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Colloidal adsorption and spontaneous ordering of adsorbed particles on a substrate was simulated
using a three-dimensional simulation model for colloidal dispersion system with an adsorptive
surface under a specified bulk concentration, where the particle-particle and particle-substrate
interactions were modeled on the DLVO theory. The key process for order formation is considered
to be the adsorption of a particle that induces the transition from incomplete order to perfect order,
and is found to involve a stochastic nature due to an energy barrier which must be overcome for the
system to reach ordered state. Also, a model was developed to predict the energy barrier for order
formation based on direct observation of the key process. Further, a model to describe the stochastic
nature of the process was developed and its quantitative validity was demonstrated. Through the
examination of the key process, it is concluded that the mechanism of the order formation is
composed of two successive processes and the rate-determining step varies depending on the ionic
strength. ©2005 American Institute of Physics. fDOI: 10.1063/1.1859279g

I. INTRODUCTION

Colloidal adsorption is an attractive process to fabricate
a monolayer film on a substrate. Colloid particles are ad-
sorbed onto a substrate with countercharge due to the elec-
trostatic attraction, while the adsorbed particles repel par-
ticles in bulk because of the electrostatic repulsion when the
surface coverage reaches saturation, which leads to the for-
mation of a monolayer film. The main features of the colloi-
dal adsorption are its rapidity, applicability to a wide range
of particle size, and coverage control by changing the salt
concentration or the thickness of the electric double layer.
Thus the method would be suitable for various applications,
such as antireflection coating,1 biosensors,2 data storage me-
dia, lithography masks,3 and catalysts,4 where the important
particle size would be from hundred nanometers down to
several nanometers. The quality of such products can be im-
proved by the formation of a regular lattice structure of ad-
sorbed particles, as seen in an example of antireflection
coating.5 Furthermore, the order formation of adsorbed struc-
tures would open the possibility for the application to optical
devices. In that sense, control of adsorbed structures is of
great importance.

As for the formation of close-packed hexagonal arrays of
particles, several techniques utilizing capillary forces acting
between particles6 have been proposed, which include meth-
ods by drying particle suspension prepared as a thin wetting
film on a substrate7 or by withdrawing a substrate from par-
ticle suspension.8 These approaches can produce close-
packed arrays although they have difficulty in controling
monolayer formation; a bilayer or multilayer may form in
some areas. Colloidal adsorption has an advantage to cover
large areas with a monolayer film of particles. Also, colloidal

adsorption has potential for fabricating ordered particle ar-
rays with controlled surface coverage or interparticle spacing
since the process contains important factors, such as repul-
sive characteristics among particles, control of interaction
range by varying ionic strength, and the Brownian motion,
which would be required to form ordered structures that are
energetically more stable than random-packed structures.

Some experiments have studied structures of nanosized
particles adsorbed on a substrate, observing polystyrene latex
particles on a titanium oxide substrate,3 on a mica
substrate,9–11 on an alumina substrate,12 and on a polymer
film surface.13 Though a high degree of short-range order
among particles was reported, no further and detailed analy-
sis on adsorbed structures has been done. In addition to the
observation of adsorbed structures, particle mobility at
liquid-solid interface, i.e., an in-plain Brownian diffusion has
also been studied for many combinations of particle and sub-
strate, including latex particles on an alumina substrate,12

alumina colloids on mica,14,15 and gold colloids16 and
glycoproteins17 on various substrates. No definitive conclu-
sion, however, has been drawn and this issue is still under
discussion because the particle mobility would depend on
several factors such as geometric shape of particles, surface
roughness of particles and substrates, and the adhesive force
between particles and substrates, etc., of which it is difficult
to make systematic studies on the effects. Nonetheless, those
studies show at least the possibility for spherical particles to
move along a smooth substrate, which leads to order forma-
tion.

Following the experimental studies, computer simulation
studies on order-disorder phase transitions of adsorbed par-
ticle structures have been reported examining the following
factors: the effect of particle potentials, wall potentials, par-
ticle concentration, and salt concentration onto order-
disorder boundaries,18 surface structures of charge-bidisperse
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particle mixtures,19 and the structural phase behavior of par-
ticles tethered to a substrate.20,21 Recently, we developed a
three-dimensional cell model to simulate colloidal adsorption
and order formation on a substrate.22 Our simulations dem-
onstrated that the ordered structures of the adsorbed particles
are formed only when what we call “one-directional average
force” acting on an adsorbed particle exceeds a critical value,
which is independent of the salt concentration or the interac-
tion potentials. Though these studies clarified the dependence
of wall and particle potentials on order-disorder transition
and a determinant factor required for order formation, the
kinetic process of adsorption and order formation has not
been investigated.

In contrast to the physical adsorption of molecules,
which attain equilibrium state quite easily, the colloidal ad-
sorption exhibits highly nonequilibrium nature: surface cov-
erage cannot attain a true equilibrium coverage because, as
particle adsorption proceeds, an energy barrier due to the
electrostatic repulsion between the adsorbed layer and a par-
ticle in bulk will form. Thus the energy barrier would play a
crucial role not only in particle adsorption but also in the
order formation, which needs a higher coverage. In most
cases, nevertheless, the existence of the energy barrier has
been qualitatively described only through the emergence of a
depletion region between an adsorbed layer and bulk
phase.18,23,24As a quantitative description of the energy bar-
rier, Antelmi and Spalla12 developed a model to calculate a
potential-distance profile of a particle approaching a partially
covered substrate as a function of surface coverage, but they
did not consider adsorbed structures because of the em-
ployed assumption that adsorbed particles are fixed on a sub-
strate. In order to model the kinetics of adsorption process,
the authors think that a stochastic approach should be em-
ployed as seen in, for instance, the treatment of the nucle-
ation process,25 which is typical of the processes involving
an energy barrier. To our knowledge, no studies to date have
examined the relationship of the energy barrier with struc-
tures of adsorbed particles on a substrate along this line.

In the present paper, we explore the kinetic process of
particle adsorption and order formation by conducting
Brownian dynamics simulations with the three-dimensional
cell in which the particle-particle and particle-substrate inter-
actions are modeled on the DLVO theory.26 The stochastic
nature of the adsorption process is demonstrated by compar-
ing several simulation runs with common conditions but with
different initial configurations. We then focus on a particle
that brings perfect order into the adsorbed phase upon its
adsorption, and observe directly the behavior of the particle
to reveal the mechanism of order formation. Through de-
tailed analysis of the particle’s adsorption process, we de-
velop a stochastic model to describe the rate process of order
formation taking into account the energy barrier. The quan-
titative validity of the model is demonstrated through com-
parison between the stochastic model and simulation results.

II. MODEL AND METHOD

The simulation cell is illustrated in Fig. 1. The solvent of
the suspension, which is assumed to be water in the present

study, has a viscosityh, a relative permittivity«, and an
inverse Debye lengthk that is proportional to the square root
of ionic strength. The colloidal particles, which are modeled
on polystyrene latex, have a radiusa, a positive surface
charge densitysp, and a diffusion coefficientD given by the
Stokes–Einstein relationD=kBT/6pha, where kB is the
Boltzmann constant andT is temperature. cp is the particle
surface potential scaled bykBT/e, and is calculated under the
constant charge condition with the following equation:27

esp

k««0kBT
= cp +

cp

ka
−

t1
2ka

t2 − t1ka
, s1d

where t1=2 sinhscp/2d−cp, t2=4 tanhscp/4d−cp, e is the
elementary charge, and«0 is the vacuum permittivity of the
solvent. The adsorptive substrate with a surface potentialcs

is modeled on mica which has uniform negative charge.
A detailed description on the simulation cell is given in

Ref. 22, and here we explain briefly the concept of the cell.
The simulation cell is composed of two parts: the main cell
and the virtual bulk cell. The former, which is periodic in the
x and y directions, has an adsorptive surface at the bottom
sz=0d and a reflective boundary at the topsz=Hmd. Since the
particle-surface interaction is strong under the condition em-
ployed in the present study, the particle adsorption can be
regarded as irreversible. In fact no desorption was observed
within the simulation time. The virtual bulk cell, attached on
the top boundary, is an independent bulk phase in which
particle interactions follow the periodic boundary condition
in all the directions. The particles in the main cell are as-
sumed to be subjected to forces from the particles in the
virtual bulk cell, and to exert no forces onto them; the rela-
tion between the two cells is “one-way.” Without the virtual
bulk cell, the particles in the main cell would localize in the
vicinity of the top boundary because they would have no
interaction with the top boundary. In addition, a reservoir
region is set in the upper part of the main cell in order to
keep the bulk concentration constant against adsorption of
particles on the substrate, in which new particles are supplied
if the concentration averaged over every 100 time step is less
than the desired one. We have confirmed that the simulation

FIG. 1. A schematic drawing of the simulation cell.
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cell solves the difficulty and makes it possible to simulate the
colloidal dispersion system with an adsorptive substrate un-
der a specified bulk concentration.

In a Brownian dynamics simulation, the motion of a col-
loidal particlei in the suspension follows the discrete form of
the Langevin equation:28

r ist + Dtd = r istd + D
Fi

p

kBT
Dt + Dr i

B, s2d

wherer istd is the position vector at timet, Fi
p is the external

force due to the particle–particle and particle–substrate inter-
actions,Dt is a time step, andDr i

B is a random displacement
which forms a Gaussian distribution withkDr i

Bstdl=0 and
ksDr i,k

B stddsDr j ,l
B stddl=2DDtdi jdkl, where k and l are indices

for the coordinate directionssx,y,zd, anddi j is the Kronecker
delta function.

The external forceFi
p is calculated based on the DLVO

theory. The electrostatic and the van der Waals interactions,
Eel and EvdW, respectively, are given by the following
equations23,27 scaled bykBT:

Eelsppd = S4pkBT««0a

e2 DScp + 4gVka

1 + Vka
D21

r
expf− kasr − 2dg,

s3d

EvdWsppd = −
App

6kBT
F 2

r2 − 4
+

2

r2 + lnS1 −
4

r2DG , s4d

Eelspsd = S4pkBT««0a

e2 DScp + 4gVka

1 + Vka
DF4 tanhScs

4
DG

3expf− kahg, s5d

EvdWspsd = −
Aps

6kBT
F1

h
+

1

h + 2
+ lnS h

h + 2
DG , s6d

where the subscript pp means particle–particle and ps
particle–substrate.r and h are the dimensionless center-to-
center interparticle distance and the dimensionless surface-
to-surface separation distance between a particle and a sub-
strate, both of which are scaled bya. A is Hamaker’s
constant, andg and V are given byg=tanhscp/4d and V
=scp−4gd / s2g3d.

The sum of the two contributions,Eel andEvdW gives the
total particle–particle and particle–substrate interactions. The
particle–particle interaction is repulsive, while the particle–
substrate interaction is attractive under the condition em-
ployed in the present study.

The simulation condition is described in Ref. 22, and
here we summarize the simulation parameters and the physi-

cal properties in Tables I and II, respectively. The system size
we employed is comparable to that of Ref. 18, and further,
we confirmed that the simulations with twice the side length
yielded no significant difference of structural results. The
dimensionless productka, the ratio of the radius of a particle
to the Debye length, is an important parameter that deter-
mines the range of the electrostatic interaction. The volume
fraction of the particles in the bulk phasef is another im-
portant factor to be examined.

III. RESULTS AND DISCUSSION

A. Probabilistic nature in adsorption process

Figure 2 shows the time evolution of surface coverageu
for five simulation runs with commonka andf ska=5 and
f=0.08d, among which only initial configurations of par-
ticles are different. Surface coverages for five runs show
quite different behavior, except for the very beginning of the
adsorption process. As surface coverages increase, the differ-
ences stand out; three of the five runssruns 1, 3, and 4d reach
the critical surface coverageuc for order formation, i.e., at-
tain the ordered state within the simulation time, but the rest
sruns 2 and 5d do not. The critical surface coverageuc for
variouska was obtained in our previous work22 as summa-
rized in the first row of Table III. Although runs 2 and 5
might reach the ordered state in some time, it would be dif-
ficult to know the time. This behavior reflects a stochastic
nature of the adsorption process of particles, and suggests
that it is almost impossible to describe in a deterministic way
the time evolution of surface coverage or to predict the time
needed to reach the ordered state. Since the stochastic nature
becomes marked when the surface coverage comes close to
the critical one, it would be attributed to an energy barrier

TABLE I. Simulation parameters.

ka f−g 1 2 5 10 20
L /a f−g 88 66 44 36 30
Hv /a f−g 24 14 8 6 5
Hm/a f−g 20

f svol/vold 8.0310−4–2.8310−1

Dt snsd 50

TABLE II. Physical parameters.

a snmd 50
sp smC/m2d 27.4
cs smVd 2100
D sm2/sd 4.88310−2

App sJd 0.95310−20

Aps sJd 1.60310−20

T sKd 298
h sPa·sd 8.94310−4

« f2g 78.3

FIG. 2. Time evolution of the surface coverage for five different runs in
which only initial configurations are different atka=5 andf=0.08.
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built up by adsorbed particles. Particles in bulk phase have to
overcome the barrier to get adsorbed onto a substrate cov-
ered with many adsorbed particles.

If the adsorption process of particles is stochastic, the
process of order formation must also be a stochastic phenom-
enon. The key process for having the ordered state would be
the last adsorption that brings the transition from the struc-
ture with incomplete order to that with perfect order. In order
to see the probabilistic nature of the key process in detail, a
single simulation run would not be sufficient. Hence, we
sampled the elapsed time required for the last adsorption by
conducting 200 simulation runs of the following simulation:
each of the simulation runs started from a snapshot of ad-
sorbed particles before the last adsorption with a different
random seed for Brownian motion. The bulk particles were
placed randomly with a given concentration. We prepared
four initial configurations of adsorbed particles for a given
condition ofka andf, and carried out 50 simulation runs for
each initial configuration, which produced 200 samples of
the time needed for the last adsorption or the order forma-
tion. The results are expressed as the probabilityPstd for
remaining disordered after a timet. Following the definition,
Pstad=0.2, e.g., means that 80% of samples have got ordered
before t= ta. Figure 3sad showsPstd for ka=5 with various

values off. Pstd exhibits an exponential-type decay against
the elapsed time, and thus the process of the last adsorption
clearly demonstrates the characteristics of stochastic phe-
nomena. Also,Pstd depends significantly on the bulk concen-
tration; the distribution of the elapsed time becomes wide as
the bulk concentration decreases. This behavior would be
qualitatively reasonable because decreasing the bulk concen-
tration leads to the decrease both in the bulk potential that
would push a particle to the substrate and in the frequency of
the attempts for particles’ adsorption onto the substrate.

The effect ofka on Pstd is shown in Fig. 3sbd and is
more significant than that of the bulk concentration. Forka
=1 the last adsorption occurs in tens of microseconds, and as
ka increases, the time required for the adsorption increases
several orders of magnitude. Since the particle-substrate at-
tractive interaction becomes strong and long ranged aska
decreases, the increase in the particle-substrate attraction
would lower an energy barrier, resulting in easy and fast
adsorption. Although the particle-particle repulsion increases
with decreasingka, the particle-substrate attraction would
play a dominant role in the adsorption process, prevailing
against the increase in the particle-particle repulsion.

In order to have a quantitative understanding of the ef-
fects of the interactions and the bulk concentration onto the
last adsorption process, it would be necessary to investigate
the detailed mechanism of the key process by directly ob-
serving the last adsorption, which is described in the follow-
ing section.

B. Dynamics of the last adsorption

We observed directly the order formation process in-
duced by the last adsorption for various conditions ofka and
f. As a typical example of the process, Figs. 4 and 5 show
the case forka=5 andf=0.07. Figures 4sad and 4sbd show

TABLE III. Values of uc, lc, Vad, andVd for five values ofka.

ka f−g 1 2 5 10 20

uc f−g 0.787310−1 0.156 0.315 0.456 0.576
lc snmd 332 242 170 142 124

Vad skBTd 0.35 4.78 10.8 10.8 10.2
Vd skBTd 8.6 11.6 6.50 3.82 2.28

FIG. 3. Probability of remaining disordered state forsad ka=5 with various
values of bulk concentrationf and sbd various values ofka with f=0.01.

FIG. 4. The adsorption process of the last particle forka=5 andf=0.07:
sad height variation,sbd force profile in z direction. IndicationssAd–sDd
correspond to the snapshots of Fig. 5.
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the variation of heighth and the forceFz
i in z direction acting

on the last particle labeledi against time during the adsorp-
tion process, wheret=0 is set at the moment the observation
was started. Figures 5sAd–5sDd show snapshots taken at time
pointed by the corresponding arrow in Figs. 4sad and 4sbd, in
which the last particlei is drawn in black, the adsorbed par-
ticles are in gray, and the rest of the particles in the suspen-
sion are not shown for clarity. These figures demonstrate the
detailed adsorption process. The particlei comes down to a
relatively disordered part where particles form almost a
square arrangement rather than a trianglefFig. 5sAdg, ap-
proaches gradually near to the substrate fighting against re-
pulsive forces from the particles in the disordered partfFig.
5sBdg, and then is repelled away by them. The particlei,
however, makes some attempts at adsorption at around
t=0.50, 0.75, 0.90, and 1.12 ms. After the failures, the par-
ticle i pushes the particles of the squarelike part aside until
they form almost a hexagonal arrangementfFig. 5sCdg.
Finally the particlei gets adsorbed into the center of the
hexagonfFig. 5sDdg. Here it is interesting that not one but
some disordered parts are seen in Figs. 5sAd and 5sBd even
though the coverage is quite close to the critical surface cov-
erageuc, and the adsorption of the last particle alters the
other disordered parts into the hexagonal arrangement.
Though not shown here similar processes of the last adsorp-
tion were observed in the cases for larger values ofka, 10
and 20.

As an example of the case for a smaller value ofka, the
observation results forka=1 and f=0.001 are shown in
Figs. 6 and 7, which are in the same format as Figs. 4 and 5.
It is clearly seen that a disordered squarelike part is made
after the approach of the particlei to a triangle arrangement
in contrast to the cases with largeka, in which the disordered
part was existing before thei-particle’s approach. The
particle i approaches gradually to the adsorbed phasefFig.
7sAdg, and wanders above a triangle being subjected to re-
pulsive forces from the already adsorbed particles
fFig. 7sBdg. Then the particlei begins to penetrate the tri-
angle fFig. 7sCdg, changing the triangle arrangement into a
squarelike onefFig. 7sDdg, and finally gets adsorbed. In this
last stage the adsorption into a squarelike part proceeds so
fast that the squarelike part does not have sufficient time to
transform itself into a hexagonal arrangement contrary to the
case for largerka. After the adsorption, however, the struc-

tural rearrangement of the part continues until the part turns
into a hexagon. Similar manner of order formation was ob-
served in the case forka=2.

Figure 8 shows typical force-distance profiles of the last
particle i for ka=5 andka=1, in which only the maximum
value of the forceFz

i at each distanceh is plotted for clarity.
The last particle for both values ofka must go through re-
pulsive forces in order to get adsorbed. However, the repul-
sive forces come from different processes depending on the
ka. For ka=5, repulsive forces ath/a=1.5–2.0 come from
the process of pushing the particles of a disordered square-
like structure aside to get adsorbedfFigs. 5sBd and 5sCdg. On
the other hand, forka=1 the repulsion aroundh/a=5–8 is
due to the process of trying to disturb a triangle structure
fFigs. 7sAd–7sCdg.

The above observation reveals that the process of the
order formation involves the disturbance process to make a
disordered squarelike part and the adsorption process onto a
disordered squarelike part: the two processes are successive.
The mechanism is as follows. For largerka s5, 10, and 20d,
it would be easy and fast to disturb triangle structures. A

FIG. 5. Snapshots of the adsorption process of the last particle forka=5 and
f=0.07.

FIG. 6. The adsorption process of the last particle forka=1 andf=0.001:
sad height variation,sbd force profile in z direction. IndicationssAd–sDd
correspond to the snapshots of Fig. 6.

FIG. 7. Snapshots of the adsorption process of the last particle forka=1 and
f=0.001.
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disordered part may be made up by other particles than the
last particle, given that some disordered parts are observed.
For smallerka s1 and 2d, in contrast, the disturbance process
is much more time consuming than the adsorption process,
and necessarily a particle that happens to make a disordered
part would become the last adsorption particle.

Then an important factor for order formation would be
the potential energy acting on the last particle since the mag-
nitude of the energy barrier determines the probability of the
adsorption. Now the potential energy is estimated by model-
ing the order formation process as described in the following
section.

C. Modeling of order formation process

The modeling is based on a characteristic property of the
order formation of adsorbed particles: in our previous
work,22 we examined intensively the condition required for
order formation of adsorbed particles on a substrate, and
found that the determinant factor for order formation, which
is common to any value ofka, is neither the potential energy
in adsorbed phase nor the two-dimensional pressure of the
adsorbed particles, but “the one-directional average force”
acting on an adsorbed particleFav defined by the following
equation:

Fav =
1

Ns
Ko

i=1

Ns S uFx+
i u + uFx−

i u + uFy+
i u + uFy−

i u
4

DL , s7d

whereNs is the number of the adsorbed particles andFx+
i is

the sum of thex-component forces on particlei acting from
particlesj existing on the right-hand side of it, i.e., satisfying
xj .xi. Thus the four terms ofFi in the numerator means that
the forces of all four directions are averaged. The ordered

structures appear only whenFav exceeds a critical valueFc,
or in other words, adsorbed particles in the ordered structures
are subjected to the critical forceFc in any direction, regard-
less of the values ofka.

We model the order formation process assuming that ad-
sorbed particles at the coverage just below the critical sur-
face coverage are subjected to the critical force. First, we
calculate the energy barrier for the adsorption of a last par-
ticle, or for the order formationsSec. III C 1d, and then, de-
scribe the stochastic phenomena of the order formation uti-
lizing the obtained energy barriersSec. III C 2d.

1. Estimation of the energy barrier for order formation

The adsorption process of the last particle onto a disor-
dered squarelike part is modeled as illustrated in Fig. 9. The
scheme of the model is as follows.

sid A square structure with an initial side lengthls com-
posed of four adsorbed particles labeledj s j =1–4d is
set on a substrate, where the adsorbed particles are
assumed to be subjected to the critical average force
Fc.

sii d A particle i approaching to the substrate is set above
the center of the square with the particle surface-
substrate distanceh.

siii d Upon approach a force-distance curve of the particlei
as a function ofh is calculated based on the following
scheme considering the balance between the critical
average forceFc and the horizontal component of the
force acting on an adsorbed particlej , Fxy

j .

sad If Fxy
j øFc, the adsorbed particlesj stay at initial

positions, i.e.,l = ls.
sbd If Fxy

j .Fc, the adsorbed particles are moved, or
the square is expanded to have a side lengthl that
satisfies the equationFxy

j =Fc. With slightly
smaller h this calculation is repeated: in other

FIG. 8. Force-distance profile of the last particle obtained from the simula-
tion and the proposed models:sad ka=5, andsbd ka=1.

FIG. 9. A schematic drawing of the adsorption process model.
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words, the square is gradually expanded main-
taining the force Fc with surroundings. The
force-distance relation will be given by Eq.s11d
for each distanceh.

sivd By integrating the calculated force-distance curve, the
potential energy curve for the particlei is obtained.
As for the initial side lengthls, detailed examination
of the structures and pair correlation functions re-
vealed that particle–particle distances of disordered
squarelike parts are by 5% longer than the nearest
particle–particle distancelc of the ordered structure at
u=uc, and accordingly the initial side length of the
squarels is set as 1.053 lc. The values oflc are sum-
marized in the second row of Table III. Here it is
noted that the value oflc and uc can be calculated
analytically from the value of the critical average
force Fc based on the particle–particle interaction
force:22

lc =
1

k
ln3

C

H lnS C

sln 2Cd2
+

C

ln 2C
DJ2

+
C

lnS C

sln 2Cd2
+

C

ln 2C
D4 , s8d

with

C =
2 +Î3

2

1

FcS4pkBT««0

e2 D
3Scp + 4gVka

1 + Vka
D2

skad2 exps2kad. s9d

Thenuc is given by

uc =
p

2Î3
S a

lc/2
D2

. s10d

Considering the geometric condition shown in Fig. 9, the
force acting on the particlei in z direction,Fz

i , and the hori-
zontal component of a particlej , Fxy

j , are given by the fol-
lowing equations:

Fz
i sh,ld = 4HS−

dEppsr ijd
dr ij

Dsinai jJ −
dEpsshd

dh
, s11d

Fxy
j sh,ld = S−

dEppsr ijd
dr ij

Dcosai j , s12d

whereai j is the angle of the line between particlesi and j
from thex axis, andr ij is the distance between the centers of
particlesi and j . Note that the distancer ij is the function of
h and l and is expressed for a givenh as follows: sad If
Fxy

j sh, lsdøFc, r ij =Îh2+ ls
2/2, sbd If Fxy

j sh, lsd.Fc, an ex-
tended side lengthl is first calculated by an iterative calcu-
lation so thatl satisfiesFxy

j sh, ld=Fc with r ij =Îh2+ l2/2, and
then the obtainedr ij is used in Eq.s11d.

To check the validity of the model, the force-distance
curves obtained from the above-explained adsorption process
model are shown as a solid line in Fig. 8 comparing with the
force-distance data of the last particle obtained from the
simulation. As seen, the force-distance curve forka=5 is in
good accordance with the simulation result. Contrarily, the
case forka=1 does not give agreement with the adsorption
process model, but it is still quite reasonable because the
rate-determining step for smallka is not the adsorption pro-
cess but the disturbance process as explained in Sec. III B,
which will be quantitatively modeled later in this section.
The agreement between the adsorption model and the simu-
lation with lagerka demonstrates the model’s quantitative
performance. While the present model of the adsorption pro-
cess is quite simple and considers only extension of the
square structure caused by the approach of the particlei, it
can grasp the essential point of the last adsorption process
well.

By integrating the calculated force-distance curve, the
potential energy curve for the last particle is obtained as
shown in Figs. 10sad and 10sbd. The total potential energy,
which is the sum of the potentials with already adsorbed
particles and with the substrate, has an energy barrierVad,
which must be overcome by the particle getting adsorbed
onto a disordered part to make the structure ordered. Figures
10sad and 10sbd show quite good contrast; forka=5 the en-
ergy barrier is clearly seen, but forka=1 no distinct barrier.
The values ofVad for variouska are summarized in Table III.
For ka=5, 10, and 20,Vad is about 10kBT. Considering that
colloidal particles are generally said to be dispersed in a
stable state if the interparticle energy barrier exceeds
s10–15dkBT, the obtained value 10kBT seems to be in reason-
able range. On the other hand, forka=1 and 2,Vad is much

FIG. 10. Potential curves obtained from the adsorption process model forsad
ka=5 andsbd ka=1.
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smaller and would not serve as a “barrier.” As expected from
the observation resultssSec. III Bd, for ka=1 and 2, the dis-
turbance process to make a disordered part would be the
rate-determining process, and should be modeled to estimate
the energy barrier for the order formation.

The disturbance process, however, is rather complicated
and difficult to model since the process involves the structure
change from a triangle to a square. We thus simplify the
process: the change of the arrangement is neglected and only
the extension of the sides of a triangle arrangement is con-
sidered in the way similar to the case for the adsorption
process model. We set a regular triangle structure with the
side lengthlc of three particles on a substrate and a particlei
above the center of the triangle, where the particles on a
substrate are assumed to be subjected to the critical average
forceFc. Then we calculate the force acting on the particlei
approaching to the center of the triangle until the particlei
elongates the side length of the triangle fromlc to the length
of the square structurels. The adsorbed particles move only
when the particlei exerts the force with its horizontal com-
ponent larger thanFc, which is the same condition applied in
the adsorption process model.

The calculated force-distance curves of the disturbance
process are given also in Fig. 8 as a broken line, which
demonstrates that the disturbance model expresses well the
rising part of the force profile observed in the simulation
sh/a=2,3 for ka=5 andh/a=5,8 for ka=1d.

Then the energy to elongate the side length fromlc to ls
is obtained by integrating the calculated force-distance
curve. The obtained potential energyVd for five different
values ofka is summarized in Table III. In contrast to the
result of the adsorption process,Vd for ka=1 and 2 is about
10kBT and larger than that forka=5, 10, and 20.

The above results for the energy barrier for the order
formation supports the mechanism derived from the observa-
tion: for smallerka the rate-determining step is the distur-
bance process rather than the adsorption process, and for the
largerka, on the other hand, the adsorption onto a disordered
part is the dominant process. Consequently, it is probable
that the mechanism of the order formation is a successive
process composed of the disturbance and adsorption steps,
and the rate-determining process alters depending on the val-
ues ofka.

2. Rate process for order formation

Since we obtained the energy barrier for the order for-
mation, we can now consider the probabilistic nature of the
order formation process seen in Figs. 3sad and 3sbd. Assum-
ing that the process is a sequential process composed of the
disturbance process and the adsorption process, the probabil-
ity Pstd of remaining in nonordered state att= t is given by

Pstd = P3 + P4, s13d

whereP3 is the probability for remaining in triangle struc-
tures andP4 is that for being square structures. Let us define
the rate constantc3 and c4 as measures of easiness for the
disturbance process and the adsorption process, respectively.

Then a schematic diagram for the order formation process is
drawn in terms of the probability as follows:

P3→
c3

P4→
c4

fordered stateg.

In the diagram, triangle structures decrease with the ratec3,
and squares increase by the decreased amount of triangles
and decrease with the ratec4:

dP3

dt
= − c3P3,

dP4

dt
= c3P3 − c4P4. s14d

ThenPstd is given by solving Eqs.s12d and s13d:

Pstd =
1

c4 − c3
hc4 exps− c3td − c3 exps− c4tdj. s15d

Following the definition of the rate constants,c3 andc4

must be proportional to the frequency of the particles’ over-
coming of the energy barrierVd andVad, respectively. Con-
sidering the net energy barrier for a particle in bulk phase
with a certain potential energyVb, the frequencyJ3 for the
disturbance process can be expressed as

J3 = nb expSVd − Vb

kBT
DnBs1 − ucdL2, s16d

wherenb is number density of particles in bulk,sVd−Vbd is
the net energy barrier for a particle to overcome the barrier
for disturbing a triangle structure,nB is the velocity of the
particle due to Brownian random force, ands1−ucdL2 ex-
presses the area of triangle structures excluding adsorbed
particles where particles in bulk can approach. All the or-
dered triangle structures are taken into account as the site to
be disturbed in determining the frequencyJ3, and accord-
ingly, c3 is equal toJ3.

Similarly to J3, the frequency for the adsorption process,
J4, is given by the following equation:

J4 = nb expSVad− Vb

kBT
DnBS, s17d

whereSs=ls
2d means the area of the square structure of the

disordered part shown in Fig. 9. Here it should be noted that
J4 is the frequency for particles to get adsorbed onto a single
disordered square structure. However, as mentioned above,
some disordered parts are observed in the structures near
ordered state, and accordinglyc4 should be proportional to
the frequencyJ4 with a factorc48 which means the number of
disordered parts, asc4=c48J4.

Further, since the two important factors, the bulk poten-
tial Vb and the velocitynB, exhibit certain distributions, the
integral average over each of the distributions should be
taken. Thus finally we obtain
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c3 =E E fwsnBdgsVbdJ3gdVbdnB,

c4 = c48E E fwsnBdgsVbdJ4gdVbdnB. s18d

Here the distributiongsVbd depends onka and bulk concen-
trationf, and the distribution for each condition ofka andf
was obtained by conducting the simulation of bulk disper-
sion phase with the periodic boundary condition in all direc-
tions.

Figure 11 compares the probabilityPstd obtained from
the analytical model with that from the simulations. The pa-
rameterc48 was determined so as to give the fit for the simu-
lation result forka=5, f=0.03, and the value was about 10
and was applied to all other cases. It would be unavoidable
for the parameterc48 to involve some adjustable nature; the
number of the disordered parts is difficult to count simply
since the structure keeps fluctuating due to the Brownian
motion. As an alternative, we examined the coordination
number of each adsorbed particle, which would be an indi-
cation of the degree of disorder, and the number of particles
with the coordination number other than 6si.e., 4, 5, 7, and
8d turned out to be 9.4 on average. The disordered parts
would appear around these particles. The number of possible
sites for the adsorption process may be slightly smaller than
the number of the particle, 9.4, but may well stay in the same
order. Thus the value of the parameterc48 would be reason-
able. As seen in Fig. 11, the present model shows good ac-
cordance with the simulation results, which demonstrates
that the model is quantitatively effective in describing the
complicated probabilistic phenomena of the order formation
with a rather simple concept. To see the importance of the
successive processes we tried a model calculation only with
the adsorption process, and confirmed that the single process
model underestimates the probabilityPstd for smaller ka.
Thus, the accordance exemplifies the validity of the assump-
tion that the last adsorption process is a successive process of
the disturbance and adsorption processes.

IV. CONCLUSIONS

We have simulated the colloidal adsorption and order
formation of particles using a three-dimensional cell with an
adsorptive substrate under a specified bulk concentration.
Through examining the dynamics of order formation, the fol-
lowing conclusions are drawn.

s1d The order formation is shown to be a stochastic phenom-
enon; taking notice of the last adsorption that brings the
transition from the structure with incomplete order to
that with perfect order, the adsorption process is found
to have an exponential-type distribution of the probabil-
ity for the system remaining disordered. This result sug-
gests that it is difficult to describe the time evolution of
surface coverage or to expect the time taken to reach the
ordered state in a deterministic way.

s2d Direct observation of the order formation process re-
veals that the process is composed of the disturbance
process to make up a disordered squarelike part and the
adsorption process into the disordered part. The two pro-
cesses are successive, and a rate-determining step alters
depending on the value ofka.

s3d Based on the observation, a model to estimate the en-
ergy barrier for the order formation is developed, and
the comparison of the model with the simulation result
demonstrates that the model is quantitatively effective.
The energy barrier obtained from the model is about
10kBT.

s4d A model to describe the probabilistic nature of the last
adsorption process with time is developed and shown to
be quantitatively valid by the comparison with the simu-
lation result, which reinforces the basic mechanism of
the order formation.
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