¢;, v;q; and —s;q; are their
conjugates, A;,, is the phase parameter of i-th soliton in p-th component and B,,;/q¢; is
its conjugate up to p-dependent constant multiplication.

Since the rogue wave solutions are typically given by rational functions, we consider
the case that ¢;, and 1,,; are polynomials. In particular let us take them as first order
polynomials,

Cin(§+piz, 2 — piy) = aip (¥ + piz) + bi(Z — piy) + cip,
Vui(J — 452, 2 + qy) = o (Y — q52) + Buj(Z + ¢y) + Yujs
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where a;y,, b;y,, o5 and B, are wave numbers, and ¢;, and 7,; are phase constants. By

choosing these parameters appropriately, some of the components Jj; localize in time

direction, i.e., one direction in four dimensional space. For simplicity we only study the

case of § and Z being complex conjugate of y and z, respectively, and apply the variable

transformations, y = t + v/—1u and z = v + /—1w, where we regard ¢ as time variable.

Hereafter ~ means complex conjugate. Then we take
1

45 = —» Qpuj = =bjus  Buj = Gjus Vg = —
Dj Pj

¢l
u
‘:

so that the complex conjugate conditions, v,; = pij@u and m;; = mj;, are satisfied.
After all, the solution in this case is given as

M
Mmij @il 1 B
— det (m ) , — det 1] , Myi: = — . "
! 1<ij <N A I <S5jk Ok Y pipy + 1 Mz_l PinPin
Gip = (@ip — bippi)t — (@i + bippi) V—=1u + (@iupi + bip)v + (@ippi — bip)V—1w + ciyy,

where p;, a;,, b, and ¢;;, are complex constants.

Now let us take
bi1 = —a;1pi, aiy =biy =0 (2<pu<M).

Then a;; can be normalized to 1 without loss of generality. Denoting ¢;1 = 0; + v —1¢;,
i1 18 given as
Di — Di

V1

and ¢;, = ¢;, for 2 < p < M. This solution might be regarded as the rogue wave

wi1 = (pipi + 1)t +6; + vV—1[(pip;i — )u + v+ (pi + pi)w + ¢il,

solution. Here p; is wave number and 6; and ¢; parametrize the position of rogue
waves. In the case of N = 1, by omitting the indices ¢ and j for notational simplicity,
the solution is written as

|p|2 1 Z loul?s  gr = Ok — Prer,

o) = (pp+ )t +0+v=1[(pp — Du+ ZZZv+ (p+pJw+ 9], p=1,
N 2<pu<M

This solution might be regarded as the fundamental rogue wave, since the components

of J are localized in time except (1, 1)-component,

9kt — Orr f

Ik — 01 = 7

—0 (t — £o0),
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for (k,1) # (1,1). We should note that Ji; is not localized in time. The solution for
N > 2 describes the superposition of N fundamental rogue waves.

§4. Concluding remark

A wide class of solutions for the SDYM equation is explicitly given by using the
Gram type determinant which is expressed in terms of arbitrarily many arbitrary func-
tions of two variables. The rogue wave type solutions are obtained by taking these
functions as appropriate polynomials. Any number of fundamental rogue waves with
any displacements can be superposed in the case of SDYM equation.

Appendix

We give a direct proof of the results in section 2 by using the bilinear method. Let
us assume f, gp, hiy and f; are defined by (2.4), (2.9) and (2.13) with (2.5). Since my;
satisfies

M ) .
mij — Z Gipn—Yuj = ——m;j,
=", 4

the Gram type determinant f is expressed in M-bordered determinant form,

mij  $i1- - PiM
N Lapys 1 0
_Pry b ) _ e
(A.1) f];[l( qy) = 1§(il,?t§N( q; i) =
Lipag; O 1

Similarly hy; is rewritten as (N +1, N + k)-cofactor of (N + M) x (N + M) determinant,

N Pi
Dv — o Mg Pil
A2 h —=7) = det £
(A.2) ki Vlzll( . ) < >

—q%ﬂ/%j Okt
Mij Vi1 PiM Pil mg; Qi1 PiM 0 Ny ‘ .
sy 1 0 oty 1 0 f:;; cplu N SOE)M
- 0= —e| — i : - )
Lo O 1 Lipag; O 1 i#m 0
_qijl/}kj tQ Sl t() tey 0 qj J N-+I,N+k

where () is zero column vector, e; is unit column vector with 1 in /-th component and 0
in others, and |(- - - )| o,5 means (a, §)-cofactor of the matrix (- --). The sizes of vectors ()
and e; depend on the place they appear. Applying the Sylvester’s determinant identity
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to rhs of (A.1), we obtain

N
Pv mi; @il
—— det
f}:[_l( qu) et (Q%.I% 5kl)
f T i<higM f

Thus we have proved that J in (2.3) satisfies (2.7). Applying the Laplace expansion to
the vanishing 2(N + M) x 2(N + M) determinant,

myi; @Y1 - |Pit]" - PiM
1 .
q—jwlj 1 1
h er|-. O
1 .
det | VM 1 Ll =o
Pil M
qijl/ﬁj 1
O €] O
1 )
q—jl/JMj 1

where (N + k)-th column is replaced by the vector (“"“) both on top and bottom, we

e
obtain

mij @il PiM mMi;  ©i1 - PiM
Ao M | Lo,
LV 1 PRCIE Mij Pil
Ok ) mij| — E ‘ ) 5 —0.
. p=1 : q_jwuj wl
1 , 1 1 A 1
4 Y qj U N+4u,N+k

Thus by using (A.1) and (A.2) we have proved that (2.10) holds and J~! is actually
given as (2.8).
Assuming (2.6), iy, ¥,; and m;; satisfy

M
1
(A3) 8z90iu = piay@i,ua 8z¢uj = _Qja?jw,uj, 6zmij - Z @iu;azd]uj = piaymij7
p=1 J

M
1

(A4) Dypip = —piOzpip,  Oythus = 4005, ymij — Y @iu;ayd]uj = —pi0zmij.
p=1 J
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Then we have

N N
Mij Pil mij; Pl
D@fkl'f: ( “ ‘ | — ’ .. >8@ma5
(;1/;1 R R L
m; (9-9011 mi; @il
Yrj 0 Igr; O !
N N mi; o mi; o 1 M 1
il il
- Z Z w” O’L @Z}U : _(8zmo¢,8 - Z Pau 8z¢pﬂ)
a=1p=1|"F N1 TR Y Ny g P p=1
4 ( My p%.az%z i mij Qi > ’mij ,
Vi 0 =0.r; 0

where we used the Jacobi’s formula and (A.3). Thus we have

N N
Mij €| [Mij Pir| 1
(A5) D_fkl . f = _azmaﬂ
Y ;;21 Yr; 0||%eg 0| pa
M L, y . -
—Z M pisoz,u, mqj; Wil ey Py 2 Pil ‘m
1 )
D P R L

The last term in rhs of (A.5) multiplied by Hivzl(_%) is rewritten as

1
msj p—iaz%l

‘mij ‘mij

ﬁ(_&) B ‘_%mij 0= pa

Yr; 0 Qv — kg 0
mij @il Piv 0:@i

Lo 1 mij @il PiM

q; "1 M| Loy 1 - ‘
. . . . q;j J mij az(;Ozl
=| g ‘mz’j =2, Lop; 0|

1. 1 p=1 . a; "HI

qj ¢M‘7 LQﬂ]\/f 1

_qiﬂ/)k:j 0 a; " N+u,N+k

where in the last line we used the identity obtained by Laplace expansion applied to

ms5; @1 0.l - pim
1 .
Ly 1 1
: ] 0
1
det | ;¥ 1 1] _ 0
0.l Mij
1 .
q_jwlg 1
0 ] 0 :
1 .
q—le)Mg 1
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where (N 4 k)-th column is replaced by the vector (826{’ ') on top and bottom. Similarly
for the first term in rhs of (A.5), we have

Myj €a| |Mij Pil i al (_]2) _ |_§_;mij Cal |Myj Pil
Uk 0| |'es 0| pa 5 @' |=g-%es Of|'es O
Mij Pi1ccc €att PiM| | Mg
q%.l/)lj 1 q%“/’lj 1
O ()
q%,?/)Mj 1 qijlej 1

—_——

where in rhs, (N + k)-th column of the first determinant is (eé*), and m;; and %1/1,”- in
J
the second determinant are same with m;; and %wuj except that their S-th columns
J
are replaced by ¢; and 6,,, respectively. We can farther rewrite it as

N

Mij ea| |Mij Qa| 1 (_]2)
Yr; 0)|'es 0| pa %"

Msi;  ©i1 - PiM mMi; @il PiM

quwlj 1 M qijwlj 1 mi; Qil
= O : ‘mij a,B a Z : l¢uj 5#[ ’

’ =1 q;j ,
PRIYE 1 Y 1 "
q; J qj J N+p,N+k

by using the identity obtained by Laplace expansion of

Mg Pi1 - |Ca| " PiM| Mij

—_ —
1 ) R
q_j¢1] 1 q; U1

—_

1 1/'\./
det | 2 ¥Mj s R )
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Therefore using (A.1) and (A.2), from (A.5) we get

N N M
mi; @il
Dy frr- f ZZ <5k:lf‘mij s thu L B >3zma/3
a1 =1 1  Wug Oul| g
% hi ms; Pl Z i ij zgpil
s Ml aﬂ%] et g 4 ui 0

=0 fO.f — Z PipOz9u1-

p=1

Finally eliminating dg; f0. f from the above equation by using z-derivative of (2.10), we
obtain (2.11). Similarly (2.12) is derived by replacing z and y by —y and Z, respectively,
and using (A.4). We can simply denote (2.11) and (2.12) in matrix bilinear form,

D.H-G=2DyF-f, D,H-G=—2D;F-

where G and H are given in (2.3) and (2.8), and F' is defined by F = (fkl) criens
1<k,1<

Dividing these by f? we get

F

D.J ' J= 23 D,J - J= —28277

vr

thus
y(DyJ - J)+05(D,J - J) =0,

which is equivalent with (2.1). This completes the proof.
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