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1 Introduction 

In this study, we discuss the asymptotic stability for the zero solution of a scalar linear 

differential equation with two kinds of time delays 

x'(t) = -ax(t) -bx(t -T) -c 1:,,. x(s)ds, 
t-T 

(E) 

where a, b, c E股andT > 0. Our study is motivated by the following stability results for 

(E) in the special cases where c = 0, b = 0, and a= 0. 

When c = 0, equation (E) becomes 

x'(t) = -ax(t) -bx(t -T). 

In 1950, Hayes [4] obtained the following stability criterion for (Eサ

Theorem A. The zero solution of (Eリisasymptotically stable if and only if 

1 
a>--=-, a+ b > 0, and b < wsinwT -acoswT 

T 

where w is the solution in (0,1r/T) ofwcoswT = -asinwT. 

(Eリ

The stability region for (Ei), the set of all (a, b) in which the zero solution of (E1) is 

asymptotically stable, is presented by the region in Figure 1. The upper boundary of the 

stability region of (E1) is given parametrically by the equation 

w w 7f 
a = -~, b = --:--=--, 0 < w <.:..:_. 
tan WT, sin WT 

A natural question now arises: how does the asymptotic stability of (Eリwithfixed a 
and b depend on the delay T? In 1982, Cooke and Grossman [1] obtained another type of 

stability criterion for (Eサ
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Figure 1. Stability region for (E1) with T = l. 

Theorem B. The zero solution of (Eリisasymptotically stable if and only if either 

a + b > 0, a -b 2: 0, and T is arbitrary, (1) 

or 

1 1 a 
a + b > 0, a -b < 0, and O < T <”~ arccos (-~) (2) 

is satisfied. 

In Figure 1, we notice that conditions (1) and (2) correspond to the blue and red 

regions, respectively. 

When b = 0, equation (E) becomes 

x'(t) = -ax(t) -c i~T x(s)ds. 
t-T 

In 2004, Sakata and Hara [6] provided the following stability result for (E叶

Theorem C. The zern solution of (E2) is asymptotically stable if and only if 

a+cT>O, and c<cp(a), 

where the cu'T'Ve c = cp(a) is given parametrically by the equation 

wsinwT 研 2n
a = -~, C = ~, 0 < W <―.  
1 -COS WT  1 -COS WT  

（恥）

The stability region for (Eり， theset of all (a, c) in which the zero solution of (E2) is 
asymptotically stable, is presented by the region in Figure 2. 
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Figure 2. Stability region for (E叫withT = 1. 

Funakubo et al. [2] and Hara and Sakata [3] investigated the delay-dependent stability 

criterion for（恥） withfixed a and c. By virtue of their work, we have the following result. 

Theorem D. The zero solution of (E2) is asymptotically stable if and only if any one of 

the following four conditions is satisfied. 

a> 0, C 2 0, 2c-a2：：：：：：〇， and T is arbitrary, (3) 

a 
(4) a> 0, C < 0, and O < T < --, 

C 

a> 0, 2c —沿＞〇， and O < T < 1 (21r -arccos 仁―~))) (5) 
v'2c -a2 c 

2c -a2 > 0, and a l (a2 -c) (6) aさ0, --< T < arccos - .  
c v'2c -a2 c 

In Figure 2, we notice that conditions (3), (4), (5), and (6) correspond to the blue, 

green, red, and yellow regions, respectively. 

When a = 0, equation (E) becomes 

x'(t) = -bx(t -T) -c i~r x(s)ds. 
t-r 

（恥）

In 2004, Sakata and Hara [6] gave the following stability result for (E3). 

Theorem E. The zero solution of（恥） isasymptotically stable if and only if 

b + CT > 0, and cくい(b),

where the cu切 eC =心（b)is given parametrically by the equation 

WSlllWT 
b= ， 
1 -COS WT  

2 w-COS WT  
C=  - ， 
1 -COSWT 

21r 
O<wくー・

T 
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Figure 3. Stability region for (E砂withT = l. 

The stability region for（恥） ispresented by the region in Figure 3. To our best 

knowledge, no delay-dependent stability criterion for (E砂withfixed b and c has been 

obtained. The purpose of this study is to establish the delay-dependent stability criterion 

for (E3) and to extend Theorems B and D to equation (E). 

2 Main Results 

Throughout this study, let w。denotea constant defined as w0 =凶炉＋~- Also, let 
T*, Tn, and(ln denote the critical values of T defined as 

a+b ＊ 
T = -

C'  

Tn = ~ (arccos （仇―ー：］：~) + 2n1r), n E z+ := {O, 1, 2,... }, 
1 (b -a)2 _ w各四＝± (2(n + l)1r -arccos (~)), n E z+ 

Our main results are stated below: 

Theorem 1. Let a > 0. Then, the zero solution of (E) is asymptotically stable if and 

only if a + b + CT > 0 and any one of the following five conditions holds: 

(i) b 2'. a, b2 + 2c -a2 > 0, and O < T < To, 

(ii) b > -a, ザ＋2c-a2 :::; 0, c < 0, and O < Tく己

(iii) ザ＋2c-a2'.S 0, c 2: 0, and T is arbitrary, 

(iv) lbl < a, ザ＋2c-a2 > 0, and O < T < CJo, 

(v) b'.S一a, c > 0, and 戸＜ T<びO・
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Theorem 2. Let aさ0. Then, the zero solution of (E) is asymptotically stable if and 

only if a+ b + CT > 0 and any one of the following four conditions holds: 

(i) b > -a, ザ＋ 2c —叶＞ 0, and O < T < To, 

(ii) b > -a, ザ＋2c-a2：：：：：：〇， and O < T <戸，

(iii) lblさ-a, ザ＋2c-a2 > 0, and 戸 <T< To, 

(iv) b < a, C > 0, and 戸<Tく叩・

Remark 1. For c = 0, the combined result of Theorems 1 and 2 coincides with Theorem B. 

Remark 2. For b = 0, the combined result of Theorems 1 and 2 coincides with Theorem D. 

In addition, let a = 0 in Theorem 2. Then, we obtain the following delay-dependent 

stability criterion for (E3) that pairs with Theorem E. 

Corollary 1. The zero solution of (E3) is asymptotically stable if and only if b + CT > 0 

and any one of the following three conditions holds: 

b > 0, 

b > 0, 

b s; 0, 

9
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In Figure 3, we notice that conditions (7), (8), and (9) correspond to the blue, green, 

and red regions, respectively. 
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Figure 4. Stability region for (E砂withT = 1. 



100

Moreover, let a= bin Theorems 1 and 2. Then, we obtain the following result for 

t 

x'(t) = -a(x(t) + x(t -T)) -c i~T x(s)ds. 
t-T 

(E4) 

Corollary 2. The zero solution of (E4) is asymptotically stable if and onlyが2a+cT> 0 

and any one of the following four conditions holds: 

a> 0, C > 0, 
刀―

and O < T < 轟'

a> 0, c= 0, and T is arbitrary, 

a> 0, C < 0, 
2a 

and O < T <—ー，
C 

2a 刀―

a :S 0, C > 0, and --c ＜ T <⑮  ． 

Theorems 1 and 2 are proved using the fact that the zero solution of (E) is asymptot-

ically stable if and only if all the roots of the associated characteristic equation 

゜入十a+be―入T + efe入8ds= 0 

have negative real parts; see reference [5] for proof details. 

References 

[1] K. L. Cooke, Z. Grossman, Discrete delay, distributed delay and stability switches, J. 

Math. Anal. Appl. 86 (1982), 592-627. 

[2] M. Funakubo, T. Hara, S. Sakata, On the uniform asymptotic stability for a linear 

integro-differential eq叫 ionof Volterra type, J. Math. Anal. Appl. 324 (2006), 1036-

1049. 

[3] T. Hara, S. Sakata, An application of Hurwitz theorem to the root analysis of the 

characteristic equation, Appl. Math. Lett. 24 (2011), 12-15. 

[4] N. D. Hayes, Roots of the transcendental equation associated with a certain difference-

differential equation, J. London Math. Soc. 25 (1950), 226-232. 

[5] Mingzhu Qu, H. Matsunaga, Exact stability criteria for linear differential equations 

with discrete and distributed delays, submitted for publication. 

[6] S. Sakata, T. Hara, Stability regions for linear differential equations with two kinds of 

time lags, Funkcial. Ekvac. 47 (2004), 129-144. 




