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Tsunamis were widely observed when the large eruption of Hunga Tonga-Hunga Ha'apai volcano 

occurred in January, 2022. After the eruption, the atmospheric Lamb wave with the largest pressure 

deviation of approximately 2 hPa was observed in Japan [1]. Therefore, one of the sources that caused 

the tsunamis observed far away from the eruption site was considered to be the Proudman resonance [2], 

which is also an origin of meteotsunamis, e.g., [3]. Regarding eruption tsunamis before this Tonga 

eruption, the 1883 Krakatau volcanic eruption tsunamis [4-12] and the 1956 Bezymianny volcanic 

eruption tsunamis [12, 13] have been studied. 

The investigations on the 2022 Hunga Tonga-Hunga Ha'apai volcanic eruption tsunamis were 

started early after the event: for example, the relationship between the air pressure waves and resultant 

tsunamis was studied using numerical models [14, 15]. Thereafter, many papers have been published 

and the research on the Tonga eruption tsunamis continues: for example, numerical calculations using 

an ocean model with atmospheric models were performed to reproduce the sea level fluctuations along 

the Japanese coasts, resulting that the Proudman resonance due to the Pekeris waves [16] caused the 

significant tsunamis at Kushiro and Miyako in eastern Japan [17]. However, those at Tosashimizu and 

Kushimoto in western Japan could not be explained, and the amplification mechanism of tsunamis with 

a total amplitude of more than 2 m, which was observed at Amami in southern Japan [1], is also still 

unknown. Furthermore, although tsunamis due to air pressure waves were calculated considering seabed 

topographies [8, 14, 18, 19], there are many aspects that remain unclear especially regarding the effect 

of air pressure waves on air-sea waves propagating over seabed topographies. 

In the present study, as a fundamental investigation on air-sea waves, numerical experiments were 

generated to study tsunamis propagating over typical seabed topographies while being influenced by 

steady air pressure waves traveling at a constant velocity, using a nonlinear shallow water model on 

velocity potential of tsunamis. 

2. Numerical method and conditions 

2.1. Numerical method 

We consider the irrotational motion of an inviscid and incompressible fluid. When considering the 

pressure p(x, t) at the water surface, the nonlinear shallow water equations on velocity potential </J(x, t) 

are described as 
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Figure 1. Wave profiles of steady air pressure waves traveling in the positive direction of the x-axis at 

the initial time, namely t = 0 s, where the interval between the waves is o and the location of the onshore 

end of the nth wave Wn is Xn- The wavelength, maximum air pressure, and traveling velocity of Wn are 

denoted by A,Pmax, and Vn, respectively. 

817/at=-V[(17-b)V¢], 

8¢/8t= - (\7¢)2/2- g11-p!p, 

(1) 

(2) 

where 17(x, t) and b(x) are water surface displacement and seabed position, respectively; \7 is a horizontal 

partial differential operator (8/8x, 8/8y). The gravitational acceleration g is 9.8 m/s2 and the sea water 

density pis 1030 kg/m3• 

In this study, we consider the one-dimensional propagation of waves along the x-axis direction. 

Equations (1) and (2) were solved numerically using a finite difference method with central and forward 

difference schemes for space and time, respectively. The grid size LU and time step interval /:lt were 

determined to be 500 m and 0.7 s, respectively, after accuracy verification. The initial value of velocity 

potential, ¢(x, 0 s), was 0 m2/s at any location. The verification of the numerical model is discussed by 

comparing the numerical results of the maximum water surface displacement 1'/max with the 

corresponding linear theoretical solutions [3, 8]. 

2.2. Air pressure wave model 

We introduced an air pressure wave model to represent the fundamental effects of air pressure waves on 

the generation and amplification processes of tsunamis. We assumed that the steady air pressure waves, 

as depicted in Figure 1, traveled onshore, i.e., in the positive direction of the x-axis. At the initial time, 

namely t = 0 s, the interval between the air pressure waves was <5, and the location of the onshore end of 

the nth air pressure wave Wn was Xn. The traveling velocity ofWn, namely Vn, is assumed to be constant. 

The profile of the air pressure waves is a sinusoidal shape, which is described at the initial time as 

(3) 

When only one air pressure wave travels, its wave profile is illustrated in Figure 2, in which the traveling 

velocity of the air pressure wave is simply denoted by v. In the computation, the maximum air pressure 

Pmax and wavelength A were 2 hPa and 20 km, respectively, for any of the air pressure waves. Although 

it may be excessive to set the maximum air pressure to 2 hPa for air pressure waves due to an eruption 

other than atmospheric Lamb waves, it is a general value for air pressure fluctuations that generate 
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Figure 2. Wave profile of a steady air pressure wave W, traveling in the positive direction of the x-axis 

at the initial time, where the location of the onshore end of W, is x,, in Cases 1--4. The wavelength, 

maximum air pressure, and traveling velocity ofW, are denoted by A,Pmax, and v, respectively. 

Table 1. Calculation conditions of the air pressure waves in Cases 1-6. 

Case Figure x, X2 X3 v, orv V2 V3 

Case 1 Figure 2 35km 250 mis 

Case2 170 mis 

Case 3 

Case4 200 mis 

Case 5 Figure 1 85km 55km 25km 250 mis 220 mis 200 mis 

Case 6 

Figure 3. Seabed topography which includes a slope at Xstope '.S x '.S Xon in Cases 1-3. 

meteotsunamis. The calculation conditions of the air pressure waves are described in Table 1. 

2.3. Seabed topographies 

Figure 3 depicts a seabed topography including a slope, in the numerical experiments for Cases 1-3. 

The still water depth in the offshore deepest area is denoted by horr, whereas that in the onshore 

shallowest area is hon- The profile of the seabed slope is a sinusoidal shape and described by 

b(x)=-h0n- hoff-hon(l+ COS X-XsJope 1r:), Xslope'.SX'.SXon-
2 Xon - XsJope 

(4) 

The calculation conditions of the seabed topographies in Cases 1-3 are described in Table 2. 

Conversely, Figure 4 presents two types of seabed topographies including multiple slopes. Figure 

4(a) illustrates a seabed including four slopes, while Figure 4(b) includes three slopes. The former 

roughly models the seabed topography between Tonga and Amami Oshima Island, Kagoshima, Japan, 

while the latter imagines the area between Tonga and Chichijima Island, Tokyo, Japan. The calculation 

conditions of the seabed topographies in Cases 4-6 are described in Tables 3 and 4. 
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Table 2. Calculation conditions of the seabed topographies in Cases 1-3. 

Case Figure Xsiope Xon horr hon 

Case 1 Figure 3 150 km 550 km 4000 m 500m 

Case2 

Case 3 3800m 

(a) Four-slope type in Cases 4 and 5 (b) Three-slope type in Case 6 

Figure 4. Seabed topographies which include multiple slopes in Cases 4-6. 

Table 3. Switching positions of the seabed slopes in Cases 4-6. 

Case Figure s1 s2 s3 s4 ss s6 s1 

Case 4 Figure 4(a) 100 km 200 km 300 km 400 km 500 km 600 km 700 km 

Case 5 

Case 6 Figure 4(b) 

Table 4. Still water depths in Cases 4-6. 

Case Figure h, h2 h3 h4 hs 

Case4 Figure 4(a) 1500m 4000m 8000m 4000m 1500m 

Case 5 

Case 6 Figure 4(b) 1500m 

3. Generation and propagation of tsunamis due to an air pressure wave over a seabed 
including a slope 

3.1. Case 1: v > c 

In Case 1, an air pressure wave traveled over a seabed including a slope as illustrated in Figure 3. The 

calculation conditions are described in Tables 1 and 2. If a tsunami can be assumed to be a linear shallow 

water wave, the tsunami speed c is approximately .jiih, where h is still water depth. In Case 1, c is 

approximately ✓ ghorr "" 198 mis in the deepest area and the traveling velocity of the air pressure wave, 

v, is 250 mis, so v > c in the whole region. The time variations of both the air pressure and water surface 

displacement are presented in Figure 5, with the seabed profile. As depicted in Figure 5(a), a tsunami 

crest and trough are generated and amplified by the Proudman resonance in the deepest area, whereafter, 

as shown in Figures 5(b) and 5(c), the air pressure wave, accompanied by the tsunami crest, 
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Figure 5. Time variations of the air pressure and water surface profiles in Case 1. The yellow, blue, and 

orange lines indicate the air pressure p, water surface displacement 1'/, and seabed position b, 

respectively. The conditions are described in Tables 1 and 2. 

precedes the tsunami trough. 

Over the uphill slope, as depicted in Figures 5(d)-5(f), the tsunami height of the forced crest 

component following the air pressure wave is reduced, and the air pressure wave leaves a free crest 

component with a longer wavelength. The slope of the back of the newly built free crest is milder than 

the corresponding result in Figure 10 from [18], because the seabed slope is gradually change in the x

axis direction in the present case, while that is suddenly change at the slope end in [18]. In Figure 5(g), 
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the free tsunami crest which has been apart from the air pressure wave is amplified by shoaling, as 

described in [14] and [19], and so is the free tsunami trough. Figure 5(h) indicates, from the right, the 

forced tsunami crest that follows the air pressure wave, the free tsunami crest, and the free tsunami 

trough, propagating onshore. 

3.2. Case 2: v < c in the deepest area and v > c in the shallowest area 

In Case 2, an air pressure wave traveled over a seabed including a slope as illustrated in Figure 3, and 

the calculation conditions are described in Tables 1 and 2. In this case, the approximate value of tsunami 

speed, c, is -J ghoff ""' 198 mis in the deepest area and -J ghon = 70 mis in the shallowest area. Conversely, 

the traveling velocity of the air pressure wave, v, is 170 mis, so v < c in the deepest area, while v > c in 

the shallowest area. The time variations of both the air pressure and water surface displacement are 

depicted in Figure 6, with the seabed profile. In the deepest area, although Figure 6(a) indicates that a 

tsunami crest and trough are generated and amplified as in Figure 5(a) for Case 1, the air pressure wave, 

accompanied by the tsunami trough, is preceded by the tsunami crest in Figures 6(b) and 6(c), unlike in 

Case 1. We call this free tsunami crest the first free tsunami crest. 

Over the uphill slope, as depicted in Figure 6( d), the tsunami height of the first free tsunami crest 

increases by shoaling. In Figure 6( e ), the air pressure wave generates a new tsunami crest through the 

Proudman resonance, because the traveling velocity of the air pressure wave, v, is 170 mis and the 

resonance effect is maximized when the still water depth h is around 2950 m. The air pressure wave also 

excites a tsunami trough, and this trough overlaps the forced tsunami trough which has followed the air 

pressure wave, so the amplitude of the tsunami trough has become larger than that of the tsunami crest 

in the tsunami generation process. Thereafter, as shown in Figure 6(f), the tsunami trough is released 

from the restraint of the air pressure wave, and this free tsunami trough is amplified over the uphill slope 

with a wavelength that gradually becomes shorter. In Figure 6(g), the air pressure wave accompanied 

by a forced component of the new tsunami crest leaves a free component of the new tsunami crest. We 

call this free component of the new tsunami crest the second free tsunami crest. When the air pressure 

wave catches up with the first free tsunami crest, which has been amplified by shoaling, the tsunami 

height of the first free tsunami crest increases, because the forced component of the new tsunami crest 

following the air pressure wave overlaps the first free tsunami crest. It should be noted that after an air 

pressure wave passes a free tsunami crest, the tsunami height of the free tsunami crest returns to the 

value before being passed by the air pressure wave over a flat seabed, but the free tsunami crest obtains 

a larger tsunami height even after being passed by an air pressure wave over an upslope seabed [18]. 

This is because as the still water depth becomes shallower and the effect of the Proudman resonance 

decreases over an upslope seabed, the energy of the forced tsunami crest component following an air 

pressure wave decreases and the residual energy is added to the free tsunami crest being passed by the 

air pressure wave. In Figure 6(h), the first free tsunami crest, which are amplified by shoaling, has been 

further amplified by being passed by the air pressure wave, over the upslope seabed. This figure indicates, 

from the right, the forced tsunami crest that follows the air pressure wave, the first free tsunami crest, 

the second free tsunami crest, and the free tsunami trough propagating onshore. 
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Figure 6. Time variations of the air pressure and water surface profiles in Case 2. The yellow, blue, and 

orange lines indicate the air pressure p, water surface displacement 1'/, and seabed position b, 

respectively. The conditions are described in Tables 1 and 2. 
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3.3. Case 3: v < c in the deepest area and v > c in the shallowest area 

In Case 3, an air pressure wave traveled over a seabed including a slope as illustrated in Figure 3, and 

the calculation conditions are described in Tables 1 and 2. In this case, the approximate value of tsunami 

speed, c, is ✓ ghorr "" 193 mis in the deepest area and ✓ ghon = 70 mis in the shallowest area. Although 

✓ghon = 70 mis in both Cases 2 and 3, ✓ghorr"" 198 mis in Case 2, so ✓ghorris slightly larger in Case 2 

than in Case 3. Conversely, the traveling velocity of the air pressure wave, v, is 170 mis in Case 3, so v 

< c in the deepest area and v > c in the shallowest area, as in Case 2. The time variations of both the air 

pressure and water surface displacement in Case 3 are depicted in Figure 7, with the seabed profile. Over 

the uphill slope, as shown in Figures 7( d)-7(f), the air pressure wave, which is generating a new tsunami 

crest, passes the first free tsunami crest. Therefore, the first free tsunami crest and the newly excited 

tsunami crest partially overlap, and then, in Figure 7(g), this composite wave has been left behind from 

the air pressure wave. Conversely, as shown in Figure 6(g), two free tsunami crests are separated in Case 

2. Based on the difference in the timing of the air pressure wave to pass a free tsunami crest, the 

maximum water level in Case 3, which exceeds 0.2 m, is larger than that in Case 2. As the overlap 

degree of the two tsunami crests described above increases, the maximum water level will increase. 

Figure 7(h) indicates that the maximum water level has increased because of both the shoaling and 

the increased overlap degree due to the shorter distance between the leading tsunami peak and the 

subsequent tsunami peak, which propagates at a larger velocity in a deeper water. In addition, the 

amplitude of the free tsunami trough further increases because of the soliton disintegration with a tail 

including several tsunami crests and troughs. 

4. Generation and propagation of tsunamis due to air pressure waves over a seabed 

including slopes 

4.1. Case 4: Generation and propagation of tsunamis due to an air pressure wave over a seabed 

including four slopes 

In Case 4, an air pressure wave traveled over a seabed including four slopes as illustrated in Figure 4(a). 

The calculation conditions are described in Tables 1, 3, and 4. The time variations of both the air 

pressure and water surface displacement are depicted in Figure 8, with the seabed profile. First, the air 

pressure wave accompanied by a forced tsunami crest precedes a free tsunami trough in the shallowest 

area. Then, as depicted in Figures 8(a)-8(c), when the still water depth increases, the effect of the 

Proudman resonance increases and both a tsunami crest and trough are excited, because the traveling 

velocity of the air pressure wave, v, is 200 mis and the resonance effect is maximized when the still 

water depth h is around 4080 m. It should be noted that the amplitude of the tsunami crest is larger than 

that of the tsunami trough because only the free component of the tsunami trough has been left behind 

the air pressure wave over the shallower area. Figure 8( d) indicates that at the valley or trench, the 

approximate tsunami speed c is larger than the traveling speed of the air pressure wave, v, so the tsunami 

crest precedes the air pressure wave accompanied by the tsunami trough. In Figure 8( e ), a free tsunami 

trough also precedes the air pressure wave accompanied by a tsunami trough with a decreased amplitude. 

In Figures 8(f) and 8(g), another tsunami crest and trough are generated and amplified based on larger 
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Figure 7. Time variations of the air pressure and water surface profiles in Case 3. The yellow, blue, and 

orange lines indicate the air pressure p, water surface displacement 1'/, and seabed position b, 

respectively. The conditions are described in Tables 1 and 2. 
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Figure 8. Time variations of the air pressure and water surface profiles in Case 4. The yellow, blue, and 

orange lines indicate the air pressure p, water surface displacement r,, and seabed position b, 

respectively. The conditions are described in Tables 1, 3, and 4. 

Proudman resonance effect due to the decrease in still water depth. Thus, multiple free tsunami crests 

and troughs are excited over seabed slopes, even though just one air pressure wave travels. 

It should be noted that the intervals of the free tsunamis decrease and the total length of the free 

wave group becomes shorter as the still water depth decreases. There are two reasons for this as follows: 

( 1) The propagating velocities of preceding free tsunami crests and troughs decrease, so subsequent free 

tsunamis traveling in deeper water approach the preceding free tsunamis. 

(2) Tsunamis that are just excited by air pressure waves approach the preceding free tsunamis with a 

propagating velocity slower than the traveling speed of the air pressure waves. 

4.2. Case 5: Generation and propagation of tsunamis due to three air pressure waves over a seabed 

including four slopes 

In Case 5, three air pressure waves traveled over a seabed including four slopes as illustrated in Figure 
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Figure 9. Time variations of the air pressure and water surface profiles in Case 5. The yellow, blue, and 

orange lines indicate the air pressure p, water surface displacement 17, and seabed position b, 

respectively. The conditions are described in Tables 1, 3, and 4. 

4(a). The calculation conditions are described in Tables 1, 3, and 4. Although the traveling speeds of the 

air pressure waves are different and the Proudman resonance effect becomes greater in different sea 

areas [20], the traveling speeds of the air pressure waves, Vn (n = 1-3), are larger than the approximate 

propagating velocity of a free tsunami, c, in the shallowest area, while Vn < c in the deepest area. The 

time variations of both the air pressure and water surface displacement are depicted in Figure 9, with 

the seabed profile. Comparing Figures 9( d) and 9(i), although the latter shows one more significant free 

tsunami crest and trough than the former, the total length of the latter free wave group is shorter than 

that of the former, because the subsequent tsunamis approach the preceding tsunamis, as described above 

for Case 4. 

4.3. Case 6: Generation and propagation of tsunamis due to three air pressure waves over a seabed 

including three slopes 

In Case 6, three air pressure waves traveled over a seabed including three slopes as illustrated in Figure 

4(b ). The calculation conditions are described in Tables 1, 3, and 4. As in Case 5, Vn > c in the shallowest 

area, while Vn < c in the deepest area. The time variations of both the air pressure and water surface 
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Figure 10. Time variations of the air pressure and water surface profiles in Case 6. The yellow, blue, 

and orange lines indicate the air pressure p, water surface displacement Y/, and seabed position 

b, respectively. The conditions are described in Tables 1, 3, and 4. 

displacement are depicted in Figure 10, with the seabed profile. In Figure 9(i) for Case 5, the number of 

both the tsunami crests and troughs with an amplitude over 0.2 m is four, while that is three in Figure 

1 0(i). Thus, the numbers of free tsunami crests and troughs with a larger amplitude depend on the 

number of seabed slopes, as well as the number of air pressure waves that excite tsunamis. 

5. Conclusions 

Numerical simulations were generated using the nonlinear shallow water model on velocity potential to 

study the excitation and propagation of tsunamis due to steady air pressure waves over typical seabed 

topographies. We set the conditions by considering the magnitude relationship between the traveling 

speed of air pressure waves, v, and the approximate propagating velocity of free tsunamis, c. 

First, we assumed that an air pressure wave traveled over a seabed including an upslope. When v 

> c in the whole region, the air pressure wave accompanied by a forced tsunami crest preceded the 

generated free tsunami trough over the horizontal seabed. Thereafter, over the upslope seabed, the air 

pressure wave with the forced tsunami crest gradually formed a free tsunami crest with a larger 
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wavelength, and then this free tsunami crest was left behind the air pressure wave. 

When v < c in the deeper area and v > c in the shallower area, the air pressure wave accompanied 

by a forced tsunami trough was preceded by the generated free tsunami crest over the horizontal seabed. 

After that, over the upslope seabed, the air pressure wave with the forced tsunami trough generated a 

new tsunami crest. As the overlap degree of the new tsunami crest and the preceding free tsunami crest 

was increased, the maximum water level increased. Conversely, the forced tsunami trough brought by 

the air pressure wave was amplified based on the larger Proudman resonance effect. Furthermore, the 

preceding free tsunami crest was amplified both by shoaling and by being passed by the air pressure 

wave. 

Second, we assumed that air pressure waves traveled over a seabed including multiple slopes, 

where v < c in the deepest area and v > c in the shallowest area. Multiple significant free tsunami crests 

and troughs were excited by just one air pressure wave because of the multiple slopes. The numbers of 

the significant tsunami crests and troughs depended on the number of the seabed slopes, as well as the 

number of the air pressure waves that excited tsunamis. 
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