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Control of microcantilevers in dynamic force microscopy
using time delayed feedback
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It has been recently shown that microcantilever sensors in dynamic force microscopes possibly
exhibit chaotic oscillations due to the nonlinear tip-sample interaction force. In this article, we
propose elimination of the chaotic oscillations using the time delayed feedback control method,
which has an ability to stabilize unstable periodic orbits embedded in chaotic attractors. An extended
operating range of the microscopes is numerically estimated by stability analysis of the target
periodic oscillation. We also discuss an improved transient response of oscillation, which allows us
to accelerate the scanning rate of the microscopes without reducing their force sensitivity. © 2006

American Institute of Physics. �DOI: 10.1063/1.2200747�
I. INTRODUCTION

The atomic force microscopy1 �AFM� has made remark-
able advances toward a core technology for nanoscience and
nanoengineering.2 In particular, the dynamic force
microscopy3,4 �DFM� has been highly developed as a flag-
ship operating mode of the AFM for this nearly two
decades.5 In the DFM, a microcantilever vibrating at the
resonance frequency is utilized as a force sensor to detect the
interaction force between the tip manufactured at the free
end and a sample surface facing the tip.3,4 The topography of
the sample surface is imaged by raster scan of the surface
with keeping the vibration or resonance frequency of the
microcantilever constant. A broad range of samples has been
observed so far in the resolution of atomic or molecular scale
without damaging samples, including semiconducting,6–8

organic,9 and biological samples even in liquids.10,11

In addition, versatile applications of the vibrating micro-
cantilever have been presented, such as profiling of
surface properties,12–14 manipulation of single atoms and
molecules,15 and control of surface structures.16

On the other hand, growing interests in the physical ori-
gin of high resolution imaging have shed light on nonlinear
dynamics of microcantilever sensors vibrating near sample
surface.17–19 In particular, much attention has been paid for
microcantilevers in the DFM with amplitude modulation de-
tection �AM-DFM� or tapping mode AFM. The tip of a mi-
crocantilever is exposed to a highly nonlinear force in an
operating range of AM-DFM.20,21 As a result, a bistable be-
havior occurs in the proximity of sample surfaces.22 The in-
volving jumping and hysteresis phenomena cause sudden
and discontinuous transition of imaging characteristics.21 In
addition, it was reported that the microcantilever exhibits
subharmonic oscillation, period-doubling bifurcation,23,24

and chaotic oscillations.25–29 The resulting oscillation modes
possibly reduce the force sensitivity of AM-DFM due to un-
desirable subharmonics and wide spread frequency spectrum,
which are neglected in the standard device configuration of

the AM-DFM. As for the chaotic oscillation, the operating
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range of the AM-DFM may be also limited by nonperiodic
and irregular motion of the microcantilever. It is therefore
significant to develop control techniques for microcantilever
oscillations for improving the performance of AM-DFM. In
this context, some motivated research groups have already
proposed application of control techniques to microcantile-
ver oscillation.25,26,30

In this article, we propose stabilization of the chaotic
microcantilever oscillations using time delayed feedback
control method. This control method was originally proposed
by Pyragas in 1992 for stabilizing unstable periodic orbits
embedded in chaotic attractors.31 Extensive studies on the
control method have been carried out up to the present in the
field of nonlinear dynamics.32 A key feature of the control
method is that control input depends on only the difference
signal between the current and past outputs of a nonlinear
system. The control method, therefore, can be implemented
without any identification of the model, system parameters,
and underlying dynamics from experimental data. Here we
numerically discuss application of the control method to the
AM-DFM. It is firstly shown that the control method is able
to extend operating range of the AM-DFM. The controlled
AM-DFM is allowed to operate even in a parameter range,
where chaotic microcantilever oscillations possibly occur
without control. We secondly demonstrate that the control
method has an ability to improve the transient response of
microcantilever oscillation without reducing force sensitivity.
Although transient behavior can be greatly influenced by the
global structure of phase space especially in chaotic
systems,33 nevertheless, the control input converging to null
in steady state provides one way to overcome a trade-off
between the scanning rate and force sensitivity of the AM-
DFM.

This article is organized as follows. Section II describes
a mathematical model of vibrating microcantilevers near
sample surfaces. A control input is additionally applied to the
model of DFM originally proposed by Ashhab et al.26 Sec-
tion III presents the possibility of extending operating range

of AM-DFM using control of microcantilever sensors. The
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stability of target periodic oscillation is numerically esti-
mated based on the difference differential equation intro-
duced in Sec. II. Using the same approach, Sec. IV discusses
improvement of transient response of oscillating microcanti-
lever sensors without reducing their force sensitivity.

II. MODEL OF VIBRATING MICROCANTILEVER UNDER
TIME DELAYED FEEDBACK CONTROL

A schematic diagram of a DFM is shown in Fig. 1. A
microcantilever vibrating at its resonance frequency is a
force sensor in the DFM and detects the variation of tip-
sample interaction force as shift of the resonance frequency.
Since the interaction force depends on the mean tip-sample
distance, the shift of the resonance frequency estimates the
variation of mean tip-sample distance. The topography of a
sample surface is therefore traced by rasterscan of the sur-
face with keeping the shift of resonance frequency constant.
The constant shift of resonance frequency, or constant mean
tip-sample distance, is achieved by adjusting the height of
sample surface during the rasterscan with a positioning de-
vice, such as tube scanners. The time series of signal con-
trolling the positioning device then gives a topography of the
sample surface. The DFM has two major operating modes
called AM-DFM3 and FM-DFM,4 in which the variation of
amplitude and frequency is detected, respectively, to estimate
the shift of resonance frequency. In both operating modes,
variation of oscillation due to the shifted resonance fre-
quency is measured using the optical lever method34 in the
standard device configuration.

When the tip-sample interaction force is approximated
by the Lennard-Jones potential, the first mode vibration of a
microcantilever controlled by a scalar signal u�t� is described
by the following equation:26

d

dt
�x

y
�

= � y

− x −
d

�� + x�2 +
�6d

30�� + x�8 + ��� cos �t − �y� �

FIG. 1. Schematic diagram of dynamic force microscopy. Sample surface is
scanned by microcantilever probe vibrating at its resonance frequency. Dur-
ing surface scan, mean distance between apex of tip and surface of sample is
kept constant with a positioning device, which adjusts vertical position of
surface, so that constant shift of resonance frequency is maintained. Time
series of signal applied to positioning device provides topography of sample
surface. Vibration of microcantilever is measured by optical lever method34

in standard device configuration.
+ bu , �1�
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where x and y denote the displacement and the velocity of
tip, respectively. b denotes a two dimensional constant vector
concerning coupling between the control input and the state
variables. � is the equilibrium position of tip when the grav-
ity only acts on it. � and � correspond to the amplitude and
frequency of the sinusoidal external force, which is provided
to the microcantilever with the damping coefficient �, re-
spectively. � denotes a constant related to the diameter of
each molecule organizing the tip and the sample. It is noticed
that Eq. �1� is dimensionless and d=4/27 is a constant de-
rived in the course of eliminating the dimension. A small
parameter � was prepared in Refs. 25 and 26 to prove the
existence of a chaotic invariant set through the Melnikov
method on Eq. �1� under u�t�=0. A chaotic oscillation of
microcantilevers was subsequently presented numerically by
Basso et al. based the same model. They showed a chaotic
attractor arises following the cascade of period-doubling
bifurcation.28

As originally suggested by Pyragas, continuous control
input u�t� stabilizing a chaotic oscillation is given by the
difference between the current output and the past one as
follows:31

u = K�g�x�,y�� − g�x,y�� , �2�

where � denotes the time delay and K the feedback gain. The
g�x ,y�=g�x�t� ,y�t�� and g�x� ,y��=g�x�t−�� ,y�t−��� imply a
scalar output signal measured at the current time t and the
past time t−�, respectively. Since the control input �2� only
depends on the output signal, the control method is easily
implemented to experimental systems without any models of
microcantilevers nor detailed analyses of underlying dynam-
ics. So far, this control method has been successfully applied
to various experimental systems including electronic
circuits,35,36 laser systems,37 magnetoelastic beam,38 chemi-
cal systems,39 and gas-charge systems.40 In particular, the
magnetoelastic beam41 and microcantilever under tip-sample
interaction have a similar dynamical structure characterized
by an elastic beam sinusoidally forced under two-well poten-
tial, although the dimension of the latter system is so much
smaller. The time delay � and feedback gain K are important
control parameters that substantially affect the control perfor-
mance. The time delay � is adjusted to the period of a target
unstable periodic orbit we intend to stabilize in a chaotic
attractor. The control input therefore converges to null after
the controlled system is stabilized to the target orbit. The
feedback gain governs the stability of the target orbit, al-
though its systematic design has not been established.42

We hereafter investigate controlled dynamics of a micro-
cantilever in the AM-DFM. The microcantilever has the
damping coefficient �=0.4 and is driven at fixed frequency
�=1.0, namely, its dimensionless mechanical resonance fre-
quency. The remaining parameters are set as �=0.3 and �
=0.1 based on the numerical result in Ref. 28. Assuming that
the velocity of oscillation is measured as an output of the
nonlinear system �1�, the control signal u�t� is given as fol-

lows:
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u�t� = K�y�t − �� − y�t�� . �3�

This implementation of the control method is also obtained
by putting b= �0 1�T, g�x ,y�=y into Eqs. �1� and �2�. The
time delay � is adjusted to 2� /�=2� to stabilize an orbit
with the same frequency as the external force oscillating the
microcantilever. We note that the stabilization of this orbit is
essential for the measurement by AM-DFM. This is because
only this particular frequency component is detected in the
standard device configuration using such as lock-in amplifi-
ers and rms-dc converters with bandpass filters. A wide
spread frequency spectrum due to the subharmonic and cha-
otic oscillation modes possibly decreases the force sensitivity
of AM-DFM, as long as the frequency component corre-
sponding to the driving frequency is detected.43 Besides,
nonperiodic and irregular oscillation caused by chaos may
also limit the resolution and operating range of the AM-
DFM.

III. EXTENSION OF OPERATING RANGE

Recently, experimental studies by Jamitzky et al. have
demonstrated a chaotic oscillation of microcantilever in an
actual AM-DFM,27,29 following the prediction by Ashhab et
al.25,26 and Basso et al.28 In this section, we numerically
show that the time delayed feedback control has a possibility
to eliminate the chaotic oscillation from microcantilever sen-
sors based on Eq. �1�.

Figure 2 shows a chaotic attractor reported by Basso et
al. for �=1.2 and �=20 �Ref. 28� and an unstable periodic
orbit embedded in it. The chaotic attractor and embedded
unstable periodic orbit are shown by gray and black lines,
respectively. This unstable periodic orbit has the same period
as the driving signal and therefore should be stabilized for
operation of the AM-DFM detecting the harmonic compo-
nent of microcantilever for measurement, as mentioned Sec.
II. The orbit is hereafter called target orbit. The target orbit is
stabilized by adjusting the time delay � to 2� as shown in

FIG. 2. Chaotic attractor reported by Basso et al.28 and target unstable
periodic orbit embedded in it. The period of target orbit is 2�, which equals
to the period of external force driving microcantilever sensor. The tip of
microcantilever hits sample surface located x=−�=−1.2 and then undergoes
large repulsive force.
Fig. 3. The chaotic oscillation of tip is converted to the target
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periodic one after the activation of control. The feedback
gain is here adjusted to K=0.2 and time of activation is
pointed by an arrow in Fig. 3�b�. One can confirm that the
displacement of tip shown in Fig. 3�a� is changed from cha-
otic to a periodic motion, as control input shown in Fig. 3�b�
converges to null signal after the activation. Note that the
null control signal after the activation implies the chaotic
oscillation is eliminated by stabilizing the target unstable
period-2� orbit embedded in the chaotic attractor. The con-
trol inputs, therefore, change nothing but the stability with
respect to the target orbit. No system parameters are modi-
fied in contrast to the feedback control proposed in Refs. 25
and 26.

The time delayed feedback control is thus able to extend
the operating range of AM-DFM. This is confirmed by Fig. 4
showing two different toned parameter ranges, which are nu-
merically characterized based on the stability of the target
orbit. The black area displays a parameter range, where the
target period-2� orbit is unstable if control is not applied. It
has been reported that this black area is not appropriate for
operation of the AM-DFM due to the possibility of period-
doubling route to chaos.28 On the other hand, in the gray
area, the control method can keep the target period-2� orbit
stable. Note that this gray area completely includes the black
one, although a part of the gray area is hidden behind the
superimposed black area. We therefore conclude that the pos-
sibility of period-doubling bifurcation and subsequent cha-
otic oscillation is eliminated by stabilizing the target unstable
periodic orbit. In other words, the operating range of AM-
DFM is extended by applying the control method to micro-
cantilever. It should be mentioned that this extended operat-
ing range is limited by white areas outside the gray one. The

FIG. 3. Stabilization of target unstable periodic orbit embedded in chaotic
attractor using time delayed feedback control. �a� and �b� show temporal
change of displacement of microcantilever and control signal, respectively.
Control is activated at the time pointed by arrow in �b�. The motion of
microcantilever is irregular and nonperiodic before the activation. The con-
trol input finally converges to null after transient state, indicating that the
activated control achieves convergence of motion to target periodic oscilla-
tion.
boundary between two regions shows the saddle-node bifur-

 AIP license or copyright, see http://rsi.aip.org/rsi/copyright.jsp



053703-4 K. Yamasue and T. Hikihara Rev. Sci. Instrum. 77, 053703 �2006�
cation curve of the target orbit. However, another period-2�
orbit can be kept stable in the white region, although the
target orbit to which we have referred does not exist due to
its annihilation by the saddle-node bifurcation. It is also
noted that the stability of the target orbit is here numerically
determined by spectral radius of the target orbit. The spectral
radius is the modulus of the characteristic multiplier that has
maximal modulus among all characteristic multipliers. The
spectral radius is estimated using the Newton-Picard
method44 and subspace shooting method45 for different dif-
ferential equations. The target orbit is stable, if the spectral
radius is less than unity.

In this section, we have numerically shown that time
delayed feedback control can stabilize the unstable oscilla-
tion of microcantilevers. The stability analysis of target orbit
has suggested the control method allows us to extend the
operating range of AM-DFM. We should stress that control
input changes only the characteristics multipliers of the tar-
get orbit and thereby oscillation in steady state are not modi-
fied regardless of control if the target orbit is stable in the
uncontrolled system. This implies that time delayed feedback
control has no influence on the force sensitivity and mea-
sured quantities of the AM-DFM. Based on this property, the
next section discusses improvement of transient response of
microcantilever oscillation using the control method.

IV. IMPROVEMENT OF TRANSIENT RESPONSE

Slow scanning rate is a significant weakness of the DFM
and thus various efforts have been made to overcome this
weakness.46–48 As for the AM-DFM, the scanning rate is pri-
marily limited by temporal length of the transient response of
microcantilever and bandwidth of positioning device.47 In
this section, we show the time delayed feedback control has

FIG. 4. Operating range of DFM under time delayed feedback control. Gray
region shows parameter range where target orbit is kept stable under control.
The region completely includes black area, in which operation of AM-DFM
is not appropriate due to period-doubling route to chaotic oscillation re-
ported in Ref. 28. Notice that a part of the gray area is hidden by superim-
posed black region. The boundary between gray and white regions for small
� �short tip-sample separation� or tiny � �small driving amplitude� shows
saddle-node bifurcation curve of target orbit. Another stable periodic orbit
can exist outside the gray region, but is not considered in this article.
an ability to improve the transient response of microcantile-
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ver. The improved transient response allows us to accelerate
the scanning rate of AM-DFM without reducing its force
sensitivity.

The control input described by Eq. �3� explains the rea-
son why the force sensitivity does not decrease under the
time delayed feedback control. The reason is that the control
input can effectively reduce the quality factor of microcanti-
lever just in transient state toward the target periodic oscil-
lation. Since the control input �3� includes a term −Ky�t�
proportional to the velocity of tip, the control input serves as
an apparent damping force applied to the microcantilever. On
the other hand, the control input converges to null due to the
effect of the term Ky�t−�� denoting the past velocity, as the
oscillation converges to the target periodic oscillation. The
control input has, therefore, no influence on the steady oscil-
lation governing the force sensitivity of the microcantilever
at all, while the apparent damping force improves the tran-
sient response, depending on the feedback gain. In other
words, the time delayed feedback control allows us to over-
come the trade-off between the transient response and force
sensitivity. This is the essential difference from the active
Q-controlled DFM, in which steady oscillation is changed by
a feedback control.46,47

Figure 5 compares the spectral radius of target orbit in a
parameter plane related to amplitude of excitation and dis-
placement of sample surface. The spectral radius without
control and under the control with K=0.1 is shown by a gray
and black surfaces, respectively. The gray surface located
below the black one illustrates that the transient response is
improved under the time delayed feedback control. The spec-
tral radius under control is smaller than that without control
in the whole parameter region we here investigate. Since
smaller spectral radius implies faster convergence to the tar-
get orbit, Fig. 5 evidently shows the transient response is
improved by applying the time delayed feedback control.

We here estimate how much control contributes to the
acceleration of scanning rate. The temporal length of tran-
sient response depends on the spectral radius and the initial
variation of tip from the target orbit, if we assume the initial

FIG. 5. Comparison between spectral radius of controlled �gray surface� and
uncontrolled �black surface� target orbits. Spectral radius under control with
K=0.1 is smaller than that under absence of control. Smaller spectral radius
under control suggests that the time delayed feedback control reduces tem-
poral length of transient response of microcantilever oscillation and then
allows us to increase scanning rate of AM-DFM.
variation is sufficiently small such that the dynamics of mi-

 AIP license or copyright, see http://rsi.aip.org/rsi/copyright.jsp



053703-5 Control of microcantilever sensors Rev. Sci. Instrum. 77, 053703 �2006�
crocantilever is approximated by the linearized equation of
Eq. �1�. The motion of microcantilever close to the target
oscillation is then described by the sum of dynamics in the
direction of each invariant subspace.49,50 We additionally as-
sume that the initial variation has only a component in the
direction of the invariant subspace with respect to the char-
acteristic multiplier that gives the spectral radius. The ampli-
tude of variation decreasing in transient state is thereby esti-
mated by the temporal change of a scalar variable:

		�t�	 = 	
	t/T		�0�	 , �4�

where 	�t� denotes the amplitude of variation and 	�0� is the
initial variation from the target orbit. The 	
	 is the spectral
radius of the target orbit and T=2� /� denotes the period of
sinusoidal external force. Note that 	�t� shows attenuation in
the direction of the particular invariant subspace. Although
the temporal length of transient response is also related to the
remaining invariant subspaces and even global structures of
phase space,33 the estimation by Eq. �4� ensures the upper
limit of the acceleration. The characteristic multiplier giving
the spectral radius primarily determines the length of tran-
sient response. It is also noted that the variation itself is
oscillatory if the 
 has nonzero imaginary part. Nevertheless,
the decay of its envelope is estimated by 	�t�.

We define the settling time Ts�K� as the elapsed time
before the amplitude of variation reaches at �th		�0�	, where
�th�0 is small threshold and K the feedback gain. The set-
tling time is then obtained from Eq. �4� as follows:

Ts�K� = T
log �th

log	
�K�	
. �5�

We can thus estimate the ratio of the settling time without
control to that with control. The ratio of the settling time is
important because it gives the upper limit for acceleration of
scanning rate under control input. Equation �5� implies that
the ratio is given by

Ts�0�
Ts�K�

=
log	
�K�	
log	
�0�	

, �6�

depending on neither the initial variation nor the threshold.
Figure 6 shows the ratio of settling time numerically esti-
mated for K=0.1. The parameter region here examined is the
same as in Fig. 5. It is recognized that the ratio, continuously
toned in Fig. 6, ranges from a few to 20. This implies the
scanning rate can be a few to 20 times faster in the controlled
case than in the uncontrolled one. The ratio, or upper limit, is
significantly increased due to settling time Ts�K� reduced by
control input. It is noted that the ratio is here defined as
positive infinity, because Ts�0�=� if the uncontrolled target
orbit is unstable. The trajectory without control does not con-
verge to the unstable target orbit forever.

In this section, we have discussed improved transient
response of the microcantilever under the time delayed feed-
back control. The resulting improved transient response en-
ables us to accelerate scanning rate of the AM-DFM without
reducing force sensitivity. The analysis on the spectral radius
shows a few to 20 times faster scanning rate can be achieved

using the time delayed feedback control.
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V. DISCUSSIONS

In this article, we numerically discussed the stabilization
of microcantilever probe in the DFM using time delayed
feedback control. The operating range of DFM is extended
by stabilizing the unstable periodic orbit embedded in the
chaotic attractor. It implies that the intrinsic dynamics behind
the instable motion including chaos can be utilized for the
DFM measurement by applying the time delayed feedback
control. Transient response in AM-DFM is also improved by
the control method. We can therefore overcome the trade-off
relationship between scanning rate and force sensitivity in
the AM-DFM. It is pointed out that control eliminating the
irregular oscillation can help manipulation of surface, since
the manipulation seems to need strong tip-sample interaction
that is obtained in the operation near sample surfaces.27,29 We
should note that this article focuses on stabilization of cha-
otic oscillation caused by homoclinic intersection and
period-doubling bifurcation which has been predicted by
Ashhab et al.25,26 and Basso et al.,28 respectively. There is,
however, another mechanism causing chaotic oscillation.
Grazing bifurcation of tip oscillation in transition from non-
contact to contact regime was predicted numerically by van
de Water et al.51 and then suggested experimentally by Hu et
al.52 The time delayed feedback control could apply to a
microcantilever grazing against the sample surface, although
the possibility of application depends on dynamical proper-
ties of target periodic orbits under grazing bifurcation. The
ongoing work is the implementation of the time delayed
feedback control to an actual DFM.
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