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Abstract We provide an improved definition of new con-
served quantities derived from the energy—momentum tensor
in curved spacetime by introducing an additional scalar func-
tion. We find that the conserved current and the associated
conserved charge become geometric under a certain initial
condition of the scalar function, and show that such a con-
served geometric current generally exists in curved space-
time. Furthermore, we demonstrate that the geometric con-
served current agrees with the entropy current in an effective
theory of a perfect fluid, thus the conserved charge is the
total entropy of the system. While the geometric charge can
be regarded as the entropy for a nondissipative fluid, its phys-
ical meaning should be investigated for more general cases.

1 Introduction

In curved spacetime, while the energy—-momentum tensor
(EMT) is covariantly conserved, defining conserved energy
from it remains challenging. If the background metric is time-
dependent, the energy of matter is generally not conserved.
To satisfy the total energy conservation in general relativity,
one might need to abandon the covariant definition of the
energy or the local definition of the energy density [1-9].
See Ref. [10] for a discussion on the relation between this
issue and Noether’s second theorem [11].

Recently, an alternative conserved current has been con-
structed from the EMT as J* := ¢T" ,v", where T* | is
the EMT, ¢ is a scalar function, and v* is a given time-like
unit vector field. The associated conserved charge in some
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examples can be regarded as an entropy [12]. In addition,
Noether’s first theorem for the global symmetry of matter in
a given curved spacetime guarantees this conservation [13].
In Ref. [12], however, it is not clear how to choose the vector
field v#* without referring to a specific coordinate system.

In this paper, we refine the proposal in Ref. [12], and per-
form further analysis to elucidate the nature of this new con-
served charge. We apply the proposal in Ref. [14] for the
perfect fluid to more general cases and choose a time-like
eigenvector u* of the EMT for v*. From the conservation
condition of J#, we determine the scalar function ¢ explic-
itly, leading to the geometric expressions of the conserved
current (16) and charge (17). While we implicitly use the
covariant conservation of the EMT to specify properties of
ut, J* is shown to be conserved without using equations of
motion. Note also that our analysis can be applied not only
to a background metric but also to dynamical one related to
the EMT through Einstein equation. We show that this geo-
metric conserved current is generic, and becomes the entropy
current in the case of the perfect fluid. Some implications of
our findings are also discussed.

2 Conserved current and conserved charge

2.1 Decomposition of energy—momentum tensor

We start with the EMT in a d-dimensional curve spacetime
given by

T} = eutu, + P, (1
where ¢ is the energy density whose eigenvector is uniquely

given by a future-directed time-like unit vector u*, and the
pressure tensor P)' satisfies u, P}’ = Pj'u’ = 0, so that

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-025-14138-5&domain=pdf
http://orcid.org/0000-0002-8515-4388
https://orcid.org/0000-0001-7534-6418
https://orcid.org/0000-0002-1167-9640
https://orcid.org/0000-0001-9815-7388
mailto:saoki@yukawa.kyoto-u.ac.jp
mailto:yoshimasa.hidaka@yukawa.kyoto-u.ac.jp
mailto:kkiyoharu@kias.re.kr
mailto:kengo.shimada@yukawa.kyoto-u.ac.jp

419 Page2of8

Eur. Phys. J. C (2025) 85:419

it is decomposed as P, = Py + hyyP with P o=
hag PP /(d — 1) and Py = hyuahus(PYP + PP¥) /2 —
hy P. We here define hy,, := gy + uyu,, where g, is the
spacetime metric with the signature (—, +, +, - - - , +), and
we do not have to specify a coordinate system for g,,, as long
as Eq. (1) is satisfied. This type of EMT is a generic one at
d = 4, which describes not only massive matters but also
massless ones except in special cases, and is called the type
I of the Hawking-Ellis classification [15,16]. In this paper,
we exclusively consider this type of the EMT with the time-
like u** at an arbitrary spacetime dimension d. In addition to
the EMT, which satisfies V, T} = 0, there may be [ con-
served currents Ni” associated with some global symmetries
asVMNi“ =00G=12,...,0).

2.2 Curves for u** and a family of hyper-surfaces

We first pick up one (d — 1)-dimensional space-like hyper-
surface H;_1 on which the EMT is non-zero. Therefore,
ut(x) # 0 exists for Yx € Hy_1. Since the hyper-surface
Ha—1 is (d — 1)-dimensional, an arbitrary point x p in Hg_1
can be parametrized by anew (d — 1)-dimensional coordinate
yi(a=1,2,...,d — 1) such that Hy_y = {xh(y)|y €
H;_1}, where Hy_1 is a (d — 1)-dimensional subspace of
R4~ Note that H,_; may be disconnected or non-compact
such that Hy_; = R9—1,

We introduce the timelike curve through a point xp(y) €
‘Ha—1 parametrized by t, which satisfies

dx*(z,
%w“(w(r, M), x40, y) = x(). ®)

This can be integrated as

(T y) = X () + /0 dn ut (x(1, y)) 3)

for both positive and negative values of t. Hereafter, sim-
plified notations such as u*(z, y) := u(x(z, y)) or similar
ones should be understood. In this paper, we assume that
e(t,y) at Vy € Hj_ never vanishes for T € R, though it is
very likely due to V,, T} = 0.

We now define a family of space-like (d — 1)-dimensional
hyper-surfaces as Hy—1(7) := {x"(r, y)|31, Vy € Hy_4 },
and H;—1(0) = Hy—1 by definition. A d-dimensional space-
time region M, associated with non-zero EMT is now given
by a foliation of Hy_1(7) in terms of 7.

So far, we do not specify a coordinate system, but it may
be convenient to take a ((d — 1) + 1)-decomposition ¥4 =
(%9, %) such that T = £ (%) with f'(°) > 0, where the
prime denotes the derivative with respect to ¥ and 3¢ = y¢
witha = 1,...,d — 1 (See Fig. 1.) Then, the metric on M
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Fig. 1 A d-dimensional spacetime region M,(t1, 72) and a hyper-
surface Hy—1(7) in it. The curves generated by the vector field u* are
not parallel to its unit normal n, o« —0d,7 in general. The time-like
boundaries d; My are tangent to u*. For simplicity, we here plot a case
with ¥ = 7

is given by

gapditdi® = —N?(di%)? + hap(d7® + N2d7°)
x (dx? 4+ N?dz0), “4)

where the induced metric on Hy—1(t) is given by hgyp =
g,weffez with e} := 9x*/dy®, the shift vector by N¢ :=
h“bf’gwu“el‘; with h4? being the inverse of h,p, and the

lapse function by N := /(") + N, N¢. In the matrix nota-

tion, we write

- (—N2+NQN“, N,,)
8AB = s

Naa hab
. 1 (-1, NP
gAB=m<Na’NZBab>’ (5)
where
v 9 b NaNb
Bab . guVLL — pab _ . (6)

dxH 9xVv N2

In this case, the future-directed unit normal to the constant °
hyper-surface Hy_1(7) is expressed as g = —N 8% while
i = urt9xA/9x" = 8§'/f by definition, so that u - n =

—N/f".

For later uses, we introduce a scalar K = gH"V,u,,
which can be expressed as
K = dput +uhT",, = du” +u"d,In/~g, @)

where I'") ) 1= g”’x(%g;\p + 0p8rv — 018up)/2. In the A
coordinate system with the metric (5), we find aid =
—i%94In f' = —3;In f’ and § := det 45 = —N>h with
h := det h,p; therefore,

K = 3: In[(N/f")~h] = 3 In[(—n - u)v/h] . (8)
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2.3 Conserved current and charge from the EMT

As mentioned in the introduction, the energy defined from
the EMT is not conserved if the spacetime metric does not
allow for the time-like Killing vector. While one may include
missing contributions from gravitational fields to make the
total energy conserved, it is difficult to do it covariantly [10].
In this section, we instead propose an alternative conserved
charge [12], which can be defined from the (matter) EMT
alone without contribution from gravitational fields.

We first construct a current from the EMT, a vector v
and a scalar function ¢ as J*(x) := T (x)¢ (x)v" (x), which
we require to be covariantly conserved as V,, J#* = 0. This
construction of a conserved current with a scalar function ¢
has been proposed previously in Ref. [12], ! but a choice of
v"* was not explicitly given in the proposal. In this paper, we
propose v* = —u*, the time-like unit eigenvector u** of the
EMT, which gives J#* = e(x)¢(x)u*(x), and the proposal
becomes coordinate independent. The use of u* from the
perfect fluid has been proposed first in Ref. [14]. See also
Ref. [18].

2.3.1 Determination of ¢

The conservation condition applied to J* results in

which can be solved as

T
&(t, y)¢(z, y) = €(0, y)¢(0, y) exp [—/0 dnK (n, y)} :
(10)
where ¢(0, y) is an initial value of ¢ at t = 0. Using the

expression of K in Eq. (8) and noticing that (—n - w~h >0
by definition, we obtain

s(T,y) : =¢(t, y)e(r, y) = £(0, y)e(, y) Vh(=n - u)(t, y)

Y

which leads to the following expression of the conserved
current,

JE(T, y) = s(r, yul(z, ) .

Note that the initial condition s(0, y) := ¢(0, y)e(0, y) is
controlled by ¢ (0, y).

12)

U'In the case of time-dependent but spherically symmetric 4-
dimensional spacetime, the conserved current proposed in Ref. [17]
agrees with J# in this construction if the Einstein tensor is replaced by
the EMT through the Einstein equation.

Vh(=n - u)(0, y)

2.3.2 Conserved charge

We take a spacetime region M (t1, 72) as a foliation of
Ha_1(7) at T between 71 and 72 (11 < T): My(t1, 1) ==
{Hi—1(t) | 11 <t < 1o}. Thus, (d — 1)-dimensional bound-
aries of M (1, 72) consist of two space-like hyper-surfaces,
Hai—1(71) and Hy—1(12), plus a time-like one, 9, M4, whose
normal vector is orthogonal to u* everywhere on d; M, as
depicted in Fig. 1. If the parameter space Hy_; is not sim-
ply connected, d;, M is not connected, or 9, My = ¢ may
happen in some cases.

Integrating V, J* = 0 over this region with Gauss’s the-
orem, we obtain

/ dx =gV I" = Q(Hg—1(12)) — Q(Hg_1(11))
My(t1,12)
+f A%, J"* =0, (13)
s My
where

O(Hy_1(v)) = / 4z, J*, (14)

Hy-1(7)

and dX, is a (hyper-)surface element on each boundary.
Since d%, J#* o« dX, ut = 0 on 93 My, the last term in
Eq. (13) vanishes. Therefore Q(7) is t-independent, and we
thus denote Q(Hy—1(r)) = Q. This charge can be under-
stood as a kind of conserved charge derived from Noether’s
Ist theorem [11] in the presence of the local symmetry [13].

As the charge in Eq. (14) is covariantly defined, we can
express it in the ¥4 coordinate using Eq. (12) as

0 =/ 41y 50, y)Wh(=n - u)(0, y), (15)
Ha-1(0)

which is indeed t-independent, where we use dX¥, =
—ny hd?='y. One can consider infinitely many conserved
charges depending on values of ¢ on a specified “initial”
time-slice. To be explicit, we have taken H;_1(0) as this ini-
tial slice in Eq. (15). As can be seen from Fig. 1, the charge
Q defined on an arbitrary space-like hypersurface instead of
Ha—1(0) takes the same value, as long as it covers a whole
region.

2.3.3 A choice of an initial condition

We now discuss a choice of s(0, ), an initial condition for
s(t, y), which is scalar under the coordinate transformation
of y. Asimplestchoiceis s (0, y) = 1,equivalentto (0, y) =
1/£(0, y), which leads to a current and the corresponding
charge as

_ Vh(=n-w)(0. )

JH(z, =
AR Ay T—y—

ut(z, y), (16)

@ Springer
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0= / dVy Vh(=n - u)(0, y). (17)
Ha-1(0)

We call the former the geometric current since it does not
depend on the energy density e(t, y). The charge Q in (17)
is invariant under the coordinate transformation of y, thanks
to a presence of +/%(0, y) in the integrand. As we will show
later, we can construct an effective theory for the perfect fluid
on a curved spacetime, where the entropy current corresponds
to the geometric current J* defined above.

Another choice is s(0,y) = (0, y) (i.e. ¢(0,y) = 1),
whose corresponding charge becomes

0 = f dy (0, y)Vh(—n - u)(0, y). (18)
Ha-1(0)

The conserved charge Q’, however, is physically trivial, since
it is the total static energy (mass) at t = O but may not be
equal to the total static energy at T # 0. We, therefore, do
not consider Q' in this paper.

2.3.4 Geometric expression of conserved currents

As mentioned before, there may also be / conserved currents

Ni“ in the system (i = 1, 2, ..., /), which can be written as
N*

NI = Nuul', Nj:=\/=N;i-N;, u’ == ST (19)
l

As in the case of u*, we can introduce a new coordi-

nate (t;, y;) associated with uf‘ . The covariant conservation
lj, _ . .

Vi N;" = 0 implies

IN;
8—’ + NiK; =0, K;:=Vul, (20)
Ti

which is solved as

Vhi(—n; - u;)(0, y;)
Vhi(=n; - ui) (T, yi)

and the corresponding charge,

Ni(zi, yi) = Ni(0, yi) 21

d?=Yy; Ni (0, yi)vhi(—n; - u;) (0, y;).
Ha—1(7i=0)

Qi =
(22)

is a conserved (Noether) charge, and thus physically mean-
ingful.

We can also define the geometric current as in Eq. (16),
however, this is redundant as it can be derived as the ordinary
Noether current in this case.

@ Springer

3 Geometric conservation and entropy

In this section, we discuss the physical meaning of the geo-
metric current (16). We show that the conserved current and
the charge become the entropy current and the total entropy,
respectively, in an effective theory of a perfect fluid.

3.1 Geometric conservation

To obtain the geometric conserved current (16), an essential
property of the EMT is to provide a time-like unit vector
field u*(z, y) such that e(z, y) # O at "z for y € Hy_; and
e(r,y) =0at "t for y ¢ Hy_y, while the detailed structure
of the EMT is irrelevant. We here argue that the existence of
such a vector field generally leads to a geometric current and
charge.

Given such a vector field u* satisfying the above condi-
tion, we have the same type of decomposition as before, and
accordingly, the (d — 1)-tensor B introduced in Eq. (6).
Then, we can construct

f 1
b := v det Bab = = 23
RN R TEe >
and
JH(T,y) =but ., b:=b(t,y)/bQ,y), (24)

which is equivalent to the current given in Eq. (16) and the
covariant conservation V,,J* = 0 holds as before.’

To make it easier to see the conservation, we give an alter-
native expression of J# with the Levi—Civita tensor € with

€01--d—1 = o/ —8§"

g 1 1 1

X 86Vlya1 30@)’“2 e aad,lyadfl ) (25)

2 One can prove the covariant conservation differently: The inverse of

B4 satisfies

Babauyaauyb = guv tuyuy,

since (Babauyaavyb) 88,y = BupBb9,y" = 8,y° and
(Bap0py” Buyb) u” = 0. Therefore,
1
UVab = SbBupu™Vo B = —bg™ (V%) Bupuy“d, "
= _bguv(vuua)hav = —bK,
where we have used u® V9, y* = u*V,, 0,y = —(V,u*)dyy*. Since

UtV b(0, y) = 0, we have V,, J* = Vb + bV,ut)/b(0, y) = 0.



Eur. Phys. J. C (2025) 85:419

Page 50f8 419

where € denotes the Levi-Civita tensor in the ¥# coordinate.>
Since et % %d-1V, 9, y* = 0 and J*9,y* = 0, we get
vV, J* =0,

3.2 The geometric charge for the perfect fluid

We now consider the physical meaning of this geometric
current J* in the case of the perfect fluid given by T}' =
sutu, + Pu'u, + 84 with the pressure P, whose conser-
vation leads to 9;& = —(¢ + P)K. The (d — 1)-dimensional
“comoving” coordinate y is regarded as the label of fluid
element.

For simplicity, we assume that there exists only one
other conserved current NfL which is proportional to u" as
N{L = Nju", where N is the corresponding charge den-
sity, though an extension to more than one conserved current
is straightforward as long as all currents are proportional to
ut*. The corresponding conservation equation then becomes
V,N{' =0, Ny + N\K =0.

3.2.1 The conservation of entropy and an effective theory

We define an entropy current as s#* := su'*, where the entropy
density s is supposed to satisfy thermodynamic relations,
givenby T'ds = de — p1dNyand Ts = ¢ + P — 1 Ny with
T being the temperature and 1¢1 being the chemical potential
for Nj. Then, it is easy to see that the entropy current is
conserved as

_— as LSk 1 [0e 0N, LSTK
sH=—4+sK==|——ur— +s
’ ot T \ ot at ot

K
7 (6= P+ uNi+5T) =0, (26)

Conservation of entropy in a perfect fluid can also be
understood using the effective theory [19-21]. The entropy
current in the effective theory approach appears to be only
invariant under the (d — 1)-dimensional volume-preserving
diffeomorphism because of the gauge-fixing such that the
comoving coordinate volume of a fluid element coincides
with the amount of entropy carried by that fluid element. In
this subsection, we show that, with a choice of the coordinate
such that vh = (—n - wlatt =0 leading to »(0, 7) = 1
and b = b, the geometric current (16),

3 It can be obtained from J* = b8! u” with the identity

Bl = — PPy, (= 1)

1 Pd—1 ~A . ~Ag-12 a
PPt g, FALL g, R A, 9EA

(d— D! axv”’

and the definition 4 = 86‘.

1

Vh(—n -u)(t, y)
=b(t,y) x ut(t,y), (27)

JMt, y) = ut(z,y)

corresponds to the entropy current obtained in the effective
theory. Then, the total entropy is given by the corresponding
charge,

0= f a1y, (28)
Ha-1(0)

We require that the perfect fluid should have the internal
symmetries y¢ — f%(y) with det(df¢/dy?) = 1 and ¥ —
¥ + g(v). Then, these symmetries imply that the effective
action is given by a function of b = ~/det B and 7 =
ut9, ¥ atthe leading order of the derivative expansion. Using
this symmetry we construct an effective theory for the perfect
fluid on a curved spacetime, whose action is given by

S = fddx«/_—gF(b, 2). (29)

The degrees of freedom are (d — 1)-scalar fields y“ (x), which
describe the comoving coordinates of the fluid element and
phase field ¥ (x). As already seen, J* = bu' is covariantly
conserved. The field ¢ is a phase variable corresponding
to the conserved current N f , since the action is invariant
under the constant shift of ¢ as 1 — ¥ + ¢. The associated
conserved current is obtained from the action as N {‘ (x) =
d; Fu', so that the charge density is expressed as N| = F, :=
o, F.

3.2.2 The entropy as the geometric conserved charge

We are going to show that J# is the entropy current for the
perfect fluid, i.e., b = s. The EMT is evaluated as

2 2F, o(J*d
TH(x) i= —— () :gMVF+_ZM
=8 3guv(x) b 0guv
ab
— 2(F;z — Fpb) ; (30)
boguy

where we have

ab b b
—__B o v{a agy b:__ v Hyvy.
9% 7 Babg™" 8" duy ey 2(g +utu)

(31)

Since the combination €y4,qy...a;_; /+/—& in Eq. (25) is inde-
pendent of the metric, we have J#* o« 1/,/—g and

0 duy) bz

my 32
D2 58 (32)

@ Springer
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Thus, the EMT becomes
T} = (F — Fpb)8ly + (Fy,z — Fpb)utu,, (33)

which leads to ¢ = F,z — F and P = F — Fpb, in
addition to N1 = F, obtained before. These expressions
give de = zdN| — Fpdb, which should be consistent with
de = w1dNy1 4 Tds. Therefore, we find

s=b, T=-F,, pn=z, 34

which correctly reproduce thermodynamic relation as & +
P —u Ny =—Fpyb=Ts.

We therefore conclude that the conserved geometric cur-
rent (27), and hence, its covariant form (16) without gauge
fixing is the entropy current as J* = bu* = su* in the
case of the perfect fluid, so that the corresponding geometric
conserved charge is the total entropy. It was argued that the
conserved current can be identified with the entropy current
for the perfect fluid in Ref. [12], whose choice for the vec-
tor happens to become u** in this case. In Refs. [14,22], the
conserved current from the choice of #* has been explicitly
constructed for the static and spherically symmetric perfect
fluid and shown to become the entropy current with an appro-
priate choice of the temperature.

Since the entropy is conserved for the perfect fluid, or
more generally, non-dissipative fluid, it is not surprising that
it agrees with the total charge Q in curved spacetime.* To our
surprise, however, the total charge Q is always conserved
even in cases where entropy conservation is not expected.
Currently, we do not have a good interpretation of Q beyond
perfect (or non-dissipative) fluid, but the formula

0= Vh(—n )0, y)d*y (35)
Ha-1

suggests that it measures a geometric quantity associated with
the matter flux u*, which interestingly becomes the total
entropy for non-dissipative fluid.

In the case of general relativity, the EMT generates a
curved spacetime through the Einstein equation. Thus, the
geometric charge Q is the source for gravity, which we may
call the gravitational charge [18,24]. In the case of the non-
dissipative fluid, the entropy is the source of gravity, which
reminds us of a statement that the gravity is an entropic
force [25,26]. More we understand Q, more we know the
nature of both entropy and gravity.

4 InRef. [23], the entropy in the flat spacetime is regarded as the Noether
charge.

@ Springer

3.2.3 Stefan—Boltzmann law

In this subsection, we derive the Stefan—-Boltzman law for
the perfect fluid using our interpretation that s(z, y) in (12)
is an entropy density. For the case of the expanding Universe,
see Ref. [24].

Assuming an equation of state (EOS) that P(r,y) =
(T, y)e(t, y), together with ;& = —(e + P)K from the
conservation of the EMT, we obtain

e(t,y) = &(0, y) exp [—/O dn{l +w(n, y)}K (1, y)] ,
(36)
where K (1, y) is given by Eq. (8).

We now consider the time-independent EOS as w(z, y) =
w(y), which leads to

g(0, y)\' T
g(z, y)) '

e(r,y) =¢(0,y) ( (37
where we introduce a short-handed notation that g(z, y) :=
Vh(=n-u)(z, y). The thermodynamic relation in the absence
of the conserved charge such as particle numbers reads
e(t,y)

e+ P
T (r,y) = +w(y))T(T’ 5 (38)

s(t,y) =

Combining these with s(t, y) = ¢(z, y)e(r, y) and the rela-
tion (11), we obtain

T(‘L’ y) 1+1/w(y)

e(r,y) =¢(0,y) < ’ ) , (39
70, y)

which is the Stefan—Boltzmann law, where

T(0,y) =¢, )1+ (). (40)

Indeed w(y) = 1/(d — 1) = 1/3 at d = 4, it becomes

0,
(1. y) = osNTH (T, y). ou(y) = ;nyy)) (41)

This analysis also shows that ¢ is proportional to the
inverse temperature and its initial condition determines the
initial temperature from the energy density ¢ as

I (1+oO)

0.y) = -
(O =205 = 10,y

; (42)

and the time dependence of the temperature is determined in
such a way that the entropy is conserved as

o(y)
(0, y)) _ 43)

T(r,y)=T(,y) (
g(t,y)
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4 Discussion

In this paper, we refine the proposal in Ref. [12], which pro-
vides a new conserved current and charge in curved space-
time, including general relativity. With an appropriate ini-
tial condition of ¢, the conserved current become geomet-
ric as given in Eq. (16), and thus the conserved charge
(17) just counts the total “number” of stream lines u”, so
that the conservation looks trivial. Indeed, this conserved
charge becomes the number of particles for the system of
massive particles interacting with each other only through
gravity [24]. Surprisingly, however, the geometric conserved
current agrees exactly with the entropy current in the effec-
tive theory of the perfect fluid, so that the total charge is
the total entropy in the system. Once the vector u** from
the EMT and n** and h from the metric are given analyt-
ically or numerically, the entropy distribution over space-
time can be easily determined by the simple formula that
s(t.y) = Vh(=n - u)(0, y)/Vh(—n - u)(t, y).

It is important to investigate the physical meaning of the
conserved current (16) and charge (17) in the case of the dis-
sipative fluid, where the entropy is generally not conserved.
The conserved charge may become trivial such as the total
entropy at T = 0, which however can increase at T > 0. See
Q' in (18), the total rest energy at T = 0, for such an example.
Or the geometric conserved charge for the dissipative fluid
may allow an interesting physical interpretation, which may
lead to a deeper understanding of gravitational interactions.
We leave this interesting question to future studies.
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