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1. INTRODUCTION 

Tingley's problem, introduced by Tingley in 1987 [32], asks whether 
every surjective isometry between the unit spheres of Banach spaces is 
extended to a surjective isometry between the whole spaces. Various 
solutions have been proposed for Tingley's problem. Wang suggested 
the first solution [33], who worked on the space of all continuous func­
tions that vanish at infinity on a locally compact Hausdorff space (see 
[34]). Many interesting results have shown that Tingley's problem has 
been solved in specific spaces, and no counterexample has been found. 

According to [36, p. 730], Ding was the first to consider Tingley's 
problem in different types of spaces [13]. Ding [14, Corollary 2] proved 
that the real Banach space consisting of all null sequences of real num­
bers satisfies the Mazur-Ulam property. Liu [20] also contributed early 
to Tingley's problem on different types of spaces. Later, Cheng and 
Dong [8] formally introduced the concept of the Mazur-Ulam property. 

Definition 1.1. A real or complex Banach space B has the Mazur­
Ulam property if any surjective isometry from the unit sphere of B onto 
the unit sphere of another real or complex Banach space B' admits an 
extension to a surjective real-linear isometry from B onto B'. 

In their studies, Tan [26, 27, 28] demonstrated that the space V(IR) 
for a-finite positive measure space has the Mazur-Ulam property. Ad­
ditionally, Boyko, Kadets, Martfn, and Werner introduced two con­
cepts, C-richness [4, Definition 2.3] and lushness [4, Definition 2.1], for 
subspaces of continuous functions. They also proved that a C-rich sub­
space is lush [4, Theorem 2.4]. In another study, Tan, Huang and Liu 
[29] introduced the notion of local GL (generalized lush) spaces and 
showed that every local G L space has the Mazur-Ulam property. 

Tanaka [31] introduced a new direction in investigating Tingley's 
problem by presenting a positive solution for the Banach algebra of 
complex matrices. Mori and Ozawa [22] demonstrated that the Mazur­
Ulam property holds for unital C*-algebras and real von Neumann 
algebras. Cueto-Avellaneda and Peralta [11] proved that the complex 
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(or real) Banach space of all continuous maps taking values in a com­
plex (or real) Hilbert space has the Mazur-Ulam property (cf. [12]). 
The results of Becerra-Guerrero, Cueto-Avellaneda, Fernandez-Polo, 
and Peralta [2] and Kalenda and Peralta [19] demonstrated that any 
JBW*-triple has the Mazur-Ulam property. Peralta and Svare [25] 
extended the results of Mori and Ozawa [22] for unital JB*-algebras. 

The Mazur-Ulam property for a Banach space of dimension 2 re­
mained unresolved for many years. The final solution was presented 
by the remarkable and outstanding advance of Banakh [1], who proved 
that any Banach space of dimension 2 has the Mazur-Ulam property. 
The problem regarding a Banach space of finite dimension greater than 
2 remains open. The study of the Mazur-Ulam property is currently 
a challenging subject (cf. [5, 35]). Jimenez-Vargas, Morales-Campoy, 
Peralta, and Ramfrez [18, Theorems 3.8, 3.9] likely provided the first 
example of complex Banach spaces that have the complex Mazur-Ulam 
property ( cf. [24]). Hatori [16] formally introduced the concept of the 
complex Mazur-Ulam property. 

Definition 1.2. A complex Banach space B is said to have the com­
plex Mazur-Ulam property, emphasizing the term 'complex', if for any 
surjective isometry from the unit sphere of B onto the unit sphere of 
another complex Banach space B' admits an extension to a surjective 
real-linear isometry from B onto B' 

Note that a complex Banach space has the complex Mazur-Ulam 
property provided that it has the Mazur-Ulam property as a real Ba­
nach space since a complex Banach space is a real Banach space simul­
taneously. 

In the paper [16], the complex Mazur-Ulam property for uniform 
algebras is proved. It is shown that the existence of a unit in a uni­
form algebra is crucial for the proof of this property. The problem of 
the complex Mazur-Ulam property for a uniformly closed algebra on a 
locally compact Hausdorff space is discussed in the same paper. 

In a recent paper by Cueto-Avellaneda, Hirota, Miura and Peralta 
[10], it is demonstrated that every surjective isometry between the unit 
spheres of two uniformly closed algebras on locally compact Haus­
dorff spaces, which separate the points without common zeros, can 
be extended to a surjective real linear isometry between these alge­
bras. Cabezas, Cueto-Avellaneda, Hirota, Miura and Peralta [6] have 
recently proved the complex Mazur-Ulam property for a commutative 
JB*-triple. Both results concern the spaces of continuous functions 
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without constants. Peralta [23] gives the first example of an infinite­
dimensional non-commutative C* -algebra containing no unitaries and 
with the Mazur-Ulam property. 

In this paper, we further study the problem of the complex Mazur­
Ulam property. We introduce a separation condition named ( **) for 
a Banach space in section 4. We prove that a real (resp. complex) 
Banach space, which satisfies the condition ( **), has the (resp. com­
plex) Mazur-Ulam property. An extremely C-regular subspace satisfies 
the condition ( * ). Fleming and Jamison introduced it cite[Definition 
2.3.9]fjl, which is a generalization of an extremely regular subspace 
coined by Cengiz [9]. 

2. NOTATIONS AND TERMINOLOGIES 

Throughout this paper, we will use the following notations: B, B 1 , 

and B 2 will always refer to real or complex Banach spaces. For a real 
or complex Banach space B the unit sphere { a E B : llall = 1} of B 
is denoted by S(B) and the closed unit ball { a E B : llall ~ 1} by 
Ball(B). The set of all maximal convex subsets of S(B) is denoted by 
JB- We denote by IK = IR (resp. C) the set of all real (resp. complex) 
numbers. We denote the open unit disk in (C by D, the closed unit disk 
by D, and 11' = {z E IK: lzl = 1}. Throughout the paper, Y denotes a 
locally compact Hausdorff space, and X is a compact Hausdorff space. 
The space of all IK-valued continuous functions on Y, which vanish at 
infinity, is denoted by C0 (Y, IK). If Y is compact, then we simply denote 
C(Y, IK) instead of C0(Y, IK). The supremum norm on a subset W of 
Y is denoted by II · lloo(W) or II · lloo- For a function f E Co(Y, IK) and 
S C Y, we denote the restriction of f on S by f IS. For A C C0 (Y, IK) 
and SC Y, we denote AIS = {JIS: f EA}. 

We will also use T: S(B1 )----+ S(B2 ) to refer to a surjective isometry 
without assuming any linearity. We write 11' = {>. E IK: l>-1 = 1} for a 
IK-Banach space, IK = (C or IR. We say that the set of all extreme points 
of the unit ball of the dual space B* of B by the Choquet boundary 
for B, that is, 

Ch( B) = {p E B*: p is an exteme point of Ball( B)}. 

This notation may not be familiar, but we can assume that every Ba­
nach space can be viewed as a closed space of C0 (Ball(B*) \ {O} ). This 
means that the set of all extreme points of the closed unit ball of the 
dual space can be considered the Choquet boundary for B. In the fol­
lowing, we suppose that a IK-Banach space (IK = IR or C) is a closed 
subspace of C0 (Ball(B*) \ {O}, IK). 
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3. THE HOMOGENEOUS EXTENSION IS THE UNIQUE CANDIDATE 

The homogeneous extension T : B 1 ➔ B 2 of T is ; 

T(J) = { IIJIIT C1~11), 
0, 

f =/ 0 

f=O 

T is a surjective function that preserves the norm. Thus, to solve 
Tingley's problem, we need to prove that T is additive; that is, T(J + 
g) = T(J) + T(g) for all f,g E B 1 . Any subset of S(BJ), which 
is a singleton, is convex. By Zorn's lemma, we have a non-empty 
family 'JB consisting of all maximal convex subsets of S(BJ) such that 
LJFEJB F = S(B). Each FE 'JB can be indexed by Ch(B) x 11', but it 
needs not to be unique. 

Lemma 3.1. For every F E 'JB, there exists a (p, ,X.) E Ch(B) x 11' 
such that F = {J E S(B): f(p) = ,X.}. 

By the axiom of choice, there exists PC Ch(B) such that 

LB : p X 11' ---+ 'JB 

U) U) 

(p, ,X.) ---+ Fp,>. 

is a bijection. Here we denote Fp,>. = {f E S(B): f(p) = ,X.}. We call 
P a set of representatives for 'JB- Note that a set of representatives 
does not need to be unique. A key gradient is 

Theorem 3.2. T preserves maximal convex subsets in both directions. 

F E 'JB1 f----+ T(F) E 'JB2 

This is originally exhibited by Cheng and Dong [8]. But a crystal 
clear proof is given by Tanaka [30]. It induces the bijection 

T : 'J B1 ➔ 'J B2 , 

which defines the lift <I> of T: S(B1 ) ➔ S(B2 ) by 

Denoting 

<I>(p, ,X.) = (¢(p, ,X.), T(p, ,X.)), (p, ,X.) EA X 11', 



104

we have 
T(Fp,.>.) = Fqy(p,>.),T(p,>.), (p, A) E Pi X 'IT'. 

Rewriting it, we arrive at an important equality 

(3.1) (T(f))(<f;(p, ;\.)) = T(p, ;\.), f E Fv,>-· 

Let p E Pi be fixed. Suppose that we can prove : 

[1 ] ¢(p, ;\.) does not depend on A : say ¢(p, ;\.) = ¢(p), 
[2 ] T(p, ;\.) = T(p, 1),:\. or T(p, l)X. 

The equation (3.1) is as 

(T(f))(¢(p)) = T(p, 1),:\. or T(p, l)X, f E Fv,>­

for any A E 11'. As A = f (p) for f E Fp,>. we infer that 
(3.2) 
(T(f))(¢(p)) = T(p, l)f(p) or T(p, l)f(p), f E S(B1) with lf(p)I = 1 

under the conditions 

[1] ¢(p,;\.) does not depend on;\.: say ¢(p,;\.) = ¢(p), 
[2 ] T(p, ;\.) = T(p, 1),:\. or T(p, l)X. 

Suppose that (3.2) holds for any f E S(B1). We will arrive at the final 
destination. Then, under the conditions 

[1 ] ¢(p, ;\.) does not depend on A : say ¢(p, ;\.) = ¢(p), 
[2 ] T(p, ;\.) = T(p, 1),:\. or T(p, l)X 
[3] (T(f))(¢(p)) = T(p, l)f(p) or T(p, l)f(p), 't/f E S(B1) 

we infer that 

(3.3) (T(f))(¢(p)) = T(p, l)f(p) or T(p, l)f(p) 't/f E B1 

Recall that the homogeneous extension T : B1 ➔ B2 is defined by 

T(f) = { IIJIIT C1j11) , 
0, 

By (3.3) we have for J, g E B1 

f # 0, 

f = 0. 

(T(f + g))(¢(p)) - T(p, l)(f + g)(p) or T(p, l)(f + g)(p) 

- T(p, l)(f(p) + g(p)) or T(p, l)f(p) + g(p) 

- (T(f))(¢(p)) + (f(9))(¢(p)) 

- (TU)+ T(g))(¢(p)). 

If the set of all p E Pi, which satisfies the above equality, is a norming 
family for B1 , we have 

~ ~ ~ 
(3.4) T(f + g) = T(f) + T(g), f, g E B1. 

5 
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We arrive at the final destination. We conclude that 

Proposition 3.3. Suppose that the set of all p E A which satisfies 

[1] <f>(p,>-.) does not depend on)..: say <f>(p,>-.) = <f>(p), 
[2] T(p, >-.) = T(p, 1)>-. or T(p, l)"X, 
[3] (T(f))(<f>(p)) = T(p, l)f(p) or T(p, l)f(p), VJ E S(B1 ) 

is a norming family of B 1 . Then, the homogeneous extension T of T 
is additive, which means that B 1 has the Mazur-Ulam property. 

4. LOOKING FORWARD A NEAT, SUFFICIENT CONDITION FOR [1], 
[2] AND [3] 

In [17], we consider the condition ( *). 

Definition 4.1 (Definition 5.1 in [17]). We say that B satisfies the 
condition ( *) whenever there exists a set of representative P for J B 

with the condition : for every p E P,E > 0, and a closed subset F of 
P with respect to the relative topology induced by the weak* -topology 
on B* such that p €j_ F, there exists a E S(B) such that p(a) = 1 and 
lq(a)I ~ E for all q E F. 

Fleming and Jamison [15, Definition 2.3.9] introduced the extremely 
C-regular space, which is a generalization of an extremely regular space 
defined by Cengiz [9]. We denote the supremum norm off E C0(Y, IK) 

by 11111=-
Definition 4.2 (Definition 2.3.9 in [15], [9]). A IK-linear subspace E of 
C0 (Y, IK) for a locally compact Hausdorff space Y is called an extremely 
C-regular space (resp. regular) if for each x E Ch(E) (resp. x E Y) 
satisfies the condition that for each E > 0 and each open neighborhood 
U of x, there exists f E E such that J(x) = 1 = llflloo, and Iii <Eon 
Y\U. 

Note that for a uniformly closed extremely C-regular IK-linear sub­
space E of C0 (Y, IK) which separates the point of Y, x E Ch(E) if and 
only if x is a strong boundary point for E if and only if the representing 
measure for the point evaluation Tx for x on E is only the Dirac mea­
sure at x (see [17, Theorem 3.11]). Note also that a uniformly closed 
subalgebra of C0(Y, IK) which separates the point of Y is extremely 
C-regular. 

Example 4.3 (Example 5.2 in [17]). Suppose that E is a uniformly 
closed C-regular IK-linear subspace of C0 (Y, IK) for a locally compact 
Hausdorff space Y which separates the point of Y. Suppose that P = 
{ Tx: x E Ch( E)}. Then, P is a set of representatives, and the condition 
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(*)holds with P. Thus a uniformly closed subalgebra of C0(Y, IK) which 
separates the point of Y satisfies the condition ( *). 

Theorem 4.4 (Theorem 6.3 in [17]). Suppose that a real (resp. com­
plex) Banach space satisfies the condition (* ). Then B has the (resp. 
complex) Mazur-Ulam property. 

We have the following from Theorem 4.4. Cabezas, Cueto-Avellaneda, 
Hirota, Miura and Peralta [6] studies the complex Mazur-Ulam prop­
erty for commutative JB*-triples. In particular, [6, Corollary 3.2] ex­
hibits the same result for C0 (Y, C). Recall that a uniform algebra A on 
a compact Hausdorff space X is a closed subalgebra of C(X, C) which 
separates the points of X and contains constants. 

Corollary 4.5 ( Corollaries 6.4 in [17]). A uniformly closed extremely 
C-regular real (resp. complex) space has the (resp. complex) Mazur­
Ulam property. In particular, a closed subalgebra of C0 (Y, C) and a 
uniform algebra have the complex Mazur-Ulam property. 

Suppose that P(D) be a disk algebra on the closed unit disk D in 
the complex plane; i.e., 

P(D) = {f E C(D, C): f is analytic on the open unit disk D}. 

Then Re P(D) is a space of harmonic function on D. As the unit circle 

'TI' is the Silov boundary for Re P(D) and Re P(D) l'TI' = C('TI', IR), we 
infer that Re P(D) has the Mazur-Ulam property. In general, as a 
result, we see the following. 

Corollary 4.6. Let A be a uniform algebra. Then, the uniform closure 
Re A of the real part Re A of A has the Mazur-Ulam property. 

For a compact subset K in the complex place, R( K) ( resp. A( K)) de­
notes the uniform algebra, which consists of complex-valued continuous 
functions that are uniformly approximated on K by rational functions 
with poles off K (resp. analytic on the interior of K). By Corollary 
4.6, the space of harmonic functions on the interior of K, Re R(K) and 
ReA(K) have the Mazur-Ulam property. Inspired by Corollary 4.6, we 
may consider the following problem about the Mazur-Ulam property 
for space of harmonic functions. 

Problem 4. 7. Let K be a non-empty compact subset of the complex 
plane. Let 

(i) H0 (K) = { u E C(K, IR): u is harmonic on the interior of K}, 
(ii) H(K) = { u E C(K, IR): u is uniformly approximated on K 

by harmonic functions on open sets which include K}. 
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Do H0(K) and H(K) have the Mazur-Ulam property? 

Note that 
ReP(D) = H0(D) = H(D). 

It is known that H 0 ( K) nor H ( K) do not satisfy the condition ( *). 
We version up the condition ( * ). In general, it is known that if every 
boundary point of K is a peak point for R(K), then H(K)l8K = 
C(8K, IR), where 8K denotes the boundary of K. In this case, H(K), 
hence and H0(K) have the Mazur-Ulam property. In particular, if CC\K 
has a finite number of components, then every boundary point of K is a 
peak point; hence, R(K) has the Mazur-Ulam property. The necessary 
and sufficient condition for K such that every boundary point of K is 
a peak point for R(K) is known as a theorem of Melnikov (see. [37]). 

Definition 4.8. Suppose that P is a set of representatives for JB­
Let Q C P. We say that p E Q is a strong boundary point for Q in 
the sense of Fleming and Jamison if the following holds: for any open 
neighborhood U of p and positive c, there exists f E S(B) such that 
f (p) = 1, If I < c on Q \ U. 

Definition 4.9. B satisfies the condition ( **) if and only if there exists 
0 =/=- Q C P such that every p E Q is a strong boundary point for Q in 
the sense of Fleming and Jamison, and Q is a norming family for B; 
i.e. IIJII = suppEQ IJ(p) I for every f E B. 

In general, if B satisfies the condition ( *), then it satisfies the condi­
tion(**) with Q = P. A closed subalgebra of C0 (Y), which separates 
the points of Y, particularly a uniform algebra, is an extremely C­
regular space. Hence, it satisfies ( **). A space of harmonic functions 

{ u E C(K, IR): u is harmonic in the interior of K} 

for a plane comapcta Kneed not be an extremely C-regular space, but 
satisfies ( **). 

Theorem 4.10. Suppose that a real (resp. complex) Banach space 
satisfies the condition (**). Then B has the (resp. complex) Mazur­
Ulam property. 

We can prove Theorem 4.10 in a similar way as Theorem 4.4. We 
omit proof. It is known that the set of all peak points for R(K) is 
dense in the boundary 8K of K. Hence H(K) and H0 (K) satisfies the 
condition ( ** ). We have 

Corollary 4.11. The spaces H ( K) and H0 ( K) have the Mazur- Ulam 
property. 
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5. APPENDIX 

In this section, A denotes a uniform algebra on a compact Haus­
dorff space X. We present an idea for proving that a uniform algebra 
has the complex Mazur-Ulam property. We focus on the Hausdorff 
distance between the maximal convex sets. The Hausdorff distance 
dH(·, ·) between these sets is crucial for proving [1] and [2]. Recall that 

[1 ] </>(p, >-.) does not depend on ).. : say <f>(p, >-.) = <f>(p), 
[2 ] T(p, >-.) = T(p, 1)>-. or T(p, l)X 

The Hausdorff distance dH(·, ·) between Fp,>. and Fq,µ in JB is 

dH(Fp,>., Fq,µ) = max{ sup ( inf Ill - hll), sup ( inf llh - ill)} 
fEFp,>-. hEFq,µ hEFq,µ fEFp,>-. 

One can prove that any two-point-subset {p, q} C Ch(A) is a peak 
interpolation set for A. In particular, for any ).., µ E 'IT' there exists a 
function f E S(A) such that J(p) =).. and J(q) = µ. It follows that 

(5.1) dH(Fp,>., Fq,µ) = 2, >-., µ E 'IT' 

for every pair of different points p, q E Ch(A) Through a simple calcu­
lation 

dH(Fp,>., Fpy) = I>-. - XI, p E P, A, XE 'IT', 
with which (5.1) ensures [1]. Suppose that [1] does not hold: There 
exists (p, >-.) and (p, X) such that <f>(p, >-.) -=J <f>(p, X). We may assume 
that I>-. - XI < 2. By (5.1) 

H(q, µ) E Pi x 'IT': dH(Fp,>., Fq,µ) = I>-. - >-.'I}= 2, 

say, (q, µ) = (p, X), (p, µ) where µ is the symmetric point of X with 
respect to >-.. 

On the other hand, since T preserves the Hausdorff distance 

H (q, µ) E A x 'IT': dH(Fcp(y,>.),T(y,>.), Fq,µ) = I>-. - XI} ~ 3. 

In fact, at least (q, µ) = (<f>(p, X), T(p, X)), (<f>(p, >-.), >-.XT(p, >-.)), and 
(<f>(p, >-.), A11T(p, >-.)),where).." is the simmetric point of AA1T(p, >-.) with 
respect to T(p, >-.). This is a contradiction because 'IT' preserves the 
Hausdorff distance. Furthermore 

Proposition 5.1. We have 
[1] <f>(p, >-.) = <f>(p, >-.') for every p E Pi and>-.,>-.' E 'IT'. 

Letting 
Pt= {p E Pi : T(p, i) = iT(p, l)} 

and 
pl-= {p E PiT(p, i) = -iT(p, 1)}, 

we have P1+ U P1- = Pi and 
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[2] 
p E P/,>. E 'IT' 
p E pl-, A E 'IT'. 

We obtain a so-called the additive Bishop lemma, and we conclude 
that 

{J E S(A): f(p) = a} 

= { J E S (A) : d ( f, Fp, 
1
~i) ~ 1 - I a I, d ( f, FP, !al) ~ 1 + I a I} • 

for every lal ~ 1, where 

d(f, Fp,>.) = inf{llf - gll: g E Fp,;.}. 

Then we have [3]. It follows by Proposition 3.3 that a uniform algebra 
has the Mazur-Ulam property. 
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