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1 Introduction

While we believe we know everything about the Virasoro minimal models in two-dimensional
conformal field theories, the renormalization group flow between them, in particular when
one of them is non-unitary has been largely unknown. The Virasoro minimal model M(p, q)
is characterized by two coprime integers p and q, and we can compute all the conformal data
for an arbitrary choice of (p, q). It has been, however, a surprisingly difficult question to ask if
they are connected by a renormalization group flow, given two randomly chosen integers (p, q)
and (p′, q′), Our goal is to answer this question by using the non-invertible symmetries to
classify the flows. Indeed, we will show that non-invertible symmetries give rise to infinitely
many new renormalization group flows between two Virasoro minimal models.

Our infinitely many new flows M(kq + I, q) → M(kq − I, q) induced by ϕ(1,2k+1) vastly
generalize the previously proposed ones k = I = 1 by Zamolodchikov [1], k = 1, I > 1 by
Ahn [2] and Lässig [3], and k = 2 by Dorey et al. [4].1 It also encodes the other Z2 preserving
renormalization group flow sporadically known in the literature (e.g. M(10, 3) → M(8, 3)
studied by Klebanov et al. [5]). With a slight twist, the renormalization group flows between
multi-critical Lee-Yang fixed points M(2, q) studied in the literature [6, 7] fall into our
proposal. We claim that our flows give a complete understanding of the renormalization

1Dorey et al. also studied the flows corresponding to k = 1
2 with odd q [4]. Since the preserved non-invertible

symmetries become smaller, we study the generalization of half-integer k separately in section 3.2.
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group flows between minimal models that preserve a modular tensor category (or more
precisely modular fusion category) with the SU(2)q−2 fusion ring.2

In our discussions, the non-invertible symmetries or categorical symmetries,3 which are
realized by topological defect lines in two-dimensional conformal field theories, will play
an analog of the ’t Hooft anomaly. Similarly to the ’t Hooft anomaly, their properties are
preserved under the renormalization group flows. When the renormalization group invariants
obtained from the non-invertible symmetries are different, they cannot be connected by the
renormalization group flow that preserves the symmetries. We will show that our proposed
renormalization group flows are not only consistent with the constraint but also give the
actual flows between two minimal models with the same preserved non-invertible symmetries.

Some of our results may appeal to more physical intuitions. For instance, the pre-
served non-invertible symmetries in M(p, 4) → M(p′, 4) flows are given by the Z2 Tambara-
Yamagami modular tensor category in math terms or the duality defect line in physics
terms. We know from mathematics that there are two distinct quantum dimensions consistent
with the Z2 Tambara-Yamagami (or Ising) fusion rule. We also know from physics that
the quantum dimensions are renormalization group invariants. Accordingly, there exist two
intrinsically different duality defects in two-dimensional conformal field theories. Our new
renormalization group flows know them and the flows are completely separated as long as
the duality is preserved. One physical application of such a flow was to identify the fate
of the non-supersymmetric Yukawa fixed point in two dimensions [38]. As a vast general-
ization, our new results should give us a new map to explore renormalization group flows
in two-dimensional quantum field theories.

The organization of our paper is as follows. In section 2, we give a review of Virasoro
minimal models and topological defect lines. In section 3, we present our main claim of
the new renormalization group flows and give supporting evidence from the study of the
renormalization group invariants associated with the non-invertible symmetries. In section 4,
we study several physically interesting examples of our new renormalization group flows. In
section 5, we conclude with some discussions for future directions.

2 Virasoro minimal models

Let us first state our conventions of Virasoro minimal models. We specify the Virasoro
minimal model M(p, q) by two coprime integers p and q. While our convention is more
or less the same as the one in the yellow book [39], one notable exception is they always
assume p > q in the yellow book, but we take q to be a fixed integer, and we investigate the
renormalization group flow that changes p. For instance, the well-known renormalization
group flow from the tricritical Ising model to the critical Ising model is M(5, 4) → M(3, 4)
in our paper rather than M(5, 4) → M(4, 3) as in the yellow book.

2The fusion ring SU(2)q−2 is given by the fusion rule of the primary operators in the SU(2) WZW model
at level q − 2. It is essentially angular momentum addition of J = 0, 1

2 , · · · , q−2
2 with a q dependent “cap”:

J1 + J2 + J3 ≤ q − 2. Given the fusion ring, the modular tensor category is further classified by the solutions
of the Pentagon identity. The relation between the solutions of the Pentagon identity and the renormalization
group invariants we will discuss can be found in [8].

3Recent applications of non-invertible symmetries in two-dimensional conformal field theories include [8–37].
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Figure 1. The Kac table and its fundamental domain Γ of M(p, q).

The central charge of M(p, q) is

c = c̄ = 1− 6(p − q)2

pq
(2.1)

and it has (p−1)(q−1)
2 (chiral) primary operators ϕ(r,s) where r and s are the Kac indices

whose ranges are 1 ≤ r < q, 1 ≤ s < p. Two primary operators ϕ(r,s) and ϕ(q−r,p−s) are
identified: they have the same conformal weight

hr,s = hq−r,p−s = (pr − qs)2 − (p − q)2

4pq
. (2.2)

The fusion rule of the primary operators is given by

ϕ(r,s) × ϕ(m,n) =
min(r+m−1,2q−1−r−m)∑

k=1+|r−m|
k+r+m=1 mod 2

min(s+n−1,2p−1−s−n)∑
l=1+|s−n|

l+s+n=1 mod 2

ϕ(k,l). (2.3)

For example, we can choose a fundamental domain Γ of the Kac table, which specifies
(p−1)(q−1)

2 distinct Kac indices as

Γ = {(r, s) | 1 ≤ r ≤ q − 1, 1 ≤ s ≤ p − 1, pr + qs < pq}. (2.4)

See figure 1.
The Virasoro minimal models are further classified by the modular invariant partition

functions. In this paper, we focus on those with A-series modular invariant partition functions
(a.k.a. A-series minimal models). Since most of the renormalization group flows that we
will discuss preserve the Z2 symmetry, which can be used to relate the A-series and D-
series by orbifolding (when it can be gauged), most of the following discussions apply to
the D-series minimal models. Exceptions are half-integer k flow discussed in section 3.2
because the deformation may not exist in D-series. Furthermore, when we can gauge the
Z2 symmetry, we have fermionic minimal models [40, 41] as well. Our discussions also
apply to their cases. Again, exceptions are half-integer k flow discussed in section 3.2. Our
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discussions do not directly apply to the E-series minimal models, however, and we need
separate considerations. Some studies of the topological defect lines in E-series minimal
models in view of the renormalization group flows can be found in [8, 38].

2.1 Non-invertible symmetries and topological defect lines

In two-dimensional quantum field theories, non-invertible symmetries are synonyms of topo-
logical defect lines. In Virasoro minimal models with A-series modular invariant partition
functions, it is widely believed that all the topological defect lines are given by the Verlinde
lines.4 Verlinde lines L(r,s) have the same label (r, s) as the (chiral) primary operators ϕ(r,s)

of the same theory, so (p−1)(q−1)
2 of them are independent.

The action of L(r,s) on a primary state |ϕ(ρ,σ)⟩ = ϕ(ρ,σ) |0⟩ is given by

L(r,s) |ϕ(ρ,σ)⟩ =
S(r,s),(ρ,σ)
S(1,1),(ρ,σ)

|ϕ(ρ,σ)⟩ , (2.5)

where S(r,s),(ρ,σ) is modular S-matrix. The explicit expression of the S-matrix is

S(r,s),(ρ,σ) = 2
√

2
pq

(−1)1+sρ+rσ sin
(
π

p

q
rρ

)
sin

(
π

q

p
sσ

)
, (2.6)

which is real and symmetric.
As a special case, the action of L(r,s) on the vacuum |0⟩ = |ϕ(1,1)⟩ is given by

L(r,s) |0⟩ = d(r,s) |0⟩ =
S(r,s),(1,1)
S(1,1),(1,1)

|0⟩ , (2.7)

where the eigenvalue d(r,s) is called quantum dimension of L(r,s). The salient property of
the quantum dimension is that it is a renormalization group invariant when L(r,s) commutes
with the deforming operators as we will see.

The Verlinde lines satisfy the same fusion rule as (chiral) primary operators:

L(r,s) × L(m,n) =
∑

N
(k,l)
(r,s)(m,n)L(k,l)

=
min(r+m−1,2q−1−r−m)∑

k=1+|r−m|
k+r+m=1 mod 2

min(s+n−1,2p−1−s−n)∑
l=1+|s−n|

l+s+n=1 mod 2

L(k,l). (2.8)

The fusion coefficients N
(k,l)
(r,s)(m,n) are related to the modular S-matrix by the Verlinde formula:

N c
ab =

∑
d

SadSbdSdc

S0d
, (2.9)

where we collectively denote (r, s) by a etc. This short-hand collective notation is sometimes
used hereafter.

4To avoid trivial counterexamples, we here exclude space-time symmetries such as Poincaré transformation
or space-time parity.
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2.2 Invertible Z2 symmetry

All the Virasoro minimal models with A-series modular invariance (except when p or q is 2)
possess a special topological defect line L(q−1,1) corresponding to the invertible Z2 symmetry.
It is invertible because the fusion rule (see e.g. (2.8)) gives L(q−1,1) × L(q−1,1) = 1.

Under the action of L(q−1,1), Z2 charge of the primary operators ϕ(r,s) can be sum-
marized as

r − 1 mod 2 (when q is even)
s − 1 mod 2 (when p is even)

r + s − 2 mod 2 (when q and p are both odd).
(2.10)

See e.g. [3]. The Z2 symmetry is compatible with the fusion rule of the primary operators
and operator identifications. If we gauge the Z2 symmetry (or orbifold it in the conformal
field theory language), A-series minimal models are exchanged with the D-series minimal
models unless it is anomalous.

At this point, we note that the Z2 symmetry is anomalous when p and q are both odd.
One way to see this is to compute the quantum dimensions of L(q−1,1), which is −1 rather than
+1. As we will review in the next subsection, the quantum dimension is a renormalization
group invariant and it gives a selection rule of the renormalization group flow as the ’t Hooft
anomaly. We can also compute the spin contents of the defect Hilbert space, which will be
again reviewed in the next subsection, and see that it is ±1

4 rather than 0,±1
2 . As discussed

in [8] this is a clear signal of the ’t Hooft anomaly. Let us also recall that there is no D-series
modular invariant partition function when p and q are both odd. This means that we cannot
gauge the Z2 invertible symmetry and it is consistent with the existence of the anomaly.

In this paper, we focus on the renormalization group flow that preserves the Z2 invertible
symmetry. To be more precise, our renormalization group flow will preserve a larger modular
tensor category with the SU(2)q−2 fusion ring. This modular tensor category includes
the Z2 invertible symmetry but gives extra q − 3 non-invertible symmetries. In the next
subsection, we will review how the preserved non-invertible symmetries will constrain the
renormalization group flows.

2.3 Renormalization group invariants

The salient feature of the topological defect lines regarded as non-invertible symmetries is
that they give renormalization group invariants when they are preserved along the flow.
Let us first discuss the condition that the topological defect lines are preserved along the
renormalization group flow in the general setup.

Suppose we are at the ultraviolet conformal field theory with a topological defect line
La. We deform the theory by a relevant operator ϕb. More generally we have to consider
a collection of relevant operators {ϕb} to reach the desired infrared fixed point. In such a
case, we assume that the following conditions are met with all the operators we need. Now,
we say that La is preserved along the renormalization group flow when they commute with
ϕb: Laϕb = ϕbLa on the cylinder. More explicitly, they must satisfy

Laϕb |Φ⟩ = ϕbLa |Φ⟩ (2.11)

– 5 –
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on any state |Φ⟩ on the cylinder. In unitary conformal field theories, it is sufficient to check
it on the vacuum |0⟩ = |ϕ(1,1)⟩ [8], but in non-unitary conformal field theories, we may have
to study all the states. We will, however, explicitly see that in our discussions we do not gain
any new constraint by studying all the states rather than the vacuum alone.

In the mathematics language, topological defect lines give a realization of the modular
tensor category. As a modular tensor category, the physical properties of the topological
defect lines are severely constrained. It is believed that the finite-rank modular tensor
categories have no continuous parameters (so-called rigidity). Therefore, when the topological
defect lines are preserved, we expect that the properties of the topological defect lines as a
modular tensor category should be preserved by regarding the renormalization group flow
as a continuous deformation.

Some properties of the topological defect lines are directly related to the ’t Hooft anomaly
i.e. an obstruction to gauge the symmetry, in which case it is not necessary to assume
the non-existence of the continuous deformation of the modular tensor category to deduce
the renormalization group invariance of the modular tensor category. It is simply the ’t
Hooft anomaly matching.

In this paper, we focus on two such properties. One is the quantum dimensions of
topological defect lines and the other is the spin contents of the defect Hilbert space. See
e.g. [42–45] for studies of these properties in various examples.

We have already introduced the quantum dimensions of the topological defect lines La

in (2.7). The renormalization group invariance of the quantum dimensions can be understood
as follows. Recall that the fusion of the topological defect lines is

La × Lb =
∑

c

N c
abLc, (2.12)

where N c
ab is the fusion coefficients.

Let us now take the vacuum expectation value of this equality: ⟨La⟩ := ⟨0|La|0⟩, where
|0⟩ = |ϕ(1,1)⟩ on the cylinder. The topological defect lines are topological, and we can place
them far away. Then we may assume that the expectation value is factorized5

⟨La⟩ × ⟨Lb⟩ =
∑

c

N c
ab⟨Lc⟩. (2.13)

The solutions of these quadratic equations turn out to be discrete, so it is invariant under
the continuous renormalization group flows.

As the simplest example, let us consider the Z2 invertible symmetry with the fusion
rule L(q−1,1) × L(q−1,1) = L(1,1)(= 1). By taking the vacuum expectation value, we can
immediately see that ⟨L(q−1,1)⟩ = ±1. The sign choice corresponds to the anomaly of the
Z2 invertible symmetry.6 In this case, the renormalization group invariance of the quantum
dimension is equivalent to the ’t Hooft anomaly matching.

5Potentially, this argument can fail because we are applying the idea developed in unitary quantum field
theories to non-unitary conformal field theories. It, however, turns out that the quantum dimensions that we
can compute explicitly in non-unitary minimal models do satisfy the constraints obtained from this cluster
decomposition ansatz.

6Whether one can choose the sign depends on the constraint from the other fusion rules. In appendix C
of [38], we can find the discussion of why the minus sign is still consistent with the Z2 selection rule in
correlation functions.
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The other renormalization group invariants we will discuss are the spin contents of the
defect Hilbert space associated with the preserved topological defect line La. To introduce
the notion of the defect Hilbert space and the spin contents, we begin with the torus partition
function with the insertion of La in the spatial direction.

ZLa(τ, τ̄) = Tr
(
LaqL0−c/24q̄L̄0−c/24

)
=

∑
b

Sab

S0b
χb(τ)χ̄b(τ̄), (2.14)

where q = e2πiτ and χb is the Virasoro character of the primary operator ϕb.
Let us perform the S-modular transformation (τ̃ = −τ−1) to regard the partition

function as the sum over the defect Hilbert space HLa :

ZLa(τ, τ̄) =
∑
b,c,d

Sab

S0b
SbcSbdχc(τ̃)χ̄d(¯̃τ)

=
∑
c,d

Na
cdχc(τ̃)χ̄d(¯̃τ)

= TrHLa

(
q̃L0−c/24 ¯̃qL̄0−c/24

)
, (2.15)

where we have used the Verlinde formula (2.9). In the last line, the topological defect line is
inserted in the time direction, and the quantization condition on the spatial circle is modified.
The spin contents of the defect Hilbert space HLa are defined by the set of “Lorents spin”
{hc − hd (mod Z)} evaluated over non-zero Na

cd.
Let us now argue that the spin contents of preserved topological defect lines are renor-

malization group invariants (see e.g. [8]). The idea is that the topological defect lines are
topological and the relevant deformation preserves the U(1) rotational symmetry of the
quantum field theory. It implies that the twisted quantization condition on the defect Hilbert
space cannot change in a discrete manner. More precisely, in [43, 46] it is claimed that the spin
content of the infrared theory must be a subset of the ultraviolet theory. The spin contents
of the infrared theory can be a subset because the states might become heavy and decouple.

3 New renormalization group flows

In this section, based on the study of non-invertible symmetries, we propose infinitely many
new renormalization group flows in Virasoro minimal models. We give some formal checks
of the agreement of renormalization group invariants under the flow. Examples will be
given in the next section.

3.1 Renormalization group flow M(kq + I, q) → M(kq − I, q)

The main claim of our paper is there exist infinitely many renormalization group flows
M(kq + I, q) → M(kq − I, q) induced by the ϕ(1,2k+1) deformation, which satisfy the
constraint from the non-invertible symmetries. We further claim that the renormalization
group flow is complete when we preserve a modular tensor category with the SU(2)q−2
fusion rule that includes the Z2 invertible symmetry. By complete, we mean that all the

– 7 –
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possible flows that preserve a modular tensor category with the SU(2)q−2 fusion ring can
be represented by a repeated use of our proposed flows M(kq + I, q) → M(kq − I, q). For
concreteness, we assume k and I are both integers in this subsection. The generalization for
non-integer k (and I) will be discussed in the next subsection. The half-integer case does
not preserve the modular tensor category with the SU(2)q−2 fusion ring.

We first show that the ϕ(1,2k+1) deformation preserves the SU(2)q−2 subcategory L(r,1)
(i = 1, · · · , q− 1) out of the non-invertible symmetries of the undeformed theory M(kq+ I, q).
For this purpose, as reviewed in section 2.3, we should check L(r,1) and ϕ(1,2k+1) commute
on the cylinder.

Let us start with the fusion rule (2.3). We have

ϕ(1,2k+1) × ϕ(ρ,σ) =
min(2k+σ,2(kq+I)−2−2k−σ)∑

l=1+|2k+1−σ|
l+σ=0 mod 2

ϕ(ρ,l) =
∑
l∈Λ

ϕ(ρ,l) (3.1)

in M(kq + I, q), where we have defined Λ as

Λ = { l | 1 ≤ l ≤ min(2k + σ, 2(kq + I)− 2− 2k − σ), l + σ = 0 mod 2 }, (3.2)

and then we can compare the action of L(r,1)ϕ(1,2k+1) and ϕ(1,2k+1)L(r,1) on arbitrary primary
states |ϕ(ρ,σ)⟩:

L(r,1)ϕ(1,2k+1) |ϕ(ρ,σ)⟩ = L(r,1)ϕ(1,2k+1)ϕ(ρ,σ) |0⟩ =
∑
l∈Λ

L(r,1)ϕ(ρ,l) |0⟩

=
∑
l∈Λ

L(r,1) |ϕ(ρ,l)⟩ =
∑
l∈Λ

S(r,1),(ρ,l)
S(1,1),(ρ,l)

|ϕ(ρ,l)⟩ (3.3)

ϕ(1,2k+1)L(r,1) |ϕ(ρ,σ)⟩ =
S(r,1),(ρ,σ)
S(1,1),(ρ,σ)

ϕ(1,2k+1) |ϕ(ρ,σ)⟩ =
S(r,1),(ρ,σ)
S(1,1),(ρ,σ)

ϕ(1,2k+1)ϕ(ρ,σ) |0⟩

=
∑
l∈Λ

S(r,1),(ρ,σ)
S(1,1),(ρ,σ)

ϕ(ρ,l) |0⟩ =
∑
l∈Λ

S(r,1),(ρ,σ)
S(1,1),(ρ,σ)

|ϕ(ρ,l)⟩ . (3.4)

Because l + σ is even in the above sum,

S(r,1),(ρ,l)
S(1,1),(ρ,l)

/
S(r,1),(ρ,σ)
S(1,1),(ρ,σ)

= (−1)(r−1)l sin(π
kq+I

q rρ)
sin(π kq+I

q ρ)

/
(−1)(r−1)σ sin(π

kq+I
q rρ)

sin(π kq+I
q ρ)

= 1 (3.5)

and hence L(1,1), L(2,1), · · · , L(q−2,1), L(q−1,1) commute with ϕ(1,2k+1). This means that
SU(2)q−2 subcategory generated by L(r,1) is preserved under the renormalization group
flow induced by the ϕ(1,2k+1) deformation. In particular, we stress that L(q−1,1) generates
the invertible Z2 symmetry of the minimal models, so the renormalization group flow is
Z2 symmetric.

In the above discussions, we realize that ϕ(1,2k+1) can be replaced with ϕ(1,2l+1) for any
integer l such that ϕ(1,2l+1) is in the Kac table. The physical significance of choosing l = k is
that then ϕ(1,2k+1) will be the least relevant deformation within {ϕ(1,2l+1)} if I < k. When
k > 1, we typically have to introduce the other more relevant deformation ϕ(1,2l+1) (with
l < k) and fine-tune the deformation parameters to get to the critical point.7 When I > k,
we need fewer fine-tunings to reach the fixed point dictated by the proposed flow.

7Generally we have to fine-tune k − 1 parameters.
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Let us now show that the quantum dimensions of all the preserved topological defect lines
match under the proposed renormalization group flows M(kq + I, q) → M(kq − I, q).8 The
proof follows by the direct calculation. The quantum dimension d(r,1) of L(r,1) in M(kq+I, q) is
(−1)r+1 sin(π kq+I

q r)/ sin(π kq+I
q ) and that in M(kq− I, q) is (−1)r+1 sin(π kq−I

q r)/ sin(π kq−I
q ).

Its ratio is

sin(π kq+I
q r)

sin(π kq−I
q r)

sin(π kq−I
q )

sin(π kq+I
q )

=
sin(π I

q r)
sin(−π I

q r)
sin(−π I

q )
sin(π I

q )
= 1. (3.6)

We can further argue that the constraint from the quantum dimensions is sufficiently non-
trivial. We observe that because kq+(±I + q) = (k+1)q± I, I takes a value in 1 ≤ I ≤ q−1,
and kq ± I and q are coprime, our proposed flows can be classified by φ(q) kinds of I, where
φ(q) is Euler function. Now we want to see that each connected flows have different quantum
dimensions. For this purpose, let us examine the quantum dimensions of L(2,1) in M(p, q)
in particular; the constraint from the other preserved topological defect lines is typically
not as strong. The explicit evaluation of the formula (2.7) gives d(2,1) = −2 cos

(
p
q π

)
and

we immediately observe d(2,1) takes a distinct value for different p (mod q), given q. Thus,
the quantum dimensions do distinguish our renormalization group flows.

From the general argument in section 2.3, under the new renormalization group flow,
the spin contents of the preserved line L(r,1) (r = 1, · · · , q − 1) should remain the same or
become a subset. While it may be non-trivial to check the agreement of all the spin contents
in the most generic cases, one can systematically check the agreement in the following way.

We first realize that N
(r,1)
(s,m)(t,n)χ(s,m)χ̄(t,n) is non-zero only when m = n. Furthermore, the

fusion coefficients necessary for us do not depend on m, so we can first determine the non-zero
entry of N

(r,1)
(s,m)(t,n) = δmnN

(r,1)
(s,1)(t,1) from SU(2)q−2 fusion rule, and then we can compute

the spin of the defect Hilbert space from (2.2). In this way, it is possible to systematically
compute the spin contents of L(r,1) and see the agreement under the proposed renormalization
group flow. We will show some examples in section 4.

Now let us show that the spin contents of HL(2,1) in M(p, q) are preserved under the
proposed renormalization group flows. We first observe that the only non-zero fusion
coefficients are N

(2,1)
(t,n)(t+1,m) and N

(2,1)
(t+1,m)(t,m). By computing ±(h(t+1,m) −h(t,m)), we find the

spin contents of HL(2,1) are ±p
q

1+2t
4 (mod 1

2Z) with t = 1, · · · , q − 2. Thus, the spin contents
of HL(2,1) in M(kq + I, q) contain those in M(kq − I, q).

We further want to see that the spin contents of HL(2,1) distinguish the renormalization
group flows as the quantum dimensions. We observe that p

q
1+2t

4 never equals to p
q

1
4 mod

Z
2 , so p

q
1
4 is always missing in the spin content. (Indeed, if this were true, we would have

p
q l = Z, but since p and q are coprime, it should be a contradiction.) On the other hand,
the missing ones (except 1

4q and 1
2q ) always appear in p = 2q − 1 or p = 2q − 2 as long as

q > 3, so the spin contents of p = 2q − 1 and p = 2q − 2 are different from the other p’s
(mode q). We can repeat the analysis with the other p = 2q − s with s = 3, 4, · · · , q − 1
to realize that they all have different spin contents. The exceptional but easier q = 3 case
can be treated separately (see section 4.1).

8The matching of the quantum dimensions when k = 1 and k = 2, corresponding to the previously known
renormalization group flows, was discussed in [42, 45].
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The renormalization group invariants cannot tell which of M(kq+I, q) or M(kq−I, q) is
the ultraviolet theory. To address this question, let us mention two evidence that M(kq+I, q)
is the ultraviolet theory. The first evidence is the ceff theorem [47]. While M(p, q) can be
non-unitary, it is believed that as long as the deformation preserves the PT -symmetry (see
e.g. [48] for a review), the renormalization group flow shows the monotonicity with respect
to the effective central charge ceff = 1 − 6

pq along the flow. If we accept the ceff theorem
(with the assumption our flows preserve the PT -symmetry), we may conclude M(kq + I, q)
is the ultraviolet theory.9

The other evidence comes from the number of (singlet) relevant deformations [49].
It was argued there that along the renormalization group flow, the number of (singlet)
relevant deformations should decrease. Intuitively, if we deform the theory by relevant
perturbation, the deformed theory becomes less critical and we expect less fine-tuning is
needed to reach the criticality. In [50], it was put on firmer ground by studying the topology of
the renormalization group flow. Again once we accept this conjecture, we realize M(kq + I, q)
is the ultraviolet theory because it has a larger number of relevant singlet operators. Note also
that if our constraint from the non-invertible symmetries did not exist, we could have found
counterexamples of the conjecture. For instance in the would-be flow M(7, 4) → M(5, 4), the
number of relevant singlet operators did not decrease. We have, however, forbidden the flow
by matching the non-invertible symmetries. In this discussion, it is important to note that by
singlet, we mean the operators that commute with all the non-invertible symmetries {L(r,1)}
whose fusion ring is SU(2)q−2 than just those that commute with the Z2 invertible symmetry.

Here are some historical comments. In a classic paper [1], Zamolodchikov studied the
renormalization group flow k = I = 1, which turns out to be integrable [51]. This case is
most physically interesting because it describes the flow between unitary minimal models.
Subsequently, Ahn [2] and Lässig [3] proposed the generalization to the non-unitary minimal
models independently, corresponding to k = 1, I > 1. Later, Dorey, Dunning and Tateo [4]
(see also [52–54]) studied the case with k = 2 from the viewpoint of non-linear integral
equations. Our approach, based on the non-invertible symmetries, also provides us with
new insights into the previously known flows.

3.2 Half-integer k

Our proposed renormalization group flow M(kq + I, q) → M(kq − I, q) induced by ϕ(1,2k+1)
formally makes sense even if k is a half-integer, where I takes a half-integer or integer
depending on q. The main difference is that 2k + 1 is even so not all the topological defect
lines L(r,1) commute with ϕ(1,2k+1), but only the subcategory spanned by L(2ℓ+1,1), where ℓ is
an integer, is preserved. This restriction can be explicitly seen in (3.5), where for half-integer
k, l + σ is odd (rather than even for integer k case discussed there), so we have to assume r

is an odd integer. This subcategory has the fusion ring of SO(3)[ q
2 ]−1.

If we restrict ourselves to these topological defect lines, all the discussions above can
be repeated. In particular, the consistency of the proposed renormalization group flow with
the preserved non-invertible symmetry holds. For instance, the invariance of the quantum

9One caveat here is that we have not verified our renormalization group flow preserves the PT symmetry.
It is an interesting question to see if the PT symmetry can be realized as a topological defect line.
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dimensions of L(r,1) can be checked as in (3.6), but with half-integer k, the ratio becomes
(−1)r+1. Thus only the preserved lines with r = 2ℓ + 1 have the same quantum dimensions
as claimed. The strongest constraint from the spin contents comes from L(3,1) (rather than
L(2,1) which does not exist). In M(p, q), the spin contents of HL(3,1) are {0,±p

q (ℓ + 1)}
(ℓ = 1, · · · , q−3), and we can check it is consistent with our flow M(kq+I, q) → M(kq−I, q)
with half-integer k.

Some specific renormalization group flows have been studied in the literature. The
particular case with k = 1

2 was discussed in Dorey et al. [4], but note (p, q) there was swapped
compared with our unified notation so that their ϕ(1,2) is our ϕ(2,1). The non-invertible
symmetries, in this previously known case, were studied in [45]. Again, we generalize their
works by letting k be an arbitrary half-integer.

Let us comment on the fate of the Z2 invertible symmetry under the half-integer k flow.
When k is a half-integer and q is odd, ϕ(1,2k+1) is odd under the Z2 invertible symmetry,
so the preserved modular tensor category does not include L(q−1,1). Nevertheless, after
the flow, we do recover the entire modular tensor category with the SU(2)q−2 fusion ring,
including the invertible Z2 symmetry. They must be emergent symmetries. While this must
be the case since this half-integer k flow allows us to change the (non-)anomalous nature
of the Z2 symmetry, the microscopic details of the renormalization group flow may be of
interest and needs further study.

4 Some examples

In this section, we study explicit examples of M(kq+I, q) → M(kq−I, q) flows for q = 3, 4, 5,
emphasizing physical interpretations. As a potentially exceptional case, we then examine
q = 2 separately.

4.1 M(3k + I, 3) → M(3k − I, 3) and anomaly matching

In this case, our proposal with integer k boils down to the conclusion that there exists
distinct renormalization group flows among M(2l + 1, 3) and among M(2l, 3). The only non-
trivial topological defect line preserved by the ϕ(1,2k+1) deformation is L(2,1) that generates
the invertible Z2 symmetry. The constraint from the quantum dimensions as well as spin
contents will be equivalent to the ’t Hooft anomaly matching. We recall that the Z2 invertible
symmetry is anomalous in M(2l + 1, 3) and non-anomalous in M(2l, 3) so they cannot mix
under the Z2 preserving renormalization group flow.

While the quantum dimensions of L(2,1) can be directly computable from (2.7), the spin
contents of HL(2,1) can be computed by the algorithm mentioned in section 2.3. As argued
there, non-zero entry of N

(2,1)
(s,m)(t,n) implies m = n and (s, t) = (2, 1) or (1, 2), which have the

opposite spins. From the dimensions of primary operators (2.2), we find the spin of the defect
Hilbert space HL(2,1) is given by ±(h(2,m) − h(1,m)) = ±1

4(p − 2m) with 1 ≤ m ≤ p − 1. The
spin contents are therefore {±1

4} when p is odd and {0,±1
2} when p is even.

We have summarized the quantum dimensions and spin contents of M(p, 3) models in ta-
ble 1 and table 2. Note that for the anomalous Z2 invertible symmetry, the quantum dimension
is −1 and the spin content is {±1

4}, which is consistent with the general argument [8].
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p 4 5 7 8 10 11 13 14 · · ·
d(2,1) 1 −1 −1 1 1 −1 −1 1 · · ·

Table 1. The quantum dimensions of L(2,1) in M(p, 3) series.

p 4 5 7 8 10 11 13 14 · · ·
HL(2,1) 0,±1

2 ±1
4 ±1

4 0,±1
2 0,±1

2 ±1
4 ±1

4 0,±1
2 · · ·

Table 2. The spin contents of HL(2,1) in M(p, 3) series.

p 3 5 7 9 11 13 15 17
d(2,1)

√
2

√
2 −

√
2 −

√
2

√
2

√
2 −

√
2 −

√
2

d(3,1) 1 1 1 1 1 1 1 1

Table 3. The quantum dimensions of L(2,1) = N and L(3,1) = η in M(p, 4) series.

We would like to note that in the literature [5, 55], one of the flows in this class
M(10, 3) → M(8, 3) induced by ϕ(1,7) (k = 3, I = 1) was used to study the Landau-
Ginzburg-like Lagrangian constructions of non-unitary minimal models. The further flow
M(8, 3) → M(4, 3) induced by ϕ(1,5) (k = 2, I = 2) can be straightforwardly realized in
their Landau-Ginzburg-like Lagrangian. Another flow M(7, 3) → M(5, 3) induced by ϕ(1,5)
(k = 2, I = 1) was studied in [56] from the truncated conformal space approach.

Let us briefly discuss the case with half-integer k. With the half-integer k, ϕ(1,2k+1)
deformation does not preserve any non-trivial topological defect lines in M(p, 3), so the
constraint is none. We, however, observe that some of the predicted flow such as M(10, 3)

ϕ(1,6)−→
M(5, 3)

ϕ(1,4)−→ M(4, 3) may give an interesting Lagrangian description of M(5, 3), given the
Lagrangian description of M(10, 3) is available. Indeed, the flow has some theoretical interest
because of the (dis)appearance of the anomalous Z2 symmetry of M(5, 3) in the middle
of the renormalization group flow.

4.2 M(4k + I, 4) → M(4k − I, 4) and duality defects

Here, under the ϕ(1,2k+1) deformations with integer k, the preserved topological defect lines
are L(1,1), L(2,1) (sometimes called N ) and L(3,1) (sometimes called η) and generate the Z2
Tambara-Yamagami modular tensor category. There are φ(4) = 2 distinct renormalization
group flows predicted from our proposal.

Let us first study the quantum dimensions of L(2,1) and L(3,1), as shown in table 3. As
discussed in section 3, d(2,1) distinguishes the two renormalization group flows inside M(p, 4).
Since the Z2 invertible symmetry is non-anomalous, d(3,1) = 1 for all p, and it is not useful
as a constraint on the renormalization group flow.

We can also compute the spin contents of L(2,1) and L(3,1). Since the topological defect
line L(3,1) generates the non-anomalous Z2 invertible symmetry, the spin contents must be
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p hs,m − ht,n the spin contents
3 ± 1

16 ,± 7
16 ± 1

16 ,± 7
16

5 ± 1
16 ,± 7

16 ,± 9
16 ,±17

16 ± 1
16 ,± 7

16

7 ± 3
16 ,± 5

16 ,±11
16 ,±13

16 ,±19
16 ,±27

16 ± 3
16 ,± 5

16

9 ± 3
16 ,± 5

16 ,±11
16 ,±13

16 ,±19
16 ,±21

16 ,±29
16 ,±37

16 ± 3
16 ,± 5

16

11 ± 1
16 ,± 7

16 ,± 9
16 ,±15

16 ,±17
16 ,±23

16 ,±25
16 ,±31

16 ,±39
16 ,±47

16 ± 1
16 ,± 7

16

13 ± 1
16 ,± 7

16 ,± 9
16 ,±15

16 ,±17
16 ,±23

16 ,±25
16 ,±31

16 ,±33
16 ,±41

16 ,±49
16 ,±57

16 ± 1
16 ,± 7

16

15 ± 3
16 ,± 5

16 ,±11
16 ,±13

16 ,±19
16 ,±21

16 ,±27
16 ,±29

16 ,±35
16 ,±37

16 ,±43
16 ,±51

16 ,±59
16 ,±67

16 ± 3
16 ,± 5

16

17 ± 3
16 ,± 5

16 ,±11
16 ,±13

16 ,±19
16 ,±21

16 ,±27
16 ,±29

16 ,±35
16 ,±37

16 ,±43
16 ,±45

16 ,±53
16 ,±61

16 ,±69
16 ,±77

16 ± 3
16 ,± 5

16

Table 4. The values of hs,m − ht,n when N
(2,1)
(s,m)(t,n) ̸= 0 and the spin content of the defect Hilbert

space HN for minimal model M(p, 4) (p = 3, 5, · · · , 17). The spin contents can be obtained by taking
mod 1.

{0,±1
2} as can be checked easily, so we focus on L(2,1). The result of the explicit computation

is summarized in table 4.
As derived in section 3, for M(p, 4), the general formula for hs,m − ht,n and the spin

content of HL(2,1) can be derived:

hs,m − ht,n :
{
±3p − 8m

16 ,±5p − 8m

16 | 1 ≤ m ≤ p − 1
}

, (4.1)

the spin contents of HL(2,1) :


± 1
16 ,± 7

16 (p = 3, 5 mod 8)

± 3
16 ,± 5

16 (p = 1, 7 mod 8)
(4.2)

This is compatible with (6.5) in [8] on the spin content of the duality defect line. With this
agreement in mind, let us argue that L(2,1) is indeed the duality defect line.

As is well-known in the critical Ising model M(3, 4) and the tricritical Ising model
M(5, 4), the Z2 Tambara-Yamagami modular tensor category has a physical interpretation
as the duality defect line. We would like to offer a similar interpretation to the general
M(p, 4) Virasoro minimal models.

First, let us review the duality defect in more generality [57–59]. Consider a quantum field
theory Q on a d-dimensional spacetime with a non-anomalous ZN q-form global symmetry.
We divide the spacetime into two regions and gauge the ZN global symmetry in half of
the spacetime. Then, we can construct a codimension-one topological interface between
the original theory Q and its gauged theory Q/ZN . If the original theory Q is invariant
under gauging the ZN global symmetry

Q ∼= Q/ZN , (4.3)

the interface becomes the duality defect in the original theory Q.
When do we expect the duality defect in this so-called half-space gauging construction?

Note that the gauged theory has ẐN
∼= ZN (d−q−2)-form dual (or quantum) symmetry, so the

ungauged theory and the gauged theory may have the same symmetry as in (4.3) if we require

q = d − 2
2 . (4.4)

Our cases discussed in this paper correspond to (d, q) = (2, 0).
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Given a duality defect in the ultraviolet conformal field theory, we want to understand
its fate under the renormalization group flow. Let us assume that the duality procedure
commutes with the deformation of the ultraviolet conformal field theory.10 Then, we should
have the duality defect with the same property in the infrared as well. Such an existence
should provide us with a strong constraint on the renormalization group flow.

We want to argue that the topological defect line L(2,1) in M(p, 4) is the duality defect
line. Let us consider general M(p, q) with the A-series modular invariant partition functions
ZAq−1,Ap−1 . Let us further assume the case when p or q is even (but not 2) so that the Z2
symmetry is non-anomalous and can be gauged. The partition function of the Z2 gauged
theory can be obtained by the orbifold technique:

ZM(p,q)/Z2 =

ZDq/2+1,Ap−1 when q = 0 mod 2
ZAq−1,Dp/2+1 when p = 0 mod 2.

(4.5)

The right-hand side is generically a non-diagonal modular invariant partition function of
D-series, but the exception is when q = 4 (or p = 4). Because A3 ∼= D3, A-series minimal
models M(p, q) are invariant under gauging Z2 global symmetry if and only if p or q is 4. In
other words, M(4, q) is self-dual under the Z2 gauging and it has a duality defect line N .
Moreover, we can show that the duality defect line N satisfies the Z2 Tambara-Yamagami
fusion rule such as η×η = 1, η×N = N ×η = N and N ×N = 1+η. This is nothing but the
fusion rule of the topological defect lines L(2,1) and L(3,1) preserved under the renormalization
group flow M(4k + I, 4) → M(4k − I, 4) induced by ϕ(1,2k+1).

After seeing how the duality line plays a significant role in the renormalization group
flows of M(4k + I, 4) → M(4k − I, 4) when k is an integer, let us briefly discuss the case
when k is a half-integer. Here, ϕ(1,2k+1) does not commute with L(2,1) and the only preserved
symmetry is L(3,1). Accordingly, there are no obstructions for the renormalization group
flows between any pair of p in M(p, 4). The simplest example would be M(3, 4) to “M(1, 4)”
induced by ϕ(1,2)(= ϵ), which is a massive flow. Physically, if we change the temperature
of the Ising model, the Kramers-Wannier duality is broken and the criticality will be lost.
See [4] for an interpretation of “M(1, 4)” from the viewpoint of the integral equations.

To conclude this subsection, we have summarized the renormalization group flows between
M(p, 4) in figure 2. As a physical application beyond the classic tri-critical Ising to critical
Ising flow M(5, 4) → M(3, 4), the fermionic version of the renormalization group flow
M(11, 4) to M(5, 4) was discussed in [38] to understand the fate of the non-supersymmetric
Yukawa fixed point.

4.3 M(5k + I, 5) → M(5k − I, 5)

We repeat our analysis on the renormalization group flows M(5k + I, 5) → M(5k − I, 5)
induced by ϕ(1,2k+1) that preserve a modular tensor category with the SU(2)3 fusion ring,
assuming k is an integer. Here, we have φ(5) = 4 distinct flows that cannot mix. The ’t
Hooft anomaly matching of the Z2 invertible symmetry distinguishes M(p, 5) with even p

and odd p, but the other non-invertible symmetries give a finer classification.
10This assumption is stronger than just assuming the deformation preserves Z2 invertible symmetry. For

the difference, see the example of half-integer k flows below.
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M(3, 4) M(5, 4)

M(7, 4) M(9, 4)

M(11, 4) M(13, 4)

M(15, 4) M(17, 4)

× × ×

(k, I) = (1, 1) (k, I) = (3, 1)(k, I) = (2, 3)

(k, I) = (2, 1) (k, I) = (4, 1)(k, I) = (3, 3)

· · ·

Figure 2. M(p, 4) are classified in terms of the spin contents and the quantum dimensions of the
duality defect N . They constrain the renormalization group flow like this figure. Dotted arrows are
possible in the half-integer k flow which does not preserve the duality defect lines.

p 2 3 4 6 7 8 9 11 · · ·
d(2,1) −ϕ−1 ϕ−1 ϕ ϕ ϕ−1 −ϕ−1 −ϕ −ϕ · · ·
d(3,1) −ϕ−1 −ϕ−1 ϕ ϕ −ϕ−1 −ϕ−1 ϕ ϕ · · ·
d(4,1) 1 −1 1 1 −1 1 −1 −1 · · ·

Table 5. The quantum dimensions of L(r,1) in M(p, 5) series.

The quantum dimensions of preserved non-invertible symmetries are given in table 5.
Here, ϕ = 1+

√
5

2 is the golden ratio. As discussed in section 3, not only all the quantum
dimensions are consistent with the proposed renormalization group flow, but L(2,1) gives the
strongest constraint such that it fully distinguishes our proposed renormalization group flows.

Let us also compute the spin contents of the preserved topological defect lines. On
HL(2,1) , the non-zero fusion coefficients are N

(2,1)
(1,m)(2,m), N

(2,1)
(2,m)(1,m), N

(2,1)
(2,m)(3,m), N

(2,1)
(3,m)(2,m),

N
(2,1)
(3,m)(4,m), and N

(2,1)
(4,m)(3,m), so we have{

±
(3p

20 − m

2

)
,±1

4(p − 2m),±
(7p

20 − m

2

)}
, (4.6)

where 1 ≤ m ≤ p − 1. Similarly on HL(3,1) , from the non-zero fusion coefficients N
(3,1)
(1,m)(3,m),

N
(3,1)
(3,m)(1,m), N

(3,1)
(2,m)(4,m), N

(3,1)
(4,m)(2,m), N

(3,1)
(2,m)(2,m), and N

(3,1)
(3,m)(3,m), we have{

±
(2p

5 − m

)
,±

(3p

5 − m

)
, 0

}
. (4.7)

Finally, on HL(4,1) , from the non-zero fusion coefficients N
(4,1)
(1,m)(4,m), N

(4,1)
(4,m)(1,m), N

(4,1)
(2,m)(3,m),

and N
(4,1)
(3,m)(2,m), we have {

±3
4(p − 2m),±1

4(p − 2m)
}

. (4.8)

The results are summarized in table 6. We note that the constraints from the quantum
dimensions and constraints from the spin contents are the same.
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p 2 3 4 6 7 8 9 11
HL(2,1) 0,±1

5 ± 1
20 ,±1

4 ,± 9
20 0,± 1

10 ,±2
5 ,±1

2 0,± 1
10 ,±2

5 ,±1
2 ± 1

20 ,±1
4 ,± 9

20 0,±1
5 ,± 3

10 ,±1
2 ± 3

20 ,±1
4 ,± 7

20 ± 3
20 ,±1

4 ,± 7
20

HL(3,1) 0,±1
5 0,±1

5 0,±2
5 0,±2

5 0,±1
5 0,±1

5 0,±2
5 0,±2

5

HL(4,1) 0 ±1
4 0,±1

2 0,±1
2 ±1

4 0,±1
2 ±1

4 ±1
4

Table 6. The spin contents of HL(r,1) in M(p, 5) series.

Since this is the first example of the appearance of p = 2 as in the flow M(8, 5) → M(2, 5)
induced by ϕ(1,3), let us comment on it. We will give more detailed discussions in section 4.4.
Unlike in M(p, 5) with p > 2, in M(2, 5), L(4,1) is identified with L(1,1) and L(3,1) is identified
with L(2,1), so we have only half of the preserved non-invertible symmetries in the infrared
compared with the ones in the ultraviolet. These symmetries may be spontaneously broken
or disappear. Note, in particular, that The Z2 invertible symmetry generated by L(4,1) is
non-anomalous, so it can simply disappear. Understanding the fate of these symmetries
requires dynamical analysis which is beyond the scope of our paper, but further discussions
follow in section 4.4.

Let us finally make a brief discussion on the half-integer k flow. The preserved topological
defect lines are L(1,1) and L(3,1), which form the fusion rule of M(2, 5) (Lee-Yang fusion ring).
It is also called the Fibonacci fusion ring (see the appearance of the golden ratio above).
There exist two distinct renormalization group flows depending on d(3,1), which is consistent
with the classification of the modular tensor category with the Fibonacci fusion ring. The Z2
invertible symmetry is broken by the deformation, but it reappears as an emergent symmetry.
This is how we can change the (non-)anomalous nature of the Z2 invertible symmetry along
the renormalization group flow.

4.4 Flows to M(p, 2) or M(2, q)

As far as the non-invertible symmetry goes, there is nothing wrong with our flows M(kq +
I, q) → M(kq − I, q) even when q = 2 or kq − I = 2. A closer look tells us, however, the
situation is more subtle essentially because there is no Z2 invertible symmetry in M(p, q)
when either p or q is 2. From the viewpoint of the topological defect lines, the would-be Z2
topological defect line L(q−1,1) is identified with the identity defect line L(1,1). In other words,
there exist no charged primary operators under the Z2 invertible symmetry.

By taking q = 2, our proposal suggests the existence of the renormalization group flow
M(2k+ I, 2) → M(2k− I, 2) induced by ϕ(1,2k+1). The case with I = 1, however, may sound
problematic because ϕ(1,2k+1) is outside of the Kac table. The most reasonable interpretation
is that the flow exists but the primary operator that induces the renormalization group flow
is a certain fine-tuned combination of ϕ(1,l) with l = 1, 2, · · · , k.11 Indeed, the numerical
analysis based on the truncated conformal space approach shows the existence of such flows
(for small k) [6, 7, 60]. Of course, we could be simply agnostic about these flows because
the argument based on the non-invertible symmetries does not give any constraint at all
here, but we are tempted to unify them within our proposal.

Another subtle case is q ̸= 2 but kq − I = 2. In this case, the question is about the
fate of the Z2 invertible symmetry. We start with the ultraviolet theory with a Z2 invertible

11Under the identification, this is equivalent to taking l = 1, 3, · · · , 2k − 1.
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symmetry and we add the deformation that preserves it. In the infrared limit, we end up
with the theory that does not possess any Z2 invertible symmetry. What happened to the
symmetry? One possibility is it is spontaneously broken. Another possibility is all the
charged operators are decoupled in the infrared limit. The latter is possible because the
Z2 symmetry here is non-anomalous.

In the massive flow example of M(4, 3) → M(2, 3) induced by ϕ(1,3) (formally k = 1,
I = 1 flow), where a Lagrangian description is available, both can happen depending on the
sign of the deformation. Regarding M(4, 3) as a critical ϕ4 theory, adding m2ϕ2 with positive
m2 gives decoupling of the Z2 charged field ϕ, and with negative m2 it gives spontaneous
breaking of the Z2 symmetry.

Physically M(2, q) can be realized in the multi-critical Lee-Yang fixed point in two
dimensions. So far, the canonical construction of the (multi-critical) Lee-Yang fixed point
was to start with the Z2 symmetric theory, say Ising model, and add the (imaginary) Z2
breaking interaction, say pure imaginary magnetic field, to get to the fixed point. This new
construction without explicitly breaking the Z2 symmetry is novel and worth studying further.

5 Discussions

In this paper, based on the study of non-invertible symmetries, we have proposed there
exist infinitely many new renormalization group flows between Virasoro minimal models
M(kq + I, q) → M(kq − I, q) induced by ϕ(1,2k+1). They vastly generalize the previously
proposed renormalization group flows in the literature.

One should be able to check our new renormalization group flows by using the conformal
perturbation theory or truncated conformal space approach [61–63]. Here, let us simply
observe that the deformation operator ϕ(1,2k+1) is more relevant when the separation of the
renormalization group flow given by I is larger. This agrees with our intuitive picture; the
more relevant deformations, the longer the renormalization group trajectory becomes. It
should also agree with the difference of the central charge at the fixed points. More recent
approaches to the renormalization group flow based on the boundary states and interfaces
can be found in [64–66], and they may be useful to understand our new renormalization
group flows better (see also the recent work [67]).

For a future direction, it is interesting to study the integrable structure of our new
renormalization group flows M(kq + I, q) → M(kq − I, q). As initiated in [51, 68] the
flows with I = 1 (or I = 1

2) can be described by the Thermodynamic Bethe Ansatz [69–75].
When I > 1, there seem to be no known descriptions in terms of the Thermodynamic
Bethe Ansatz, but the integral equations that describe the effective central charge along
the flow were proposed [4]. It should be interesting to generalize these works to our new
renormalization group flows.

Another direction to be explored further is a concrete realization of our new renormal-
ization group flows in statistical models or quantum field theories. It is known that any
(non-unitary) minimal models have a statistical model realization based on the Restricted
Solid-On-Solid (RSOS) model [76–79] (see also [80, 81] for the related spin chain construction).
It is interesting to understand the nature of the anomalous Z2 symmetries, duality defects as
well as general non-invertible symmetries preserved by our renormalization group flow.
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As for the quantum field theory realization, we are still in our infancy even more than
fifty years after the birth of conformal field theories. This is because the quantum field theory
descriptions (e.g. Landau-Ginzburg theory [82] or gauge theory [83]) for non-unitary minimal
models are largely unknown. We, nevertheless, note that 2d-4d correspondence [84] gives
realizations of certain (but probably not all) non-unitary chiral algebra from supersymmetric
conformal field theories in four dimensions. We hope our renormalization group flow may
become a breakthrough in this direction.

Concerning the explicit constructions of minimal models from known quantum field
theories, while our discussions focus on the infrared flow, it seems interesting to look at
the flow in the opposite way as an ultraviolet flow [85, 86]. Since the ultraviolet flow is
a non-renormalizable deformation, we may need some other input such as an integrability
to pursue, but once done, it should give a strong hint toward the quantum field theory
descriptions of the ultraviolet theory whose “Lagrangian description” were unknown.

Why do we crave Lagrangian descriptions of the Virasoro minimal models? We wish to
point out here that once the Lagrangian descriptions are available, we may generalize these
models in higher dimensions. When we obtain the higher dimensional fixed points, we can
ask whether the constraints on the renormalization flow from the non-invertible symmetries
can also be uplifted. Since we have less explicit constructions of non-invertible symmetries in
higher dimensions, this is an outstanding question to be pursued.
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