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Introduction

Vertex operator algebra (VOA) was defined in 1980’s ([B]) so as to describe the two-dimensional
conformal field theory (CFT) in physics in the algebraic framework. The study of VOAs may provide
new discoveries in physics, and conversely, the research in physics can stimulate the development
of new theories of VOAs. One of the physical aspects in pure mathematics via VOAs is the Higgs
Branch Conjecture([BR, A3]), which implies that the Higgs branches (a certain geometrical invariant
in physics) are the associated varieties of VOAs (algebraic objects in mathematics) corresponding to
four-dimensional A" = 2 super CFT via the 4d/2d correspondence ([BLL+]). It is meaningful to find
free field realization of VOAs, because the free field realization of the VOA arising from the four-
dimensional super CFT mirrors the effective field theory description of the super CFT on the Higgs
branch of its moduli space of vacua ([BMR]).

The universal centralizer 3¢ is a family of pairs (g, s), where s is an element in the Slodowy slice
and g € G is in the stabilizer group of s. This is a subvariety of the equivariant Slodowy slice with
a symplectic structure([Kos3]), and identified with the space associated to the sphere in the Moore-
Tachikawa two-dimensional topological quantum field theory that describes the Higgs branches for the
class S theory([MT]). We have an open immersion from a complexification of the phase space of the
Kostant-Toda lattice to 3¢ ([C, BN]). Also, 3¢ is identified with the spectrum of the equivariant Borel-
Moore homology of the affine Grassmannian ([BFM]) of the Langlands dual group of G. According to
[BPRvVR], the chiral counterpart of the universal centralizer 3¢ is the chiral universal centralizer I
defined in [A1]. That is, 3¢ is the associated variety of I. For G = SL2(C) and a generic level, the
universal centralizer coincides with the modified regular representation of the Virasoro algebra defined
in [FS]. The representation of the universal centralizer is studied in [MY] for G = SLy(C) and at level
—1 and irrational levels, but for other general case, it is yet to be studied.

In [BN], the authors suggested how to construct a free field realization of a chiral universal centralizer
at the critical level for simple Lie groups G. They conjectured that the immersion KT — 3¢ gives rise
to a vertex operator algebra homomorphism between the chiralization of KT and the chiralization
of 3¢. We will construct a free field realization of the chiral universal centralizers at any level,
using an idea of [F'S]. The universal centralizers are defined by performing the Kostant reduction
twice to the cotangent space T*G, and the chiral universal centralizers are defined analogously: by
performing the quantized Drinfeld-Sokolov reduction of the chiral differential operator algebra DH(G)
on G twice ([MSV, BD, AG]). We take the big cell U of the Bruhat decomposition of G, and get
the free field realization by performing the quantized Drinfeld-Sokolov reduction to restriction map
DIG) — DEMU) twice (Theorem 9).

0 Notations

We let G be a simple affine algebraic Lie group unless otherwise stated. Fix a Borel subgroup B C G
and a splitting B = N x T, where N C G is a maximal unipotent subgroup and 7' C G is a maximal
torus. Set g:= Lie(G), n:= Lie(N), t := Lie(T) and let A denote the set of simple roots of g.
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Choose a root basis {e*}aea of g with a € g,, where g, is the root space. We fix a principal
nilpotent element fo:=3 ., e”* € nand let xo € n* C g* be the Killing dual element of fy. Note
that xo is a character of n.

We regard complex numbers as invariant bilinear forms on g by considering the bilinear form

BT x (-,-) for k € C, where h" is the dual Coxeter number of g and (-, -) is the Killing form

1 Chiral Universal Centralizer

1.1 Kostant reduction

Let X be an affine Poisson algebraic variety with a Hamiltonian G-action with the moment map
stx - Then we have a moment map puy for N-action;

% restriction

pn X = gf ———— n*.
By the Jacobson-Morozov theorem, fo can be completed to an sly-triple (eq, ho, fo). Let g°° be an
ade,-invariant subspace of g and Sy, := fo 4+ g°° C g be the Kostant-Slodowy slice.

Theorem 1 ([Kosl]). Assume that xo is a regular value of jix and N-action on ' (xo) is free. Then

' (X0)/N = X xg- Sy,
as varieties.

We call py' (x0)/N the Kostant reduction of X with respect to ux and denote X//y,N.
1.2 (Classical) universal centralizer

We have two commuting actions pr, and pg of G on TG = G x g*:
pr(9)(h,¢) = (hg™!, Ady(9)),
pr(9)(h. ¢) = (gh.¢)

for g,h € G and ¢ € g*, where Ad™ means the coadjoint action of G on g*. In fact, py, and pr are
Hamiltonian actions, which correspond to the following moment maps:

pr(h, @) = ¢,
pr(h, ) = Ad, ().
We perform the Kostant reduction to T*G with respect to py, and get
T*G//yoN = TG x4~ S,
=G xSy,

Since pr, and pr commute with each other, G x Sy, inherits a Hamiltonian G-action p’, corresponding
to a new moment map pp.

Pr(9)(h,s) = (gh,s),
1 (h, ) = Adj (xs),
where x, is the Killing dual of s € Sy,. Therefore, we can take the Kostant reduction of G' x Sy, with

respect to p; and we get 3¢ = {(g9.s) € G x Sy, | Ady(s) = s}, called the (classical) universal
centralizer of G. That is,

(G x Sfo)//XDN = (G x Sfo) Xg+ S
= {(g,5) € G x Sy, | Ady(s) = s}
= J3c-
We will follow [BN] so as to obtain a “classical free field realization”. Define KT := xo +t* + > ca 05 \ {0} C
g*. Then KT, is a symplectic variety ([Kos2]) and it is not difficult to see that KTy = T*(C*)™® as a



symplectic variety. We denote the projection map pr: KTy — (C*)*8, Let Zg : T — (C*)™ be the
map
t— (a(t))aen,
where «f(t) is defined by Ad;(e®) = a(t)e® for a simple root o € A.
We define the symplectic variety KT to be the pullback of pr : KTy — (C)%8 and Zg : T —
((CX )rkg .

KTg — KT,

T Zc R ((CX)rkg

Since Zg is étale, the same holds for mg. Hence, we can pullback the symplectic form on KTy to a
symplectic form on KTg.

We have the following proposition, which can be regarded as giving a “classical free field realization”
of O(3¢), because the chiral analog of O(3¢) — O(KTg) induced by ¢ provides a (chiral) free field
realization of the chiral universal centralizer (c.f. section 2.1).

Proposition 2 ([C, BN]). There exists an open immersion ¢ : KTg — 3.
Moreover, p is symplectic.

The image of ¢ is described by the open subset U, which is the big cell of the Bruhat decomposition
of G:

Im(p) = (U x S5,) N 36 =: 3u-

Remark 3. The open subset 3 C 3¢ is obtained by using the same method as in the 34 case. That
is,

U X g* Sfﬂ = U x Sfm
(U % Sg,) xg= Sg, ={(g,5) € U x Sy, | Adg(s) = s}
= (U X Sfo) ﬂ:’)G = SU-
1.3 Universal centralizer of SLy(C)

In this section, we let G = SLy(C). Since

o (3 o ) e (0 D)
(I
=60 ) cowsnsec bt 9]0

Y SX Y SX
-{(% Y)‘X,Y,Se@,det(X Y ) =1}

Hence, 3¢ is an affine variety in A(% with the coordinate ring

CIX.Y, 5]
(SX2-Y2+1)

we get

Therefore,

O3G (SG) =
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The nontrivial Poisson brackets among the generators of O3, (3¢) are as follows:
1
{8, X}=Y, {SY}=8X, {X,Y}= 75)(2.

Since U = {X # 0} € SLy(C), 3v = {X # 0} C 3¢. A Poisson algebra O3 (Ux) = C[X*!, Y] is
isomorphic to Oxr,, (KT¢) = CyE2, 8] via

X8, Yo by

ClX,Y,S
The restriction map M — (C[ﬁ/i%, b] is given by
X — ’y_% ;
Y — b’y_7 ,
S b? 4.

1.4 Vertex algebra
In this section, we will recall some basic facts about vertex algebras. For further details, refer to
[FBZ, Kac].
A vertex algebra is a vector space V equipped with the data below:
: (the vacuum vector) a vector |0) € V,

: (the translation operator) a linear map 7 : V — V|
: (the vertex operators) a linear map Y'(-, 2) : V. — Hom (V, V((2))).

These data are subject to the following axioms:

: (the vacuum axiom)
Y (|0),2) =idy.
Futhermore, Y (a, 2)|0) € V[z] and ;13(1) Y(a,2)|0) =a (Va € V).
: (the translation axiom)
T,Y(a,2)] =0,Y(a,z) (Va€V)and T|0) =0.
: (the locality axiom)
for any a,b € V, (z — w)N[Y(a, 2), Y (b, w)] = 0 for some N € Zxy.

As a consequence of the definition, we find

Y(a,2)Y (b,w) = z_: %

n=0

+:Y(a,2)Y(b,w) :

1
for any a,b € V, where we write Y (a, z) = g a(mz*"*l and by —— we understand its expansion
z—w
ne”Z
in C((2))((w)). This is usually expressed as follows:

Y((l(n b w
Y(a, z) Z Gowpt

For a finite dimensional Lie algebra g with a symmetric invariant bilinear form x, we can construct a
vertex algebra. Let g, = g[til} ®C1 be the Kac-Moody affinization of g associated with . That is, g,
is a one-dimensional central extension of g[t=!] with the two-cocycle c(x @t", y 2t™) = Ny m.ok(,y).
We define a g,-module V"*(g) by

V*(g) == U(8x) ®u(gijacy) C,



where C is a one-dimensional representation of the subalgebra g[t] ¢ C1 C g, on which g[t] acts 0 and
1 acts as the identity. By the Poincaré-Birkhoff-Witt theorem, V*(g) is isomorphic to U(t~'g[t™!]) as
a vector space and has a PBW basis

{z™ coextm o 4|0y [y > >0y, >0, and if n; = niqr,then a; < aiga b,

—n1—1 —Tim

where {z%}9™9 is a basis of g, ,, denotes = @ t" € g[t™'] for z € g and |0) € V*(g) is the image of
1®1€U(g.) ®@C.

Let T : V*(g) — V"(g) and Y (-, 2) : V"(g) — Hom(V"(g), V"(g)((2))) be linear operators defined
by the relations

T|0) =0, [T,z0]=—nz

n—1
and
Y(0),2) = idyn(g), Y(z%[0),2 = anem !
neZ
o1
V(@ et 10,2 = | [ | 10 ) oma ()
g=1"7

Then (V"(g),[0),T,Y (-, 2)) is a vertex algebra and called the universal affine vertex algebra
associated with g and &.
A Z-graded vertex algebra V = @ Vg is called a vertex operator algebra if
deZ

e dim(Vy) < oo for all d € Z and Vy = 0 for d < 0.
e there exists a vector w € V' which satisfies the following:

3 _
(1) [Ln, L] = (n—m)Lptm + uéner o¢, where Y (w, 2) = Zan "1landceC,

12 new
@) L, =T,
(3) Lolv, =didy, (Vd € Z).

We call w and ¢ the conformal vector and the central charge of V', respectively.

1.5 The quantized Drinfeld-Sokolov reduction

Let x : nt™!] — C be a functional on n[t™!] defined by the formula

(et = 1 (if « is a simple root and n = —1)
0 (otherwise).

Since x([z,y]) = 0 for all &,y € n[t*!], we get a one dimensional representation of n[t*!], denoted by
C,.
Definition 4 ([FF, KRW]). Let M be in the category O of g of level k.
Define

Hpys(M) = HE*(n[t"'], M ® Cy),
where H % *(n[tt!], N) means the semi-infinite n[t*!]-cohomology with coefficients in an n[t™!]-
module N ([F)).

We call H%S(]\/[) the quantized Drinfeld-Sokolov reduction of M. It follows from the definition
that if M is a vertex operator algebra, then so is HYg(M).
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1.6 Chiral differential operators

The sheaf of chiral differential operators D! is the sheaf of conformal vertex algebras on a
smooth algebraic variety X, defined in [MSV, BD]. We will concretely describe the structure of the
global section of D&, where G is an affine algebraic Lie group following [AG].

We first define the arc space J, X of a finite type scheme X. This is a (unique) scheme defined
by

Homgcheme (Spec(4), JooX) = Homgeneme(Spec(A[2]), X)
for any commutative C-algebra A. If X = Spec(R) is an affine scheme, J,, X = Spec(J R), where for
R =Clz1,22,...,2,)/(f1, f2,. .., fr), & differential algebra (JR,d) is defined by

JeoR :=Cl0™z; |m>0,1<i<n]/(d'f;|1>0,1<j<r).

As a vertex algebra, DE(G) = U (gy,) Qu(giack) O(JooG), where K is the central element in g and
JooG is the arc space of G. Here, g[t] C Jog acts on O(JoG) as a left invariant vector field and K
acts as identity. We have a following vertex algebra structure on the right hand side:
we can take {z, f | x € g, f € O(G)} as a set of strong generators with fields

2(z) =Y (at™)z " f(2) =) fayz "
nez nez

where f_,_1) = if n > 0 and 0 if n < 0. These are mutually local fields and satisfy the OPEs

n!
sey(u) ~ 2y 2200
F(Dg(w) ~0,
o(2)7(w) ~ LD

for z,y € g and f,g € O(G), where z, is a left invariant vector field corresponding to = € g. Moreover,
U(gk) Qu(giack) O(JoG) is a Zxo-graded vertex algebra by setting deg(x) = 1,deg(f) = 0.

From this fact, the following proposition holds.
Proposition 5. There are injective vertex algebra homomorphisms

Vg - DIMG); z—a®1,
71 0(x(G) > DG(G)s frr1ef.
In addition, we have a vertex algebra homomorphism
i VE (g) = DE(G)

for k* := —k — 2hY. In order to describe this map, let us recall some facts about derivations and
differential forms on G.

Let Q' (G) be the space of global differential forms on G' and Derc(O(G)) be the space of derivations
on O(G). Then we have O(G)-module isomorphisms

QY G) = Home(g,0(G));  df = (x = xpf)

O(G) ®g = Derc(0(G)); 1®@x > zp,
where d denotes the de Rham differential.
We define © to be the subspace of D&Y(G) spanned by fdg with f,g € O(G)). Because of the
following lemma, we can identify Q with Q!(Q).

Lemma 6. There exists a linear isomorphism

I':Q 5 Home(g,O(G));  fog+— (z— f-(zrg)).



Let {2}, be a basis of g and {wi}?;l be the dual basis with respect to the O(G)-bilinear pairing
Derc(O(G)) x QY(G) — O(G). Since {z} }7_, forms a basis of a free O(G)-module Derc(O(G)), there
exists some invertible matrix (f*7) over O(QG) such that x% = Z fiad for all i.

Jj=1
Now we can define 7g.

Proposition 7 ([AG, GMS]). (i) For 2’ = z{_,)[0) € V*"(g), set

mr(z') = Zf”m + Z E* - (af,2%) frawk.
i=1

Jr k=1

Then T gives rise to a verter algebra embedding g : V' (g) = D(@).
(ii) Im(ng) € Com(Im(w), DE(@))), where Com(W, V) is the commutant of W in V for a vertex
algebra V' and its vertex subalgebra W.

Remark 8. We have decreasing (resp. increasing) filtration F* (resp. F!) of DZNG). Let {a;}ier be
a set of strong generators of D& (G). Then F* and F! is the space spanned by the vectors
(@1)(=ny—1) " (@) (—np-1)[0), P+ - 1 > 5,

(al)(—nl—l) e (am)(—nm—l)|0>v deg(al) + et deg(am) S S,
respectively.
We have grf' DE(G) = gr., DE(G) ([A2]). Let us denote
grDE(Q) == grf DE(G) =2 O(JoT*G) = O(Jag®) ® O(Jo ).

The g[t*!]-action on grDZ(G) is as follows:

xt" - (a ® f(m)) =a® (ILf)('rH—m)v

ot (a @ fony) = (27" THa® fam),
where 2 € g, n,m >0, a € O(Jwg*) = Sym(t~'g[t™']) and f € O(G).
1.7 Chiral universal centralizer

The chiral universal centralizer is obtained by performing the quantized Drinfeld-Sokolov reduction
of DE(@G) twice.

There are two commuting actions of g and gi- on Dg;h(G), corresponding to the vertex algebra
homomorphisms

12 V*(g) = DE(G),
mr: VY (g) = DE(G),

defined in the previous section.

Since D (G) satisfies the condition in Definition 4, we can perform the quantized Drinfeld-Sokolov
reduction of DEMG) first with respect to the former action, and then the latter action.

The first vertex algebra we obtain is said to be the equivariant affine W-algebra and denoted
by We ([A1]). That is, Wg i, := HY5(DE(G)). By Proposition 7 (i), we know that mg descends
to a vertex algebra homomorphism 7, : 148 (g) & Wq i, which gives rise to a g« action on We .
Then we can consider the quantized Drinfeld-Sokolov reduction of HY«(D&(G)) with respect to this
action. Finally, we get a vertex algebra

Lok = Hps(Wa),

called the chiral universal centralizer associated with G. The level k in Wg , and Ig ; may be
omitted if it is clear.
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The chiral universal centralizer is a strict chiral quantization of the (classical) universal centralizer
([A1]). That is, X1, = 3¢ as Poisson varieties, X1, = 3¢ as schemes and the surjective Poisson vertex
algebra homomorphism O(JOQXIG) — grlg induced by the identity map on Ry, is an isomorphism.
Here, for a vertex algebra V, Ry denotes the Zhu’s Cy algebra of V' ([ZhuY]), Xy := Specm(Ry) is
the associated variety of V and Xy := Spec(Ry) is the associated scheme of V ([A1]).

The vertex algebra Iy is conformal with central charge 2(rk(g) + 24(p, p¥)), where p (resp. p*)
is the half sum of positive root (resp. positive coroot). Moreover, I¢ j is simple ([AM]) because its
associated scheme 3¢ is smooth ([R]) and reduced. Note that we have the following vertex algebra
homomorphisms:

mL @ g Vi (g) ® VY (g) = DE(G),
Hpg(m) ® 7 s WH(g) @ V¥ (9) = Wk,
Hps(mr) @ Hpg(mh) : WH(g) @ W (g) = Ig.
These maps are conformal when £ is non-critical level.
Let the level k be irrational. We have a decomposition of DCG}fk(G) as a V¥(g) @ VF (g)-module
([AG, ZhuM]):
DG = P ViV,
XEPL
Here, P, is the set of dominant integral weights of g, V)\k denotes the Weyl module in level k£ and

A" = —w -\, where w is the longest Weyl group element of g. It follows that I j has a decomposition
as a WF(g) @ W*" (g)-module:

Iox = @ T T,
AeP,
where TY , := Hpg(V{) is the irreducible W*(g)-module studied in [AF]. For G = SLy(C), this
decomposition appeared in [F'S] and they called it the modified regular representation of the Virasoro
algebra.

2 Main Results
2.1 Free field realization of I

In this section, we construct a free field realization of I in a similar way to [FS].

We denote U the big cell of the Bruhat decomposition of G, corresponding to the longest Weyl
group element w. This subset U C G is open and we can concretely write U = NWTN. Here w is the
uplift of w to the normali%er of T in G and lies in the connected component of the identity.

Cchn

The vertex algebra Dg'(U) is equipped with the commuting actions of gx and gg~, induced by
composing the restriction map with 7y and mg:

restriction
E—

VE(a) ™ DE(G) DG (U),

VE (g) T8 DEl(G) =N pek (@),

As in the previous section, we take the quantized Drinfeld-Sokolov reduction twice; first with respect
to the gy action, and then with respect to the g~ action.
By performing the first reduction, we obtain the following vertex algebra homomorphisms:

WH(g) @ V¥ () = Wa, — Hps(DE(U)).
Then we perform the second reduction with respect to the homomorphisms

V¥ (g) = We = Hps(DE(U)),
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and get the following vertex algebra homomorphisms:
WH(g) @ W (g) = 1o — Hps(Hps(DE(U))).
Now we state the following theorem.
Theorem 9. There exists a verter algebra embedding
v:Igy — DM(T).
Moreover, the corresponding map between associated varieties coincides with o in Prososition 2.
To prove this theorem, we need the following lemmas.

Lemma 10. (i) Let G be a unipotent algebraic Lie group.

The action of t™'g[t™] on DENG) is free and the action of g[t] on DX(G) is cofree. Here, these
actions come from the vertex algebra homomorphism V*(g) — DEN(Q).

(it) Hps(Di(N)) = C.

Proof (Lemma 10). (i) Let M := D& (G). Tt suffices to show that H;(t ™ g[t~!], M) = 0 and H'(g[t], M) =
0if i # 0. Set Ho(Ny) := Ho(t"'g[t™"], N1) and H®(No) := H*(gt], No) for a t~'g[t~!]-module N,
and a g[t]-module Ns.

We have the Jog*-action and Jo.g-action on O(JooT*G) (cf. Remark 8). The former action is
free and the latter is cofree. Indeed, the freeness is clear. Since G is unipotent, J,G is so. Hence
Joog-action on O(JT*G) is cofree.

Therefore, H;(grM) = 0 and H'(grM) = 0 for i # 0, and Ho(grM) = O(Juog*) and HO(grM) =
O(JxG). We can get the homology (resp. cohomology) spectral sequence E" (resp. E,) such that
El = H,(grM) and E® = grH, (M) (vesp. E} = H*(grM) and ES, = grH®(M)).

Since H;(grM) = 0 if i # 0 and Hy(grM) = O(Jaog®), we get E' = E*. Therefore, grH, (M) =
H,(grM) and we get H;(M) = 0 if i # 0. Similarly, H (M) = 0 if i # 0. O
(ii) Let M := D (N). Let us consider C 2 **(n[t*!], M @ C, ), which is the complex that provides
Hpyg(M) = HZ T*(n[t*!],M @ C,), as a double complex with derivations coming from the n[t=!]-
actions on M and C,. Then we find there exists a convergent cohomology spectral sequence E,. such
that E1* = HE*(a[tT!], M) and E2 = H}g(M).

By Lemma 10 (i) and [V],

HEH (nf 1], M) = Im(M™ — M — M/t~ 'a[t= M) (if i = 0)
1o (if i # 0).

Therefore, E. collapses at r = 1 and E] = E/_, so
HF 4 (1), M) = Hpyg(M).

We will show that Tm(M™ — M — M/t~'a[t7']M) = C|0). It suffices to verify that M"* =
Cl0) @ (¢t~ n[t=Y M N M),

Clearly, M™ 5> C|0) ® (¢ 't~ M N M), Assume that M1 D C|0) @ (¢~ n[t=]M N MO,
Then there exists a nonzero element a € M** such that

a=1® Z(f1)(—n1—1) e (fm)(—nm—l)|0>

for non-constant functions fi,..., f,m € O(N) and nq,...,n, > 0. Since a is nonzero, there is an
element 21" € nt] such that xt™ - a # 0. This contradicts the assumption that a € M". Therefore,
M™M= Clo) & (¢~ 'n[t~ M N MrH),

Consequently, H¢(DE(N)) = C. 0
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Proof (Theorem 9). We have DEH(U) = DS (N) @ DSM(T) @ D (N) as a vertex operator algebra. The
action of n[t*!] which comes from 7, concerns with only the latter D§*(N). Therefore, we can show

H,s(Dg'(U)) = D (N) @ DF(T),
in the same way as Lemma 10 (ii) since N is unipotent. Likewise, the action corresponding to 7g (and
7h) concerns with only the former D (N), so
Hps(Hps(DE(U))) = DF(T).
By composing with Ig — H®g(HY(DE(U))), we obtain the map
v:1g — DSH(T).
The injectivity of v follows from the simplicity of 1.

To complete the proof, we need to show that v descends to ¢. This follows from the commutativity
of the Kostant reduction and the quantized Drinfeld-Sokolov reduction ([A4]). That is,

XWG,Ic = XD&’L(G) X g~ Sfo
= TG xge Sy,

=G x Sfov
and
XIG = XWG,k X g Sfo
&~ (G X Sfo) X gw Sfo
>~ 3a.
Similarly, we have Xpen gy = 3¢ (c.f. Remark 3). The restriction map D(G) — DL (U) descends
to the inclusion map T*U — T*G, so v : 1g — D%h(T) descends to ¢ : KTg = 3y — 3qg- O

2.2 An example : SLy(C)-case

In this section we describe the free field realization v concretely for G = SLo(C). In this case, the
decomposition U = NwT'N is described as

6666 )

Let e = (0 1), h = <1 f]l)’ f= <(1) 8) be a basis of g. Take elements a,b,c,d in O(G),

x,yeC,{G(CX}.

0 0 0
whose values on g € G are the (1, 1)-entry, the (1, 2)-entry, the (2, 1)-entry and the (2, 2)-entry of g,
respectively. Then
O(G) =Cla, b, ¢,d]/(ad — bec — 1).
We can find
er = —d’e —cdhy, + 1,
hr = —2bdey, — (ad + be)hp + 2acfr,
fr =b%eL + abhy, —a”fi,
we =d- (db) — b (dd),

o = %(d, (da) + ¢ - (db) — b - (dc) — a - (dd)),

wy = —c-(da) + a- (de).

Therefore, D'(G) = U(gr) ®ugack) O(J=G) is strongly generated by e = ey ® 1[0),h =
h—1y®110), f = f—1)®11]0) and a = 1®a0),b = 1®b[0),c = 1®¢|0),d = 1®d [0). More concretely,



let V' be the vertex algebra generated by fields e(z), h(z), f(2), a(z),b(2), ¢(z), d(z) with the following
nontrivial OPEs:

e(z)h(w) ~ —Zef"g, e(2) f(w) ~ Zh(,wl)v * ﬁ
h(z)h(w) ~ ﬁ h(2) f(w) ~ *%7
e(2)b(w) ~ % e(z)d(w) ~ Zc(fuzu:

h(z)a(w) ~ :(_wzu h(z)b(w) ~ *Zb(_wl)u’

h(z)e(w) ~ % h(z)d(w) ~ —Zd(_wzu’

f(2)a(w) ~ % f(2)e(w) ~ %-

Finally, we can obtain DE‘;h‘(G ) as the quotient of V' by the submodule generated by the field
sa(z)d(z) 1 — :b(2)e(z) : —1.
Next, we consider D& (U) = DSH(N) @ DIM(T) @ DSH(N).

It is easy to see see that DSP(N) is isomorphic to the By system (8,7), which is the vertex algebra
generated by two fields 5(z) = Z ,B(n)z_”_l,v(z) = Z Yz~ " and the only nontrivial OPE

neZ ne”Z

Bz)y(w) ~

z—w

As for DSM(T), this is generated by h(z),A;(z) and A_(z) with the following nontrivial OPE and
relation:

o ()~ 22,

h(2)h(w) ~

A (2)A_(2): —1=0.

For simplicity, we choose 7(z) := h(z) — 2 : A_(2)@A;(2) : instead of h(z) for the generating field of
DSM(T). That is, DS (T) is isomorphic to (1, A1), the vertex algebra generated by n(z), A, (z) and
A_(z) with the following nontrivial OPE and relation:

wEm) ~ D @A) ~ D,

A (2)A_(z): —1=0.

Hence, we can write DENU) = By, Ye) ® (7, A1) ® (By,7y)> where (Bz,7Vz),(By,Vy) are the By
systems.



The restriction map 7 : D& (G) — DL (U) is as follows:

a(z) i h()(E)

b(z) = A (2)7(2)y(2) : —A-(2),

c(z) = A(2),

d(z) = A (2)(2) 1,

e(z) = Byl2),

h(z) = n(z) —2:7y(2)8y(2) 1,

f(z) = —:X2(2)B(2): —: A/Z(z)ﬂy(z) sy (2n(z) - +EkOv(2) .

We will take the quantized Drinfeld-Sokolov reduction with respect to the gr-action. Then we
get Wg = H%S(Dcch) as the quotient of Wg. Wg is a vertex algebra with generating fields
a(z),b(z),¢(2),d(z), f(2) and nontrivial OPEs

(i) ~ S0 i) ~ H
~ sa(w)e(w) : ~ w

b(z)g(w)N*W7 &(z)d(w) ~ 2(27

w)

Hebw) ~ 2k+3 {(;2_(1:))2 (aai(f)z( ).}7

A(2)d(w) ~ ka3{(:jlg)2 L (E)Z(i))fu(w):}’

B(2)dw) ~ 2F 4+ 3. ia(iwji(}t)vz) L 24 (24 j()z : _((?f))(w)g(w) 3
Fydtw) ~ — & 3& Z)?E(w) B (Qf(j_?)j)(i”) it
Fo)Flw) ~ - 2>§Z€ ji}))g?,k +4) 2(?;,225;(50) - B+ D07,

The equivariant affine W-algebra W is the quotient of WG by the submodule generated by the field

a(2)d(z) 1 — : b(2)E(2) : — : (9a)(2)é(z) : —1.
The homomorphism HY (7)) : Wg — (Be, ¥a) @ (1, Ax) is

ORISR WENE
Bo) = g @M E) A (),
CONSEPWEN

) o g G)

) o 1) = () e (@) (2)



We will take the quantized Drinfeld-Sokolov reduction with respect to the gi-action coming from the
vertex algebra homomorphism V¥ (g) — D"L(G) — We.

We get I as the quotient of I, where I is the vertex algebra generated by C(z), D(z), F(z)
subjected to the following nontrivial OPEs:

ClaD() ~ 5

D(2)D(w) ~ 2’“:3 { (fi(w;Z N (8Ci(f)w( w) }

Frsci - B2 D)

F(2)D(w) ~ T 22225 Z)QC(UO B (22(2 ?5)(;”) _F)C(w):
F(2)F(w) ~ — (k + 2);%5:}))&% +4) 2(lz;fzﬂﬁ;§w) (ke 5)585)(10) '

The chiral universal centralizer I is the quotient of TG by the submodule generated by the field

2k—|—7

F(2)C2(2) i+ D2(2) : — (: C(2)(0D)(2) : — : (8C)(2)D(2) )

2’”7 L (OC)2(2) - 2’“;3:(620)(2)0(,2);“

The homomorphism v = H%S(H,%S(r)) :Ig — (n,Ay) is as follows:

C(z) — As(2),

DE) o g
Flz) o f%:n(z):fzx\z(z): k“(a)()

When k = —2, this coincides with the free field reaization in [BN] by

C+— X, D+—-Y F+—>-5,

Ar < ~F2, g —2b.
The conformal vector

1(2)(0A1)(2)A-(2) i+ : Ba(2)(072)(2) = + 1 By(2)(On)(2) :
+(k4+1): (D) (2)(OA)(2) : — = (DPA)(2)A_(2) :

in D&(U) descends to a conformal vector

(2)(OAL)(2)A-(2) 1= 1 (0A1)(2)(9A-)(2) :
= (k+3) £ (PA0)(2)A-(2) : +(9n)(2)

in Ig  with central charge 26, by performing the quantized Drinfeld-Sokolov reduction twice.
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