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Nuclear spin metrology with nitrogen vacancy center in diamond
for axion dark matter detection
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We present a method to directly detect the axion dark matter using nitrogen vacancy centers in diamonds.
In particular, we use metrology leveraging the nuclear spin of nitrogen to detect axion-nucleus couplings. This
is achieved through protocols designed for dark matter searches, which introduce a novel approach of
quantum sensing techniques based on the nitrogen vacancy center. Although the coupling strength of the
magnetic fields with nuclear spins is three orders of magnitude smaller than that with electron spins for
conventional magnetometry, the axion interaction strength with nuclear spins is the same order of magnitude
as that with electron spins. Furthermore, we can take advantage of the long coherence time by using the
nuclear spins for the axion dark matter detection. Our method has the potential to be sensitive to a broad
frequency range <100 Hz corresponding to the axion mass m, <4 x 10713 eV. We present the detection
limit of our method for both the axion-neutron and the axion-proton couplings and discuss its significance in
comparison with other proposed ideas. We also show that the sensitivities of the NV center sensor to various
spin species will open up new directions for constructing protocols that can mitigate magnetic noise effects.
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I. INTRODUCTION

The existence of dark matter (DM) is one of the most
important hints of new physics in particle physics. While
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the relic abundance of DM in the current Universe is known
through various cosmological and astrophysical observa-
tions, such as the galaxy rotation curve, weak gravitational
lensing, and the cosmic microwave background (see,
e.g., [1-9]), other properties of DM remain unrevealed.
One approach to study these properties is through direct
detection of DM in lab-based experiments. Given the
variety of DM candidates that can explain the relic
abundance, numerous approaches have been taken to
investigate different types of DM interactions with standard
model (SM) particles (see [10—12] for a review).

Published by the American Physical Society
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Among various DM candidates, the axion stands out as a
promising candidate, motivated by several contexts. The
term “axion” can refer to the quantum chromodynamics
(QCD) axions, such as those proposed in [13—-16], which
are introduced to solve the strong CP problem [17-19], or
the axionlike particles, which represent a broader set of
pseudoscalar particles often predicted in low-energy effec-
tive theories emerging from the string theory [20-28].
Generally, the axion interacts with SM gauge bosons and
fermions, each interaction controlled by a model-dependent
coupling constant. Therefore, developing various strategies
to investigate different couplings is essential to discover
axions and differentiate between axion models.

In this paper, we explore the nitrogen-vacancy (NV)
center in diamond, a well-studied multimodal quantum
sensing device, as an apparatus for axion DM searches.
Unlike a previous study [29], where some of the authors
used NV center metrology based on electron spins to detect
DM signals, we utilize the nuclear spin of the '“N atom to
search for signals induced by axion-nucleus couplings.
This approach aims to constrain the axion-neutron coupling
Jann and the axion-proton coupling g,,,, which are
independent of the constraint on the axion-electron cou-
pling ¢,.. obtained in [29]. Our method can be viewed as
magnetometry based on nuclear spins. Although this
procedure is not well suited for detecting ordinary magnetic
fields due to their weak coupling to nuclear spins, it is
crucial for axion DM searches because g,,n> Japp» and Gyee
are independent parameters.

The rest of the paper is organized as follows. In Sec. II,
we review NV center metrology, starting with an overview
of the NV center system (Sec. II A) and explaining the
protocols used for dc (Sec. IIB) and ac (Sec. 1IC)
magnetometry. Section III reviews axion properties, where
we derive the axion interaction Hamiltonian with elemen-
tary particles (Sec. Il A) and the '*N spin (Sec. III B). We
discuss our detection limit estimation in Sec. IV and present
constraints on the axion coupling constants in Sec. V.
Finally, we provide concluding remarks in Sec. VI

II. NV CENTER METROLOGY

A. NV center in diamonds

The NV center is a complex composed of a substitutional
nitrogen and an adjacent vacancy. Among the various
possible charge states, NV~ is often used for quantum
sensing, where two remnant electrons are localized to the
position of the vacancy. These two electrons form the
orbital-singlet, spin-triplet system at the lowest energy
levels. The other possible combinations of angular
momenta, which include the orbital triplet and/or the
spin-singlet states, correspond to excited states. The elec-
tron system is excited to an orbital-triplet state by injecting
532 nm green light, which can relax either directly with
emitting 600-800 nm red light or through spin-singlet

states with emitting infrared light. Since the probability of
direct relaxation depends on whether the initial state of the
two-electron spin S is |$° = 0) or |$° = +), we can read
out the spin state information through the fluorescence
measurement. When relaxing through the spin-singlet
states, the electron spin usually ends up in the lowest
energy state |S° = 0), thus making the whole procedure
work also as laser cooling.

In addition to the electrons at the NV center, the
substitutional nitrogen also possesses a (nuclear) spin
degree of freedom, /. Since ~99.6% of the nitrogens in
nature are "“N with spin / = 1, we focus on this isotope.
Including the hyperfine interaction between the electron
and nuclear spins, the dynamics of the NV center spin
system is governed by the Hamiltonian

where the first (second) term corresponds to the interactions
parallel to (perpendicular to) the z-axis, which is defined by
the NV axis.' They are given by [34]

Hy = DgS™ + QoI + B (y.S* + yyI*) + A|S°I%, (2)
H =y.B -S  +yyB -1, +A, S, -1, (3)

where B is an external magnetic field, while the subscript |
of a vector denotes components perpendicular to the z-axis.
Ay ~27 x2.87 GHz and Qy =~ —27 x 4.95 MHz are the
zero-field splitting of electron spins and the nuclear quadru-
pole interaction parameter, respectively. The gyromagnetic
ratios for electron and nuclear spins are given respectively by
Ve =27 x 28 GHz/T, yy =27 x 3.08 MHz/T [35]. The
size of the hyperfine interaction is measured as A| =~ =27 x
2.16 MHz and A| = —2x x 2.62 MHz.

The quantum state of electron and nuclear spins
can be manipulated by the Rabi cycle. To see this in more
detail, let us first pick up two of the electron spin states, say

|S* = —,0), and two of the nuclear spin states, say
|I° =0,+), to constrain ourselves to an effective two-
qubit subsystem spanned by {|S%[¢) =]-0),|—+),

|00), |0+) }. For later convenience, we assume the decom-
position B = By2 + B cos wt with 2 the unit vector along

the z-axis. If we treat H |, or B 1 and A |, as a perturbation,
four states labeled by |S</¢) are energy eigenstates, whose
energy levels are shown in Fig. 1 with A = Ay —y,.B, and

1According to this definition of the z-axis, four different
configurations of the NV center in the diamond lattice are
effectively distinguished by choosing four different sets of local
coordinates, resulting in different effective magnetic fields. This
affects the resonance frequency of the Rabi cycle we will discuss
below, thus the succeeding spin operation is effective only for a
part of four configurations. However, note that the orientation can
be aligned with a specific fabrication process [30-33].
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FIG. 1. Energy levels of the two-qubit subsystem, with A and O
described in the text, and A the size of the hyperfine splitting.

0 = Qg+ ynBy. The effect of the oscillating transverse
magnetic field is described by the effective Hamiltonian

1 - 1 -
Heff(t) = —}/e(BL : Ge) + _yN(BL : Gn) cos wt, (4)

V2 V2

up to constant terms, where 6, and &, are Pauli matrices ¢
acting on the corresponding qubit |e) € span{|S* = —,0)}
and |N) €span{|I* =0, +)}, respectively. In the vector

space with the basis choice of {| —0), | — +), |00), |0+)},
we obtain the matrix representation
0 wB™ v.B~ 0
1 B* 0 0 B~
Her(1) = —= o d cos wt,
V2| 7.B" 0 0 yyB”
0 yeBT yyBt 0
(5)

with B* = B* £ iB>.

It is convenient to work in the interaction picture
with H| treated as the unperturbed Hamiltonian. The
effective Hamiltonian is then given by H.x(t) =
M H (1) e M1 or

0 7/IVB—el(—QJrAH)I }/eB—eiAt O
B 1 Bte i(-0+A)) 0 0 B el(A-A)t
Ha()=— | ™ n e . cos wt. (6)
V2 Y Bte A 0 0 ynyB e ¢!
0 7/eB+e—i(A—AH)t 7/NBJreiQt 0
[
By noting that the fast oscillation terms in the above  of |S¢° = +) and/or |I* = —) take different values under

expression can be neglected, it becomes clear the oscillat-
ing magnetic field drives transformation between two
energy levels whose energy gap is close to the oscillation
frequency w. For example, if we start from |y(r = 0)) =
|0+) and choose @ = A — A, which is typically in the
microwave frequency range, the dynamics of the quantum

state are given by
) = exp (7B ) ('@j )

Thus, a manipulation of the electron spin state that only
affects states with |[I° = +) is possible. Similar dynamics
controlled on |I¢ = 0) are realized with the choice w = A.
If we choose @ = —Q instead, which is typically in the
radio frequency range, the dynamics are expressed as

lw (1)) = exp (\%mg’i : 3t> <||(())i>> )

Thus, a manipulation of the nuclear spin state that only
affects states with |S%=0) is possible also. Similar
dynamics controlled on the |S% = —) state are realized
with the choice @ = -0 + A). Note that energy gaps
relevant to the neglected five energy eigenstates composed

(8)

nonzero B(, so we can stick to the effective two-qubit
system of the total Hilbert space by simply restricting
ourselves to the four relevant frequencies, i.e. A — A, A,
—Q, and —Q +A||.

The dynamics described in Eq. (7) [Eq. (8)] with B XX
and J represent the (controlled-)R, and R, gates acting on
the qubit |e) (]N)), respectively, with a tunable rotation
angle @ = v/2y,B 1 (0 = \/2y,B, t). As is well known, by
combining R, and R, gate operations one can construct an
arbitrary SU(2) operation acting on the target qubit. By
also noting that the controlled-R, gate with 6 =z (or
simply z,) works as the CNOT gate up to a global phase
factor, an arbitrary SU(4) operation on the two-qubit
system can in principle be implemented [36]. Finally,
projection measurement of the nuclear spin qubit |N)
can be performed by combining the CNOT gate acting on
the electron spin and the preceding fluorescence measure-
ment [37]. Physically, this final CNOT gate operation is done
with a z-pulse with frequency A so that the electron spin
state is excited only when the nuclear spin state is |0). In the
qubit picture, signal strength of the fluorescence measure-
ment is characterized by

©)
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where |@) is the qubit state of the electron or nuclear spin
depending on the setup.

Thanks to the available spin state manipulation and
measurement described so far, the NV center works as a
multimodal quantum sensor [34]. Technologies to realize
the high nuclear-spin polarization via CNOT gates, €.g., near
99% was demonstrated for single nuclear spins [38], make
it possible for the nuclear spins to be properly initialized.
Additionally, we can operate with either a single NV center
or an ensemble of NV centers [39,40]. In this paper, we
focus on the latter choice with which a large number of NV
centers, N > 1, helps improve the sensitivity by accumu-
lation of large statistics.

B. Dc magnetometry

Now, we describe the so-called Ramsey sequence [41]
used for dc magnetometry. Throughout this and the
next subsections, we focus on the evolution of a qubit
state |@(t)), which can be either the electron or nuclear
spin state. In the matrix representation, we use the basis
{|8%) =|-),]0)} for the electron spin and {|I) = |0), |+)}
for the nuclear spin.

The Ramsey sequence is sensitive to a dc-like magnetic
field B,(r)2 along the z-axis.” Let H,,(r) be the corre-
sponding interaction Hamiltonian in the interaction picture
defined as

. 1

Hin(1) = 37B, (1)o7, (10)
where y =y, or yy is the suitable choice of the gyromag-
netic ratio. Starting from the lower level |@(0)) = (0, 1)T,
the qubit state evolution under the Ramsey sequence is
given by3

o) = 1 exp (=i ["antt0)w2( 1), (1)

where 7 is the time duration of free precession, while R?
(@ = x, y) denotes the corresponding R, gate operation
represented in matrices as

[ Faain @
COS 5 —181n3
9 2 2
RX - < . .0 0 )’ (12)
—1 Slnz COSE
[ i 0
COS5 —SIns
0 2 2
RY = ( 2 , ) (13)
sSin 3 COS 3

2 2

The magnetic field in the xy-plane can be neglected as long as
its oscillation frequency is far from the energy gap of the qubit
system. See the calculation of the Rabi cycle.

*In this expression and the later discussion, we neglect the time
spent on gate operations for simplicity. It is a reasonable
approximation when the amplitude of the magnetic pulse used
for spin operations is large enough as can be seen from Eq. (8).

A

) —o
T

IN) 4 R}/? H R H RT/?

FIG. 2. The protocol of dc magnetometry using nuclear spins.

If the signal magnetic field oscillates slowly as B,(z) =
BYcos(et + ¢), the signal strength of the fluorescence
measurement for the state |@(z)) is explicitly calculated as

F~ % [sin(er + ¢) —sin ], (14)

under the assumption of F' < 1. It takes a constant value
F — yBY%7cos¢/2 at € — 0, while the cancellation of fast
oscillations leads to an asymptotic behavior F o ¢! when
et 2 1. Thus, this approach is effective for a dc-like signal
with an angular frequency ¢ <« 1/7.

When considering an ordinary magnetic field, electron
spins are more useful than nuclear spins to obtain a sizable
effect within a fixed time duration z due to the hierarchy
7. > yy. However, this is not the case for the axion dark
matter detection, because, as we will see below, the axion
interaction strength with electron and nuclear spins have
completely different, and model dependent, relationships.
Therefore, it is motivated to explore nuclear-spin-based dc
magnetometry as a complementary probe to the one based
on electron spins [29]. In Fig. 2, we show the protocol for
dc magnetometry using nuclear spins. Both of the qubits
should be initialized to (0, 1)T through laser cooling and an
appropriate operation of the CNOT gates before starting the
protocol, preparing the |00) state. ¢, ~ F is the relative
phase factor generated during the free precession.

We have not taken account of the effects of relaxation in
the above expression. There are two different relaxation
timescales for each spin species, the longitudinal relaxation
time 7'y and the transverse relaxation, or dephasing, time
T5. T, characterizes the spin flip associated with the energy
transfer to or from the environment, which takes 7, ~
6 ms [42,43] and Ty ~4 min [44] for the electron and
nuclear spins, respectively, at room temperature. The
dominant source of the transverse relaxation, on the other
hand, is dephasing of spins due to the inhomogeneous dc
magnetic field caused by, e.g. nuclear spins or lattice
defects. 75, ~ 1 ps [34,45] and T3, ~7.25 ms [46]4 are
measured at room temperature. The large hierarchy
TN/ T5, ~ 10* is consistent with the large hierarchy of

4Although the measured value of 775, ~ 7.25 ms is for a single
NV center, we use this value as a reasonable estimate of 77, for
an ensemble of NV centers, since for a ~1 ppm concentration of
NV centers, T, is still in the order of milliseconds [47].
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interaction strengths y,/yy ~ 10%. It should be noted that
T7, is naturally bounded by T, since random electron spin
flips induce dephasing of nuclear spins through the hyper-
fine interaction. On the other hand, 77, does not necessarily
limit 77,. For example, the dephasing timescale of the

quantum states (|0+) + |00))/v/2 would be T3y. Our
protocol for nuclear spin dc magnetometry corresponds
to this case.

Taking into account the effects of relaxation, the signal
strength in Eq. (14) is rescaled as F — F e /T,
Accordingly, the optimistic choice of 7 to maximize the
sensitivity turns out to be 7 ~ 7, /2 [48]. We will use this
choice for later analysis.

C. Ac magnetometry

As we have seen thus far, the Ramsey sequence is not
effective for an ac magnetic field with an angular frequency
€ 2 1/7. To realize another approach sensitive to such high-
frequency signals, we can make use of the Hahn-echo
sequence [49] or dynamical decoupling sequences [50,51]
in more general context. The time evolution of a qubit state
under the Hahn echo sequence is described by

l0(2)) = R exp <_,~ [ drﬁmt(r))

12 - 22 0
X R} exp —1/ dt Hy, (1) | Ry L) (15)
0

where the only difference from the Ramsey sequence is the
m, operation at the middle of the free precession. This
operation reverses the effect from the signal magnetic field
and achieves constructive interference of the oscillating
signal effect before and after the z, operation when the
angular frequency is ~2x/7z. The signal strength is explic-
itly calculated as follows:

2yBY
F:%sinz%sin <€21+¢>, (16)

which is suppressed in both the dc limit ¢ = 0 as S x €
and the high frequency limit ez>1 as Sxe!. On
the other hand, it peaks at ¢ = 27/7 with a peak height
|S| = (yBYsing)/x and a peak width Ae~ 1/7. This
calculation indicates a narrow-band sensitivity of the
Hahn echo sequence around ¢ ~27/7. Figure 3 shows
the protocol of the Hahn echo sequence applied to the
nuclear spin qubit |N).

In the Hahn echo sequence, the relevant transverse
relaxation time 7, tends to be longer than 775 for the
Ramsey sequence because any dc magnetic noise effect
cancels out due to the 7z, operation. The dominant con-
tribution to 7, is the decoherence effect caused by dipole-
dipole self-interaction among spins. The observed value of

T 1

Ny A my2 Hre H Ry H R H Ry

FIG. 3. The protocol of ac magnetometry using nuclear spins.
@, and ¢, represent the phase factors acquired in the first half
(0 <t<1/2) and the second half (r/2 <t < 1) of the free
precession time, respectively.

T5, ~ 100 ps [52] at room temperature shows a two orders
of magnitude enhancement compared with 775, ~ 1 ps.
Conversely, the observed value of T,y ~ 10 ms at room
temperature is comparable to 77, because both of them are
limited by the single parameter 7,. However, both T
and T, can be further extended with more sophisticated
setups. One possibility is to consider a cryogenic environ-
ment; for example, T, ~ 100 s is reported at <50 K [42],
where T,y ~ 100,75y ~1 s seem to be a reasonable
assumption. Another possibility is to perform a dynamic
decoupling (DD) sequence with a large number (N ) of 7,
pulses during the free precession, which also contributes to
making the coherence time longer. In this case, we obtain
the signal strength as

yBY et . [er €T
F =—=sin— — tan —— 17
: s1n251n<2—|—¢> an2<N”+1), (17)

which recovers Eq. (16) for N, = 1. Under a DD sequence
with N, > 1, one expects not only a longer 7y, but also a
sensitivity peak located at a higher angular frequency N, /7.
Similar to the dc magnetometry case, the relaxation
effect rescales the signal strength Eq. (16) as F — Fe~%/Tov,
and the optimal choice of 7 turns out to be 7 = T,y /2.

ITII. AXION DARK MATTER
A. Setup

The axion can account for the total relic abundance of DM
through mechanisms such as the misalignment mechanism
[53-55] or production from topological defects (see
Refs. [56-58] for reviews). A wide range of the axion mass
m,, could be consistent with the DM relic abundance, as small
as m, ~ 1072? eV, below which the model is inconsistent
with the existence of DM-dominated dwarf galaxies [59], and
as large as m, = O(1) eV, where cosmological and astro-
physical constraints on the axion DM tend to become severe
(see, for example, plots in [60]). The axion is described by a
classical field experiencing coherent oscillation

a(t,X) = agsin(myt +m,v, - X + ), (18)

where 7, is the axion velocity. Considering the energy density
stored in the coherent oscillation, a relationship p, =
(mqap)?/2 holds, where p, ~ 0.4 GeV/cm? [61] is the local
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energy density of DM. Note that the velocity 7, and the
oscillation phase ¢) are constant only within the de Broglie
wavelength ~(m,v,)~". Thus, 7, and ¢ observed at the
laboratory vary with the timescale of 7, ~ (m,v2)~!, which s
called the coherence time. Assuming that the axion DM halo
is virialized, its typical velocity is estimated as v, ~ 1073,
leading to the order estimate of

—10
7, ~6.6 s<u>. (19)

mg

Due to its pseudoscalar nature, the axion generally
interacts with the SM fermions y, of the form

C _
'Cint = Z# (aﬂa)l//)(}/ﬂYSW;(’ (20)
7 a

where f, is the axion decay constant and C,, are the model-
dependent coefficients. The index y labels the SM fer-
mions, including electron e, neutron n, and proton p.5 In
the nonrelativistic limit, this interaction term describes the

axion interaction with fermion spins S, given by

Yayy e
Hy = vaa -S,, (21)
X

where the dimensionless coupling constants g,,, =

C,m,/f, are used. It is seen that the axion gradient Va
may be regarded as an effective magnetic field, and the
interaction can be rewritten as

Hint = Z}’)(B)(<t) ’ S;(? (22)
X

with the gyromagnetic ratio y,. Substituting Eq. (18) into
the above expression, the fermion-dependent effective
magnetic fields are calculated as

Ex(t) :g“i\/ZpaT/a cos(m,t + ), (23)
My ¥y

where higher-order terms of v, < 1 are neglected. The
amplitude of the effective magnetic field B)? is estimated as

0 Gayy
B, ~4 aT x (10_10 . (24)

Note that, for typical axion models with C, ~ C,, ~ C,, this

“effective” magnetic field for nucleons BY), » 1s larger by a

factor ~m,, ,/m, than that for the electron BY. Taking

’In the Kim-Shifman-Vainshtein-Zakharov (KSVZ) axion
model [13,14] we have |C,| <1 while C,~C,~ O(1). In
the Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) axion model
[15,16] or the flavorful axion model [62,63], we have
CL,~C,1~CP~O(1).

account of the gyromagnetic ratio for the nucleon/electron,
it results in the same order of the interaction strengths with
the electron and nucleons. This is qualitatively different
from the ordinary magnetic field, which acts on the electron
spin much more strongly than on nucleons due to the
difference of the gyromagnetic ratio. In this sense, the use
of nuclear spins in the NV center can offer complementary
sensitivity in axion DM searches. .
For isolated fermion spins, the corresponding B, (1)
works just the same as the ordinary magnetic field
aside from that its amplitude and oscillation phase vary
with the timescale of z,. It is the effective magnetic field for

-

electrons, B, (1), that is sensed by the ordinary NV center
magnetometry as proposed in [29]. On the other hand, if we
use nuclear spins for magnetometry, both B, (1) and B »(1)
can be relevant as we will see shortly.

B. Axion interaction with the N spin

The interaction between the '“N spin and an ordinary
magnetic field is characterized by its gyromagnetic ratio y .
As a rare stable odd-odd nucleus, y, has contributions from
both the neutron and proton spins and the orbital angular
momentum of the proton. However, y, does not reflect the
axion interaction strength with the '“N spin, which is
determined by the axion interaction with neutron and
proton spins, ¢,,, and g,,,. To accurately describe the
axion-'“N interaction, we need to understand the compo-
sition of the *N spin I = 1. In this subsection, we discuss
this issue under the assumption that the nuclear shell model
well describes internal structure of the '“N nucleus.

14N has seven neutrons and seven protons. According to
the nuclear shell model, both kinds of nucleons occupy the
orbitals as 1s7,,1p3,,1p1, where both Ls;/, and 1p3/
orbitals form closed shells. Thus, the nuclear spin / =1
comes from the synthesis of the total neutron spin J,, = 1/2
of a neutron in the 1p; /, orbital and J,, = 1/2 of a proton in
the proton counterpart of the orbital. In the representation
theory of SU(2), this corresponds to the decomposition
% ® % =1 @ 0 with the first term in the right-hand side is
selected, while each spin—% representation on the left-hand
side comes from the decomposition 1 ® 1 =3 @ 1.

Let us explicitly write down the / = 1 states in terms of the
eigenstates of the spin S , and the orbital angular momentum

Z;( of nucleons y = n, p in the 1p orbitals. Let [1), and || ),
be the spin up and down states, and |m) , (m =—,0,+)bethe
eigenstates of L; for each nucleon f. Corresponding to this
decomposition % ®1= % (&) %, the J P :% component (i.e.,
the 1p, /, orbital for the nucleon y) is given by

<|ux>> 1 <|¢>X|o>x— ﬂ|¢>l|+>,{> os)
dy) ) V3\V2I), -, = 1,100, )
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Using these expressions to evaluate the second decomposition
1®5=1@0, the nuclear spin /=1 component is
expressed as

|u4p)|ua)
g = | 5 lup)ld,) +1d,)|u) |. (26)
\dp)|d,)

To go further, we calculate the matrix elements of the
spin operators S, (y = n, p) in the 36-dimensional space
corresponding to the all possible choices of S; and L}
(y = n, p). In particular, since the nuclear spin / = 1 states
correspond to the three dimensional subspace spanned by

three vectors in /;, matrix elements of the spin operators S,
(y = n, p) for these basis vectors represent how the axion
interacts with the '“N spin. From a straightforward calcu-
lation, we obtain the following

7S = = 1" @7)

where I* (@ = x, y, z) are the spin-1 representations of the
SU(2) generators. This result is consistent with the treat-
ment in [64]. Note that the spin operators also have nonzero
matrix elements outside the three dimensional subspace, a
part of which connects different spin states. These inter-
actions can in principle invoke the transition from the
ground state with / = 1 to, e.g., an excited state with I = 0.
However, since the relevant energy scale of O(1-10) MeV
[65] is far beyond the current setup, we can safely neglect
these terms and focus on the terms in Eq. (27) that preserve
the nuclear spin structure.

Since the right-hand side of Eq. (27) is proportional to
the nuclear spin operators /%, S, (y = n, p) effectively acts
as the I =1 spin operators with a nontrivial coefficient
—1/6. In Appendix A, we provide proof that the same
interpretation is possible whenever the spin S = 1/2 and a
general orbital angular momentum L = £ are considered,
and derive a systematic way to calculate the coefficient. By
substituting Eq. (27) in Eq. (21), we obtain an effective
axion-"“N interaction Hamiltonian

Hip = ynBy(1) - 1, (28)
with the effective magnetic field defined as

By (1) = By, cos(myt + ). (29)

1 gll gann
YNBn = ~% <ﬁ + —> V20445 (30)

P my,

with 9, = ¥,/ v,. For convenience, we define

-1

, (31)

gapp + gann
2m,  2m,

fa=

with which By « f;'. Since we can rewrite it as
fo= 2f./(C, +C,), f. is of the same order as f, if
coefficients C,, and C, are of O(1). A fascinating conse-
quence of the N spin as an odd-odd nucleus is that the
axion coupling is proportional to the combination Eq. (31),
and that the coupling strength is sensitive to the relative
sign of g,,, and g,

IV. SENSITIVITY ESTIMATION

When measurements are repeated N, times, we obtain
time-sequence data labeled by j = 1, ..., N, representing
the measurement starting at time ;. For simplicity, we
assume t; = (j — 1)z with 7 = T3, /2 (T,,/2) for the dc
(ac) effective magnetometry approalch,6 though it is not
necessary for the following discussion that the measure-
ments are repeated with equal time intervals. As a result,
fobs = Nobs7 denotes the total observation time. Let p; be
the density matrix representing the quantum state of the NV
center ensemble before the jth fluorescence measurement.
Since our observable is defined as an operator

1 N
M ﬁ; . (32)

where o7, acts on the qubit state of the nuclear spin in the

Zth NV center at the jth measurement, the data obtained at
t; can be calculated as (M5), = Tr[p;M;]. It should be
noted that (M5),
signal at time ¢;, which asymptotes to the signal strength F
with an appropriate choice of the phase factor in the limit
of N - oo.

The expression above is useful for calculating the
ensemble average over distributions of the axion parame-
ters. It should be noted that p; is equivalent to Eq. (11) and
to Eq. (15) with the replacement ¢ — m,t; + ¢ for the
Ramsey and the Hahn echo sequences, respectively.
Therefore, it depends on the axion velocity ¥, and the
phase factor ¢ through the expression of the effective
magnetic field Eq. (30). If we neglect the Earth’s relative
motion against the Galactic center, ¢ is uniformly distrib-
uted in the range [0,27), while the axion velocity has a
random direction with typically a value of v, ~ 1073. Using
these distributions, for example, the ensemble average of
the observation result M is calculated as

represents the N-qubit average of the

In this context, we neglect the measurement overhead,
including the state preparation and fluorescence measurement.
This is a reasonable approximation given that 7 ~ O(1) ms while
the overhead time is typically of O(10-100) ps [39].
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. (33)

— 1 1 Pt Z
M) :Z/dgba/dvaTr[ijj]

where we do not take into account the distribution of v,,,
which highly depends on the model of the DM profile in
our galaxy and only results in an O(1) modification. It
should be noted that, here and hereafter, we neglect the
subscript of the ensemble-averaged quantities for notational
simplicity. As anticipated, the randomness of the signal
direction and phase causes cancellation of the averaged

signal, (M) = 0.
Cij = 7 /
(It

x [

v,=1073

where p; i = p; ® p; and Mj], =M;® MZ for j # j' and
pjj =p; and MZ = MZMZ Also, @ is the Heaviside step
function. The 1ntegra1 vanables (¢, ?,) and (¢', D},) corre-
spond to the axion parameters at time #; and ¢, respec-
tively, and the delta functions in the second line denote
the coherence of the signal for ¢, — ;| < 7,. In addition,
we introduce the power spectral density (PSD), which
is defined as the ensemble-averaged expectation value
Pr = (Oy) of the operator

T2

O = e2ﬂik<j_j/)/Nob>M%M;/, 36
k obs ; Jrj ( )
with k=0,...,Ny,—1. Each P, can be -calculated

through the Founer transformation of the two-point func-
tions as

1.2

Pi=—

Tobs i

e27ik(j=J')/Nobs Ci. (37)

A detailed calculation of the PSD and the relevant noise
contributions is given in Appendix B. From Eq. (B9), the
signal PSD can be defined as S; = P, — 7/(4N), where the
constant shift ensures that S, is proportional to the axion-
induced magnetic field By, and is given by

2./4 .2 tobs Aa)k
s

Sy~ ,
k 2

38
tobsAw% ( )

for t,,s < 7,, While

2A | St Awp  tge— T
Sy~ sin? -4 + -2 Asin[r,Aw 39
¢ fobsAw% 2 TobsAwy | - (39)

for ty,, > 7,, where Aw, = wy, — m, with w, = 27k/1,
and A o B% is the protocol-dependent coefficient defined in

/dv —/d(/)’ /d Tr[pjerjj,}
ty| =

) + 871'25 ¢ ¢, f]g)@(fa - |t] - t]/

To derive meaningful insights from the data, we use two-
point functions of the time-sequence data defined as [66]

. {Tr[(pj ® py) (M5 ® M3), (J: # jj) (34
Trlp;M3M3]. (=17

Since the coherence of the axion signal is maintained only
for the duration z,, C;; behaves differently for |¢;—1,| <7,
and |t; — t;| > 7,. A combined expression can be given as

v,=1073

)l (35)

|
Eq. (B7). Due to the quantum noise, the measurement result
of the PSD fluctuates even without the axion DM. The
standard deviation of the PSD distribution is calculated as

By =1/(07) - (Ok)? (40)

By=0

As shown in Eq. (B13), we obtain B, ~7/(2v/2N) and
Byzo ~ 7/(4N) for our setup.

Focusing on a single bin k, the signal estimation
uncertainty can be evaluated through the well-known

formula
00 -0 ()

S5B3, =
B,

. (41)
B3,=0

which determines the estimation error of B% around the
specific choice of B, = 0, i.e. the model without the axion
DM. We select B, as a parameter to be estimated since (Oy)
does not have a linear term in By as shown in Eq. (B9). By
deforming the above expression with the relationship
5B%, = 2By6By, we can obtain the Xo-level detection limit
to the axion-induced magnetic field By to be X6By (where X
depends on the required confidence level). To gather
information from all bins and obtain the best achievable
detection limit with these observables, we follow [66].
Based on the Asimov dataset [67] rather than the
Monte Carlo simulation results, we compute the test statistic

! B S
-2 )—ln(l—l——kﬂ, 42
1 ;;; {< Sk + By By (42)

with which the 95% exclusion limit, which we adopt as the
definition of the detection limit of our approach, is deter-
mined by the criteria ¢ = —2.71.
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It is beneficial to consider two extreme setups and
evaluate the scaling of the detection limit as a function
of t.,,s and N. For this purpose, we first observe that the
signal PSD S, has a resonant structure peaked at Aw;, = 0
or w, = m,. The peak height is evaluated as

A%’ (tobs < Tu)

Sk — -
-ATa (1 - T:m) ’ (tobs > Ta)

(43)

where the resonance condition for these setups can be
described as t,,Aw, < 1 and 7,Aw; < 1, respectively.
When ¢, < 7,, the signal peak height grows linearly with
fopss While only a single bin enjoys resonance since
tobs (@1 — @) = 2m. Then, we can approximate the test
statistic as

2 (1 Br, > 1 (1 + S"°> (44)
~ e ——— — In — ],
1 S, + By, By,

with ky being the label of the resonance bin. Since the
above expression only depends on the ratio Sy /By, the
detection limit is solely determined by solving ¢ = —2.71
for this ratio, resulting in S /By ~8.48. Since Sy /By, is
proportional to Nt.,,B%, the detection limit to By grows as

N/ zt(l)éf as expected for a coherently oscillating signal. On
the other hand, when ¢, > 7, the peak height is saturated
to ~Az,, but the number of bins involved in the peak grows
as ty,s/7,. In this limit, our setup can be sensitive to small
signals with §; < By, where we can expand the expression

of the test statistic as

2

~ —Zﬁ. (45)
q 7
. Pk

Since the number of terms with dominant contributions
grow as f,,, and the fraction in the summation is propor-
tional to N?B%, we obtain the detection limit scaling
« NV 21(1){):. Again, this scaling behavior is common for
the signal with randomized direction and phase.

To summarize, the sensitivity to the axion coupling is
roughly estimated from

1/2
OR (Ntr(m) ’ (tobs < Ta)

1/2 1/4
OR (NLQ) (%) s (tobs > Ta)

where A is defined in Eq. (B7). o, parametrizes the size of
the shot noise as detailed in Appendix B2; op =1
corresponds to the ideal case when the sensitivity is limited
by the projection noise, while oz ~ 19 has been already
achieved [39], and is expected to reduce further.

VA~ (46)

The analysis explained so far uses the full dataset with
j=1,..., Ny, and their Fourier transformation to look for
a signal. However, this should be interpreted as a way to
estimate the best achievable detection limit curves. In
realistic experimental setups, on the other hand, there are
several challenges to performing such an analysis including
memory constraints and limitations on computational
power. Given these constraints and limitations, an alter-
native analysis procedure is the one based on the standard
deviation [68]. We can show that, by setting an appropriate
data collection time duration, the sensitivities of this
procedure to the target frequencies have the same scaling
behavior with 7., and N as shown above.

V. RESULTS

The calculated 95% exclusion limits on f, defined in
Eq. (31) from the Ramsey sequence are shown in Fig. 4
with the assumed relaxation time and the free precession
time 77, = 7.25 ms, choosing 7 = 7%,/ 2.” Three colored
lines correspond to the most conservative setup with an
already-achieved number of NV centers N = 10'% [39] and
s = 1 s (magenta), the same N = 10'? but with 7, =
1 yr (green), and a rather optimistic choice of N = 10%°
with 7, = 1 yr (cyan). The solid and dash-dotted lines
represent the projection noise-limited sensitivities
(og = 1), while the dashed lines the shot noise-limited
sensitivities with the choice of 6z = 20. When using the
exact sample from the current state of NV sensors [39],
which has approximately 1 mm sides and a 70 pm thick-
ness, about 3 x 10® diamond samples are required to reach
N =10 NV centers. This is a rather large number,
however, there are many ways to decrease it. For example,
improving the yield of NV center creation, here 0.68%, to
the current state-of-the-art, which is 25.8% [69], reduces
the required samples to about 8 x 10°. Further decrease is
possible by increasing sample thickness, or side dimen-
sions if practically allowed. Improving the sensitivity, for
example by lowering the temperature, using double quan-
tum sequences, or increasing collection efficiency, can push
this number down significantly as well, since the sensitivity
is inversely proportional to the square root of the number of
NV centers and thus samples (so a 10 times better
sensitivity means 100 times less NVs are required).
Hence, such enhancements bring a potential experiment
into palatable proportions of other particle physics experi-
ments. Also shown by the black lines are the combined
constraints on f, from the existing experimental results

"Precisely speaking, there are periodic O(1) fluctuations of the
sensitivity due to the discrete binning of the frequency with the
bin width 27 /t,,,. In Fig. 4, we smooth out these fluctuations to
focus on the larger-scale frequency dependence of the sensitivity.
Furthermore, the small step of the magenta line at ~1 Hz is due to
the difference between Egs. (B12) and (B13).
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Frequency m,/(2m) [Hz]

MHzZ mHz Hz kHz MHz GHz

I N=10"2, tope =15

3 N=10%2, tops=1yr

my[eV]

FIG. 4. The calculated 95% exclusion limits on f, as a function
of m, for T = 2t = 7.25 ms. The total detector volumes of
(N, tgs) = (10'2,1's) (magenta), (10'2,1 yr) (green), and
(10%, 1 yr) (cyan) are assumed. The colored solid (dashed) lines
represent the projection noise-limited (the shot noise-limited)
sensitivities with 6 = 1 (6 = 20). The black dash-dotted line
represents the combination of the current best constraints on
|9upp| and |ggpy, |, including constraints on |g,,, | from neutron star
cooling [70], K—*He comagnetometer [71], and ChangE [72] and
ChangE NMR [73] experiments, and a constraint on |g,,),,| from
SN1987A [74]. The black dotted line represents the prospect of
constraints, including constraints on |g,,,,| from future comagne-
tometers [75,76], the electrostatic storage ring [77], the CASPEr-
gradient experiment [78], and the homogeneous precession
domain of the superfluid *He [79], and constraints on |g,,,|
from the proton storage ring [80], the CASPEr-gradient experi-
ment [78], and the nuclear magnon in MnCOj; [81]. The limit data
is adopted from [60].

(dash-dotted) and the prospects (dotted). See [60] for
details.

Since the Ramsey sequence delivers full performance
when the frequency f satisfies f < 1/7, the choice of
T5y =2t=725ms leads to a frequency coverage
m,/2x <200 Hz (m, <8 x 10713 eV), outside of which
the sensitivity is rapidly lost. Another remarkable feature of
our sensitivities is the kinks of the green and cyan lines at
m, ~2x 10717 eV with the corresponding axion coher-
ence time 7, ~ 1 yr. Both lines below this point (and also
the magenta line) correspond to 7., < 7,, so the axion
signal maintains coherence during the observation. Thus,
the Ramsey sequence has frequency-independent sensitiv-
ities for this mass range. For higher masses, on the other
hand, we need to account for a slower sensitivity improve-
ment o« (7,%.)"/* shown in Eq. (46), so the detection limit
plots have slopes. Finally, compared with solid lines that
show detection limit prospects, the dash-dotted part of the
magenta lines, which corresponds to the mass range
2n/m, < 1 s, needs special care. In this mass range, the
signal strengths for all repeated measurements are

Frequency m,/(2m)[Hz]
MHz mHz Hz kHz MHz GHz
10! 5
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1072 4
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m,[eV]

Frequency m,/(2m) [Hz]
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10710 4 2
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FIG. 5. The top (bottom) panel shows the calculated limits on
|9ann| (|9app|) from the Ramsey setup under an artificial
assumption that |g,,,| < |9unn| (Gann| < |gapp|)- We assume
the dephasing timescale of 75 = 7.25 ms. The color conventions
and the meaning of the black lines for the existing constraints and
prospects are the same as in Fig. 4.

proportional to cos ¢p with a randomly chosen phase factor
¢; thus, it is always possible that no signal is observed
irrespective of the size of f,. The magenta dash-dotted lines
should then be interpreted as a 16 lower bound on f, when
no signal is observed.

Comparison between our results and the existing con-
straints or prospects shows that our approach is promising
for a broad mass range with m,/2z < 200 Hz. It should be
noted, however, that the exclusion limits in Fig. 4 need to
be carefully interpreted since both previous results (black
dashed lines) and other unrealized proposals (black dotted
lines) have a dominant constraint on either |g,,,,| or |gapp |
contrary to our approach where f,, a linear combination
shown in Eq. (31), is directly constrained. Due to the
expression Eq. (31), both constraints on |g,,,| and |g,,,| in
principle affect the black lines. However, practically, either
the [ggn,| Or [g,,,| that is less constrained at a chosen m,
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FIG. 6. Same as Fig. 4 but with the Hahn-echo sequence. The
decoherence times of 7, = 10 ms (top) and 1 s (bottom) are
assumed.

determines how strongly f, is constrained at that value of
m,. To disentangle the mixed effect of |g,,,| and |g,,,|
constraints, we also demonstrate the possible detection
limits of our setup with 775, = 7.25 ms on an individual
|9ann| (|9app|) coupling in the top (bottom) panel of Fig. 5
under an artificial assumption that the corresponding
coupling is much larger than the other one. Figure 5 is
useful for comparison; in particular, the optimistic setup
(cyan) shows remarkable sensitivities to |g,,,| for m, <
2x 107'% eV comparable to the future comagnetometer
prospect [75] and to |g,,,,| for 10712 eV <m, <1071 eV
corresponding to a gap between the proton storage ring [80]
and the CASPEr-gradient prospects [78]. However, it
should be remembered that Fig. 4 is a more fundamental
result of our approach obtained without any artificial
assumptions on physics parameters.

In Fig. 6, we show the calculated 95% exclusion limits
from the Hahn-echo sequence at room temperature with
Ty =10 ms (top) and a cryogenic environment with
T,y =1 s (bottom). As is clearly shown in the plots, this

Frequency m,/(2m) [Hz]
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I R R
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2 10
— E
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E TzN 21' 15
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m,[eV]
FIG. 7. Same as Fig. 4 but with the DD sequence. The

decoherence time of 7,=1 s and the number of z-pulses N, = 63
are assumed.

approach is a narrow-band search targeted at the frequen-
cies 1/7 ~ 1-100 Hz depending on the choice. Although
the frequency coverage is limited in this approach, the
sensitivity around the target frequency is much better than
the Ramsey setup under the cryogenic environment when
T,y > T5),. Note that these exclusion limits can also be
reinterpreted as limits on |g,,,| and |g,,,| under certain
assumptions similar to Fig. 5.

In Fig. 7, we show the calculated 95% exclusion limits
from the DD sequence with 7, = 1 s and N, = 63. Despite
the improved sensitivity at the peak due to the prolonged
T,, the peak width becomes narrower for a larger N ,, which
makes this sequence generally not suitable for dark matter
searches with unknown signal frequency.

VI. DISCUSSION AND CONCLUSION

We proposed a novel method to use the N spin of NV
centers in diamond for axion dark matter searches. Our
nuclear spin magnetometry metrology approach is based on
new types of protocols from Figs. 2 and 3 aimed at dark
matter searches, and provides potential constraints on the
axion-nucleus couplings g,,, and g,,,, which are com-
pletely independent of those on g,,, obtained with conven-
tional magnetometry protocols in [29]. This opens up a new
direction for quantum sensing techniques based on NV
centers and motivates further investigation into the proper-
ties of the N spin, including the relaxation timescales T%y
and T,y, for an ensemble of NV centers under various
conditions.

One of the benefits of our approach compared with other
proposed ideas to constrain g,,, and g,,, is its broad
frequency coverage arising from the wide dynamic range of
NV center magnetometry. We found several frequency
windows in which our approach has a relatively high
potential within the overall target frequency range
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FIG. 8. An example protocol to cancel the magnetic noise
effect.

<100 Hz. Another remarkable feature is the natural sensi-
tivity to a roughly 1:1 linear combination of two coupling
constants g,,, and g,,, shown in Eq. (31). Accordingly,
our approach is sensitive not only to an individual g,,, or
Japp coupling under existence of a large hierarchy between
them but also to a relative phase between them when they
have comparable sizes, which enables us to explore the
axion model after its discovery.

Related to the above point, the fact that the NV centers
are sensitive to the axion coupling with electrons g,,, as
well as that with nucleons g,,, and g,,, implies a possible
extension of our protocols to mitigate the magnetic noise
effect. Similar to the ideas of comagnetometry [71,82—-88]
and its application to the axion DM search [75,76], the
main goal is to cancel the magnetic noise effect while
keeping the axion-induced signal by using the fixed ratio
between interaction strengths of the ordinary magnetic field
to the electron and nuclear spins. An example protocol is
shown in Fig. 8, which is dedicated to canceling the dc-like
magnetic noise effect. The signal obtained by the quantum
circuit in Fig. 8 is determined by the phase difference
@, + 0., where @, (6,) corresponds to the phase acquired
by the free precession of the nuclear-spin (electron-spin)
state for the time interval 7 (7’), respectively. Since these
phases for a small dc magnetic noise B, are roughly
given by ¢, ~ yiyBoise? and 0, =y, B, .7, One can in
principle make the noise contributions cancel with each
other with the choice of 7/7 ~ —y,/yuy > 0. A detailed
study of the sensitivity of this protocol, including the
frequency profile of the magnetic noise, the effect from the
overhead time, and the effect from the hyperfine interaction
during the free precession, remains as a future project.

When preparing the diamond sample, it is possible to
have the majority of the NV centers contain the nitrogen
isotope "N by creation via implantation [89] or by doping
during chemical vapor deposition synthesis of diamond. In
this case, we primarily obtain constraints on g,,, because
the nuclear spin of N is predominantly influenced by
proton contributions. Indeed, the nuclear shell model
indicates that the expression of the axion-induced magnetic
field Eq. (30) is replaced by

L Gapp /57—
YNBN = _g mpp 2pava7 (47)

p

for N. Therefore, NV center metrology based on N spins
provides yet another independent piece of information
about axion-nucleon couplings, which could also be helpful
to distinguish the axion-induced signal from the magnetic
noise similar to the idea shown in Fig. 8.

Finally, we briefly discuss the current state of exper-
imental NV center sensors in relation to our proposal. The
nuclear spin is generally not used for magnetic field
sensing, as it is much less sensitive than the electron spin.
Therefore, there is limited knowledge of their properties
today. Since the nuclear spin coherence times are rather
long, readout techniques that require more time become
feasible. For example, single-shot readout has the potential
to reduce the noise in the system close to the spin-
projection noise [37,90], as investigated in this work.
Our work is one step toward a better understanding of
the properties of nuclear spin metrology, which will
provide us with many future opportunities in the fields
of sensing and particle physics.
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APPENDIX A: SPIN SYNTHESIS

In this appendix, we focus on the synthesis of the spin
S =1/2 and the orbital angular momentum L = ¢ and
derive how spin operators act on the eigenstates of the total
spin J. Let |[1) and || ) be the spin-up and spin-down states,
respectively, and |m) (m = —Z, ..., £) be the eigenstates of
the orbital angular momentum with L, = m. The syn-
thesized states of these two quantum numbers decompose
into two groups with total angular momenta J = ¢ + %
By parametrization of these states as |J,M) with
M = —J,...,J representing the z-component of the total
angular momentum, the matrix elements of the total spin
operators are characterized by the Clebsch-Gordan coef-
ficients

(M ETEI M) =/ (JFM)(JTEM+1), (Al)

with J* = J* £ iJ”. Using this expression, we can relate
the eigenstates of various spins as follows:
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1

‘J _ f+§,M> = = (VT HNIM = 1/2)+VT= M| 1) 1+ 1/2), (A2)
1
’J:K—E,M> s (VT =M TINIM = 1/2) =TT I TLIM +1/2). (A3)
or equivalently,

1 1 1 1
|¢>|m>:\/ﬁ<\/oﬂ+m+1f+§,m+§>+ f—mf—i,m+§>>, (A4)

1 1 1 1
|¢>|m>:7+1(\/f—m+lf—l——,m—§>—\/f+mf—§,m—§>> (AS)

Using Eqgs. (A4) and (AS), we can calculate all the nonzero
matrix elements of the spin operators as follows:

1
st metlstly ) YUFMUEM+D)
2 27
(A6)
1 M
J=t4-Mmlstlrm) =2, A7
< 3 > 27 (A7)
MM+ 1
J—e— L patlstlrm __YUFM(EM+ ).
2 2742
(A8)
1 M
s Ml I MY =2 (A
<J £ S|, > e (A9)

with ST = §* 4+ iS”. From the above equations, we see that,
for a fixed value of J, the spin operators effectively act as
SU(2) generators in the spin-J representation with a
nontrivial factor,

(J.M'|S

Y=+ (J.M'\J

20 +1 ) (A10)

for J =¢+1

Now the calculation so far can be applied to the case of
the "N spin, which has I = 1 composed of a neutron and a
proton in individual (1p),, orbitals. First, each neutron
and proton resides in the 1p orbital with £ = 1, resulting in
the total angular momentum J, =¢—1/2=1/2 (y = n, p).
According to Eq. (A10), we obtain the effective relation-
ships among operators

. 1-
S)rN_gJ)r (y =n,p) (All)

Since either one of the total angular momentum operators,
say 7,,, has spin J,, = 1/2, we can repeat the same estima-
tion, combining it with J » to obtain [ =1 states. Again
according to Eq. (A10), the angular momentum operators of
nucleons are related to the '*N spin operator I as

-~ 1-
J ~Jp~51. (A12)
Therefore, the coefficient —1/6 in Eq. (27) is successfully
reconstructed.

APPENDIX B: CALCULATION OF THE POWER
SPECTRAL DENSITY AND THE QUANTUM
NOISE

In this appendix, we provide a detailed calculation
of the PSD defined in Eq. (37) starting from Eq. (35).
First, the density matrix of the nuclear spin state in an
ensemble of N NV centers before the jth measurement, p;,
is expressed as

pj= ® Pies (B1)
=1
pre =5 {(1=2E)10) ]+ 1= 4R +)00)
L= 430N+ + (1+2F)I0)0]},  (B2)

for fixed values of ¢ and ¥,, where F'; is given by Egs. (14),
(16), and (17) for the Ramsey, the Hahn echo, and the
dynamic decoupling sequences, respectively, with the
replacement ¢ — m,t; + ¢. For notational simplicity, we
omit the indices j and # for each bra and ket, but they are
assumed implicitly. Thus, p; is a 2V-dimensional density
matrix.

Our next task is to evaluate the trace factor Tr[p; M /]
for various choices of j and j/, where Py =pj ®p]
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and M3, =M5;Q®M;, for j#j and p;=p; and
M3; = M;M;. First, when j = j', we obtain

Trlp,MM:] = sz +4N2 ;/Tr@jf ® pjr0ip0y]
1 N(N-1)
=N +TF2 (B3)

For a different time two-point function with j # j', we can
instead decompose the trace in two parts for the time #; and
1y and obtain

C,y / /dva /d¢' /d Terj’ij’}

Trllp; ® py) (M @ M) = Trlp;Mj]Trlp; M;]

=F,F;. (B4)

We can combine these expressions in a compact form

1
5/—|—FF/

Tr[p”/MM] 4N ij

(BS)

where subleading terms of N > 1 are neglected. Recalling
that the ensemble average of a single data is zero,
(M;) = 0, the two-point function defined in the main text,

v,=1073
< [0t =ty = 7,) + 87°6(¢p — ¢")6(b, — 0,)O(z, — |t; — 1;])]. (35)
is thus calculated as
1 1 1 .
Cjj~ méjj’ +Z d¢a dvaFiFjly_p i —p, 0,=1020(7a = [t; = 17])
1
=N 8y + Acos [m,(t; —t;)]0(z, 1) (B6)
|
with the protocol-dependent coefficient A defined as Using a modified expression
pul‘o 2 m,T 72 N
T sin” 7 (Ramsey) P, = — e2mik(j=j )/Nnbscjj,7 (37)
obs ’
JJ
A= 24;?;0% sin® 4% | (Hahn echo)  (B7)
an easy way to accomplish this task is to consider the
Pa? 0 2 m T T (DD) . .. .
) (N gy continuum limit as follows:
where vy, = 1073 denotes the typical axion velocity. Pp~— / *d / dt e =)C(1,¢),  (BS)
Next, we calculate the PSD P, = (O;) using the Lobs
operator (O, defined as follows: . .
where w; = 27k/ 1y, and the function C(z, ¢') is defined as
T o a natural extension of C;; to the continuous choice of time.
Op=——) ekl N""‘MfMj/- (36) By substituting Eq. (B6) into the above expression, we
oy obtain
|
P ub?fwz sin® M ’ (tobs < Ta) ( )
P~ —+ B9
4N z“bffaﬂ sin2 n,Awk + Itobi;u Asin [r,Awp],  (fops > 7o)
with Aw; = w, — m,, where we have neglected the fast oscillation terms.
1. Quantum noise on the PSD
We can evaluate the quantum noise on the PSD without the axion effect as
By =/{0) — (Oy)? (40)
By=0
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The first term in the square root can be deformed as

2 2
2\ 2 } : 20ik(j=7')/ Nops M2 M2
<Ok> B <(tobs - e b MijI) >
i

7,'2 i
_ <(@Zemo s Z o0 ,f,) >
2
27ik(j—=j')/Nops w2 <2
(D1 T e, ),
(7O#(J ")

obs

(B10)

where 1 is the identity operator. To go further, we note that the odd number of Pauli matrices for a certain combination of
(j, ©) leads to the vanishing contribution Tr[pjfo%] |,,—0 = 0. Thus, the only remaining contribution comes from the terms

proportional to the identity matrix. In the parenthesis of the third line of the previous equation, the first term trivially leads to
such a contribution with size N Ong 2 while the second term also contributes as

2. 2

(J1:61)#(2:82) (Jj3.63)#(asCs)
= Z (1 + e47[ik(jl_j2)/Nobs) + .
(J1:01)#(j2:82)

2
27ik(j=j')/Nops 52 52 _ 27k (ji=j2+J3=js)/ Novs
€ CirOpp O-lfl J°f2 Jafz J4f4

<(jf)#(j’f’)

= NgpsN(NgpsN — 1) + Z Z eArik(j1=2)/Nows — Zl 1.

- NobsN(NobsN 2) + Noquzék,O + -

where the identity operator 1 is implicit, while dots
represent terms with remnant Pauli matrices. Substituting
this result in the original definition, we obtain

T
By ~ , B12
*T2VaN (B12)
T
Bk#oﬁw, (Bl3)

where we neglect the subleading terms of N, and N.

2. Shot noise on the PSD

The quantum state of the NV center is read out by the
fluorescence measurement. The fluctuation of the number
of photons detected during the measurement, i.e., the shot
noise, affects the PSD, which can be evaluated following
the discussion in [91,92].

Let ay and a_ be the average number of detected photons
from the |S, = 0) —) states, respectively, which
are combinations of the emission probability and the
collection efficiency of photons. Both a, and a_ are
increasing functions of the irradiated laser power, which
is considered to be fixed in this section. Then, for an
electron density matrix of a single NV center, pj., the

density matrix of the outgoing photon pl;; can be written as

P57 = (01p;[0) (1 = @0)[0) (0] + ao|1)77(1))
+ (= 1pel =) (1 = @) 0)3(0] + a_[1)7(1

), (B14)

JiJ2 €16
(B11)

|
where |O>?; and |1>§’; respectively correspond to the final
state without and with photon capture. By remembering
that the final cNOT gates in Figs. 2 and 3 maps the nuclear
spin state onto the electron spin state, the same quantity can
be equivalently expressed in terms of the density matrix p;,
of the nuclear spin as

P57 = (Hlpjel 1) (1 = a9)[0)57(0] + ao 1) (1)
+ (010} (1 = a2) 0) (0] + a[1)55(1).

When an ensemble of the NV centers is considered, the
expectation number of detected photons is calculated as

(I;)Ph Tr[pph 1;], where pj =Q, p]f and
1= I
G

Throughout this appendix, for calculational simplicity, we
assume that the NV centers in the diamond are prepared to be
aligned along one of the four directions of the carbonic
covalent bonds using the techniques introduced in [30-33] !
Neglecting any kind of the inhomogeneity that causes

(B15)

(B16)

*Without the alignment of the NV centers, only a quarter of the
NV centers is sensitive to the magnetic field, while the other three
quarters of them induces a large amount of baseline fluorescence,
resulting in a larger shot noise. Overall, it gives rise to the O(1)
reduction of sensitivity compared with the setup with aligned NV
centers.
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dephasing, we obtain (/)P = Nn; with a single expectation
number of photons 7; defined as

n; = (+|pjel+)ag + (0lpje|0)a_ (B17)

with an arbitrary choice of 7. Similarly, the fluctuation of the

number of photons 6/}, i.e. the shot noise, can be evaluated as

(81;61;)Ph = <1§>Ph

= ({1;)P")? (B18)

= N?n;(1 —n;), (B19)

which is the expected result for the binomial distribution.

In our analysis, we use the set of observables {/;} to
define the PSD, instead of using it directly to extract the
magnetic signal. The corresponding definition of the PSD

is given by PP" = (O™) where

’L’2

O]Izh = eZﬂik(j—j’)/Nobs]j[j, , (BZO)

obs i

and the bracket (- -
set of density matrices {p?h}j and the integrals over the

-) denotes the ensemble average with the

axion parameters taking into account the coherence time as
in Eq. (35). Using this notation, we define the variables
analogous to C;; in Eq. (35) as

P = (1;1;)
diy— [ d¢f — | di,Te[p™ 11,
“5e | 0z [ ez | / ),
x [O(|t; = t7] = 7,) + 87°8(p = ¢')8(0, = 8)O(z, = |1; = 1;])], (35)

with p

M@ pph for j # j' and p = p . - They are straightforwardly evaluated as

- Dy —a)?A (j=)

2
P = N? (L Jg a‘) +
N*(ag

Using them, the PSD is expressed, in the continuum limit, as

1 to S tn S . J
P~ / " dt / " dt e =1 ). (B22)
Lobs JO 0

Note that, compared with the projection noise-limited PSD
Prs Pih has an extra factor in front of the axion effect

provided by

AP /dBY AP /dA
dP/dB% — dP./dA

~ N?(ay — (B23)

where the final equation is a good approximation when
N > 1. This observation is important to compare the
sensitivity between the cases limited by the projection
and shot noises.

For evaluation of the shot noise, it is sufficient to
consider the ensemble average without the axion effect,
which we denote as (- - -),. With this convention, some of
the important quantities are easily calculated as follows:

<Ij>0 = Nnavg’ (B24)

- l)ngvg + Nnavg7 (BZS)

() -

—a_)>Acos[m

2
“ﬁ*) +N(N

(B21)
o(tj=17)]0(z, = |tj = t;]).  (j#])

(I)g =N(N = 1)(N = 2)n3y +3N(N = 1)n3ys + Ny,

(B26)
(I})o = N(N = 1)(N = 2)(N = 3)nj,
FON(N = 1)(N = 2)nd
FIN(N = 1)ndyg + Nitgyg, (B27)

where 71,,, = (g +a_)/2 is the average number of
detected photons without the axion effect. Note also that
the correlation functions of the different-time operators can
be decomposed as, e.g., (I71)y = (I3)o(I;)o, since the
shot noises at different times are not correlated with each
other. Although the full expressions are listed, only the
highest order terms of N are needed to evaluate the leading
contribution to the shot noise. Using the above expressions,
the ensemble average of our observable is evaluated as

(O = (Z{N

J#J

avg + Nnavg}

(B28)
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- T(NobsNzngvg(Sk,O + Nnavg(l - navg))’ (B29)
where we used 7., = N,7. For the evaluation of the second term, the following identity is used, i.e.,

Ze2ﬂik<j—j/)/1vobs = Nobs(NObsék,O - 1) (BSO)
J#J

Similarly, the ensemble average of the squared observable is evaluated according to the expansion as

2 2
<(O£h)2>0 - <<T_ ZeZﬂik(j—j’)/Nobs[j[j,> > (B31)
; 0

t —
obs i

i PN o
g t2 <Z<I;‘>O + 22(62”1}((1_/ )/Nobs + ezﬂlk<./ ./)/Nobs><1:;]j,>0

obs j J#j
+ 5 (4 4 AU No - k=D Vo) (22
>y
n Z S (4e2ekU ") Nows - 420K~ Mo
J#J/ 1;///

22ik(2j—j' ")/ Nops “27ik(2j—]'=]") [ Naps ) { J2
4 2e27ik(2j='=]")[Nabs | D o=27ik(2j=j'~]")/ ) ()

+ Z ( Zﬂik( j—j +]//_]I/I)/N(\hs + perl’ns><ljlj I]//I ///> ), (B32)
J>i>j">]

111

where the last line contains all the possible permutations of the indices (j, j/, j”, /') in the argument of the exponential. The
summation over indices in each line is evaluated according to the repeated use of the identities analogous to Eq. (B30),
which results in’

Z(e4ﬂik(j_j/>/[v0bs + e4”ik<j/_j)/N°bs) = Nobs (Nobs5k.0 - 1)’ (B33)
>
Z Z (ezmk<j,_j”)/Nobs + ezmk(j”_j,)/NObs) = Nobs (Nobs - 2) (Nobsék,O - 1)’ (B34)
' /#jj/>jjvzj”
Z Z (ezmk(Zj_j/_j”)/NObs + e_Z”ik(Zj_j/_jﬁ)/NObs) = Nobs{Nobs (Nobs - 3)5k.0 + 2}’ (B35)
! 1#11/7;/’
( 27k =T 45" =" Nots + perms) = Nobs( obs 3) 6k0 + 2Nob%( obs T 3) (B36)
=i=j"=j"

By combining all the terms, we obtain the final expression

<(Oih)2>0 = TZ(NZ N4navg + 6N0bsN3n2vg(1 - navg) )6k0 +7 (ZNznavg(l - navg)2 + - ')’ (B37)

obs

where the dots represent terms with lower order of N and/or N . Thus, the fluctuation of the observable is evaluated as

B =[((0F"))o — (O3 (B38)

9Precisely speaking, all the following identities except for the second one contains additional terms proportional to 5 v, /> When N
is even. Neglecting these terms is justified if we assume that N, is odd, or simply that N, > 1 and the probability at which the bin
k = Ngps/2 is relevant is negligible.

075028-17



SO CHIGUSA et al.

PHYS. REV. D 111, 075028 (2025)

= T\/4NobsN3ngvg(1 - navg)ék,o + Ivzngvg(1 - navg)z-

(B39)

Finally, the sensitivities of our approach can be compared between the cases limited by the projection and shot noises. In
terms of the single-bin sensitivity in Eq. (41), the ratio of the sensitivities is calculated as

B" ( B,
dPy"/dB},

where we used Eq. (B23) and the measurement contrast C
defined as [91]

g —a_

C=——.
g+ o_

(B41)

For k # 0 modes, the overall sensitivity is then expressed
\/1+1/(C?nyy) when ny, < 1,

or equivalently by the readout fidelity F = 1/o%. This
results in the sensitivity worse than the projection noise-
limited one by a factor of g, which can be as small as
or ~ 19 [39]. On the other hand, the shot noise for the
k =0 mode is further enhanced by a large factor of
v/NgpsN, which arises from the fact that the observable

Oih contains terms linearly affected by the nuclear spin. As
a result, the k =0 mode is basically useless in our
approach. This unconventional scaling, which persists even
in the limit of the perfect measurement oy = 1 and a_ = 0,
is a result of the intrinsic constant shift in the definition of

by the parameter oy =

)_1 CP iy
dP,/dBY) (1)

ZNnbsN"avg ( 1 _navg)
b

(=9 (B40)

: (k #0)

C Navg

|

the operators /;, resulting in the finite expectation value
(I;)o = Nnyy,. In principle, this issue can be addressed by
shifting 1; — I; — Nn,,, in the definition of the PSD,
Eq. (B20), with which both the ratios shown in Eq. (B40)
become independent on N, and N. In reality, this
prescription is highly demanding since calibration of
Nnyy,, which is an unknown value a priori, at precision
of 1/y/NysN is required. However, since the frequency
range where this mode has a dominant contribution to the
sensitivity is given by f < 5L, the signal is more efficiently
explored by the conventional statistical analysis of the same
Ramsey sequence dataset, whose sensitivity is again ex-
pressed using op.

Overall, we conclude that the single parameter o, deter-
mines the shot noise-limited sensitivity irrespective of the
signal frequency. We use these observations to plot the shot
noise-limited sensitivity in Sec. V. Note that 6, could be
further reduced, e.g., by working with higher laser power
since both a; and a; are increasing functions of the
laser power.
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