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Similarity and isospectral transformation of max-plus
matrices

By

Yuki N1SHIDA*, Sennosuke WATANABE*and Yoshihide WATANABE***

Abstract

Max-plus algebra is a semiring with addition “max” and multiplication “+”. It has been
used to describe ultradiscrete integrable systems. In this paper, we discuss transformations
of max-plus matrices. We first define the similarity transformation and show that such trans-
formation preserves the maximum eigenvalue of the matrix. Unlike the case of conventional
linear algebra, the similarity transformation does not induce an equivalence relation on max-
plus matrices. We develop the concept of unitary-pair semigroups so that the transformation
becomes symmetric and transitive.

§1. Introduction

Max-plus algebra Ry.x = RU{—00} is a semiring with addition & and multipli-
cation ® defined by a ® b = max(a,b) and a ® b = a + b for a,b € Ryax, respectively.
Max-plus algebra appears in many real-world problems, for example, steelworks [7], train
timetable [14, 17], operation in emergency call center [2]. Hence, it is applied to many
problems, such as combinatorial optimization [4] and discrete event systems [12, 21].

The algebraic geometry on max-plus algebra is called tropical geometry [19, 22].
The adjective “tropical” is in honor of the works of Imre Simon [32]. Tropical geome-
try can be derived from algebraic geometry over the fields with the valuation through
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“tropicalization”, which is the limiting process in some sense. Such a limiting process
is called ultradiscretization in the research field of integrable systems [34]. Applying
this limiting process to the dependent variables of discrete integrable systems, we have
obtained “ultradiscrete integrable systems” described by max-plus operations. For ex-
ample, the box-ball system [33], which is a kind of cellular automata, can be obtained
by such process from the Lotka-Volterra equation [34] or the Toda lattice equation [23].
An application of the max-plus eigenvalue problem to these equations is found in [30].

In this paper, we discuss the similarity transformation from A to B of the form
A®P = P® B and the relation to the eigenvalue problem. Here, arithmetics of max-plus
matrices are defined as in the conventional algebra by replacing the addition and the
multiplication with @& and ®, respectively. We first prove that for such transformation
from A to B, the maximum eigenvalue of A coincides with that of B under some
regularity condition for P. However, other eigenvalues that are not maximum may be
different. This fact is explained in terms of graph theory. Each max-plus square matrix is
associated with a weighted digraph so that the weight of an edge (i, j) corresponds to the
(4, 7) entry of the matrix. Then, the maximum eigenvalue of a matrix is identical to the
maximum average weight of circuits in the associated graph. Further, each eigenvalue
comes from the average weight of some circuit, but it depends on the strong connectivity
of the digraph. In particular, an irreducible matrix, whose associated graph is strongly
connected, has exactly one eigenvalue. If we transpose the matrix, then the directions
of edges in the associated graph are reversed and hence the strong connectivity of the
graph will be changed. This causes that the left and right eigenvalues of a max-plus
matrix are not the same in general.

Max-plus spectral theory originated in [8] and developed with studies on the pe-
riodicity of matrix powers [11, 29]. In the computational aspect, a method to find
all eigenvalues and eigenvectors of reducible matrices was given in [5]. To cope with
the problem that a max-plus matrix has a very few eigenvalues and eigenvectors, the
authors recently introduced algebraic eigenvectors with respect to the roots of the char-
acteristic polynomial [25]. These vectors are shown to have analogous properties to the
conventional ones [26]. It is known that some discrete integrable systems are related to
numerical algorithms for computing eigenvalues of usual matrices by interpreting the
recurrence equations as similarity transformations [31]. This is extended to the relation
between ultradiscrete integrable systems and eigenvalue problems of max-plus matrices.
For example, an isospectral transformation of a max-plus tridiagonal matrix is given
by the ultradiscrete Toda equation [35], that of a symmetric tridiagonal matrix is by
the ultradiscrete Lotka-Volterra equation [15], and that of a lower Hessenberg banded
matrix is by the ultradiscrete hungry Toda equation [?].

In the definition of the similarity transformation A ® P = P ® B, an important
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issue is which kind of regularity we should impose on the matrix P. If we follow the
similarities in conventional linear algebra, the invertible matrix P may be a possible
choice. However, in max-plus algebra, it is not appropriate since most square matrices
do not have their inverses. Some kinds of the regularity of max-plus matrices are
proposed in the literature such as [1, 13, 18]. We demonstrate the difference and the
intensities of these regularities by presenting examples. Also, we discuss the similarity
transformations defined by the matrix P with such kinds of regularities. In any case,
we must note that the relation derived from the similarity transformation A ® P =
P ® B does not define the equivalence relation since it is not symmetric. To obtain the
equivalence relation we consider two equations AQ P=P® Band BRQ =Q® A
at the same time. The matrix () is expected to be close to the inverse of P so that we
impose the condition that all diagonal of P® Q) and Q® P are 0, and the determinants of
both of them are 0 as well. Moreover, in order to have the transitive law, we introduce
the notion of a unitary-pair semigroup consisting of pairs of matrices imitating the pair
of P and its inverse. Equivalence relation induced by unitary-pair semigroup includes
the similarity transformation by invertible matrices and the transformation into a block
diagonal form in spectral theory.

§ 2. Preliminaries on max-plus algebra

Maz-plus algebra is the set Rpyax := R U {—oc0} with two operations @ and ®,
defined by

a®b:=max(a,b), a®b:=a+b

for a,b € Ryax. By regarding & and ® as addition and multiplication, respectively,
max-plus algebra is a semiring. Here, € := —o0 is the identity element for addition, and
e := 0 is the identity element for multiplication.

Let R} and R X" be the set of n-dimensional max-plus column vectors and the
set of m X n max-plus matrices, respectively. The operations @ and ® are extended to
max-plus vectors and matrices as in conventional linear algebra. For A, B € R X", the

max
matrix sum A @ B € R’ X" is defined by

[A & Bli; = [Ali; @ [Blij,

where [A];; indicates the (i,j) entry of A. For A € REX™ and B € RMX", the matrix
product A ® B € RYX" is defined by

max

[A® Bly; = PlAln @ [B
k=1
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For A € R"X™ and ¢ € Ryax, the scalar multiplication of A by ¢ is defined by

[C & A]zg =c® [A]Z]

The n-dimensional max-plus zero vector and the m X n zero matrix are denoted by &,
and &, n, respectively, and the max-plus unit matrix of order n is denoted by I,,.

§2.1. Regularity of max-plus square matrices

Here, we summarize some kinds of “regularity” of max-plus square matrices. Many
characteristics of regular matrices in conventional linear algebra are not equivalent in
max-plus algebra. Several kinds of non-equivalent rank function on max-plus matrices
are presented and compared in [1]. Some regularity of max-plus matrices can be defined
by these rank functions.

A matrix A € R.X7 is called regular if it contains finite (i.e., non-¢) entry in each
row and each column [18]. This property is also referred to as doubly R-astic in [9)].
This simple definition is sometimes used in the eigenvalue problem. The class of regular
matrices seems to be too large. For example, all finite matrices become regular.

A concept that is analogous to regularity in conventional linear algebra is stated in

terms of the independence of column (or row) vectors [10]. Let S C R?,. be a finite set

max
of vectors. It is called dependent if there exists a vector & € S that can be expressed as

a linear combination of others, that is,

xr = @ cu Q@ u, cu € Ruax.
ues\{xr}

If S is not dependent, then it is called independent. A matrix A € R is called doubly
full-rank if both row vectors and column vectors are independent.
Another definition of regularity comes from the determinant of a matrix [13]. For

a matrix A = (a;;) € RPX", we define the determinant of A by

det A := @ éam(i),

TeS, =1

where S, denotes the symmetric group of order n. The right-hand side of the above
equation is the maximum over n! permutations. The matrix A is called singular if the
maximum is attained by at least two permutations; otherwise A is called non-singular.

Lastly, a matrix A € R)X" is called invertible if there exists B € R'X such that
A®B = B® A = I,. The matrix B is called the inverse of A and denoted by
A®(=D | In max-plus algebra, A € R?X" is invertible if and only if A is a generalized
permutation matriz [9], that is, there exists a permutation o € S, such that [A];; # ¢

if and only if 5 = (7). In this case, A®(~1) is also a generalized inverse matrix with
[A®(=D],; = —[A],; for j = a(i).
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For these four kinds of regularity, we have the following relationship:

regular & doubly full-rank & non-singular & invertible.
The proofs of (1) and (3) are very simple. Indeed, if the ith column vector a; of A
is the zero vector &,,, then it can be expressed as a trivial linear combination of other

columns:

a; = @ EX® a;.
JFi
A similar result holds for rows. Hence, if A is not regular, then it is not doubly full-rank,
which proves (1). For an invertible matrix A € R}.X7, take a permutation o € S,, such
that [A];; # ¢ if and only if j = o(i). Then, we see that @ ; a;r(;) # € if and only
if T = 0. Thus, the maximum in the definition of the determinant is attained only by
o. This implies A is non-singular, proving (3). The proof of (2) is rather nontrivial,

see [28].

Example 2.1. We consider four matrices

133 00e 100 € €2
A1 =1212|, Ay=1€00|, A3=1]1010]|, Ayz=|-3¢¢
0e0 0e0 001 e le

All of them are regular because no row or column is the zero vector. The matrix A; is
not doubly full-rank because the third column is the sum of the other two:

1 3
211 =12
0 € 0

The matrix As is doubly full-rank but singular because the maximum in the determinant
is attained by two terms:

det Ao =0R0R0P0R0R0PeReRkePIRIRePIR:eR0BeR0R0
=0p0BechehePe.

The matrix Az is non-singular but not invertible. Indeed, suppose B = (b;;) € R3X3 is
an inverse of A. Then, from the (1,2) entry of A ® B = I3, we have

1®b1oB0R by BOX® b3y =&,
which implies b1 = bas = b3y = €. Then, the (2,2) entry of A ® B is computed as

0Rb1oB1Rbyy B0OR b3 =6,



154 Y. NISHIDA, S. WATANABE, Y. WATANABE

which contradicts the fact that [A ® Blas = [I3]22 = 0. Hence, A3 must not have an
inverse matrix. The matrix A, is an example of a generalized permutation matrix,

which is invertible. The inverse of A4 is

e 3 ¢
A?(_l) =] ee—-1

—2¢€ €

§2.2. Max-plus matrices and graphs
For a matrix A = (a;5) € RJ,X7, we define a weighted digraph G(A) := (V, E,w)

associated with A as follows. The sets of the vertices and edges are V = {1,2,...,n}
and E = {(4,7) | a;; # €}, respectively, and the weight function w : E — R is defined
by w((i,j)) = a;; for (i,j) € E. A sequence of vertices P = (i, %1,...,%) is called a
path if (ig,igy1) € E for K = 0,1,...,¢ — 1. It is called an ig-ig path if its start and
end should be specified. The sets of the vertices and edges in P are denoted by V(P)
and E(P), respectively. The number ¢(P) := (¢ is called the length of P. The sum
w(P) = Zi_:t w((ik,ik+1)) is called the weight of P. A path C = (ig,i1,...,4¢) with
ip = ig is called a circuit. In particular, if 7y # ig for 1 < k < k' < ¢, then C is called an
elementary circuit. The length and weight of a circuit are defined similarly to a path.
The average weight of a circuit C is defined by w(C)/¢(C).

k times

For A € R"%" and a positive integer k, let A®* denote the product A® A® - - ® A.

max

The (i,7) entry of A®¥ is identical to the maximum weight of all i-j paths with length
k in G(A). We consider the formal matrix power series of the form

A =1, DA A®? ...

The matrix A* is called the Kleene star of A. If there is no circuit with positive weight
in G(A), then A* is computed as the finite sum

A =1, A0 A®? ... AL,

In this case, the (7, j) entry of A* is the maximum weight of all i-j paths [16].

§2.3. Eigenvalues and eigenvectors

For a matrix A € R} X7, a scalar A is called a (right) eigenvalue of A if there exists

max ?

a vector x # &, satisfying
ARz =A®x.

This vector x is called a (Tight) eigenvector of A with respect to A. Here, we summarize
the results in the literature on the max-plus eigenvalue problem, e.g., [3, 6, 18].
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Proposition 2.2.  For a matric A € R\, the mazimum average weight of all

elementary circuits in G(A) is the maximum eigenvalue of A.

Let A(A) be the maximum eigenvalue of A. A circuit in G(A) with average weight
A(A) is called critical. Vertices and edges of a critical circuit are called critical vertices
and critical edges, respectively. The set of all critical vertices and edges are denoted by
Ve(A) and E¢(A). The subgraph G¢(A) = (V<(A), E°(A)) of G(A) is called the critical
graph.

Proposition 2.3.  The kth column of ((—A(A4)) ® A)* is an eigenvector of A
with respect to A\(A) if and only if k € V¢(A).

Example 2.4. We consider a matrix

€2ece
Oedce
A=|1leecl4
cedble
cceed

The associated graph G(A) is shown in Figure 1. The elementary circuits in G(A) are
(1,2,1), (1,2,3,1), (3,4,3), (4,4) and (5,5),

whose average weights are

240 2+3+1 145 1 4
2 '3 Ty T T lad =4

respectively. Thus, the maximum eigenvalue of A is 4. To find an eigenvector, we

compute the Kleene star of

€ —2 ¢ € ¢
—4 & -1 € ¢
B:=(-4)®A=]-3¢ ¢ -30
e ¢ 1 =3¢
e € ¢ €0

We note that the maximum (average) weight of circuits in G(B) becomes 0 since the

weights of all edges are decreased by 4. We see that

0 —2-3-6-3
40 —-1-4-1
B*=I;B®B®?¢B®® @B =]-3-50 -3 0
241 0 1

e € ¢ ¢ 0
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Since the critical circuit of G(B) is (5,5), the last column of B* is an eigenvector of A
with respect to the eigenvalue 4.

Figure 1. Associated graph G(A) for Example 2.4.

To find all eigenvalues of a matrix, we focus on the strong connectivity of the
associated graph. A directed graph G is called strongly connected if there exists an i-j
path for any vertex 7,5 of G. A matrix A is called irreducible if the associated graph
G(A) is strongly connected; otherwise, it is called reducible. If A is reducible, then G(A)
is decomposed into strongly connected components Gi,Go,...,G,.. By definition, any
elementary circuit of G(A) is contained in exactly one of these components. For each
component G;, let A\(G;) be the maximum average weight of circuits in G;. If G; has
no circuit, we set A(G;) = €. A component G, is called spectral if it is not reachable
from any other components G; such that A\(G;) < A(G;), that is, there is no path from
a vertex of G; to that of G;.

Proposition 2.5 ([5]).  For a matrizc A € R}X", let G1,Go,...,G, be strongly

max ’

connected components of G(A). Then, the set of all eigenvalues of a matriz A is

{\G;) | G; is spectral}.

In particular, if A is irreducible, then A has exactly one eigenvalue \(A).

Example 2.6. We again consider the matrix A in Example 2.4. The associated
graph G(A) is reducible and it is decomposed into strongly connected components G;
and Go with vertices {1,2, 3,4} and {5}, respectively. The maximum average weight for
these components are A(G1) = 3 and A(G2) = 4. Since there is no path from vertex 5 to
the others, both G; and G, are spectral. Hence, the eigenvalues of A are 3 and 4. For
the eigenvalue 3, we compute an eigenvector. As in the previous example, we consider
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a matrix C' = (—3) ® A. Then, we have

0 —1-1-3x
—20 0 -2
C*=]1-2-30 -2
0 —-12 0 o

g &€ € & X

We remark that some entries of C* do not converge and tend to infinity because G(C')
has the circuit (5,5) with positive weight. Nevertheless, the columns corresponding to
the critical circuit (3,4, 3) of Gy are still in R2 . Hence, the third and fourth columns

of C* are eigenvectors of A with respect to the eigenvalue 3. Note that these vectors
are essentially the same, that is,

-1 -3
0 -2
=2
0 -2
2 0

So far, we have dealt with right eigenvalues and right eigenvectors. Left eigenvalues
and left eigenvectors are similarly defined by the equation for a row vector a:

TRA=AQx.

We can see that left eigenvalues and eigenvectors of A are right eigenvalues and eigen-
vectors of AT. The associated graph G(AT) is comprised of all edges of G(A), but the
directions of edges are reversed. Hence, each circuit of G(AT) corresponds one-to-one
to that of G(AT). In particular, the maximum average weights of circuits of G(A) and
G(AT) are the same. This means that the maximum left eigenvalue is equal to the
maximum right one. Thus, the maximum eigenvalue need not be distinguished by the
adjective “left” or “right”. On the other hand, surprisingly, not all left eigenvalues of A
become the right ones. For example, let us consider the matrix A in Example 2.4. The
decomposition of G(AT) into strongly connected components induces the same partition
of vertices as G(A). However, we have an edge (5,3) in G(AT). This means that the
component G; with vertex set {1,2,3,4} is not spectral any longer. Thus, A\(G;) = 3 is

not an left eigenvalue of A.

§ 3. Similarity transformation of max-plus matrices

In this section, we discuss the similarity transformation of max-plus matrices. As
described in the previous section, only generalized permutation matrices have their
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inverses. Hence, to define the similarity transformation from A to B by P®(-V@AQP =
B seems to be inappropriate. Instead, we consider the transformation induced by the
following equation:

A® P=P® B.
We first show that the maximum eigenvalue is preserved by this transformation.

Theorem 3.1. For A,B € R"X suppose there exists a reqular matrix P €

max ’
R} " such that

AR P=P®B.

Then, any right eigenvalue of B is that of A, and any left eigenvalue of A is that of B.
In particular, the mazimum eigenvalue of A and B coincide.

Proof. Let A\ be a right eigenvalue of B and x be a right eigenvector with respect
to A\. Then, we have

AR (PRx)=PBz=A® (P®x).

Since x is a right eigenvector, [x]; # ¢ for some index j. Further, if P is regular,
[Pl;; # € for some row ¢ because the jth column is not the zero vector. Hence, the
ith entry of P ® x is not ¢, which implies that P @ * # &,. Thus, P ® x is a right
eigenvector of A with respect to the right eigenvalue \.

The assertion for a left eigenvalue is similarly proved. Since the maximum eigen-
value is both a left and right eigenvalue, the maximum eigenvalue of B is that of A. [

Example 3.2. Let us consider two matrices

lee lee
A=1033]1, B=1343
ced 223
Taking a regular matrix
1 ¢ ¢
P=\|-1-10 |,
-1 0 -1
we have
2¢¢

AR P=P®B =233
343
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We see that the maximum eigenvalues of both A and B are 4. We can easily check that
x = (0,e,¢) is a left eigenvector of A with respect to the left eigenvalue 1. Moreover,
we can also check that € ® P = (1,¢,¢) is a left eigenvector of B with respect to the
left eigenvalue 1. On the other hand, although A has a right eigenvalue 3 and a right
)‘I’

eigenvector (g,0,¢)' with respect to it, it is not a right eigenvalue of B because G(B)

has only two strongly connected components G; and Go with A(Gy) = 1 and \(Gs) = 4.

We may consider other kinds of “regularity” for the transformation matrix P in
Theorem 3.1. If P is invertible and A ® P = P ® B, then we have B @ P®(-1 —
P®(=1) @ A. Hence, we have the following result.

Corollary 3.3. For A, B € RI'X"  suppose there exists an invertible matriz P €

max ’
R2*" such that

A® P=P® B.
Then, the sets of right (left) eigenvalues of A and B coincide.

If P is doubly full-rank or non-singular, the assertion of Theorem 3.1 also holds
because P is regular in either case. However, the transformation defined by doubly
full-rank or non-singular matrices is not transitive. As demonstrated in the following
example, the product of doubly full-rank (non-singular) matrices is not always doubly
full-rank (non-singular).

Example 3.4. Let us consider two matrices

() o)

It is easily checked that both A and B are doubly full-rank and non-singular. On the

other hand, we obtain
22
A® B =

which is neither doubly full-rank nor non-singular.

As we have seen, the relation A ® P = P ® B seems appropriate to define the
similarity transformation from A to B. However, this is not symmetric, that is, the
existence of a matrix () such that B® () = Q) ® A is not guaranteed. To make the term
“transformation” more appropriate, we introduce a framework that gives an equivalence
relation for max-plus matrices. The basic idea is to define that A and B are equivalent
if AQ P=P®B and B®Q = Q ® A for some matrices P and (. In the conventional
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algebra, ) can be taken as P~!. Hence, in max-plus algebra, it is expected that P ® Q,
as well as Q ® P, is close to the identity matrix. From this observation, we propose the
following definition.

Definition 3.5. A subset U4 C RX" x R*%" is called a unitary-pair semigroup

max max

if it has the properties 1-4.
1 (In, 1I,) € Al
2 If (P,Q) € 4, then (Q, P) € 4.
3If (P,Q1) € and (P, Q2) € U, then (P ® P2, Q2 ® Q1) € 4.

4 If (P, Q) € U, then all diagonal entries of P ® @ and Q ® P are 0. In addition, both
det(P ® Q) and det(Q ® P) are attained only by the identity permutation.

Property 2 corresponds to the equality (P~1)~! = P in the conventional linear
algebra. Property 3 is needed to ensure the transitivity of the transformation. Property
4 means that the diagonal entries of P ® () and I,, are identical, and the other entries
are so small that they can be ignored. This implies that @ is like an inverse of P.
We remark that property 4 ensures that both P and () are regular. Indeed, if the ith
column of P is &,, then the ith column of Q ® P is also &,,. Other cases can be shown
similarly. Moreover, we can see that both P and () are non-singular using the fact that

det(P® Q) = det P ® det Q if P ® @ is non-singular [27].

Definition 3.6. Let & C RX" x RI'*? be a unitary-pair semigroup. Two ma-

trices A, B € R'*" are called i-equivalent, denoted by A ~y¢ B, if there exists a pair

max

(P, Q) € U such that
A P=P®B and BRQ=QQR A.

The reflexive law follows from (I,,, I,,) € Y. The symmetric law is trivial. To show
the transitive law, suppose that there exists (P, Q1) € 4 such that

ARP,=P®B and BRQ=0Q1 A,
and (Py, Q2) € U such that
BoP,=P,®C and C®Q:=Q:® B.
Then, we have
AR (PL@P)=P@BRP,=(PL®P,)®C,
CR(Q29Q1)=Q29BRQ1 =(Q2® Q1) ® A.
Since (P; ® Py, Q2® Q1) € U by Definition 3.5, we have shown the transitive law. Hence,

the relation ~y is an equivalence relation.
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Remark.  Property 4 in Definition 3.5 is not used to ensure that ~y is an equiv-

alence relation. This property is introduced to restrict the class of unitary-pair semi-

groups. Indeed, without this property, R}<" x R!*" itself becomes a unitary-pair

max

semigroup.

(1)

We present some examples of unitary-pair semigroups.
The set

UCP = {(P, PP(=V)) | P € R"X" is a generalized permutation matrix}

max

is obviously a unitary-pair semigroup. Indeed, P ® P®(-1 = p®(-1) @ P =], and
any product of generalized permutation matrices is also a generalized permutation
matrix. Hence, the equivalence relation defined by unitary-pair semigroups is an
extension of the similarity transformation by invertible matrices. Two matrices
A, B € R are USP-equivalent if and only if there exists an invertible matrix P

max

such that AQ P =P ® B.

Let P € R"X" be a Kleene star of some matrix. This is equivalent to P®2? = P and

all diagonal entries of P are 0. If P is non-singular, the set
L[Ilgs = {<I’n>In)a (Pa P)}

is a unitary-pair semigroup. This kind of unitary-pair semigroup appears when we

consider the transformation derived from eigenvectors.

To obtain a broader class of unitary-pair semigroup, we focus on non-positive ma-
trices whose determinants are 0. For a non-singular matrix P € R}X7" let op € S,
denote the permutation that attains det P. Further, we say that P is strictly nor-
malized if [Pis,;) = 0 for i = 1,2,...,n and [P];; < 0 for all other entries. We

note that det P = 0 if P is strictly normalized. The set

max max

SN = {(P, Q) e R X RI*™ | P and @ are strictly normalized, op = Jél}
is a unitary-pair semigroup. This follows from the next lemma.

Lemma 3.7. Let P,Q € RIX" be strictly normalized matrices. Then P ® Q is

max

strictly normalized and ocpgg = ogop.

Proof. For any indices 1, j, we have

n

[P ® Qlij = P[Pl @ [Qlr; < 0.

k=1
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The equality holds if and only if [Pl;z = [Q]x; = 0 for some k, which implies
k=o0p(i) and j = og(k) = ogop(i). Hence, we have

n

det(P @ Q) = Q)P ® Qlivgop(i) = 0.

i=1

This means opgg = ocgop and P ® () is strictly normalized. O

If (P,Q) € 45N then det(P ® Q) = 0 and opgg = ogop = id,, where id,, denotes
the identity permutation. Since all entries of P ® () are non-positive, all diagonal
entries of P ® @Q must be 0. A similar argument holds for Q ® P. Hence, U5N
satisfies property 4 in Definition 3.5. Further, for (P, P5), (Q1,Q2) € 45N, we see

that op,gp, = op,op, = (00,00,) ' = 0521®Q1. Hence, property 3 in Definition 3.5
is satisfied.

Finally, we propose a method to generate a new unitary-pair semigroup from a given
unitary-pair semigroup using a generalized permutation matrix. Let D € RX" be

a fixed generalized permutation matrix and 4 be a unitary-pair semigroup. The set
Up = {(D®(_1) @ P®D,D*"VeQeD)|(PQ) e u}

is also a unitary-pair semigroup. It is shown by the following observation. For any
non-singular matrix A and a generalized permutation matrix D, we can easily verify
that [D®-Y @ A® D]y = [A]O_BI(Z-)O_BI(Z-). In addition, we have

det(D®*V @ A® D) = P RDY ® A® Dliry

TesS, i=1

= EB ® Dl]y—1yi) @Aty oz n(iy) @ [Ploziniy »a)
TES, =1

- ®(_[ ZUD(Z) (@ ® i7(4) ) ® ®[D]ich(i)
=1 TES, 1=1 =1

= det A.

Here, we replace 0'517'('0'1) with 7 for each m € §,,. Hence, we see that ope-1ngaep =
aDaAol;l. Since

det((D*Y @ P® D)® (DY 9 Q® D)) =det(D* Y @ (P Q) ® D),

we take A = P®Q and A = QQ ® P to prove property 4 of Definition 3.5. Similarly,
we take A = (PR P)®(Q2®Q1) and A = (Q2®Q1)® (P ® P») to prove property
3 of Definition 3.5.
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Example 3.8. We consider the equivalence relation derived from the unitary-
pair semigroup U5N. Let A € R”X™ be a non-positive matrix with 0 only on the
diagonal. We can easily verify that A* is strictly normalized. In addition, we have
AR A*=(Ad I,) ® A* = A*. For another non-positive matrix B € R*? with 0 only

max

on the diagonal, we have

AR (A" ®@B")=A"®@B*=(A"® B*)® B,
B (B*"®A")=B*"@A"=(B*"® A")® A.

Here, both A* ® B* and B* ® A* are strictly normalized. Hence, A is U3N-equivalent
to B. In particular all n X n non-positive matrices with 0 only on the diagonal are
USN_equivalent. This class contains I,

Example 3.9. We present an example that is derived from the theory of Jordan

canonical forms in max-plus algebra [24]. We consider a matrix

€d43ce
decece
A= |ceebe
€2ee4
€edel

The associated graph G(A) is illustrated in Figure 2. Since the maximum average weight
of circuits in G(A) is 4 and the G(A) is strongly connected, A has exactly one eigenvalue
A(A) = 4. The critical circuits in G(A) are (1,2,1) and (3,4, 5,3). By computing

0 0 -100
0 0 -100
(-9h)A)*"=|-1-1011],
—2-2-100
—2-2-100
we have two independent right eigenvectors

0 —1

0 -1

-1 and 0

-2 -1

-2 —1

The number of right independent eigenvectors is less than the dimension of the matrix.
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To cope with this problem, we compute (((—4) ® A)®%)* instead:

0 —2-10 0
20 -10 0
P=(((-4)A)%)" =]-1-10 -1-1
—2-2-30 -2
—-2-2-3-20

Here, the exponent 6 comes from the least common multiple of the lengths of critical
circuits (1,2,1) and (3,4, 5,3). Then, columns of P are independent and become right
eigenvectors of A®% with respect to A\(A)®5. The same holds for rows of P. Further,
det P* = 0 is attained only by the identity permutation. By computation, we can verify
that

cdece cdece
decece decece
ARP=P® |ceeche and PRA=|ceechHe | ®P
ceeed ceeed
eedee €edee

This shows that A is equivalent to a block diagonal matrix:

cdlece
delece

Awullgs celebe
celeed
celdece

VA
(D-03){5)
I
(D54
Figure 2. Associated graph G(A) for Example 3.9.

§4. Concluding remarks

In this paper, we discuss the similarity transformation of max-plus matrices. Al-
though the similarity transformation A® P = P® B preserves the maximum eigenvalue,
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the other eigenvalues of A and B are different in general. One of the main reasons is that
the similarity transformation is not symmetric in general. To resolve this problem, we
propose a pair of matrices that imitates a pair of a matrix and its inverse. By defining a
set of these pairs as a unitary-pair semigroup, we obtain a transformation that is both
symmetric and transitive, and hence induces an equivalence relation. It is expected in
the future to enlarge the class of matrices that can be used in the similarity transfor-
mation. Moreover, it is also a challenging problem to construct a transformation of

matrices that preserves the roots of the characteristic polynomial as well as eigenvalues.
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