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Formation energy of CrÕAl vacancies in spinel MgCr2O4 and MgAl2O4 by
first-principles calculations
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First-principles pseudopotential calculations using plane-wave basis functions have been made to quantita-
tively evaluate the formation energy of Cr/Al vacancies in MgCr2O4 and MgAl2O4 . Relaxation of atoms
within the second nearest neighbor shell of the vacancy was taken into account in a 56-atom supercell. The
formation energy was calculated as a function of the atomic chemical potential of Cr/Al. It shows negative
values in the case of the oxidation limit of MgCr2O4 , which is in good agreement with experimental results
showing abundance of Cr vacancies when annealed in air. On the other hand, the formation energy of the Al
vacancy in MgAl2O4 under the same condition is as large as 4.76 eV. This also well corresponds to the
experimental fact that MgAl2O4 does not form the Al vacancy alone in air.
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I. INTRODUCTION

Magnesium chromate MgCr22xO4 with a spinel structure
is known to show wide nonstoichiometry in the range of
,x,0.49 at 2300 °C by the formation of Cr vacancies.1 The
sintered MgCr22xO4 material has been used commercially
monitor the temperature of exhaust gas in automobiles, s
it exhibitsp-type electric conductivity which is stable at tem
peratures around 1000 °C in air.2–4 We have previously re-
ported results of first-principles molecular orbital calcu
tions using model clusters.5 A comparison between MgCr2O4

and its isostructural compound MgAl2O4 was made in order
to extract the peculiarity of MgCr2O4 , although noncompen
sated Al vacancy is unlikely to occur in MgAl2O4 . Popula-
tion analyses by the Mulliken’s scheme6 were systematically
made in order to examine the spatial distribution of ho
associated with metal vacancies and the changes in chem
bonding around the vacancy. Discussion on the electro
mechanism behind the abundance of the Cr vacancie
MgCr2O4 was then made.

The holes associated with the Al vacancy were found
localize on the neighboring oxygen ions in MgAl2O4 . On the
other hand, spatial distribution of holes was found to
much wider in the case of the Cr vacancy in MgCr2O4 . It
was localized not only on the neighboring oxygen ions,
also on Cr ions in the vicinity of the Cr vacancy. Covale
bonding between Cr and O was remarkably reinforced by
formation of the Cr vacancy in MgCr2O4 . At the same time
the decrement of the ionic bonding was much smaller als
MgCr2O4 . These two factors were pointed out to play k
roles for the abundance of Cr vacancies in MgCr2O4 as com-
pared with MgAl2O4 . Although our previous work provided
an insight for the electronic mechanism to form the vacan
no quantitative information was given. Local atomic rela
ation around the vacancies was not taken into considera
either. The present study is made to verify the idea in
quantitative manner using a first-principles supercell
proach. The plane-wave pseudopotential method is emplo
since it is an accurate and efficient tool to quantify t
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atomic relaxation around the vacancies in a complex syst
This gives the complementary information to the previo
study. The cluster calculations use minimal number
atomic basis functions, which provides a straightforward
terpretation of the change in chemical bonding. On the ot
hand, the supercell approach with sufficient number of pla
wave basis functions has an advantage in the efficient ev
ation of structure optimization and total energies.

II. COMPUTATIONAL PROCEDURES

MgCr2O4 is known to exhibit a normal spinel structur
with a lattice parametera58.3378 Å and an oxygen param
eter u50.386.7 MgAl2O4 also shows spinel structure wit
a58.0887 Å andu50.388.8 Although MgAl2O4 often ex-
hibits a mixed spinel structure with respect to tetrahedral
octahedral cation sites, we assumed a normal spinel struc
for simplicity. Magnetic properties of MgCr2O4 have been
investigated by several groups.9–13 It shows antiferromag-
netism with a Nee´l temperature of 16 K. Despite these e
forts, its detailed magnetic structure at the ground state is
well established. We have made full-potential linearized a
mented plane wave~FLAPW! calculations14 of MgCr2O4
with both ferromagnetic and antiferromagnetic ordering
Cr atoms. The results differ in total energy by only 0.05 e
per MgCr2O4 . We have therefore assumed the ferromagne
ordering in this study for simplicity and computation
economy.

All calculations were performed within the generalize
gradient approximation~GGA! ~Ref. 15! of the density func-
tional theory, using a plane-wave pseudopotential metho16

Multielectron interactions among localizedd orbitals were
ignored in the present study. Calculations for vacancies w
made using the supercell composed of 56 atoms that is
times greater than the primitive cell. Ultraso
pseudopotentials17 were employed with a plane-wave cuto
energy of 400 eV. The convergence of the vacancy forma
energies with respect to the cutoff energy up to 800 eV w
better than 0.01 eV for MgAl2O4 and 0.05 eV for MgCr2O4 .
Numerical integration was carried out using twok points in
©2002 The American Physical Society03-1
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TABLE I. Theoretical interatomic distances around the Cr/Al vacancy before and after the relaxation for MgCr2O4 and MgAl2O4 .

MgCr2O4 MgAl2O4

Before After Difference~%! Before After Difference~%!

Vacancy-O 2.051 Å 2.272 Å 110.8 1.903 Å 2.101 Å 110.4
Vacancy-Al 2.85 2.825 20.9
Vacancy-Cr 3.025 2.954 22.3
Vacancy-Mg 3.545 3.555 10.3 3.342 3.347 10.2

O-Al 1.903 1.931 11.5
O-Cr 2.051 1.942 25.3
O-Mg 2.008 1.978 21.5 1.952 1.829 26.3
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the irreducible part of the Brillouin zone, which is one four
in volume. The convergence with respect to the number ok
points were better than that of the cutoff energy.

The self-consistent total energies were obtained by
density mixing scheme18 in conjunction to the conjugate gra
dient technique.19 Atomic positions were optimized using th
quasi-Newton method with the Broyden-Fletcher-Goldfa
Shanno Hessian update scheme.20 Atomic arrangements
around the vacancies were optimized allowing relaxation
the first and second nearest neighbors. The relaxation pr
dures were truncated when all the residual forces for
relaxed atoms were less than 0.1 eV/Å. We also carried
calculations of a number of reference materials, i
Mg~hcp!, Al~fcc!, Cr~bcc!, crystalline O(C2/m),
Al2O3(R3̄c), Cr2O3(R3̄c), and MgO(Fm3̄m). The total
energy of the reference materials were obtained after t
structures were optimized by the same computational me
for consistency. Theoretical lattice constants of these re
ence systems well reproduced their experimental va
within an error of63%.

III. RESULTS AND DISCUSSION

A. Perfect crystals of MgCr2O4 and MgAl2O4

We first performed calculations for the perfect crystals
MgCr2O4 and MgAl2O4 . There are only two parameters
the cubic spinel structure, i.e., the lattice parametera and the
oxygen parameteru. The parameters were optimized throu
the minimization of the total energies. Theoretical values
a were 8.550 Å for MgCr2O4 and 8.062 Å for MgAl2O4 .
They agree with the experimental values ofa, i.e., 8.3378 Å
for MgCr2O4 and 8.0887 Å for MgAl2O4 , with errors of
12.5 and 20.3%, respectively. Theoreticalu parameters
were 0.385 and 0.390 for MgCr2O4 and MgAl2O4 , respec-
tively. They also show satisfactory agreements with exp
mental values, i.e., 0.386 and 0.388, respectively.

The following quantity should correspond to the expe
mental enthalpy of formation if we neglect the entropy co
tribution:

DH~MgAl2O4!5Et~MgAl2O4!2@Et~Mg!12xEt~Al !

14xEt~O!#, ~1!
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whereEt is the total energy of the compound per unit fo
mula. Although experimental data are generally defined w
O2~gas! as a standard not with the solid O in theC2/m
structure,21 we found the difference inEt between two is
smaller than 0.04 eV/atom when the calculation of the2
molecule was made using a supercell 10310310 Å3. Spin
polarization was taken into account for O2 . The theoretical
value of 22.2 eV/unit formula is close to the experimen
enthalpy of formation at 298 K, 21.8 eV.22 The theoretical
value for MgCr2O4 is obtained to be 15.1 eV/unit formula
Experimental value is not available for MgCr2O4 .

B. Geometry and electronic structure around a CrÕAl vacancy

Calculations of the defective crystals were performed
ing a supercell containing 56 atoms. In order to model
system with infinitely dilute vacancy concentration, latti
constanta was fixed at the optimized value of the perfe
crystal. Atomic arrangements around the vacancy were o
mized allowing relaxation of the first and second near
neighbors of the vacancy. Since we use a neutral super
the result corresponds to quantities for a neutral metal
cancy.

Interatomic distances before and after the atomic rel
ation are listed in Table I. The vacancy position was defin
as the position of the metal atom before its removal. In b
compounds the distance between vacancy and the
nearest-neighbor oxygen largely increases. The distance
tween vacancy and the second nearest-neighbor Cr an
decreases. The distance between vacancy and Mg sh
little change. Remarkable difference between MgCr2O4 and
MgAl2O4 can be found in the bond lengths of O-Cr/Al an
O-Mg around the vacancy. In MgCr2O4 , the bond length of
O-Cr decreases by 5.3%. On the other hand, the bond le
of O-Al increases by 1.5% in MgAl2O4 . It is also interesting
that the change in the bond length of O-Mg due to the rel
ation is much greater in MgAl2O4 .

The remarkable difference in the bond lengths of O-Cr
may be explained from a simplified chemistry viewpoint.
we fix the oxidation number of O and Mg to be22 and12
as in an elementary chemistry textbook, three holes ass
ated with a neutral Cr vacancy should change the oxida
number of three Cr from13 to 14. Since the ionic radius o
the Cr41 ion ~69 pm! is smaller than that of Cr31 ion ~76
pm!,23 the atomic relaxation to decrease the O-Cr bo
3-2
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length is expected to take place. On the other hand, h
associated with the neutral Al vacancy cannot change
oxidation state of Al, since Al31 is the only available state
Of course the reality is more complicated, but not too mu
Cluster calculations using atomic orbitals as basis functi
in our previous study5 found that the major part of the wav
function in which holes are expected to be present is loca
around the oxygen ions surrounding the Al vacancy in
case of MgAl2O4 . On the other hand in MgCr2O4 , the wave
function is located both around Cr and O ions. The electro
mechanism behind the reduction of the Cr-O bond length
therefore be explained by the decrease in the charge de
around the Cr ions which reduces the magnitude of shield
of the nuclear charge to contract the ionic size.

C. Formation energy of CrÕAl vacancy in MgCr2O4 ÕMgAl 2O4

Experimental results for MgCr2O4 suggest preferred
evaporation of Cr to introduce Cr vacancies when annea
in air. On the other hand, MgAl2O4 is known not to form Al
vacancies alone. Only Schottky type vacancy pairs
thought to be formed under the thermal equilibrium con
tion. The electronic mechanism behind the stabilization
the Cr vacancies in MgCr2O4 is of great interest.

The formation energy of a neutral vacancy in a compou
in general depends on the atomic chemical potentials of
system. The formation energy of a metal vacancy can
given by24,25

EF
V5Et@MgnX2n21O4n#2Et@MgnX2nO4n#1mX , ~2!

whereEt is the total energy of the supercell with/without
defect. mX is the chemical potential of theX atom ~X5Al
or Cr!. n58 in the present work.mX varies depending upon
the chemical environment of the system. Figure 1 schem
cally shows the phase diagram of the ternary sys
Mg-X-O. Chemical potentials of three elements should
correlated each other to satisfy the following equation:

mMg12mX14mO5mMgX2O4~bulk!. ~3!

FIG. 1. Schematic ternary phase diagram of the Mg-X-O system
(X5Cr/Al).
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Five points indicated in the diagram correspond to the ve
ces of the three-phase regions.mX at these five points can b
given as follows:

Point 1: mX5@mMgX2O4~bulk!24mMgO~bulk!13mMg~bulk!#/2,
~4!

Point 2: mX5@mMgX2O4~bulk!2mMgO~bulk!23mO~bulk!#/2,
~5!

Point 3: mX5@mX2O3~bulk!23mO~bulk!#/2, ~6!

Point 4,5: mX5mX~bulk! . ~7!

Chemical potentials for the bulk substances in these eq
tions were obtained as the total energies per unit formula
separate calculations in the present study.

Some other phases have been reported in the ter
phase diagrams, such as Al3Mg2 and Al12Mg17 in the Mg-Al
binary, and CrO2 and CrO in the Cr-O binary. We did no
consider the equilibrium with these compounds assum
that the heat of formation of these compounds does
change the formation energies of present interest sig
cantly.

Theoretical formation energy of theX vacancy is plotted
in Fig. 2 at five points as indicated in Fig. 1. As a gene
trend in metal oxides, the formation energy of a metal v
cancy is smaller in the oxygen-rich conditions, such as
points 2 and 3. The difference in the formation energies
tween points 1 and 2 corresponds to 1.5 times the hea
formation of MgO,DH(MgO), as defined by

DH~MgO!5mMgO~bulk!2~mMg~bulk!1mO~bulk!!. ~8!

The meaning of Eq.~8! is identical to that of Eq.~1!, since
we use total energyEt as the chemical potential,m in Eq. ~8!.
TheoreticalDH(MgO) in the present work is25.49 eV/unit
formula, which corresponds to experimental enthalpy of f

FIG. 2. Theoretical formation energy ofX-site vacancies in
MgX2O4 (X5Cr/Al) calculated for points indicated in Fig. 1.
3-3
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mation of MgO at 298 K, i.e.,26.24 eV/unit formula.22 The
difference in the formation energies between points 3 an
corresponds to 0.5 times of the heat of formation ofX2O3 ,
DH (X2O3). The theoreticalDH (Al2O3) is 216.42 eV/unit
formula, which corresponds to experimental enthalpy of f
mation at 298 K, i.e.,217.37 eV/unit formula.22 The theo-
retical DH (Cr2O3) is 29.18 eV and211.81 eV/unit for-
mula by experiment at 298 K.22

The difference between the formation energy of a Cr
vacancy is smaller in MgCr2O4 by 5.11 eV at points 1 and 2
5.09 eV at point 3, and 8.71 eV at points 4 and 5. As a res
the formation energies became negative values at poin
and 3 in MgCr2O4 . This is in good contrast to the larg
formation energies even in the oxygen-rich limits
MgAl2O4 , i.e., 4.76–4.92 eV.

The theoretical formation energies well explain the e
perimental results of MgCr22xO4 showing wide nonstoichi-
ometry in the range of 0,x,0.49 at 2573 K in air. Another
set of experiments to synthesize nonstoichiome
MgCr22xO4 in the range of 0,x,0.20 has been successf
in air,4 which also confirms the abundance of Cr vacancie
an oxidizing environment.
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IV. SUMMARY

We made first-principles pseudopotential calculations
ing plane-wave basis functions in order to quantitative
evaluate the formation energy of Cr/Al vacancies
MgCr2O4 and MgAl2O4 within GGA. Relaxation of atoms
within the second nearest neighbor shell of the vacancy
taken into account in a 56-atom supercell. The format
energy was calculated as a function of the atomic chem
potential of Cr/Al. It shows negative values in the case of
oxidation limit of MgCr2O4 . On the other hand, the forma
tion energy of the Al vacancy in MgAl2O4 under the same
condition is as large as 4.76 eV. These results provide qu
titative rationale of the difference in the formation energy
X site vacancy in two compounds: Cr vacancies are abun
in MgCr2O4 when annealed in air, while Al vacancies alon
are not present in MgAl2O4 .
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