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1 /1>rO8o>3>

AR TlZ Delay Differential Equation (%MW LT DDE & %\ & DDEs ¥ %33 %) % LP-context TH X
5. Thbb X ZNFoNZER f2LP 75 XOBBE L, RD Abstract Delay Differential Equation
Z LP ZEE LoYIHEREE LTER 5. 20 LP 2l LowEMEL H7- 2 2 RO FER % LI
DDEp & .3,

u(t) = —u(t) + du,, fort >0,
u(0) =x € X, (DDEp)

uo(s) = f(s), ae. forr<s<0

RS 2 HiTIE (DDEp) #EE35%. 1 <0, 1<0c<08L, (o) =ult+o) &53. he
WEr([1,0], X) ICX LT @& @h = h(s) for 7 < s < 0 2 WS B L O88EFREZFEEE n 1205 2
Stieltjes #77 ®(h) := fTO dn(o)h(o) #F L, I operator ® % Delay operator & FES. EA&fH|» LTH
3 fiilz BT distributed delay DA point delays 2% 5. Z DIHEIX @ 13 £ I delay point s ZAAT 2
WS ERTHWS. 2 Hi Tl (DDEp) 12§ % well-posedness 12D\ T, (DDEp) % [FIfE7: Abstract
Cauchy Problem {Zi& 242 Tikim$ 2.

%5 3 HilC B W T perturbation theorem %% % 5. (DDEp) 3—RfH#. % 5 T»H 553, LP-context T
EZDHEE Oh = h(t) EWISRABBEEZ 22 Z D(®) X LP([1,0], X) £ DWW ([1,0], X) 12
WMo X 22500 EHICWZIED(®) % LP([1,0], X) 1552 @IZ LP([r,0], X) IEEFWERZE L 2
D, BFYEARED perturbation HEGAF 2 185, ZD X5 RIGE X % perturbation Hiim & LT
FE$H P 5. —Dl% Desch-Schappacher @ perturbation #&# [10], 3 5 —-27% Miyadera @ perturbation #ifi
TH 5. KK TIX Miyadera perturbation Figf [24, 25, 31] DiEH %% 2 %. delay operator ® %5 Miyadera
(Miyadera-Voigt) perturbation theorem DS 2THEE T 2 Z L RSN 5.

AFrR YTl operator splitting DGR Z1T 5. 28 4 fiiTlX, operator splitting method % £ L,
Z DfED? Trotter product THRILTE % Z £ %7/R"3. operator splitting method XEUEAHT & LTI finite
difference method D—7HTH D, ZORMDHRERITH T 2 A HIEE 20] iR TS, Lae
L DDE IZi# M U 72fliZ 7. operator splitting method ¥ 13873 25 % =(A+Bu % 2200W%
HER, L4 = Auy & L2 = Bu, THRL, RARMNEEICBW T HERZMEE, BHV O
EEZEL NS E2BERICOVWTERENTWVL [2,3,4,5,8,9,12,13,19] FETH D, perturbation
EEUCHMAHERNOBERZERORETH 2. ZOEHOENIFIZ Lee Trotter-Kato[21, 30] DI
KIES DDTH 2. ZORTHICHTELME LTAY T =N —TOMmLBLIE[9] 23D 5.

25 5 Hii T3 operator splitting % DDE 5@ L 7z & % O BRH72 delay semigroup ZIRE L, splitting
scheme DFEMIZFEIR T 5. £ 6 HiTlX splitting scheme % [9, 19] IZHEWEMBERHT 21T 5. 7= splitting
solution @ exact solution {ZXT3 2FRAZEFMBITS. HITHBIUESH TEREB LS DEITS.

ARIEARMNC[1,3,6,7,9, 11,13, 18,26, 27) &, NV HY =N —FD7 Fa—FIhe- Ttk
L7 DB DR 5 S 5. FEBIEEARINCE [FFRXE L U2 DH D reference 12 FFlHIE 2

Lz DRz Mo B R O R e R T E 2720 1 LVWIOKEDERORADHFEINS. £/ 0 2HDETE
%= £ 372 513 Dirac Delta measure 2T ®h=6,h & DEL I TE 3.
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NTVWBDTEKT 3.

2 Abstract Cauchy Problem & Abstract Delay Differential Equation

2.1 Abstract Cauchy Problem

Definition 2.1 (Abstract Cauchy Problem). [6, Definition 1.17] X ZNF o NZEfe L, A:D(A)Cc X — X
TIRBAEHZRE T 5.

d
Eu(t) = Au(t) for >0, (ACP)
u(0) =x

u 73 D(A) _LDEGM D ATRE/BIRL T (ACP) Ziii/2 3 & % u: R, — X % (ACP) D classical solution ¥
WS, ZZTRIF O EOEEEERT 5.

Definition 2.2 (well-posedness). [6, Def.1.21] (ACP) IZ5\WT A : D(A) c X — X B well-posed TH %
YIXDA) c XX IZB W Tdense THYH, DA IBITEZTXTD x ZHLT, (ACP) D—EM7z
classical solution uy(t) DTFEEL, X 51y X, = 0 22T ITRTD (x,)ns0 € D(A) ITH LT,
a2 X [0,T] DFTRTD 12X UT—HRIZ limy o0 ty, () =0 DD ILDE TZ NS,

Theorem 2.3 (Abstract Cauchy Problem 23 well-posed T & % 728 DL+ 5:1F). [6, Theorem 1.22] B
EFZE A D(A) € X — X XL Abstract Cauchy Problem 73 well-posed T & % 728 DB+ 5 5MF X
(A, D(A)) 28 X EiZ Cy-semigroup ZERT B2 TH 5.

2.2 Delay Semigroup

Definition 2.4 (history function). [6] X ZNF v NZElEF5. <0t L, Bfu: [r,0) > X 2%
A%, TRTD:20HfL, B

u;  [t,0] 20— u(t+o)eX (1)
%t > 0BT % history segment £ \9. 7z
hy:t—u, on Ry (2)
TEE 2% u D history function £\,
Hypothesis 2.5. RO TIZEWTROREE BL.
(HO) D/ r=-127F 5.
(HI) X 1% »NF v NZEfH.

(H2) Ag: D(Ag) € X — X 1 X IZBWVWT dense IZEBSINZBEHZT X IOEHFICEDATATY
%: D(Ag) <> X.
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(H3) 1 <p < oo, feLP([-1,0],X).
(H4) ® : WP ([=1,0],X) — X 1 delay operator ¥ § 5.
(HS5) state space &, % &, := X x LP([-1,0],X) TERT 3.

(H6) (A,D(A))1F &, LOMBIEMHATH D,

(AO ‘ )

A = d

0 —
do

Z D domain 1 D(A) = {(x, /)T € D(Ay) x W-P([-1,0], X) : £(0) = x}.
INSDIRED D ¥ TROYIMAMMIE % Abstract Delay Differential Equation (DDEp) &\ 5.

Definition 2.6 (Abstract Delay Differential Equation (DDEp)).

d

I;(tt) = Aou(t) + Du;,, fort > 0,
u(0) =x, (DDEp)
u(o) = f(o), a.e., for o < 0.

(DDEp) @ classical solution [ZXD X S ITERI N 5.

Definition 2.7 (classical solution to (DDEp)). u : [—1,00) — X %% (DDEp) @ classical solution T®H % &
ERD 3&MEIT e ER 0D,

(1) u(1) € C([~1,00), X) N C'([0, ), X).
(2) $RTD 120U u(r) € D(Ag), u € WHP([-1,0], X).
(3) TRTD+t>01ZNU u(t) & (DDEp) %= 7.
Theorem 2.8 (mapping from (DDEp) to (ACPp), and vice versa). [6, Corollary 3.5] u : [=1,00) — X %

(DDEp) @ classical solution £ 3 %. ZDEER, 225 &, ~DEIEK

Ut (”(I)) €&y 3)

Uy
EGMATRETH D, ZOMAIX

%fu(t) =AU(1), t>0
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TH5AoN5. 22T
A= d | )
O
D(A) = {(x, /)T € X xW"P([-1,0],X) : £(0) =x}. ®)

L7222 TTXTD (DDEp) D classical solution \ZLL R TEFKR X L5 Abstract Cauchy Problem (ACPp)
D classical solution T 5.

(ACPp)

%’L((t) = AU(1), t>0
U©O) = (x, N €&,

ZDEM 2812k D, (DDEp) D classical solution {Z 3 X T (ACPp) @ classical solution TH % Z &
Wb b. 2, (ACPp) D classical solution & U(¢) 1& 3 X T (DDEp) @ classical solution TH % Z &
Bbs. (ACPp) DTN TD classical solution U (r) 1% LT

U)(1), if t >0,
fo u(r) = [(mo )(®) i ©

f(@), if t € [-1,0).

EXIEEE 2 Z 212 & D u(r) 1 (DDEp) O classical solution £ 725 Z &b » 5. ZIZ T i &, »
5 X NOEFEEHREEZRT. m1:8, > LP([-1,01,X) & (moU) (1) =u,, (120) LERTSZ
LIZED &, DX & LP([-1,0], X) NOEMHEZF 2.

Lemma 2.9 ((A, D(A)) 13 &, 12BWT closed dense). [6, Lemma 3.6] Hypotheses(HI1)-(H6) D5 D b
YT, 1B (A, D(A)) 1X 8, 1BV closed T dense TH 5.

Z O Lemma 7 5RDEFHZE S .

Theorem 2.10 (well-posedness). [6, Corollary 3.7] (A, D(A)) & 3 &, LD (DDEp) 7 well-posed T
H5Z L (A DA) D E, LD Cy-semigroup (T (1))i>0 D generator TH 2 Z ¥ LB+ TH 3.

Lemma 2.9 ¥ Theorem 2.10 7» 5 (DDEp) ¥ (ACPp) A —Xf—®53 %3 Z & 2b»h (DDEp) D
well-posedness 7% (ACPp) @ well-posedness 2* 57rE 5. F 7z (ACPp) D well-posedness (& (ACPp) 23
Co-semigroup 2T 52 LAETH D, L7zH- T (DDEp) A well-posed TH % Z L IINIET %
(ACPp) 23 Cy-semigroup KT 2 Z L L FAMETH % Z £ /R E {17z, Batkai, Andrds and Piazzera,
Susanna[6], Petra Csomdsa and Gregor Nickel [9], Petra Csomdsa and Gregor Nickel[9], Lahcen Maniar and
Jiirgen Voigt|24], Morten Bjgrhus|8], Klaus-Jochen Engel and Rainer Nagel[11] %2 S . X 57 35
1213 Bétkai, Andréas and Piazzera, Susanna[6] DFFTDL 7 7 L ¥ A %2 SR,



3 Perturbation of Semigroups

31 (A ,D(A)) HE, LD Cy-semigroup D generator IZ7% 5 7= D+ %4

Abstract Delay Differential Equation (DDEp)A = Ay + B # XD X S ICH#T 5.

(AO 0)
Ay = d |, B =
O %

Problem 3.1. & ZTRD X5 REMMBFRET 5. Ag: D(Ag) € &, = &, & Co-semigroup (T(1));0
D generator £ L, B%Z B:D(B)cE, > &, LWIHIEHELTZ. DL E (A=Ay+B,D(A) =
D(Ap) N D(B)) 5 &, LD Co-semigroup (U(t));>0 D generator i27%% D, Fl2ZDizdD 1775
HELTEDISRDIDBEZONZDPE VI EHEIEL 5.

0 @
(U

Remark 3.2. fRIZD(B) =D(E,) &5 5. Tabb B e L(Ep) ROIFATMEMZE L L TD perturbation
theorem W5 Z B TE 5.

UL, D(B)=XxW'P([-1,01,X) € X x LP([-1,0], X) =&, D&, BIEE, LTIFER LS
7=, HFIEHZR L L TD perturbation theorem % Fi\N % Z 21X T2,

3.2 FEEFRIFEMIEAR D perturbation IE5H
HFREAEFA R D perturbation HamIX

Theorem 3.3 (Regular Bounded Perturbation[29]). (Ao, D(Ap)) % &, LORDARFEX &/ F Cop-
semigroup (75(1));>0 D generator £ 3 5. (wWeR, M > 1)

70(0)|l < Me®" forallz >0

Be L(&,) THBHRBIZF
A=A+ B  with D(A) := D(Ao)

& Co-semigroup (T ()0 ZEML, ROFRFREmIZT.
|7 (1)|| < Me“™MIBIE for all ¢ > 0.

CWOEEIRTED TH B0, RO LI B E, LOIFERRIEAROBEIZIDE
HILEATE R, 2 2 TIFEFAEIEAZE 8 18 L T perturbation 217 5 7= IZIZ ZfEE D /71ED
Hs. —DIIDB)IFE, L LIEET, BHPETRUIEHRL 25 X54% 8, KD RELZEHE.,
WO EREERL, B € L(Ep.E1p) L, A% Ay IR L D(ﬁo) =§,LTSG, +T A
B Zperturb T3 WVWISHIETHD, $I— DX Ay R ZDEFIXLTBVWT BDERFEHIREL
D(B) LT B PEFMEIERFEICHRZ XL TH S A i B % perturb T3 L WS HIETH %, R
FHDITIEIZ & B perturbation % —f%f¥1Z Desch-Schappacher perturbation [10] ¥ FECY, & DRI &
% perturbation % Miyadera, Miyadera-Voigt perturbation [25, 31] £ FER. Z D X 5 A iE%E — I
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extrapolation ¥ §\», BT dual HBEfRICH 5 Z & HBHISHALTW S [11, Chapter 1T Section V]2, —f
HJ1Z Desch-Schappacher 13— R ¥ 732 2 22l X ZHLIRT 2 BV H 2 D TH L WREDH D, AFRT
IFAR— R & 7 %220 X 2R3 % Miyadera perturbation % £/ L 7z.

3.3 Miyadera-Voigt Perturbation Theorem

Miyadera perturbation theorem DARGE %172 L TV B BTN TA S, RGEZ 72 L TWOiUu Miyadera,
Miyadera-Voigt[25, 31] 23# % %3. ZDEEDFICHEFILETH 5.

Preparation 3.4. Ay % Cy-semigroup (V(t));s0 D generator ¥ 3 5. V, : X — LP([-1,0],X)) &

Vit+o)x if —t<o <0,
(Vix) (o) = @)
0 if —1<o0<-1.

TEBINIAEHRE 5. Tz, (To(t))is0tE LP([-1,0], X) LITEFE X L7z nilpotent left shift semi-
group £ L,
To()f = f(-+1). (8

95, ZOLE AXE, LD Co-semigroup To(r) ZER L,

To(r) = (V(t) 0 )

Vi To(n)
r 725 [9, Theorem 3.25].

Definition 3.5 (Ao-bounded operator[25, 31]). Ay : D(Ag) — &, Z LT B: D(B) — &), IMEIEHHE
35, BD Ag-bounded 1F, @ >0, >0DFEEL,

X

f

~()

BEINTD (x, f)T € D(A)) N D(B) WXL THILT 5.

X
B <a

+p

2[28] 13 (Ao, D(Ag)) % (Ag*, D(AF")) L WA IERSRHER L, 5% B 2 IO THRETRERMAAD. BiE X Lo
IHFIAENRTH 205, X 5 XO* NOFFBIHEAR L(X, X)) &85, TOXIXLTHS AJ* & B XD Desch-
Schappacher % A 7' perturbation 21T -7, AJ*+B O X ~NOflRE L 2. Zrikb X ED Ag D perturbation Ag+B 3
ATREX 225, X©* 1% X @ second dual DEIZERTH VD sun star L FHENZ ETH 5. WHDT7 A 74 7idmEMA HERD
Fi5 5% Abstract Cauchy Problem DOHIUZHLD AdLD Z L1125 o 7 ARG % (EFHE B % fifio T Abstract Cauchy Problem
DOHFIZZEDEFMWMD ANL D &35 BIFIFERIEMAFE L D bounded perturbation 23T & 72\, 2 2 TEMHR Ag ZHREL
X®* EC B % perturb L. variation of constants formula %\ T X ICE T &5 FiE%EH - 7. [28] i Desch-Schappacher
@ perturbation i % EARR R M EHWTRELZRBWIITH 2. Z0D X5 2F X T35 TIE control theory THIZIZ(H
AL, Desch-Schappacher % A4 77> Miyadera X 4 7 7»® perturbation %47 > T\ 3 [14, 15, 16, 17, 18, 32, 33, 34, 35, 36] etc..

3Miyadera-Voigt ¥ 1%, HEFEOMXHH % DI TIER WD, Voigt 23 [31] I K D Miyadera O EHL D 5F &M% R DN
3 L. Eh4Ld perturbation theorem 123 W AW 28, Miyadera-Voigt & —f&INICWHILTWV 5.



Theorem 3.6 (Miyadera-Voigt Perturbation Theorem([25, 31]). B % Ay-bounded ¥ L, (Ay, D(Ap)) &N\
F v N2 E, LD Co-semigroup (To(1))i=0 £ L, B € LUD(A, |- n,).Ep) EFT 5. B%, H%

to, 0<g<1 WEIEL
fo X X
I & (f) (f)

BFRTD (x, NTITHLTHD DT D, ZDEE (A + B,D(Ay)) & &, T Co-semigroup
(T ()0 ZET 5. ZLTINTD (x, /)T € §, WXL T, Variation of Constants Formula

T (1) (;) = T5(1) (;) + /0 l To(t — )BT (s) (;) ds

ds < gq (M-condition)

Zii7e g
Z DEHDIRE % delay semigroup IZM L TEWHEZ 2 &,

Theorem 3.7 (Miyadera-Voigt Perturbation Theorem for delay semigroups[6]). (Ao, D(Ag)) & X L ® Cy-
semigroup (V(1));>0 D generator £ 5 %. %72, ® : WP ([-1,0],X) — X (1 < p < o) % delay operator
Y35, t0>0, 0<g<I1DBFEL
: (M-V)
/

MINRTD (x, f)T € D(A) KL THDIDLT S, ZDOLEA = Ag+B1E &, 11T Co-semigroup
ZENRT .

COEBOREMEZEEICORS 2 2T E 3. (M-condition) 25 (M-V) & [FfHEICH 3 Z & ZREiE

B,
o o Vis) 0 \[x
/ w= 5, To(S)) (f)

- /0 U B(S,x + To(s) f)lds (10)

/0 (Ve + To(1) )llds < g

0 @

0 0 ds 9

BT5(s) (;)

ThHDIehbbhrsd.

3.4 Delay operator ©
Assumption 3.8. E{&H| ¥ U T delay operator ® % point delays ¥ distributed delay D¥5&THEZ % [19].

1. : Point delays _
f e WhP([=1,0LR) 253 & Whr([=1,0,R) ““E C(=1,0,R) TH 225 |If]lw
SUpyer [F)] S Nflhp. TOZTEDLD B(F) = f(-1) IEEHEZRD. ZD XL T O(f)

S5 Bif(hi), (h; € [-1,0], B; € L(X)) IZEMHZFO.
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2. : Distributed delays
n:[-1,0] - LX) % [-1,0] FOEREHEBE T 2. £ WHP([-1,0,R) > X %
o(f) = [* dn(o) f(o0) D& 5 ITEHT 3.

Remark 3.9. point delays & 1 := S5, Biyin.o) LEBETZZL1ED, O(f) = [ dn(e)f(o) £ LT
ELZEMWTED., ZDZ e bRKERNCIE point delays 1% distributed delay D7 — ANIFE I N 5.

D x
Proposition 3.10. 3XTD (x, )T € D(Ay)ND(B) 12X LT B 1Z Ay bounded TH 5. $hbba >0,

ﬂ>0ﬁi?ib
(X) (X)
! f f

Proof. fHEOCHIEZRT. |P(Hlx = |f (=) DFE, K ZEDEL LT
X X

I
f f 0

TS, 32bBba=0,=K 2L TBIiXA)bounded TH 2 Z & bh5b.
o(f) = [* dn(r)f(x) D

X

f

B +8 arn

” = PN < a

DD LD,

0 o
0 0

B

H =[2(Nllx = 1f (DI < K(llxllx + 1/ 1l1.p) (12)

0
I(f)lx = H / An(@)f () (13)
0
< flle=1,01.3%) /1 dinl = lfllcq-101.0nlrevi-1,00 < K I fll1,p (14)
< K(|llxllx + 11, p) (15)
MDD, 2BE56ba=0,=K L ThD=DZbrs. o

ZRT BIX Ay-bounded TH B Z e bhotz. Hid MV) LERALEINE L 2REIE
Buw., ZoiFBHIZ[6,24) #B O Z . 58 LT Theorem 3.7 3D ViH, Fr 3 L RDOEH%
53,

Theorem 3.11. [9, Theorem 3.29] ® i Assumption 3.8 DIREZ#MT=T DD LT 5. ZD L % Miyadera-
Voigt perturbation theorem D3 DID. ZLTIDL & (A + B,D(A)) \& &, £ T Co-semigroup
(T ()0 ZERL, TXTOD (x, /)T € &, & LD Variation of Constants Formula %723 .

T (1) (;) = T5(1) (;) +/0t‘75(t—s)8‘7'(s) (;) ds

= T5(1) (;)+/0 T(t - )BT (5) (;) ds



4 Operator splitting

TR HRERICB W TIA L JEH 41T & 72 Operator splitting D Fi%% DDE ICHA T % & W 5 i AD3
NYAN =N —THIHED 5T E7 (2, 3,9].
41 BREDECZWR

Definition 4.1 (classical solution). [9] X & NF v N L, G:D(G) c X —» X % X £ dense 73
R TER I NIAREEWERZE & 5 5. Abstract Cauchy Problem

{d“(” —Gu(t), 130,

dt (16)
u(0) =x € X.

EZD. B R, —» X DBHER (16) D classical solution TH % LIZRDSEHETE-T L E2E2 0.
1. u e C'(R*,X)

2. u(r) € D(G) 1

u(t+h) —u(t)
h

lim
nlo

- Gu(r)

=0, (17)
Rl
3 u(0)=x
Definition 4.2 (Convergence). [9] BRZE5HED t € [0,10] IZBWT convergent TH % LIFERED ¢ LT
HODxe XITHL,
Jim |[F(hi)™x = u(0)]l = 0. (18)

i)’?ﬁf:éﬂ% ZeEWS, ZTZT (mi)[gN 0;1[5%[2]‘”"(‘3’9 ) (h[)igN =8 mih; =t %?ﬁf: L7izdis 0 &:W;ﬁ
T2HFNT 5.

Remark 4.3. Definition.4.2 TIIERIT LD 7=H4l t 105 2ERETH 253, EIE compact intervals
BT 2RI E S 5TV 3 Z eI STV [5][23, 34.3].

Definition 4.4 (Consistency). [9] BBRZE LD consistent TH % 21T XTD x € D(G) & ZHUTHIG
3 % Abstract Cauchy Problem (16) Dff u ICOWTRMBH DD Z L HE S

. F(hu(t) —u(t+h)
lim
h—0 h

Definition 4.5 (Stability). [9] BIRZEDIEDS stable TH % 13

|-o

{F(W)™ : h e (0,t0],mh < to,m € N}
M—EER, ThbbM>01IINLT

IF(h)™| <M,  formh <19, h e (0,1].
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DPEDIULDZLEED.
Theorem 4.6 (Lax Equivalence Theorem). Abstract Cauchy Problem (16) 23 well-posed £ §5%. ZD& =
HRRZES A % — L convergent TH 5 Z L& stable TH 2 Z & X [FfHETH 5. [23, 34.3 Theorem 8].

4.2 Splitting procedures

Assumption 4.7. X: % NF N L, A, B % closed dense 75 linear operator ¥ L, ZHNZH
Co-semigroups T = (T(1));s0, S = (S(t))r0 DEMIEALL TS, XBHIT A+ B D closure A+ B &
D(A) N D(B) c D(A+ B) DEfR%Z{#72 L Cy-semigroup U = (U(1));50 DERT 223 5.

du(t)
i (A+ B)u(r), t>0, (ACPO)
u(t) =xeX

Abstract Cauchy Problem (ACP0) @ sequential splitting procedure (XD & 5 IZEFE XN 5. 713 splitting
time step & XIXN 3.

du'® (1)
ld—t =), re (k-1 k7], a9)
u® (k= D7) = u((k = 1)),
u® (1)
27 =BuV(1),  re (k-1 k7],
(20)

W (k= D7) = ul® (k)
w(kt) = ul (k7).

TIThkeNEL, u(0) =x¥5. u (k) = T(u((k - )7) THD ul (k7) = S(0)ul® (k1) =
S(O)T(T)u((k = 1)) TH 5. Z DL = sequential splitting solution u® (k) 1%

ukt) = [S(OT()]*x  for keN, xeX. 1)

LEIND. tZEEL, Ti=t/n LERTDE, REIRDELIICTESZEMNTES. $XRTDneN,

t>0, xe XITHL,
sy = s (L7 ()]
W9(7) = [s(n)r(n)] x 22)
7%, L7zH%- T sequential splitting i finite difference method T®H D, h € (0, ko] 1IZXf L
F¥(h) = S(h)T (h) (23)

Liss.



Definition 4.8 (splitting convergence). [9] split solution u®d(kt) 73 convergent TH 5 &1k, TRXTDx € X
WXLkt =t Wiz LB S k> 00, T>02 L E

klim uS(kt) = u(t) (24)
Tt
compact R Lt ICBI L T—HRINRT 222 TH 5.

sequential splitting DY IZ Chernoff DEFIT X 5.

Theorem 4.9 (Chernoff). [9, Theorem 2.2] F : R* — L(X)(Z 2T L(X) & X LOBFIRBIERAZTH
5. )i3M>1, weRIZHLT

F(0)=1 (25)
H[F (%)] < Me®,  fort>0,neN (26)

BT X512
G = lim M @7

EFTRTDx e D Cc XIZOVWTHDIDETE. ZZTDE (WH-G)DIX, % 1y > w ITHL
T X Tdense £ 5%. 2D X, (G,D(G)) D closure G l& Co-semigroup (U(t))is0 24T 5. 2D
Co-semigroup 1%

e~ i [ (2)]
PHLIZENTE, IRNTDxe X ITHU e [0,1] IHL—HICIRT 3. X512 (U)o &

U@)|| < Me®',  forallt>0. (29)
Tl g,
Remark 4.10. Strang splitting, weighted splitting 7% £ {1 splitting b & 2 BAFRTIIEIE T 5.
Lemma 4.11. [9, Lemma 2.3] EDQ M DTFEL, IXTD1>0, ne NIZHLT

ILSCt/mT(t/m)]"|| < Me®! (30)

MDD, 2D FRMBELDILD.

(i) w e RBFEL
I[S(t/m)T(t/m)]" 7" < Me! 3D

MIRTDt >0, ne NIZHLUTHEDIZO.
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(ii) E¥ M, > 1, w, e RBEFEEL
T (t/n)S(t/m)]"|| < Mpe® (32)
MIRTDt >0, ne NITHLUTHDILO.

Theorem 4.12 (Trotter Product Formula). [9, Theorem 2.4],{29, Theorem 4.4] (T(1));>0 & (S(2))s>0 &2\
F 9N X _ED Co-semigroups ¥ L, # D generator % ZNZF4L (A, D(A)), (B,D(B)) & L, stability
SfF (30) B2 d DT B, D:=D(ANDMB) ETA+B%REZ, $B 1> wIZHLTD ¥
(lo—(A+B))DZ X Tdense £ 3%. ZDEEG :=A+ B3 Cy-semigroup (U(t))rs0 ZER L, Trotter
product formula: ;

U(t)x = lim [S(L)T(f)] X, (x€X). (33)

n—oo n n

LELIEHTES. ZOLENCRIZ 1 ICBELT—HTDH 5.

5 Operator splitting ® DDE A®DJ&H

5.1 DDE H'5 Abstract Cauchy Problem N

Operator splitting DFEIFEHE LT WX S IHEHRZ 9 LEUESH E TN T 2D TH 55, AT
F 2,91 BV THOWONTWEFELED FiF 5. fEARDITHI% 2fE L % OIEFERTTY% generator
¥ § % semigroup 17%1% Taylor ##(T1E D, Variation of Constants Formula % F W TZEIGEEI L T <

EZHTHZ. $5—2DOFHEI B, 191 ICBVTHWLATWEFETHD, ZAUIMEHRTIINS
resolvent % &5 L 2 D % £ Trotter Fi % MM L BUHETE T 5 DT, semigroup DFtH % EE 1T CIEBEEL
EEETE 2DV, Lt TIHFERMA AERICIBEL CEATE 2. BEoMR LA
FTIEHET .

éj—tu(t) = —u(t) + ®u,, fort >0,
u(0) = x, (34)
ug=f € LP([-1,0], X).

OIEHTICERLEZXIIC 20D —ATEZ 3.

(CASE 1): point delay operator ®h = h(—1)
(CASE 2): distributed delay ®u, = /__15 h()u,do ZZTe>0F o/ VIERE L,
heL*([-1,0],R) &9 5.



%u(z) =—u(t)+u(t-1), t>0,

[CASE 1] {u(0) =1, (DDE1)
u(t)y=1-t¢ te[-1,0],

%u(r) = —u(t) +f__16 h(o)u(t +o)do, €e>0,1r>0,
[CASE 21 {4(0) = 1, (DDE2)

u(t)y=1-t t e [-1,0],

Z# 5D (DDE1), (DDE2) % Abstract Cauchy Problem (35) & L T# X 5.

d [u(t) Ao @ \[u(r)
— = d N t>0,
dt Uy 0 —J\ u;
do (€R)
u(0) 1

us (o) l-0o

t <0,

Assumption 5.1. e (Ag, D(Ap)) 1& X E1T Cy-semigroup (V(1)),»0 ZEM L, —MEEKS Z i
< (V(1))s>0 V& contraction semigroup TH 5 ¥ $ 5. :ie., ||V < 1.

* delay operator ® : WP ([-1,0],X) —» X 3ER LT 3. (LP([-1,0].X) 2K THERTH 2bIIT

W72\ Miyadera, Miyadera-Voigt @ perturbation theorem 3 AT E 5.)

Ay D
A= d
0

do

FA=A+Benftss. ZIT,

Ag O
Ay = d B=
1o

do

0 @
0 0

Y$55. %, A k¥ BiEFENEFR Co-semigroups (75(1))is0 & (S(H))so ZEMT 2 LIRTT 5.

(7o(1))iz0, (S())i>0 &
I t®

0 7

Vi) 0

PO=y n

), S(t) =e'® =

THEzb6N5. ZZTI, 11X, Z0LFh LP([-1,0],X), X Lo identity operator # R 3T DL T 5.

Z 2T To(t) & left translation semigroup TH D,

(To() ) (o) = {f (t+0) ff o e [-1,~1],
0 if o € [-t,0),
Y35, £V, 0%

Vi) (o) = {V(t +0)x, if oo € [-1,0),

if o e [~1,-1].
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Y35, FHE (x, )T € &, % D delay equation @ sequential split solution {
U, (1) = [SE/m)T (t/m)]" (x. )T

D EII2EL Z 2B TE B (6, Proposition 3.32].

5.2 Abstract Cauchy Problem O split solution

[9, p.2240] sequential splitting(5.1) Z#FH 5 % &, Abstract Cauchy Problem(ACP) @ splitting solution {Z,

timestep kt, k=1,...,K (5 ke N) TBVWTUTRDEIITRES :
U (kt) = M(D)*(x, )T
Z Z T splitting time step t 1 1/ e N 2725 K HiTt 5.

M) = SET(F) = (V(T) + 7OV, T(DT()(T))

V‘r TO(T)
FIEME (x, £)T € &, 1ITH L, HWHID time step I2F1F % split solution 1%

U (1) = (V(T)x +717O(Vex + To('r)f)) .

Vex + TO(T)f

DESWTEL LW TES. k-th time step # D 3K L 72D split solution 1

(ko) = ] = [ V(R £ TR
Ji Vexp-1 +To(7) fr-1

fork=1,....,K, 2ZTxo:=x, fo:=f. ZOHEDEKELIZED xtand fi &
S = Vaxpo1 + To(1) fro1 = Vexg—t + To(1) (Vexg—2 + To(7) fr—2)
k-2
= Voot + To(0)* f + ) To(0)" (To (1) Vxi—a-n).
n=0

DEIITEITSE. oela0]ITHL:

f(nt+0o) if o€ [a,—nt]
0 else

(To(0)" f)(o) = {

(To(n)Vsx) (o) =

Vit+s+o) ifoe[-(t+s),-t)
else

(36)

(37

(38)

(39

(40)

(41)

42)

43)



Ifkr<1 D& &

(To(T)Vexg—a—p)(nt+0), if o€ [-1,—-n7]

To(1)" (To(T)Vexg—2-n) (o) = (44)

else

0 else

VQRr+nt+0)xk—2-p, ifoce[-(n+2)t—(n+1)71) 46)

{V(QT +nT + 0)Xg—p—p, if o0 € [-1,—-n71], nt+0 € [-21,-7) 4s)
{0, else

L7zhio T i

k=2
V(T +0)xir + f(kT+0) + ) V((1+2)T+0)xk2on |- 47)
n=0

X =V (T)xp—1 + 7O

ries.
c W EBEHEDE1E o X [-1,0] KET 3.
o A7) FEWH 2TH o 1% | -1, max(=1,—k7)] BT 5.

o (47) G305 3H o 1% [max(—(n +2)7, —1),max(—(n+ 1)1, -1)) ITJET 5.

k, ifk<1/7,
o k¥ = fork=1,...,K.
/7, ifk>1/t,

6 BIEREM

6.1 Exact Solution D #ERE

DDE 73 exact solution Zf5DI5ATH - TH ZFN% explicit ISR T 5 Z 2IXTEMR VDY, exact solution
ZRUERBELL E LT3R 2 Z 2 IZAJEETH 5. exact solution (X Variation of Constants Formula % i 7=
3 mild solution T % 7° %, Variation of Constants Formula Z{# o CABEIE T2 Z 2127k 3.

6.1.1 FIE

(CASE 1): Point Delay System

time step % 7 = 0.01 12 % & 100 steps & & IZBBDED B, Ag DVER T % semigroup % (V(1))ss0 &
T3, ZOk&Etelr,r+1],r=0,1,...,NIZHL

W (1) = V(e = ru (r) + / V- 9u (s - 1ds “8)

r

u®@) = f(t-1) (49)
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B BRI SHA 1 <k < } L
k
u ™V (1) = V(tg = r)u” (r) +Z Vit —tpu' (1 - D, for j=1,2,--- ,k,
j=1
”(0)(11) = f(t; - 1), forj=1,2,..., 1/7.
SEEEE [r,r+1] 1I2BWT
1+2+...+l:—(1+1/‘r)(1/7)
T 2

steps DB TH 5. LIz oTu(t)for0<t <r ZRDBZIIBLZ

1.1
(1+-)= 1

T T w—xr

2 T

steps DFFENNELIRS.
(CASE 2): Distributed Delay System

e>0%ta/hE s, r2BBE LTXHE [re,(r+ Del, r=1,... 2 0k51cr 3.

u(r+1)(t) =V(t- r)u(r)(rf) N /l Vii—s) /—f /l(s)u(r)(s +o0)dods.
-1

6.2 Splitting Solution D#EZTH
6.2.1 Splitting Solution-F|[E & £

(Case 1): Point Delay System

(50)

(D

(52)

(53)

(54)

splitting time step % 7 = 0.01 12 L 7235&13 Figurel D@D TH 5. FE TN E fUIERRICHEIHED

N2BV(E), fORIELAERLIEFEIC sparse TH D Z e BT S5bh 5.

e W) EHDOE 1 EOFENOFIZOV(t+0) =V(r-1) THE3001-1<0DEHIFI V) IFTAN

TX¥uths.

e WNFEBLOHE 2T Ofkt+0) = fkt—1)THD, krt <1 DEFARWEVEE DD, ZOMOD
rEIFIPOTHB. 1=001 L5ZHUT0<k <100 XTI TRWMERE D LKW

k>101 Dt 23X uTH5.

« UNFEHOEIMEIFIV((n+2)t—-1)1F (n+2)t = LIIH L THAEY a TRWEUHEZ H 2 "l §EME
BHB. LPrLr=001 52 0UFVQRr-1)=V@r-1)=--=V(L-D1)=0TH%. D

D V() ZIBERTHRWEBIES A S AIHENSH 2723 TH 5.



Splitting Method 12 & % FHEAG R IE time step 7 = 0.01 D & = Figure 1 D X 51272 5. F 7= time step
7=01DY = Figure2 D& 524 5. ZOREIZ[9] ODFERL —HT 5.

1.30F /\ er

rasf | \/\—/‘*//l 15F

1.20f : 14E

115 13

110f: 12

1.05—: 1.1

1.00F . . . . . 1.0 ) ) ) ) )

200 400 600 800 1000 20 40 60 80 100

Figure 1: DDE Split Solution 7 = 0.01 Figure 2: DDE Split Solution 7 = 0.1

(Case 2): Distibuted Delay System

7 =001 DL ZDFHEFERIL Figure3 DEDTH 3. FEIT k=100 = 1/r DHIBETE DS 4T
(CASE1) DEBArRHTHZ. ZORRIZ[9] DR —KT 3.

1.08

1.06 ,-"
‘:

1.04- ¢

1.021 7

1,000

I I I |
50 100 150 200

Figure 3: Case2 DDE Split Solution 7 = 0.01

6.3 HANERE
Splitting scheme @ exact solution I3 2 HENFRZEZRD X S ITERT 5.

”Mspl(k) = Uext (k)|
lluexe (K)]

(CASE 1) 12D\, Figure4d = 0.01 D & & D exact solution ¥ DFEXFRZE (55) 1% 0.0012. 7 =0.1
12k 3 REEIXTED Figure 5D X 5127 5.

Error(k) := (55)

o1
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0.0012 0251

00010} ¢ \/\_- 0.20F

0.0008 [ {

0.0006 |
0.0004 [

0.0002 -

200 400 600 800 1000 20 40 60 80 100

Figure 4: Relative Error DDE Split 7 = 0.01 Figure 5: Relative Error DDE Split 7 = 0.1

7 SEORE
7.1 Population dynamics model A® Operator splitting O fi:F3

autonomous 7% DDE %% 2 % & MRRNARM D TR OFHNE Z 50 5. [19] 132U D population
dynamics model Zfl ¥ L CZEIF TV 5.

gu(t,x) =V .- (DVu(t,x))+g(u(t—1,x)) (56)

ZDETNELADF | HIZERMRRICBT 28FO B EXR L, 52 HIZHAICER T 2ELE
WET 5. delay D518 — VTERBEOFEEIRAAZ R L, g IAOBE T 2 NORELRH
DT 5. g RIS EX 5N 5. delay ITRTF L 7EREER £ F 2 7 R DOFM I
221 2H 5.
delay % #§D Lotka-Sharpe equation(57) 1& (56) Z Hiffi{t L 7z—2DETILTH 5. Akl Z DIRM
DHEROFRDHETH 5.
Ou(t,a) + oqu(t,a) = —u(a)u(t,a) + g(u(t - 1,a)), t>0, aekR,,
u(t,0) = [[7 B(a)u(t, a)da, >0, (57)
u(t,a) = f(t,a) (t,a) € [-1,0] xRy,
AR CIIZERMDIEEEE T, TIERFEDBE L LTER . X612 u(a) =1, gu(t-1,a)) = ®(u,)
L, BAEMH uy = f, IHASZMH u(0) =x @ Cauchy FiEE L TE X 7.

7.2 Non-autonomous DDE Df5z&

AREE Ag DISRFRNICHRTF L 72\ autonomous DIE Z K - 7253% D BlR D % BEIE Ag DSFENCHAF
$ % non-autonomous 7235 &AM,

u(t) = Ag(t)u(t) + g(du,), fort >0,
u(0) =x € X, (NDDEp-0)
uo(s) = f(s), a.e.forr<s<0; felLP([1,0],X), forl < p < co.

IZOWT, Ag(r) BEERIBEICONWTREZREN L 2 D#naZEE 2 70,



8 H&Em

AFETIX Z DFERIX linear, autonomous Delay Differential Equations (DDEs) @ well-posedness & split
solution DIFEHITOWT[3,5,6,7,9, 11, 13, 18,26, 27] ICHED T4 —~_ A Lz, BEHOHRRKD,
H 2 TRMA RN OB Il 72 5 o 7225 autonomous 72 EIRE A RERANDOBERIIAEZ TH 5
[3,19]. @ BEEEMEZRIGE, Variation of Constants Formula % I\ T D exact solution Z51E 3 2 Z &
IFFETIZ 720 D3 resolvent % AWV T split solution Z 3 Z L IFBEHTH 3. LA L, non-autonomous
1272 % L EHEX HYENE UIER [ B2 DDE (I22W T 3 Z O split solution # i § DMBEH Tldzw. Z
A evolution semigroup # BARNICEIE T2 Z e NEBTIERVWE WS Z e 2EKT 5. K OHE
L7,

HEF

COBEBND LT, KRXHEROERZEZTIREED, $EKAMIXBLUFHRET RS J 41200
TTERLVE 2a— Ak aX s 2L BE o LAHREREREGZ TTBERETFER R 802
WAL BT 2 e e dic, EEOHEMICTEIC SHEL & o LA HBRERE L TTBERRI A
FeRt ZHEE] BB L LT RS, AR RRICR L BMERICRD £ Uz, RACRTAR
BEERSFUIFLRT LS 7L — 7 MR BIENEEH L B % 5.
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