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ABSTRACT: We propose a formulation of black hole thermodynamics that incorporates the
notions of heat and work, based on the thermodynamics in quantum theory and the AdS/CFT
correspondence. First, for coupled holographic CFTs, we define a coarse-graining procedure
adopting the principle of maximum entropy. Employing this approach, when the system
is divided into a target system and thermal baths, we formulate the first and second laws,
as well as the fundamental thermodynamic relation. Then, by translating the resulting
thermodynamics into the AdS gravity language, we construct a thermodynamic framework
for composite black hole systems that encompasses both heat and work. This formulation
relies on holography, but not on energy conditions on the gravity side. We also argue that the
second law serves as a necessary criterion for the UV completeness of gravitational theories.
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1 Introduction

It is known that theories of gravity possess thermodynamic aspects. The fact that black
holes obey the laws of thermodynamics has been classically established within the framework
of general relativity and beyond [1-4]. Conversely, one can derive the Einstein equations
starting from the first law of thermodynamics [5]. Furthermore, these thermodynamic aspects
of gravity are not merely formal similarities between theories — they have a physical reality
as the Hawking radiation [6].

Thermodynamic properties of black holes imply the existence of some unknown micro-
scopic theory behind general relativity. The attempts of black hole microstate counting
initiated by [7] have provided compelling evidence for this idea. In the context of the AdS/CFT
correspondence [8], the entropy of black holes coincides with the thermal entropy of the cor-
responding CFT states [9, 10], and this fact also implies the existence of microscopic degrees



of freedom responsible for the black hole entropy. In light of these facts, the completion of
black hole thermodynamics is one of the most intriguing topics to approach quantum gravity.

An issue that needs to be addressed is that the generic notions of heat and work are
missing from black hole thermodynamics; not only terms as —pdV in black hole chemistry,
but also more general forms of work and heat should be considered. In general, heat and work
play indispensable roles in thermodynamics. A concept of thermodynamic work was already
introduced in black hole thermodynamics [11] by regarding the cosmological constant as a
thermodynamic parameter (see also [12-17]). It is indeed natural to regard the cosmological
constant as pressure (i.e., the conjugate variable of volume) [15]. Then, we can consider
a thermodynamic cycle (e.g., the Carnot cycle) on the pressure-volume plane, and also
define the heat associated with the cycle [11]. However, the notion of heat and work is
more generic in thermodynamics, not restricted to the change of energy due to the change
of pressure and volume. It is desirable to have a more general notion of heat and work in
black hole thermodynamics. In addition, as also mentioned in [11], changing the cosmological
constant involves changing the theory. Indeed, in AdS/CFT, the change corresponds to the
change of the gauge rank N, if the dual field theory is an SU(NN) gauge theory. Since, in the
standard thermodynamics, we can introduce work and heat without changing the underlying
microscopic theory, for example, by applying external sources, we should be able to do in
black hole thermodynamics. We need to fill in this gap to complete the construction of black
hole thermodynamics. It will also provide clues to the evolution of interacting black holes.

Another essential problem toward the completion of black hole thermodynamics is
extending it to non-equilibrium thermodynamics. The developments in non-equilibrium
thermodynamics so far suggest that we can define a notion of entropy even for non-equilibrium
states. Thus, it is natural to expect that we can define entropy for dynamical black holes and
to ask whether it follows the second law. There are attempts to define entropy for dynamical
black holes (see, e.g., [18-21]). In general, it is believed that we have the generalized second
law in gravitational systems [22]: the generalized entropy, the sum of the black hole entropy
and the entropy of matter outside the black hole, never decreases. While the black hole
entropy is thought to be given by a surface area (for the Einstein gravity), the appropriate
choice of the surface, such as the event horizon or the apparent horizon, is still under debate.!
Also, the choice of energy condition to prove the second law is still ambiguous. For references
of the debates, see [25-28].

However, these problems with the second law are inherently difficult to solve without any
access to the microscopic definition of entropy. For example, in stochastic thermodynamics,
we have a time-evolving probability distribution p, (z is the label of the states), and its
entropy is defined as the Shannon entropy, — >, pz Inp,. From these, we can derive the
second law or the fluctuation theorem [29, 30]. Similarly, in quantum thermodynamics, we
have the von Neumann equation or the master equation for a state p(t), and the entropy
can be defined as the von Neumann entropy, — Tr p(¢) In p(¢). On the other hand, we do not
know the true microscopic degrees of freedom of gravity yet.

'Tf one admits AdS/CFT, the apparent horizon seems more convincing [23, 24]. We will come back to this
point in the end of this section.
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Figure 1. The system and baths consisting of single-sided asymptotically AdS black holes, for which
we construct thermodynamics. Only the segment ¢ > 0 in the Penrose diagram is depicted, and the
dashed lines are the event horizons. We are interested only in the outside of those horizons.

Our approach to overcome the difficulties is to use the AdS/CFT correspondence,
which in principle, provides a microscopic definition of quantum gravity. It will lead to a
proper definition of entropy even for dynamical black holes and the way to follow its time
evolution, since the dual field theory is expected to know the bulk quantum gravity. Among
attempts [23, 24, 31-37], one of the authors proposed a new thermodynamic framework in [38].
He translated the ordinary thermodynamics in the boundary quantum mechanics to the bulk
gravity language. The new formulation of black hole thermodynamics is equivalent to the
conventional one when the system is in equilibrium, but different when the system is out of
equilibrium. Furthermore, the bulk definition of entropy is automatically determined from
the coarse-grained entropy introduced by considering the thermodynamics of the boundary
theory. The second law is first derived on the boundary side, and then, it is translated
into the bulk language using the AdS/CFT dictionary [39, 40]. The entropy is free from an
artificial choice of spacetime surfaces and is independent of bulk time foliations. Based on the
holographic principle, the bulk second law is shown from the non-negativity of the relative
entropy’? among the CFT states — there is no room for choosing energy conditions.

In this work, we extend the framework [38] by introducing baths so that we can consider
a generic notion of heat in black hole thermodynamics. This setup can be realized as follows.
We first prepare a target CF'T and bath CFTs which are all assumed to be holographic. Then,
the target CFT is coupled to the bath CFTs by double-trace deformations [54, 55]. Finally,
we consider the holographic dual of the whole system. The bulk theory is given by multiple
asymptotically AdS gravitational systems glued together along the boundary. They exchange
heat through their asymptotic boundaries® (figure 1). We explicitly show the process of taking
the holographic dual using the path integral equivalence. Although the way to incorporate

2The relative entropy is often used in quantum thermodynamics (see, e.g., [41, 42] for reviews). It is also
used to derive various properties of entropy and energy conditions in systems with gravity [43-46], and applied
to AdS/CFT [47-53] as a tool to survey the bulk from the boundary point of view.

3The setup of two coupled AdS theories is also studied recently in [56-58] with different motivations.



the double-trace deformation in AdS/CFT has already been developed in [54, 55, 59-62], we
provide a derivation in our setup.? The second law and other thermodynamic properties
in the bulk are derived by translating those on the boundary into the bulk language. Here,
external sources applied to CFT operators, which are in the bulk the boundary values of
the fields, play the role of work in the first law.

We also check our second law using a three-dimensional Einstein-scalar theory as an
example. We perturbatively calculate the entropy production around the BTZ black hole
background.” On the CFT side, we turn on a time-dependent source for a primary operator
dual to the bulk scalar field. For the simplicity of the calculation, we focus on 0 < A < 2
(A # 1), where A is the conformal dimension of the boundary operator. Then, we numerically
find that the second law is satisfied for 0 < A < 1, while violated for 1 < A < 2. Our
second law is a consequence of the non-negativity of the relative entropy, and must not be
violated at least if the theory is unitary. One might think that the violation is due to the
invalidity of using the holographic duality for this bulk model. However, this is not the case
because our perturbative calculation only probes the universal sector, which is determined
simply by the conformal symmetry shared by both the bulk and boundary theories. Instead,
we argue that the violation of the second law arises from the renormalization scheme, and
that the renormalization scheme must be chosen carefully to avoid violating the property
of the relative entropy.

It is worth mentioning the difference of our approach from Engelhardt and Wall [24, 36].
With the assumption of the null energy condition, the authors of [24] showed that the apparent
horizon p offers the definition of the coarse-grained entropy that keeps the information causally
outside p, in the sense that the area of y is always greater than the HRT surface [68]. However,
as the authors mentioned [24], they have not given a CFT definition of the entropy, partially
relying on the speculation from the bulk. Additionally, the operators they choose to respect
are all the simple operators, and this does not meet the common philosophy of statistical
mechanics; in statistical mechanics, we describe macroscopic systems using only a limited
set of available operators. On the other hand, we construct boundary thermodynamics by
respecting a small number of operators and translate it into the bulk gravity. We in this
paper and [38] try to offer another approach that do not rely on any assumption in the
bulk except the AdS/CFT dictionary.

This paper is organized as follows. In section 2, we begin with formulating the thermo-
dynamics for generic composite quantum systems and derive their thermodynamic properties.
In section 3, we focus on a system of a target CFT and a bath CF'T, where both are assumed
to be holographic. Based on the AdS/CFT dictionary, the system is shown to be dual to two
AdS theories interacting via the asymptotic boundary conditions. Then, the thermodynamic
properties derived in section 2 are straightforwardly translated into the bulk black hole side.
This offers a formulation of thermodynamics for composite black hole systems. In section 4,
we demonstrate the above results in two examples. One is a single closed Einstein-scalar

“In the literature, [54, 55, 59-61] study the multi-trace deformation within one CFT, while [62] suggests a
way to incorporate the deformation involving different CFTs, providing some evidence. We validate the latter
suggestion from the path-integral equivalence.

5Similar holographic computations are investigated in the context of quantum quench (see, e.g., [63-67]).



theory without a bath system, and another consists of two coupled Einstein-scalar theories.
The final section 5 is devoted to summary and discussions.

In the main text, we focus on the simplest case where the composite system consists of
two theories (a target system and a bath system). In appendix A, we generalize the results in
the main text to the multiple interacting theories. In appendix B, the calculations in section 4
are reproduced on the CF'T side. In appendix C, we give a comment on the equivalence of
the retarded Green’s function in the boundary and the one computed in the bulk.

2 Coarse-graining composite quantum system

We consider a target system and a bath system interacting with each other as
Hion(t) = H (w(t)) + H +V (1), (2.1)

()

where H®) is the system Hamiltonian, H*b is the bath Hamiltonian independent of time,
and V(t) is the interaction part between them. The system Hamiltonian can depend on
time through protocol w(t), which realizes the work done on the target system. We set that
HY = H (5)(0) corresponds to the time-independent Hamiltonian. We also assume that
the interaction between the system and the bath is turned off for t < 0. The initial state

is set to be p(0) at t = 0, and the state evolves as

p(t) = U(t)p(0)U ()T, U(t) := Texp <—z' /Ot dt’ Htot(t’)) , (2.2)

where T denotes the time-ordering symbol. In section 2 to 4, we only consider this simple
case for ease of notations. The generalization to the multiple interacting theories will be
straightforwardly done in appendix A.

2.1 Coarse-grained entropy

We now construct the thermodynamics for the total system. First, we define the coarse-grained
entropy. The entropy depends on the set of operators that we regard as thermodynamic
observables. For simplicity, we here suppose that only His), O, and Hib) are available
observables for us, where O is a time-independent Schrédinger operator in the target system.
The reason why we include O in the thermodynamic observables is that we will associate the
protocol w(t) with O and introduce the notion of work later. If one focuses on the second
law, it still holds even when the protocol w(t) is arbitrary and only the two Hamiltonians,
H»ES) and H)Eb), are respected, which is the case in section 4. A choice of respected observables
is arbitrary and we demonstrate it in appendix A.

At any time t, the expectation values of an operator A are defined as
(), = Tr(p(t) A). (2.3)

In thermodynamics, all we can do is to estimate the state from the accessible information.
Then, the principle of maximum entropy tells us that the most likely guess of the state is
the maximum entropy state that respects the expectation values we are interested in. Let



p(t) be such a maximum entropy state at t. We apply the Lagrange multiplier method to
the von Neumann entropy under the following condition:

Tr(p()A) = (A),,  for A=H" 0. (2.4)
One can easily find that

p(t) =p®(6) @ p(t),
1 (s) 1 (b)
505) (4) -— =Bt (H” —u(t)0) 50) (4) .— —B(t)H,
with each normalization factor given by the trace of the exponential as usual. The multipliers
B(t), u(t), and B(t) are determined by (2.4). We also call p(t) as coarse-grained state.
Note that O does not necessarily commute with His) in general. Thermodynamics of non-

commutative operators were introduced in [69], and a short historical review is summarized
in section II of [70].

Using this coarse-grained state p(t), we can define the coarse-grained entropy S (t)
and S®)(t) as

SE() 1= = Ty [p () n 59 (0)] = BOHS), = (1) (0),) + 1 20)(2),
SO(t) = T, [0 () n g (1)] = B(t) (H), + 10 202). (2.6)

Here, we have used (2.4) and Trs (Tr,) means the trace over the system (bath) degrees of
freedom. The total entropy is defined as the sum of them,

S(t) =88 @) + 5O (¢). (2.7)
2.2 The second law

As shown in [38], the second law holds for the total system,
S(t) > S(0). (2.8)
This is derived from (2.2), (2.4), and the non-negativity of the following relative entropy,

0 < S(p(®)llp(t)) = Tr [p(t)(In p(t) — In p(t))] - (2.9)

Here, we also need to assume that the initial state is of the form of the generalized Gibbs
state, that is,

p(0) = p(0). (2.10)

This assumption (2.10) corresponds to the situation where the system is set for ¢ < 0 in a
steady state under the following Hamiltonian:

Hnon—equiv = H>x(<5) - ,U(O)O + Hib) (211)
The time evolution of S()(¢) can be calculated as follows. Taking the time derivative
of S®)(t), and using (2.4), (2.5) and (2.6), we obtain

SO(t) =~ Try (1) In g (1) — Tra 50(0) = 5(0) | & (), — ) S (0] 212)



In the last equality, we have used Try p(*)(t) = 0, which comes from Tr, p(*)(t) = 1. This
relation (2.12) is exactly the same as the fundamental thermodynamic relation.

Similarly, the fundamental relation for the bath is found as
d

$O() = B (HD), . (2.13)
Now, the second law (2.8) can be written as
¢ / / / d (b)
SO)(1) > s<s>(0)+/ A BEQE),  6Q(t) =~ (HY),. (2.14)
0

This is exactly the same form as the second law of a target system attached to a bath. In
contrast to a single isolated system, the entropy of the target system S (t) can decrease
due to the “heat exchange” 0Q(t).

So far, we have considered only H,Es’b) and O as operators to be respected. In appendix A,
we also consider the case of more operators, and derive the second law and the fundamental
relation.

2.3 The first law

The first law of thermodynamics is a form of energy conservation law. The notion of heat is
understood as the energy flow that cannot be traced through mechanical operations.

The first law is commonly obtained as follows. We first define the energy of the system
by the time-dependent Hamiltonian:

B(t) := Try [p (1) HO (w(1))] - (2.15)

Since the state of the total system is now represented by the coarse-grained state, we must use

p'®)(t) instead of p(t) to derive a thermodynamic law. Also, we must use the time-dependent

Hamiltonian H®) (w(t)) instead of H'. This is because the protocol w(t) deforms the

potential and thus energy levels, which should be counted as the energy portion of the target

system, as exemplified by the case where magnetic field is applied to a hydrogen atom.
Taking the time derivative of E(t), we obtain

E(t) = Tr, [0 () B (w)] + Trg [p9) () H) (w)] (2.16)
where the dot on H(®) acts on the time-dependence of w(t). It is natural to regard the first
term as the work, since it is the energy change driven by the protocol, which we can control
by thermodynamic operations. Thus, we name it as

W (1) 1= Trs |p° () H (w)] = i(t) Tr,

(1) (2.17)

ow

OH) (w)l

This agrees with the common definition adopted in quantum thermodynamics.® Then,
the remaining term in (2.16), which cannot be traced through mechanical thermodynamic
operations, should be regarded as the heat:

5Q(t) := Tr, [ (1) HO (w)] . (2.18)

5For example in the case of Lindbladian, the energy change from the time-dependence of the Hamiltonian
is counted as work, and the rest part is counted as heat. See [71] as a review paper.



Finally we reach

E(t) = W (t) + 6Q(t). (2.19)

We shall call this relation first law.

So far, we have obtained two definitions of heat, §Q(t) in (2.14) and 6Q(t) in (2.18). The
difference between them should be sufficiently small, because the heat in the first law must
be the same as that in the second law. To discuss the point, we here consider that H(®) takes
the form as H®) = H) + w(t)O, which is of our interest later in section 3. Using (2.4) and
Tr(p(t)Hiot) = 0, which follows from the von Neumann equation, p(t) = i[p(t), Hiot), we find

5Q(t) — 5Q(t) = Tr(p()V) = i Te(p(t)[H® + HY V). (2.20)

To ensure that the difference can be ignored, it is sufficient to require that [H®) + a®. V]
almost vanishes as matrix elements. Such an interaction is called resonant interaction [72].
The identification of §Q(t) and §Q(t) may be related to the emergence of the thermodynamics
from microscopic theories. Although it is a challenging and hot topic in physics, we in this
paper do not pursue it furthermore.

Even in the more generic situation that we treat in appendix A, the first law (2.19)
still applies as it is.

3 Black hole thermodynamics via AdS/CFT

In this section, we take the holographic dual of what we have constructed in the previous
section. Let I®) and I® be the actions of d-dimensional holographic CFTs and Iyt be
the total action given by

Lot = IO [yO] 4+ 1O [,®)] - /dd:m/ —~() [w(az)O(S)(fn) +0(z)0® (z)0® (m)} . (3.1
Here, z = (x*) is the spacetime coordinate, fy,(fy) (7,(3,)) is the metric of the system (bath)
theory, O®)(z) (O®)(z)) is an operator in the system (bath) theory, and w and v are classical
sources. The metrics v(*) and 4" are distinguished at this stage to make the generating
functional for the energy momentum tensors. They are identified with each other at the
end. Even if one replaces 7(¥) in the interaction term with (%), the equivalent result can
be obtained. The action (3.1) is comparable with (2.1). For example, the last term in (3.1)
represents the interaction between the target system and the bath: it corresponds to the
interaction V(¢) in (2.1).

The generating functional is formally expressed as

Zly,w, 0] = / Dy eiliotlerwd] Dy e DI DR®), (3.2)

where ¢(®) (") denotes the elementary fields of the system (bath) theory collectively. We
here note that the symbol D indicates that the integral is performed for the fields defined
on the boundary, because we will introduce another symbol D for bulk degrees of freedom
below. For more general setups (more theories and more operators), see appendix A.



3.1 The holographic dual of system and bath

The bulk gravitational theory that corresponds to the boundary theory (3.1) can be derived
by the AdS/CFT dictionary.” We begin with (3.2). First, by introducing auxiliary fields n
and y, the generating functional (3.2) can be rewritten as

/D(pDnDX exp {il(s) +iI® —|—i/dd:m/ —~() {77 (’L)O(b) - X) - 0® (w(l) + X) }] . (3.3)

Noticing that the integral over 7 yields the delta function §(x — vO®), we see that (3.3)
goes back to (3.2). Since the double-trace deformation is now resolved to the single-trace
deformation, we can take the holographic dual for each theory as

/D<I>D7]DX exp {z’I(S) +iZ7®) — i/ddm’mm(}
X8 (&) +w+x) 6 (8O —vn) o (95 =) s (50 -) . 34)

Here, Z(9) (Z®) is the bulk action dual to the boundary action I¢®) (I®)), and D denotes the
integral over the bulk degrees of freedom. The two theories Z(*), Z(®) live in different (d + 1)-
dimensional asymptotically AdS spaces, as suggested in [62]. The metric for Z(5)-theory is
expressed in the Fefferman-Graham gauge as

nuv

L\ 2
G axMaxN = <z> dz? + ¢\ dztda, (3.5)

with L(®) being the AdS radius. The metric for Z(®)-theory is also expressed similarly, but g,(ﬁ,)

and the AdS radius L® can differ from g,(fu) and L(®) in general. The symbol ® collectively
denotes the bulk metric fields g,(fy’b) and the matter fields ®©® dual to Of]s’b). The hat
(s)

quantities g, and () are the renormalized boundary values such that,

wv > po

L&\’ d-AG) 3
%) ) ) ~ LAY HE) (5 ), (3.6)

where A®®) is the conformal dimension of boundary operator O®). We define gf}’} and O
in a similar way. Finally, performing the y-integral in (3.4), we obtain

/ D®D7 exp {z‘I(s) +4iz® 44 / ddxm n(ci)(s> +w>}
<3 (60 o) 8 (36 —1422) & (38 =) 57)

We pose here since the n-integral cannot be performed in general as v(x) can be zero.

"We will consider only the classical limit of the bulk theory and its perturbative expansion with respect to
the source w(z) and the coupling v(z) in (3.1). Then, the use of the standard holographic dictionary can be
justified at least in this regard. As stated in [62], the stress tensor of each CFT is not conserved due to the
interaction between the two systems, and it leads to a graviton mass in bulk: a linear combination of the two
gravitons becomes massive. This generation of mass is a quantum effect in the bulk, and we can ignore it for
our purpose.



In the large N limit, we can evaluate the generating functional at the saddle point, which
we assume is simply found by the action principle as usual. The total action is now given by

Toot 1= T £ 7O 4 / Az /-~ g (<i>(s> + w) , (3.8)
for which we solve the variational problem under the following conditions:

0=0" —vn=g) ) =g — 2. (3.9)

Then, the variations on the boundary are restricted as

0=060® —vin =653 =65l (3.10)

Noting those conditions, we require
0 = 6Ziot = (EOMs) + /ddm/ —(s) {(H(S) + n) 50 4 ('I)H(b) + 66 4 w) 577} ,
ie, 0= (EOMs) =1 45 =oI1® 4+ &6) 4, (3.11)

with TI(59) defined as

1 51(8) |on—she11 1 5I(b) |on—she11

) (z) = _ . OO() = _ 3.12
) J=s 606 (2) ) ) 500 (z) (312
Therefore, by eliminating 7, the remaining task is to find the solutions subject to
0= &) 4w olI® = 6O 1 oT1O) = 5&) — ) = 50— 40) (3.13)
and evaluate the generating functional with the on-shell bulk action,
—iln Z[’}/, w, U] = Itot|0n—shell = I(S) + I(b) + /ddx \V _’Y(S) UH(S)H(b) (314)

Note that the target system interacts with the bath system through the asymptotic boundary
conditions while there is no interaction term explicitly in the EOMs. The conditions (3.13)
coincide with the ones developed before in [54, 55, 59-62]. If v is set to zero, the system
reduces to the ordinary boundary value problem with the Dirichlet conditions.

At the end of this section, we derive the bulk expressions of the boundary one-point
functions. From (3.1), (3.2), and the first equality of (3.14), we obtain

<O(S)(ZL’)> — ? 51nZ[’y,w,v] _ 1 51nItot|on—shell. (315)

A ow(z) Jyl  dw(@)

To evaluate this, it is convenient to recover the auxiliary field n and use (3.8). Though the

variation with respect to w can affect all the bulk fields, owing to the EOMs and boundary
conditions, only the variation of w that explicitly appears in the last term of (3.8) survives.
Thus, we obtain

(0 (2)) = —n(x) = I (2). (3.16)

In the last equality, we have used (3.11).

,10,



Similarly, taking the derivative with respect to v and metrics, we obtain

(000 = _1e)1®) <T$)> = Yu(g)’ (3.17)
(1)) = (w(0W) + v (0W0M)) ) = V) + oA ), (3.18)

where Y,fi’b) is the (renormalized) Brown-York tensor [73-75],

2 6Z(s) YO () 2 6Z(®)
= — e J(x) = — -
[—+(5) Ty (@) g = ()

We see that the two-point function [the left equation in (3.17)] factorizes into the product of
one-point functions (3.16), which happened due to the large N limit. Using (3.16), (3.17),
and (3.18), we obtain®

(3.19)

(T(2)) = V) 4wl () Ty =v®. (3.20)

uv ) ng

Since we have distinguished the metrics 4(*) and () only for deriving (3.20), we put
7(8) = ~() = ~ hereafter. In particular, it is assumed that + is static and written as

YVudatdz? = —dt* + ogdz®dz®, V== +0o. (3.21)

The indices a, b, . .. are used for the spacelike coordinates. The results will be generalized to
non-static cases straightforwardly. On this metric, the Hamiltonian is given as

aY® = / dz/oTy), HY = / 1 a/oTY. (3.22)

3.2 Black hole thermodynamics with bath

So far, we have derived the bulk composite theory dual to composite boundary theory (3.1).
Now, we need to specify the integration contour of the path integral (3.2) in order to construct
the black hole thermodynamics. In [38], where the target system is isolated, the author
considered the Schwinger-Keldysh like integration contour based on the time evolution (2.2)
with the initial condition (2.10), following the prescription given by [76, 77]. The same
strategy can be applied to the current case straightforwardly. However, instead of repeating
the same procedure, we here give a more intuitive explanation to identify the bulk initial
value problem which is dual to the CFT evolution (2.2).

We respect an operator o) (z) and the Hamiltonians H,Es) and Hib) as in section 2.°
The maximum entropy state we prepare at t = 0 is expressed as p(0) = p(*)(0) @ p®)(0) with

p*)(0) o exp [—5(0) (H£s> - / 12/ (0, 7)0) <f>)} o p(0) x e BOHY | (3.93)

Note again that O)(Z) is in the Schrédinger picture.

8There is a caveat on this dictionary, which will be discussed in section 5. We skip this point here since it
does not affect the following section 4.

9In appendix A, we will show that momentum operators can also be included in the coarse-graining. This
enables us to respect the (angular) momenta of the bulk black hole.
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Figure 2. The system and baths on both boundary and bulk theories. We construct the thermody-
namics for the multiple AdS black holes outside the horizons.

The system evolves toward the future with the time-dependent Hamiltonian specified
by the action (3.1), that is,

mm:H@+H9+/ﬁ*%wﬁmamd%m+v@@o@@m@@ﬂ (t>0). (3.24)

In order to obtain the bulk picture, we would like to extend the time evolution also toward
the past. Since we are interested in the thermodynamics of the system evolving from the
steady state p(0), we would like to keep the state in p(0) even for the past t < 0. For p(0)
to be stationary, we must choose the Hamiltonian for ¢ < 0 as

Hiot = H® + HY — / A a3 /op(0,£)0W (@) (t<0), (3.25)

using (2.11). The system and the bath are completely decoupled for t < 0.

Therefore, the bulk dual of this CFT evolution would be constructed as follows (figure 2).
We arbitrarily extend the time foliation to the bifurcation surface of the horizon in each
spacetime, and the bulk region ¢ < 0 is determined so that it is dual to the stationary
state p(0) = p®(0) ® p®(0). In other words, the solution is stationary and satisfies the
asymptotic boundary conditions specified as

) (¢, ) = 0,2, O, =0 (t<0). (3.26)

Having made the spacetime region ¢ < 0, we now have the configuration of the bulk fields
and their conjugate momenta at the time slice ¢ = 0. Thus, the region ¢ > 0 is determined by
solving the initial value problem from ¢ = 0 with the asymptotic boundary conditions (3.13)
with (%) =~ and (3.21). The solution does not depend on how to specify the initial surface
t = 0 in the bulk, because all the possible initial surfaces share the same domain of dependence.

The bulk constructed in this way is practically equivalent to the one derived by fol-
lowing [38, 76, 77]. Below, we consider the thermodynamics for this composite AdS black
hole system.
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Coarse-graining the dynamical black holes. We establish the bulk description of the
coarse-graining that corresponds to what we have done in section 2. The coarse-grained state
of p(t), which is denoted as p(t), is introduced as (2.5). Now for the CFTs, the coarse-grained
state (2.5) is expressed with

PO 0) s exp [0 (1 = [t vautt, 900 @) (3.27)
(b)
7O (t) oc e BOHY (3.28)
where ((t), B(t), and u(t,Z) are the Lagrange multipliers. Here, (¢, Z) cannot be identified
with w(¢, Z) in general. The normalization factors, that is, the partition functions, are given as

Z) () = Tr, exp [—ﬁ(t) (H£5> - / A1z ou(t, £)0) (f)ﬂ : (3.29)
Z0)(t) = Try e BOH (3.30)

The bulk description of Z(*)(t) is a stationary Euclidean solution that matches the
following asymptotic boundary conditions:

&G (r,7) = —p(t, @), gfﬁj)dm“dm” = dr? + ogpdz®da®. (3.31)

This is also explained in [38] by rewriting Z(®)(¢) in the Euclidean path integral and applying
the AdS/CFT dictionary. Note that 7 is the Euclidean time coordinate whose periodicity is
B(t) and is independent of the real-time ¢ (carefully check the arguments in (3.31)). Note also
that the Euclidean solution is not directly related to the real-time bulk illustrated in figure 2:
the real-time bulk is dual to p(t), and for each ¢ we consider the coarse-grained state p to
which the stationary Euclidean solution is dual. Similarly, the bulk description of Z(®) (t) is
simply the static Euclidean pure gravity solution that is not charged and rotating. If 7 ®) i the
Einstein gravity, it is nothing but the Euclidean Schwarzschild-AdS with temperature B(t).

So far, we have not yet discussed how to determine the multipliers within the bulk
language. In the boundary theory, they are fixed so that the expectation values of O(), His)
and Hib) at each time ¢ are reproduced by the coarse-grained state. As we have the bulk
expressions of the expectation values owing to (3.16), (3.20), (3.22), and their Euclidean
counterparts, the process of finding the multipliers can also be performed entirely within the
bulk picture. In particular, the expectation values of the Hamiltonian correspond to the mass
of the bulk black holes, both in Lorentzian and Euclidean signatures.

The coarse-grained entropy and the second law. The coarse-grained entropy can be

rewritten by [(t)-derivative as'’

S _ 8 — S
SO == (B0 555 (B 29 0)] (3.32)

108trictly speaking, this must be seen as differentiating the following after which the proper values are
substituted:

28, u] := Trs exp [—6 (Hi” - /dd—lf\/@o@ﬂ .
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Since Z(¥)(t) is dual to the on-shell bulk action evaluated by an Euclidean solution, this is
also understood entirely in terms of the bulk gravity. As in [38], if Z(*) is the Einstein gravity,
(3.32) is identified as the horizon area A()(t) of the Euclidean spacetime, i.e.,

AB)(¢)

S®“%:4G®’

(3.33)

with G®) being the Newton constant of Z(*) 11 The same statement also holds for the bath.
Therefore, the second law (2.8) says,

AG () AO@)  AB©0)  AL)(0)

e O N T OO (3.54)
Transforming this to (2.14), we obtain another equivalent form,
G >0, (3.35)
where ¢ is the entropy production for the system black hole,
o(t) = ‘1(;)((;;) - i(;j((s?) + /O "t B MO (), (3.36)
MO () = / Ao v, (3.37)

This follows from (3.20) and (3.22). Note that as opposed to the literature, we did not require
any energy condition in deriving the second law of black hole thermodynamics, but consulted
the holographic dictionary instead. Our second law comes from the non-negativity of the
relative entropy on the CF'T side, and hence it must hold in any well-defined quantum theories.
Thus, the bulk inequality (3.34) (or generalized one using the Wald entropy) can serve as a
criterion for whether a gravitational model of interest is in the landscape or the swampland.

The fundamental thermodynamic relation and the first law. Although we dare not
write it down explicitly, the fundamental relation (2.12) and the first law (2.19) can also
be translated to the gravity side. For the fundamental relation, we have already known
how to calculate the entropy and the expectation values in (2.12) by the bulk language. On
the other hand, to reproduce the first law (2.19), we need the counterparts of éW(¢) and
6Q(t). The former is easier, since it is given as

SW (1) = / 435 i, BT (¢, 7), (3.38)

by (2.1), (3.1), and (3.16). The heat §Q(t) is obtained indirectly by evaluating (2.15) in
the bulk, taking its time derivative, and subtracting (3.38) from it. Thus, as the ordinary
thermodynamics, the heat is here again treated as the energy missing from the conservation
law, which can only be determined after calculating the traceable energy. In the situation
that we discussed around (2.20), 6Q(t) can be approximated by the energy change of the
bath, which is nothing but M®)(t) — M©®)(0).

Y71 not negligible, the matter entropy must be taken into consideration as the quantum correction.
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4 Einstein-scalar examples

We investigate the second law in the three-dimensional Einstein-scalar theory as an example.
As mentioned in section 1, there seems to be the case that the second law is violated. We argue
that this is owing to the conventional holographic renormalization scheme. In section 4.1, the
system is isolated, and in section 4.2, the target system interacts with a bath system.

4.1 Single system

We consider the bulk dual of the following boundary theory on the two-dimensional flat
spacetime:

H(t) = H. +/d9w(t)0(9), (4.1)

where H, is the Hamiltonian of a holographic CFT, and O is a primary scalar operator with
conformal dimension A. In this example, we have no bath system interacting with this target
system. We suppose that the bulk theory dual to H, is the Einstein gravity and O is dual to
a bulk scalar field ®. The protocol w(t) is assumed to be uniform in the spatial direction
(f-direction) for simplicity, although it can depend on € in general. Because of this, the
computation below does not change even if the f-direction is compactified. In the following,
the protocol w(t) is understood as a Schwartz function whose support is [0, 00).
Accordingly, the bulk theory that we consider is given as

1 2 A(2—A)
I=— | &#XV-G|R+ = —(C9,0"D 0@2}
2K /M { + L2 " + L?
1 ) 1 2-A 2]
Crnlrer ) dXMAXN = Edr? + g datde’, g detde” = e (—dt2 + d92) . (4.3)
q)‘r:L/e = _(LE)QiAw(t)v (4.4)

where R is the Ricci curvature, L is the AdS radius, C' is some positive constant introduced to
represent an ambiguity of the normalization of ®, and ¢ is the UV cutoff. We have included
the counterterms in Z. The dimension A is chosen as 0 < A < 2 (A # 1) for the simplicity
of the counterterms [75]. In this model, the mass dimensions of the parameters and fields
are (k] = [L] = —1, [?] = 0, and [w] = 2 — A.

Our task is to compute the following expectation values by finding the classical solution
and using (3.16) and (3.18) as

() = ~ (L) (2~ A8 +r0,2) |y = (O0)), (45)

Viola) =+ [(K = 7 025202 - K, e (T®) = (OO (40

where 7, is the renormalized boundary metric (v, dztdz” = —dt* + d6?), K, is the
outward extrinsic curvature of the boundary, and K is its trace K := y*YK,,,. The classical
bulk configuration is the s-wave solution since they are excited only through the boundary
condition (4.4) and w(t) is uniform in the #-direction. Thus, II and Y, are independent of 6.
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Lorentzian evolution. Now we solve the bulk theory perturbatively assuming that the
source w(t) is small as w = O(A) where \ is a dimensionless small parameter (A < 1).
We will give the solution to O(A?) which involves the back reaction from the scalar ®.
Indeed, we need to consider O(A?) to obtain a non-vanishing entropy production and have
to go beyond the linear perturbation. An equivalent computation on the CFT side is also
investigated in appendix B.

The O(A\?) solution is the BTZ black hole with radius r,,

dr? r2 72— 2
2 _ 2 142 2 2. +

(4.7)

This is a vacuum solution and ® = 0 in this order.

To obtain the leading O(\) solution with C' = O(A\?), we solve the Klein-Gordon equation
on the above BTZ background. As explained around the figure 2, the bulk is stationary
for the past ¢t < 0. In the current case, the bulk is the BTZ background with & = 0. The
bulk configuration deviates from the stationary state only after ¢ = 0, when ® begins to
be excited by the source w(t). The solution ® that satisfies this initial condition and the
condition (4.4) is found to be

- L2 2-A T—2|- Jfrf 7’3_62 i;rﬁf E,(r)
Bt 1) =— —iwt o [ 2= I 1— wil) 4
(t,r) /dwe w ( . > ( 7"2) < 2 ) FoL)d) (4.8)

A iwL? iwL? 2
awzzg_ 2T+ s ’szzl_ . 5 Fw(r)::2F1 <7w_aw77w_aw77w;1_;2r 5 (49)
o dt . © dt .
wmz/ 4%mw@:/ A ety(4), (4.10)
o0 2T 0 27

where o F] is the hypergeometric function. One can easily check that this solution satisfies the
asymptotic boundary condition (4.4) appropriately. The easiest way to confirm the initial
condition, ® =0 (¢ < 0), is to notice that the wave is purely incoming near the horizon. If
there were an outgoing mode, that mode would have come from the past. Of course, the initial
condition can also be directly shown from the fact that the w-integration contour in (4.8) can
be deformed away to the semicircle at the infinity on the upper half plane, for ¢ < 0. Here,
note from (4.10) that w,, is regular everywhere on the upper half plane and rapidly goes to
zero at infinity. Therefore, from (4.5) and (4.8), we obtain by taking the limit ¢ — 0,

T(t) — 20LT(2—-A)? (T+>2A2 (—sin(wA))/dw e~ @y, (FF(O‘”))Y (4.11)

s 2 (Y — Qv

Next, we compute the back reaction to the metric due to the O(\) matter (4.8). The
back reaction is O(A?). Let hjsn be the perturbed part from the BTZ background, and
we gauge-fix it as [78],

A(r,t
hyndXMaxh = ](@)dr? + B(r, t)dt* + 2W (r, t)dtdo. (4.12)

We now solve the perturbative Einstein equation, following the calculations in [78]. As in the
case of O(\), perturbations are not turned on for the past t < 0. The perturbed part hasn

,16,



contains only the normalizable mode, since the BTZ metric exactly satisfies the asymptotic
boundary condition (4.3). Although the exact solution can be found, here we just show the
results that are necessary to calculate the energy: as r — oo,

A-B
2A—2
A~ —C(2 = A)(w(t)L¥ D)2 (Z)

Additionally, the off-diagonal component W(r,¢) vanishes everywhere. Then, the mass
density is computed as

m(t) = Y;gt =

T+ t !/ - / /
II(¢"). 4.1
St +/0 dt' (¢ IL(H) (4.15)

Extracting the source term and using w(0) = 0, we obtain

h(t) :==m(t) — w(t)II(t) =

2 t
T+ / INTT(
— dt”w(t)II(¢ 4.1
2K/L3 /0 'LU( ) ( )7 ( 6)
which is dual to (H.,),.!?

Coarse-graining the Lorentzian black hole with Euclidean solution. We build the
coarse-grained Euclidean black hole by respecting only the Hamiltonian H,, i.e., the above
h(t) in (4.16). Because of the following reasons, we do not respect O here and just apply w(t)
to perturb the system. As can be checked by a similar calculation above, we cannot find the
static and rotationally symmetric Euclidean solution with scalar hair, at least perturbatively
to the order of our interest. Originally, the action (4.2) may contain higher order interaction
terms, although we have ignored them because they do not contribute in our perturbative
order. This means that, in the current example, Z(*?)(¢) in (3.29) cannot be approximated by
a simple saddle point, or that there is no perturbative solution for the Lagrange multipliers
that respect both H, and O at the same time. Note however that even in this case, our
second law must be satisfied, since repeating the same procedure as section 2 and 3 only by
respecting H,, we can prove that the inequality (3.34) holds with the auxiliary Euclidean
spacetime replaced with the Schwarzschild-AdS. In 3D spacetime, it is nothing but the BTZ
spacetime. Recall also the first paragraph of section 2.1. As provided in appendix A, one
can formally consider more generalized Gibbs ensemble as well.

The Euclidean BTZ spacetime with mass density h(t) in (4.16) is easily found, by keeping
O()\?) terms, as

dr? r? r? — (2rL*T(t))*
ds? = Nz + N2dr? + —2d92, N} = 5 : (4.17)
T(t) = 4.1
®) 27rL2 27rr+/ dt'wi(t (4.18)

"?More precisely, h(t) is a density and dual to (H.), /Ls where Ly is the volume of the space where the
CFT lives, i.e., Lg is the length for the -direction.

,17,



Thus, the entropy density'? is obtained from (3.33) with x = 877G as

2 2 2rL?
s(t) = == x 2n LPT(t) = T - = / dat' w(t)II(t). (4.19)

The second law, s(t) > s(0), claims that the following inequality must hold:
¢ .
VE>0, — / dt’ w(tII(#) > 0. (4.20)
0

Note that while the first term in (4.19) is the entropy density for O(\°) solution (4.7), the
last term is the correction due to the perturbation w and is O(\?).1* The absence of O()\)
correction can be easily understood from the CFT computations as done in appendix B and
is related to the non-negativity of the relative entropy. This implies that the second law
requires the absence of O(\) correction. Indeed, if the leading correction is linear in the
source w, we can change the sign of the correction by flipping the sign of w and it leads
to the violation of the second law.

The above result (4.19) is universal in the sense that it is independent of the details of
our holographic CFT as follows. First, it is independent of the length of the 6-direction and
also does not depend on whether the #-direction is compactified or not because we take a
spatially uniform source w(t), as mentioned below (4.1). The entropy production (the last
term in (4.19)) is related to the back reaction due to the perturbation by O and is related to
the CFT three-point function (OTO) (T is the CFT stress tensor). Then, this three-point
function is universal on the infinite line at the finite temperature, as is the case for the
two-point function (OO). Indeed, we can obtain the same result [see (B.23) with (B.15)]
in general two-dimensional CFTs (not restricted to the holographic CFT). Of course, if we
take a non-uniform source w(t, #) and the #-direction is periodic, the result depends on the
details of CFTs because (OO) depends on them.

The second law, renormalization, and non-negativity of relative entropy. Figure 3
shows our numerical check of the second law (4.20) for some A with a source

w(t):{)\exp<%lit+4) 0<t<1) (421)
0 (otherwise) - '

Here we have chosen the form of w(t) so that it is a Schwartz function, which is C* everywhere.
Figure 3 indicates that the second law is satisfied for all t when 0 < A < 1. However, the
second law is violated for early ¢ when 1 < A < 2. In the following, we discuss why in
the latter case the second law is violated.

First of all, we discuss the CFT side. The same quantity can be computed purely in
CFT as mentioned above. The one-point function is given by the retarded Green’s function

13We have the translation symmetry in 6-direction and thus the area of the horizon is proportional to the
length of #-direction Ly as in footnote 12. The entropy density s is the entropy divided by Lg.

! The two terms in (4.19) are the same order with respect to s because we take the normalization C' = O(x°)
and w = O(k°), or C' = O(k) and w = O(k~/?). Tt depends on whether w is intensive or extensive. Here we
suppose that A and k are independent parameters although they can be correlated, for example, by taking
A ~ 1/c where c is the central charge of our holographic CFT.
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Figure 3. The numerical check of the second law. The horizontal axis is the time and the vertical
axis is the Lh.s. of (4.20) up to a positive overall factor. We set ry/L? = 1 here. The second law
states that they should all be positive for all ¢ > 0.

Gr(t,0) as

(0), = /_ O:O ar / 40 Gt — ¥, 0 w(). (4.22)

See (B.19), (B.20) and (B.30) for the explicit form of Gg. Since G is singular when the two
arguments are null-separated, we need to introduce a regulator (ie-prescription) as in (B.30)
and send it to zero after performing the integral of the r.h.s. of (4.22). Then on the CFT side,
the entropy production is given as (4.19) with II(¢) replaced by (O), [see (B.33)]. However,
(O), diverges for A > 1 at any time ¢ when the source is turned on (w(t) # 0). Therefore, we
need to keep the regulator finite in that case. While the entropy then depends on the regulator,
the second law holds in CFT as desired by keeping the finite regulator (see appendix B).

Then, what is happening on the bulk side? We have obtained (4.11). Note that it is
finite even for A > 1 (recall that w(t) is a Schwartz function and so is its Fourier transform
by definition). This tells us that the bulk expression II(t) is renormalized in some way.
Indeed, we added the counterterms in (4.2) that are the standard ones in the holographic
renormalization [75], and these terms lead to the finite II(¢), that is, a renormalized one-
point function of O. This holographic renormalization can be understood as the analytic
continuation of A. For 0 < A < 1, (O), in CFT is finite [see (B.46)] and it agrees with the
bulk result II(¢) in (4.11) (see appendix C for the detail). We can analytically continue the
expression with respect to A, and we obtain a finite result even for A > 1, which agrees with
IT in (4.11). The analytically continued one is no longer the same as (O), in CFT, which as
explained above generally diverges for A > 1 and depends on the regulator. This is the reason
why the second law is violated in bulk for 1 < A < 2 as figure 3, although it holds in CFT.

Thus, the holographic renormalization scheme of [75] is unsuitable for the second law,
which must hold in well-defined CFTs because it is a consequence of the non-negativity
of the relative entropy. In addition, this consequence is not a problem of the invalidity of
the holographic dictionary but an issue of the regularization, because as mentioned above
we only see the universal parts.

The holographic renormalization using the counterterms in [75] and the Fourier trans-
formation can also be understood as dimensional regularization as follows.'® In general

5 This fact is already noted in [67] as “the AdS gravity computation already knows about dimensional
regularization”.
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dimension d for CFT, (O), is finite for 0 < A < d/2. We can then obtain the finite result for
A > d/2, by analytically continuing A or d after completing the integral of (4.22). Thus, we
can regard the above finite result in A > 1 as the analytical continuation of d, i.e., dimensional
regularization. This conversely means that the second law does not hold even in the CFT
side if one removes the divergence with the dimensional regularization.

In short, using the counterterms as in [75] naturally led us to adopt the dimensional
regularization. Then, the second law is violated for A > 1 with II(¢) in (4.11), and we are to
conclude that the conventional holographic renormalization scheme is incompatible with the
fundamental property of quantum mechanics, i.e., the non-negativity of relative entropy. One
may wonder what if we naively ignore the counterterms. In that case, we see that the leading
term of hy in the cutoff € is proportional to (2 — A)w(t)2. Thus this also violates the second
law for A > 2. Note that since we ignore the counterterms, our restriction to A < 2 does
not apply in this case. Unfortunately, we have not yet obtained an answer on what kinds of
renormalization schemes to use, or how to recover the unrenormalized result in the bulk.

We further explain the equivalence of II(¢) and (O), in appendix C, where we show that
they are the same only after the source is turned off, regardless of A.

4.2 Two coupled systems

We consider two copies of (4.2) with different constants and couple them as section 3.1. We
distinguish the two theories by using the superscript (1) and (2) where we regard (1) as
the target system and (2) as the bath. The source w is turned off in the second theory.
This time, the boundary conditions for the fields ®® are not the conventional Dirichlet
ones as (4.4), but given as (3.13), i.e.,

(1)\2 2—AM) (2)\2 2-A(®)
@ng&_CL)> (10+011®) ¢®,V_<@)> oI, (4.23)

r r—00 r

As explained in section 3.1, the two theories interact with each other only through these
boundary conditions. We again treat only the s-wave by taking the source w(t) uniform in
the spatial direction, and set the coupling v constant for simplicity.

We now have two independent perturbation parameters w(t) and v, and thus we have a
variety of perturbative expansions. A simple choice is assuming that both of them are in the
same order as w = O(X),v = O(\). Then we can repeat a similar perturbative construction
of the solution as in section 4.1, starting with the O(\?) BTZ geometry for both of the two
theories. However, this choice is not interesting, because taking C»?) = O(A) as in the

previous section, it will turn out that'®

oM =00, oP=001?), OW=00), 0O%=00)?%. (4.24)

Thus, ®@ is suppressed compared to &), and the leading correction to the entropy comes
only from the excitation of ®1). Then, the result is completely the same as the previous one
if we consider up to O(A?) because the entropy production for the bath system is O(A3).

16 A5 in the previous example, we regard x and A are independent parameters.
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The result changes if we consider a case that two terms w and vII(?) for the asymptotic
values of @) in (4.23) are in the same order. This situation can be realized by taking,
for example,

w=00), v=0L)%), cO =001, c® =012, (4.25)

where s is an arbitrary real number (and indeed s can be zero which may be the most natural
because the coupling v does not have to be correlated with the strength A of the protocol
w which is tunable by hand). In this choice, from (4.5), we find

oM =00), ¥ =0on*), OW=00), O%=00n"). (4.26)

This indicates that C® times the bulk energy momentum tensor of the bath system is
O()\?), and hence the same perturbative construction of the solution as in section 4.1 is
valid as well for the bath.

Performing the perturbative computation to O(\?), we find that the entropy density
of the system and of the bath in this case are

sy AP @mys e :

_ et W) @) 17

5 = D r$) /O dt’ (w + o) 110, (4.27)
(2)(t) 7“(2)

S _ 3 1

where I is computed as

= /dwe_mﬂg), () = v/dwe_ithS)Jy), (4.29)
200 LOT(2 — AD)2 [ ) A re® \
JO = — T (—sin(rA®))) (a‘") . (4.30)
) (( L)z P — o)
(1)
) el (4.31)

1—v2J M I8

The second law, sV () 4+ 5@ (t) > s (0) + s2)(0), claims that,

(13t L@)3
0<_L (1)) / dt’ (w+om®) 110 / dt’ ( @), (4.32)
ry 0

Below, we are going to show that the above inequality holds as far as each theory satisfies (4.20).
Let us define f(t) b

—zwt
iwt 2
/dwe (w + 0?1 /dw J(Q) (4.33)

and write its Fourier coefficient as f,,. Then, we obtain

w(t) = f(t) - o? / dwe @t gD gD 1 (4.34)
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Instead of giving f by w, we here rather define the source w by this expression, choosing f
as any Schwartz function. As far as the support of f is set to be R, that of w is guaranteed
to be so too, since there is no pole on the upper half w plane in the integral of (4.34).
Then, from the relations,

w(t) + ol () = f(¢), TP = f,J0, (4.35)

the inequality (4.20) can be applied to the first term in (4.32) with w replaced by f. We
can also show the same thing for the second term in (4.32) with w replaced by vIIM, Since
each term in the r.h.s. of (4.32) is not negative if each theory satisfies (4.20) for general
sources w(t), (4.32) itself is now guaranteed.

5 Summary and discussions

We have introduced a system consisting of AdS black holes interacting via the conformal
boundary, which was shown to be dual to coupled holographic CFTs. The properties in the
black hole thermodynamics were first derived in the CFT language, and after that, translated
to the bulk based on the AdS/CFT dictionary [39, 40]. Here, the coarse-grained state on
the boundary corresponds to auxiliary Euclidean black holes that share the same asymptotic
observables with the original Lorentzian spacetimes. The second law states that the sum
of the horizon areas of the Euclidean black holes that coarse-grain the system at time ¢
can never get smaller than its value at £ = 0. When one is seen as the target system and
the others as the baths, the notions of heat and work naturally come in the first and the
second laws, making it possible to discuss the black hole thermodynamics more in parallel
with the ordinary thermodynamics than before.

Also, we have explicitly checked whether the second law is actually satisfied in a gravity
model. We have demonstrated that the second law is satisfied for the model in a specific
parameter region. However, we have encountered a violation of the second law in another
parameter region. We have argued that the violation is related to a problem of UV divergences.
In this parameter region, responses in the CF'T generally have UV divergences. Since the
bulk counterparts are calculated to be finite due to the holographic renormalization scheme,
it has turned out that the renormalization scheme that we used breaks the second law. In
our example, we adopted the counterterms proposed in [75], and argued that it corresponds
to dimensional regularization. Surprisingly, dimensional regularization is incompatible with
the fundamental property of quantum mechanics: non-negativity of the relative entropy. It is
an important subject to discover a renormalization scheme that respects this property.

In our strategy, there was no need to refer to energy conditions to prove the second law
since we instead used the holographic dictionary unlike other strategies. As the boundary
theory is expected to know the bulk UV in principle, our second law would contain some
information about the quantum gravity, which might have allowed us to derive the second law
without assuming energy conditions (after we resolve the puzzle about the renormalization
discussed above). Then, how can we extract messages on quantum gravity from this second
law? Onme possible idea is to use it as a judge of whether or not the gravity is UV-complete.
We can check the second law for models like the way we did in section 4, using it as a necessary
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condition. However, it is not yet guaranteed that all UV complete gravity theories share the
same second law, with or without holography, so we need to study more on this point.

We can consider various extensions of the examples in section 4. For simplicity, we have
considered only spatially uniform sources in two-dimensional CFT for the examples. Due
to this, the entropy production does not depend on the details of the theories because the
production is, at the leading order of the perturbation, determined by the two-point function
which is fixed by the conformal symmetry. To see more interesting cases, we should consider
non-uniform sources or higher-dimensional models. In addition, in the concrete examples,
we have chosen only the Hamiltonians as the operators to be respected, although we have
investigated general prescriptions in section 3. One of the simple extensions is respecting also
conserved charges such as electric charges and angular momenta. In two-dimensional CFTs,
we can also respect the quantum KdV charges generically [79]. Then, the coarse-grained
states are given by generalized Gibbs ensembles and they can be dual to non-trivial black
holes (KdV-charged black holes) [80]. It is interesting to study the entropy production for
these charged black holes. Furthermore, in our approach, we can respect operators not
commuting with Hamiltonians. It is an important open problem to find non-trivial black
hole backgrounds corresponding to this case.

In the example in section 4.2, we have confirmed that the second law of the total entropy
is trivially satisfied in the sense that the entropy of each theory individually increases. One
of the most interesting examples is the case where the entropy of a target system decreases
owing to the introduction of the bath. Since we have only examined for constant v, there
may still be room for the theory in section 4 to be such an example for some varying v.
Extending the analysis beyond the perturbative computations may also provide examples
where the entropy of the target system decreases. If such an example is found, we will get
closer to the realization of a “black hole engine”. Operating the black hole engine governed
by general relativity, we will be able to describe the dual quantum thermodynamic engine
in laboratories with the philosophy of [81, 82].

The black hole engine would not only be beneficial in understanding the boundary
theory, but also the bulk gravity. If generalized to the information thermodynamics, the
engine will help us understand the connection between spacetime geometry and the notion of
information that Maxwell’s demon acquires in the measurement. After the discovery of the
Ryu-Takayanagi formula [83, 84], quantum information became one of the insightful tools to
study quantum gravity. Here, we expect that the information thermodynamic engine provides
other aspects of the relation between geometry and information.

Finally, there is a technical point that we need to survey more. As pointed out in
the erratum of [38], there is an ambiguity about the dictionary (3.20). When U(1) current
operator that couples to the external gauge field is considered, the bulk theory contains the
Maxwell field. Then, particularly for the charged static black hole, the source is associated
with the chemical potential, but this time, it is rather consistent if we ignore the second
term of (7, ,5?) in (3.20), implying that Y, does not include the chemical potential term from
the beginning. This also seems to happen for the time component of other tensor fields.
It must be more preferable if there exists a dictionary that applies to all CFT operators

and corresponding bulk fields.

— 23 —



Acknowledgments

We thank Koji Hashimoto, Takanori Ishii, Norihiro Tanahashi, and Ryota Watanabe for
the discussions. D.T. appreciates Yu Nakayama, Yuki Suzuki and Seiji Terashima for the
comments and discussions in the seminar at YITP. The work of T.S. was supported by JST
SPRING, Grant Number JPMJSP2110. S.S. acknowledges support from JSPS KAKENHI
Grant Numbers JP21K13927 and JP22H05115. The work of D.T. is supported by Grant-
in-Aid for JSPS Fellows No. 22KJ1944. The work of T.Y. was supported in part by JSPS
KAKENHI Grant No. JP22H05115 and JP22KJ1896.

A Generalization to multiple interacting theories

In this appendix, we generalize section 2 and 3 to the multiple interacting theories. In
addition, we consider more operators to be respected.

A.1 Generalization of section 2

We consider a generic setup of M quantum systems coupled to each other:

Htot ZH )) + ZV(U)(t)7 (A1>

1<J

where H® is the time-dependent Hamiltonian of the i-th system whose protocol is specified
by w®(t), and where V(%) (t) is the interaction between the i-th and the j-th systems. For
the vanishing protocol w®(t) = 0, the Hamiltonian H® (w®) becomes time-independent,
H®(0) =: H". The initial state is set to be p(0), which evolves as

p(t) = U(t)p(0)U ()T, U(t) := Texp <—z' /Ot dt’ Htot(t’)> . (A.2)

In the coarse-graining, let {O } be the set of operators that we respect in each i-th
theory, where J is the label of the operators in this set. The coarse-grained state can be
found as we did in section 2:

M . .
= @ﬁ(i) (1), ﬁ(i) (t) = Z(s(t) exp (— Z )\L(;) (t)OL(]Z)> ’ (A.3)

J

with Tr; denoting the trace over the i-th degrees of freedom. The Lagrange multipliers
)\9) (t) are determined so that p((t) is the maximum entropy state with respecting the
expectation values <Oy)> ; (see (2.3) and (2.4)). We define the i-th coarse-grained entropy
SO (t) at time t as

SO (t) = —Tr; [p9 () n p (1) ] = Z)\ N, + 1 Z20). (A.4)

The total entropy is defined as the sum of them,

=3 50@). (A.5)
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We obtain the second law and the fundamental relation, similarly as

S(t) > 5(0), (A.6)

S (¢ Z AP )= 0, (A7)
imposing again p(0) = p(0). In a more specific case where 0(1)0 = H(l) and only the
Hamiltonian is respected for each i-th (i > 2) system, i.e., {O } = {H } the above,

s (2.14), reduces to

Mot . . . d
SW(t) = sD(0) + z:; /0 at' BO)sQU(E),  8QU() == —— (H),,  (AS)
d d
$O (1) = 8V () | 7 (HY), ~ Jzﬂ)u“k ) 2 (059), |- (A.9)

Here, we have put )\((]i)zo(t) = AW (t) and Agl)(t) = —B(l)(t)u(Jl)(t) for J # 0.

A.2 Generalization of section 3

We consider the gravitational model corresponding to the above specific situation, i.e., only
the Hamiltonian is respected for theories of i > 2 except for the first theory (i = 1). The
action (3.1) can be generalized as

Mo L Mo
o = 31009 = Y [ a0 00 @) ws(a) + 3 o @0
i=1 J j=2

where i, j distinguishes the theories and J is the operator label for the 1st theory. We denote

. (A10)

the operator in j-th theory Ogj ) () rather than OU)(z) for later convenience. For simplicity,
we suppose that theories of j > 2 do not interact directly with each other. See appendix A.3
for the case of three mutually interacting theories. Below, we use the dot product to represent
the sum over J, like w - O = > wJOgl).

Holographic dictionaries. We perform the path integral (3.2) for the above action with
Dy := DM ... DpM) By introducing auxiliary fields following section 3.1, we obtain
Zly,w,v]

= /D(pDanexp [ ZI(Z —I—z/dd \/ = ){77. <U(j)0§j) _X) —oW. (w(l) +X)}

=1

= /D@DaneXp[ ZI(Z /dd /=y -y

M
= /D(I)Dnexp liZI(i) —|—i/dda: —yM . (&)(1) + w(l))]

i=1

9 ﬁ {5 (@ﬁj) _n.vm) I1 5(@9{'))} ﬁa(gfjg 7}}2). (A.11)
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In the above, the bulk metrics are as before written as

( L(l) ’ % v
Gy dxMax™N = <Z> dz? + g{)datdz”, (A.12)
and the hat quantities are defined by
. L(Z) 2 N7 i CAD 2
gt ~ <Z> g0, ef ~ ) (2 o). (A.13)

Here, Ag) is the conformal dimension of boundary operator Oy). In addition, @%)’s (K #1)
denote the other bulk fields whose dual operators do not appear in the interaction term
of (A.10).

Taking the large N limit, we are left with the classical action

Tiot := %IU) + / dlz\/—~ D g (ci>(1> +w(1>) , (A.14)
i=1
with the boundary conditions,
0=0 —p- o =%, =g) -4} G=1,--,M j=2, M) (A.15)
Then, the variations on the boundary are restricted as
0=0d{) — oy 0@ =60, =050 (A.16)

Noting those conditions, we require
0 = 6Ziot = (EOMs) + /ddx\/ -y [(H(l) + 77) L5pM) 4 (ng)v(j) + M 4 w(1)> . 57]] ,
ie, 0=10 45 =100 4 WM 4w, (A.17)

where we have defined
1 51(1) |on—sh011

(4)
Iy (z) == — (A.18)
’ S 660 (z)
Therefore, by eliminating 7, the remaining task is to find the solutions subject to
M . ) Ny ) .
0=30% +u + 3 P = ) 4 0. 1 = q)ﬁg;l =g =, (A.19)

k=2
and to evaluate the generating functional with the on-shell bulk action,

M ' M .
—tln Z[’Y’ w, U] - Ztot’on-shell = ZI(Z) + Z /ddx \ _7(1) (U(k) ’ H(l)> Hg ) (A20>
i=1 k=2

The dictionaries on the expectation values can be derived in the same way as section 3.1:

OV (@) =1P (@), (1)) =y +siw® 10,0, (A.21)
with the Brown-York tensor defined as
, (i)
V() 01 (A.22)

2
S0 0y (@)

We hereafter set v = ~, which was defined in (3.21).
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Building the bulk. We construct the dual bulk time evolution. The operators that we

respect here are H£i), 051), and additionally, the momentum operator

P = / RV ROL (A.23)

where o is the spatial metric on the boundary given by (3.21). This operator enables us
to respect the angular momentum in the dual bulk. Since there is no change on the bath
theories j > 2, we here focus on the first theory.

At t = 0, we prepare the initial state as a generalized Gibbs state,

p0) = Fay e |=80) (1Y —wr PO - [ tivauo.)- 00@) | a2

ZM(#) = Try exp [—5(0) (Hi” — W (0)PD — / 413 /o0, 7) - o<1>(:z)>} . (A25)

Here we have put () = B for notational simplicity. As explained in section 3.2, the
Hamiltonian of ¢ < 0 must be chosen as

M .
Hiow = > HY —w(0)PY — / 4 iou®(0,7) 0V (t<0). (A.26)
1=1

The main difference between this and (3.25) is the addition of the momentum operator. The
combination Hil) —w*(0) 651) can be regarded as the Hamiltonian when the metric is given as

dsty) = —di? + ogp (da® + W (0)dt) (da® + P (0)dt) (¢ <0). (A.27)
This is because we see
7Y —wr0)P® = - / A7 a TWO (84 + w(0)3L), (A.28)

and it is, from the ADM formalism, nothing but the Hamiltonian with the shift vector
chosen as w®(0). Since the metric is just a source and not dynamical, we need not worry
about any geometric singularity due to the change of the metric at ¢t = 0. Note that the
determinant of (A.27) is the same as /—7.

Therefore, the bulk of the first theory is constructed as follows. For ¢t < 0, we find the
stationary solution that matches the asymptotic boundary conditions,

O (4, 7) = 1 (0,8), g datda’ = —di* + ogp (dz® + w(0)dt) (da® +w(0)dt) . (A.29)

Then, we solve the initial value problem from ¢t = 0 toward future, with the asymptotic
boundary conditions (A.19) and (3.21).

Coarse-graining the dynamical black holes. We continue to focus on the first theory.
The coarse-grained state in the CFT side is this time given as

A0 = g e |80 (B —wr® - [ a5 eu)- 00@) | (a0

ZW(t) = Try exp [_ﬂ(t) <H,£1> — ()P — / A E ot T) - 0(1)(:?:))] (A3
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The bulk description of Z()(t) is a stationary Euclidean solution that matches the following
asymptotic boundary conditions:

O (7, 7) = —ps(t, @), §)datda’ = dr® + oq (da” — i (H)d7) (da® — i (t)dr) . (A.32)
Notice that the Lorentzian time ¢ and the Euclidean time 7 are independent and distinguished.
The coarse-grained entropy. For all 7, the coarse-grained entropy can be rewritten as

O = — (800) —2 _[(8010) a2
50 = - (890)" 3500 {(B ®) 'mz9)|. (A.33)

If 7 is the Einstein theory, the bulk second law reads,

A(%)
Z: > Z ITelc ( ) (A.34)

Each A(®(t) is the horizon area of the i-th Euclidean black hole at ¢, and G is the Newton
constant of Z(). Alternatively, we also obtain ¢(t) > 0 for

(1) M (o
¢(t) == i G((l? A +Z / dt’ DY MWD (), (A.35)
D(t) = /dd‘lfﬁYOO . (A.36)

A.3 Holographic dual of three mutually coupled CFTs

As another generalization of section 3.1 and appendix A.2, we consider the following action:

Tt = ZI() / d'e /= [010P0®) 11,0000 41,000 (A37)
=1
Using the same strategy and the notations in section A.2, we are going to move from the
above path integral to its gravitational dual description. For notational simplicity, we write
as if there were only the three bulk fields which correspond to the three primary operators
O® | but the other fields including the metrics are of course implicitly included as we carefully
did in section A.2. Also, we here turn off the source terms.
The path integral (3.2) with (A.37) is rewritten as follows:

3 i
Zv] :/DgoDane’Zz:lI()

X exp [—i/d‘%ﬁ(

1 (x; —OYW) +v1x2x3+ (U2X3+U3X2)0(1))
j=2.3

_/Dq)DnDXexpl ZI( )—z/d /=y (M2X2+M3X3+v1X2X3)
=1

X0 (@(1)—1—112)(3—1-03)(2) ) (@(2) —772) o (@(3)—773)
:/DCI)DXexp [iil( /ddxr (x2‘1>(2)+x3<1> +01X2X3)]
i=1

X ((i)(l)—i-UQXg—i-UgXQ) . (A.38)
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We cannot perform the y-integration in the final line, because vo and vs are not invertible
(vg,v3 can be zero) in general.

Therefore, let us at this stage take the large N limit. Repeating what we have done
in section 3.1, we conclude that the bulk configuration is determined by solving the bulk
EOMs with the following asymptotic boundary conditions:

0= 0 — pIT® 4T = $O) 10 — 1 = G _ 1@ — ori®. (A.39)
The auxiliary fields x2 and y3 have been eliminated through ys + II?) = y3 4+ 113 = 0.
The on-shell action is reduced to

3
Tiotonshen = > IO + / d'ey/= [ TS 4 oI 4 on0I@] (A.40)
i=1

The symmetry regarding the label ¢ = 1,2,3 is now recovered, although we broke it
when introducing the auxiliary fields. While we did not include the source terms, that is,
the single-trace deformation terms, it is straightforward to take them into account. Notice
finally that since (A.37) is a type of the theories that we have dealt with in section A.1, all
the thermodynamic statements are also valid in this setup.

B QFT computations

Here we review a perturbative computation of the response under time-dependent pertur-
bations, and apply it to two-dimensional CFTs.

B.1 Perturbative computations

We start at time ¢; with an initial density matrix p(¢;) and consider the time evolution
by a perturbed Hamiltonian

H(t) = Hy + V (1), (B.1)

where Hj is the unperturbed Hamiltonian and V() is the perturbative term. Note that
H(t),V(t) are operators in the Schrédinger picture. We then compute the expectation value
of an operator O at time t; (t; > t;):

(0) (tg) = Tr(Op(ty)) = Te(OU (t5,t:)p(t:) U~ (ty, t:)), (B.2)

where U is the time evolution operator defined as

U(t1,t2) := Texp (—z’ “at H(t)) . (B.3)

[2)

We also define the “free” time evolution operators as
Uo(tl,tg) = e_iHO(tl_t2). (B.4)

We now move to the interaction picture. For any Schrédinger picture operator A(t),
the interaction picture operator A!(t) is defined as

A1) 1= Ug (6, L) AU (1, ), (B.5)
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where t4 is an arbitrary reference time relating the two pictures. The time evolution operator
in the interaction picture is defined as

Up(ty, ta) := Uy t(t1,ts)U(t1, t2)Up(ta, ts), (B.6)

and can be computed as

t1
Ur(ty,ta) = Texp (—z’ dt V’(t))

t2

i [Cavie - / “a (e vV + o). (B.7)

to t2
The expectation value (B.2) is computed, using
Uty ti) = Uolts, ts)Ur(ty, t:)Uy t(tis ts) (B.8)
and the perturbative expansion (B.7), as
(0) (tg) = Te(U; H(t7, )0 (t5)Ur(ts, t:)Ug ' (tis ts) p(ti)Uo (i, t5))

=T (0" (ty)polts)) - i/:fdt Tr ([O1(ty), Vi(t)]po(t:))
- /t.tfdt /:dt/ Tr ([[0r(t7), VIO, V! (#)]po(t:)) + O(V?), (B.9)

where we have defined po(t;) := Uy * (ti, ts)p(ti)Uo(ti, ts). The result (B.9) can also be easily
understood from the Schwinger-Keldysh path-integral.

The first term in (B.9) is nothing but the expectation value of O at t for the unperturbed
time evolution:

(O) () := Tr (O (tg)po(t:)) = Tr (U (£, 1:)OUp(ts, ti)p(t) ) - (B.10)

The second term in (B.9) is the linear response of O due to the perturbation V' (the Kubo
formula):

510) (tg) = ~i [ Te (O1(t7), Vil po(t) (B.11)

Generically, this is the leading change of (O) under the perturbation V. However, if we set
O = Hy and the initial state p(t;) is static with respect to Hp, the linear response (B.11)
vanishes. Indeed, this is the case because we will consider the energy change for the thermal
initial state for Hp, and thus we have to consider the O(V?) term in (B.9).

B.2 Thermal initial state

We consider, as the initial state p(t;), the thermal state of Hy at inverse temperature 3:

p(ti) = pg == Z(lﬁ)e_ﬁHO, Z(f) := Tre PHo, (B.12)
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This state is static under the time evolution by Hp, and we have
po(ti) = Uy ' (ti, ts)p(ti) U (ti ts) = pp- (B.13)

When we add a perturbation, the time-evolved state p(t) (¢t > t;) deviates from pg, and
we consider a coarse-grained state of p(t) with respect to Hy:

(B.14)

where 5(t) is determined so that Tr[Hop(t)] = Tr[Hop(t)].
The leading change of the entropy 4.5 from ¢; to ¢t and that of the energy § E are related as

S = BSE, (B.15)

where dE = Tr[Hop(t)] — Tr[Hop(t;)]. The second law states S > 0 and thus we must
have 6E > 0.
Let us take the perturbation V as

V() = w(t) O, (B.16)

where w(t) is the source for O. Then, the leading change of (O) due to the perturbation
is given by (B.11),

3(0) 1) = =i [ dew(®) (016, 00y (#)yi=Telpse) (BT
It can be written, if w(t) = 0 for ¢t < t;, as
5(0)(ty) = [ dtu(t)Gnlty 1), (B.18)
where G is the thermal retarded Green’s function

Gr(t) := —i0(t) ([Or(t), 01(0)]) 4 - (B.19)

Note that the two-point function is time-translation invariant. For later convenience, we also
define a similar function (the Pauli-Jordan function or the invariant delta function) as

G(t) == —i([O1(t), 01(0)]) 4 - (B.20)
Using this, 0 (O) can also be written as
tr
5(0) (ty) :/ dt w(t)G(ty —t). (B.21)
The leading change of energy JF is given by

38() =~ [ar [t wiey) (0, 010,010 (5.22)

t; t;
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where the linear response term vanishes as stated above due to [Ho, pg] = 0. Using the
Heisenberg equation, [Hy, O;(t)] = —iOy(t), we obtain

5E(tf)—z/ dt/dt w(tyw(t') ([01(t), 01 (t)])

/dt/ dt' w(t iG(t—t)
—[mdtw ( /dtw t—t’)—w(t)G(0)>

=- t:odt ()d‘il(f (t), (B.23)

where we have used (B.21) and G(0) = 0. This agrees with the bulk calculation (4.16)
via (3.16). Therefore, for any ¢ and any source w(t), the second law claims

¢ ds (O
/ dt' w(t') d<t Ly <o, (B.24)
which is of the same form as (4.20). Recall that we have set w(t) = 0 for ¢ < t;.

B.3 Computations in two-dimensional CFT

We will apply the previous result to two-dimensional CFTs. We consider a CFT with
Hamiltonian Hy and then add a perturbation as

= /de‘ w(t,z) O(x), (B.25)

which means V;(t) = [ dxw(t,r) O(t,r). We hereafter omit the label I representing the
interaction plcture. Let O be a primary operator with a conformal dimension A. We note
that similar computations are done and also relations to holography are investigated in
literature (see, e.g., [67] and references therein).

From the results in the previous subsection, the leading changes of the expectation
value of O and Hj are given by!”

(t, ) /d%c w(t', )0t — Gt —t',x — '), (B.26)
= — [ @ wlt o - )d‘5d<t0> . 2) (B.27)

with
G(t,z) == —i([O(t,z),0(0)])5, (B.28)

where we have assumed the translation invariance of time and space in G. As in the previous
subsection, we have extended the integration region of ¢’ to —oo supposing that the source
w(t, x) vanishes before the initial time ¢; (w(t,x) = 0 for t < t;).

"The leading term (B.10) for O vanishes in this case because the cylinder one-point function vanishes due
to the conformal symmetry.
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We consider the infinite line —oco < = < oo where our CFT lives. The form of the
two-point function is independent of the details of CFTs. On the Euclidean cylinder with
periodicity £, we have

(O(21,51)0(22, 22)) 5 = (g)m (sinh (gzu) sinh (gzu))_A, (B.29)

212 = 21 — 22, Z12 = Z1 — 23,

where z, Z is the complex coordinates of the cylinder z = x 47 where 7 is Euclidean time with
periodicity 5. Lorentzian time correlators can be obtained from the analytic continuation of
the Euclidean correlator (see, e.g., [85, 86] for the ie-prescription in Lorentzian correlators).
We obtain G(¢,x) defined in (B.28) as

G(t,x) = —i (g)m [(sinh (ﬂuﬂﬂe)) sinh (ﬂvﬁle)))A

- (sinh (W(u;%)> sinh (W))A] , (B.30)

Notice that G(t,x) is singular at v = 0 or v = 0 in the limit ¢ — 0. Due to this singular

where u =t —xz, v = t + x.

behavior, the response of the one-point function ¢ (O) (¢, z) given by (B.26) diverges for A > 1
if w(t',2’) has a support on the past light cone of (¢,z). For § (O) (¢,z), we can avoid the
divergence by considering only specific (¢, x) for given source w(t’, z"). For example, if w(t', z")
takes a non-vanishing value only on a finite spacetime region M, then 6 (O) (¢, x) does not
diverge if (¢, ) is outside of the chronological future of M. However, the change of the energy
JE(t) diverges at every time ¢t > ¢; for A > 1. This is clear from (B.27) where dé (O) /dt is
singular at the point where w(¢',z’) is non-zero. We revisit this point in appendix C.

The divergence of §E is essential because the perturbation by the local operator (B.25)
contains arbitrarily high energy modes. One way to regularize the divergence is by introducing
the Euclidean-time damping factors as

Vieg(t) = /da: w(t,z) e HoO(z)e o, (a>0) (B.31)

where we added e~?H0 symmetrically so that Vieg(t) is Hermitian. Then, we can make §F(t)
finite, by keeping a non-vanishing. For example, when w(t,z) = A0(t — t;)0(x — ), we have

0FE = é(él)) AZ9AFIA <;)2A+1 sin (Zg/ra) (1 — Cos (L;/Ta)>A1 , (B.32)

where 8 = 8 + 4a. This is always positive because 0 < 4ma/5 = 4ma/(B + 4a) < wif >0
and a > 0. Therefore, through (B.15), the second law 65 > 0 is satisfied.

However, we have not carried out the bulk computations with the regularization corre-
sponding to the Euclidean-time damping. Thus, in the following computation, we will just
keep € in (B.30), and will see how §E diverges in the limit e — 0.
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Spatially uniform source. We now consider a spatially uniform source w(t) as in the
example in section 4. In this case, ¢ (O) given by (B.26) is independent of z, and thus 6F
given by (B.27) is proportional to the volume of the space. To avoid this trivial IR divergence,
we consider, instead of §F, the change of the energy density 6€ which is given by

SE(t) == — / t dt’w(t’)dééto> %) (B.33)
Introducing
G(t) == / Az G(t, x), (B.34)
where G(t,z) is given by (B.30), 6 is written as (sce (B.23))
SE(t) = — /t;dt' /t;/dt”w(t’)w(t”)jﬂG(t’ _ . (B.35)

Using this expression, we can numerically compute 6€(t) for several source profiles w(t). In
particular, if w(t) is a rectangular function on the interval [0,1] as

1 o<t<y
wrect(t) = {O (otherwise) (B.36)

we have
SE(t) = — /0 tdt’G(t') (B.37)

for 0 < t < 1. Here, we have set t; = 0.

We give the numerical results of §€(t) (figure 4, 5, 6). As we have discussed, 6€ may
have UV divergences if we take the limit removing € in (B.30). Thus, we keep e finite in the
numerical computations. The plots show that d€(¢) is always non-negative if we keep e finite.
As shown in the figures, the second law is satisfied. In particular, for A < 1, 6€ is UV finite.

Figure 4 shows the time-dependence of §€ with A > 1 for the rectangular source wyect ().
These plots indicate that the leading UV divergence is proportional to ¢2—22 for A > 1.
Figure 5 shows plots for A = 1. The right plot in figure 5 indicates that the UV divergence is
proportional to log e ! for A = 1. Figure 6 shows the plots for A < 1. The right plot in figure 6
represents that there are no UV divergences for A < 1, and we can take the limit e — 0 safely.

We now compare the CF'T computations to the bulk ones. Introducing the Fourier
transform of G as'®

G(w) == /dza: e“tG(t, ), (B.38)
we obtain

5(0) () = /t ) [ O:Oda:’G(t )

3 . N o~
- / dt’ w(t) / gﬁeﬂw(tﬂa(w). (B.39)
o T

18(B.38) is well-defined by keeping e. However, the inverse Fourier transformation is ill-defined. Owing to
this fact, (B.39) is just a formal expression for A > 1 unless we introduce some regularization in the w-integral.
We will give a more precise discussion in appendix C.
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Figure 4. Time-dependence of &€ for A > 1 with ¢ = 107! (left) and e = 1073 (right). The source
w(t) is given as (B.36). The vertical axis represents €222§€(t), and the horizontal axis is ¢ with

b =m.
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Figure 5. (Left) Time-dependence of € for A = 1 with various sources w(t) = 1, w(t) = t,
w(t) = sin(7t/2) in the interval 0 < ¢ < 1. The parameters are set as ¢ = 1072 and 3 = «. (Right)
e-dependence of € for A = 1. The vertical axis represents 0£(1/2) with the constant source w(t) =1
for various e = 107" (n = 1,...,10), and the horizontal axis is this n. This plot indicates that 6& for

A = 1 diverges as log 671 .
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Figure 6. (Left) Time-dependence of §€ for A < 1 with € = 1073, The source takes the constant
value w(t) = 1 (only) in the interval 0 < ¢ < 1. The vertical axis represents d€(t), and the horizontal
axis is ¢ with 5 = m. Note that 0€(¢) is not rescaled by e unlike the plots for A > 1 (figure 4). (Right)
e-dependence of 0€ for A = 1/2. The vertical axis represents 0€(t) at ¢ = 1/2 with the constant source
w(t) = 1 for various ¢ = 107" (n = 1,...,10), and the horizontal axis is this n. This plot indicates
that 6€ for A < 1 takes a finite value in the limit € — 0.
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Using the explicit form of G in (B.30), we can compute G(w) as

B B i /T 2A—-2 Bw 2 50‘) 2
=3 (5) UI o)l =l (59) ] | (40
where I (y) is the following function:
. W aneep D (F)T(55)
Lely) = el—%l—i- de (sinh(z £ d€))d 2Teret INCAY) ' (B-41)
One can also find that I1(y) is written as
Li(y) =2°7'T(1 — A) [A(y) + ¥ A(—y)], (B.42)
()
Aly) i =—————2—. B.43
e (B.43)
It leads to
B _ o 2A—-2 ) ) 5“1 2 Bw 2
Glw) = — (5) sin (TA)T(1 — A) lA <27r) A <27T> ]
B 2\ 282 m[(1 - A) Bw? Bw\?
(5 G ) ()] (A
We then have
dw i A 2r\2A 2 aD(1 = A) [dw 4 i [ Bw\?
W —iw( ) _ [ == o —iw( ) s
5 ¢ HG(w) = <ﬁ> T(A) 5 ¢ =t A<27r> . (B.45)

Here, we have dropped A(Bw/(2m))? term, because it does not contribute to this integral.
In fact, since t — ¢’ > 0 and A(—pBw/(27))? is analytic in the lower half plane for A > 0,
we can change the integration contour to the complex lower half plane. However, we must
note that for A > 1 the w-integral is ill-defined originally, as the integrand diverges at the
infinity, which is confirmed by Stirling’s formula. We will come back to this point and
discuss to what extent our analysis can be validated in appendix C. Keeping it in mind,
we further proceed to the linear response:

where we have extended the integration region of ¢ because the w-integral vanishes if t —¢' < 0
since A(Bw/(27))? is analytic in the upper half w-plane.

The result (B.46) agrees with (4.11) in the bulk computations, where to see this we use
ry = 2nL?/B. The difference of the positive dimensionless overall factors is just a matter
of the normalization of O and can be absorbed into C' in (4.11). In the bulk computations,
the space where the dual CFT lives can be a compactified space, while we have considered
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a CFT on the infinite line. The reason why the two results are the same is because the
source is spatially uniform. Indeed, for holographic CF'T on a circle with circumference ¢,
the two-point function Gy(t,x) can be computed from G(¢,x) on the infinite line (B.30) by
the method of images (see e.g. [76, 87, 88]) as

o
Gy(t,x) = Z G(t,x + nl). (B.47)
n=-—00
Then, if we smear it with the uniform source on the circle, it agrees with the smeared one
on the infinite line as

Y4 00
/ dz Gy(t,x) = / dz G(t, 7). (B.48)
0 —00

If we consider a space-dependent source on a compactified space, the result depends on the
theory because torus two-point functions depend on the details of CFTs.
From (B.46), the change of the energy density 0€ defined in (B.33) can be represented as

B.49

C Retarded Green’s function as a distribution

Here, we give a proof that the retarded Green’s function obtained in the CFT and that in
the bulk are equivalent only when the Green’s function is seen as a distribution whose class
of test functions are chosen properly. By this, (4.11) is guaranteed to be equal to (4.22)
after a time that the source w(t) is off.

We start with the CFT side and define the retarded Green’s function for the s-wave as

Gr /deRtx /da:Gt;r (C.1)

where G(t, ) is introduced in (B.30). The limit of ¢ — 0 is always understood to be taken
after all the calculation. In this sense, G can be regarded as a distribution. Since it diverges
near t ~ 0 (the contact point of the correlator), we consider the class of the test functions

“1/t

which have support on ¢ > 0 and decay at ¢ = 0 as rapidly as e . Furthermore, they are

assumed to be Schwartz functions to ensure that the Fourier transform of Gg and its inverse
are well-defined. In this setup, G is defined as a map that maps a test function ¢ to

= lim / dt Gr(t)o(t). (C.2)

The Fourier transform G is mathematically defined as a distribution such that

Grlpl = Grlpl,  with  @w):= /°° dt —zwtw(t):A dt

- e, (C3)

Following this definition, we find G as follows. First, (C.2) is equivalent to

Grlel = lim [ dtGle)e(o), (C4)
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where G is defined in (B.34) and we have used the fact that the support of ¢ is (0, 00).
Then, using (B.44), we obtain

Grle] = el—1>%l+ dtG / dw e*tp(w)

/ dw $(w) lim dt e“taQ(t) / dw G(w)p(w). (C.5)

e—>+

Since @(w) vanishes rapidly at the lower infinity by definition (C.3), the term of A(—pBw/(27))?
n (B.44), which is analytic in the lower half plane, does not contribute in the above last
integral. This leads to

Grlg] = — @f)m " sin (A) T(1 / de< ) H(w). (C.6)

Now we can see this as a map for ¢, and hence it is identified as Gg[@]. Note that the
last expression would not be convergent if ¢ were an arbitrary function. Schematically
written, the Fourier transform is

Ga(w) = — (2;)%2 sin (TA)T(1 — A)2A (gj:)Q (C.7)

which coincides with the bulk result (4.11) with w, — 1 and choosing the normalization
factor C appropriately.

So, what can we conclude about the one-point function (O),? In (4.22), Ggr(t) appears
as Gg(t —t'), and thus w(t') must go to zero at t' = ¢ to make (O), finite, meaning that
(0), is well-defined only after the source is turned off. Then, under the promise that the
support of w is compact, the Fourier transform is defined as we did above after w is turned
off, and we can conclude (O), = II(t) for any A > 0 with the constants identified properly
between the boundary and bulk.

Unfortunately, however, the energy and entropy at time t require all the history until
t as (B.23), making it inevitable to use the value of the one-point function at ¢ when w
is still non-zero. In other words, the integration in (B.35) always contains the coincident
points ¢ = " for any choice of the source w(t). Then, the equivalence between I1(¢) and
(0), is no longer guaranteed, and as a result, we reached the conclusion that the second
law is broken when we use II(¢) in (4.11) for A > 1. The reason why the second law is
satisfied for 0 < A < 1 is now easily understood; Gg(t) in (C.1) is finite everywhere in
this case, so the Fourier transform is well-defined without carefully specifying the class of
the test functions. For A > 1, we need to discover a way to recover the retarded Green’s
function with a regulator also in the bulk, or a renormalization scheme compatible with
the second law. The latter may be better because the entropy becomes independent of the
UV regulator. We hope that our second law serves as a guiding principle in identifying a
good renormalization that respects the non-negativity of relative entropy, one of the most
fundamental properties of quantum mechanics.
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