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The cluster expansion technique in conjunction with first-principles calculations has been applied in Monte
Carlo simulations to derive the configurational thermodynamics of the bulk and �111� surface of Pt-Rh alloys.
Lattice-dynamics calculations reveal that the vibrational contribution to Pt-Rh bulk phase stability is fairly
negligible. Calculated short-range-order parameter, ground state, and ordering transition temperature Tc of bulk
Pt50Rh50 are in satisfactory agreement with experimental values in the literature. Calculated composition
profiles of the �111� surface at T=1373 K show the enrichment of Pt at the top layer and Pt depleted at the
second layer for the entire composition, which is in agreement with experimental observations. At low tem-
peratures, a significant difference is found in the temperature dependence of the layer composition profile
between Pt25Rh75 and Pt50Rh50. While Pt composition of the Pt25Rh75 subsurface shows positive temperature
dependence, that of Pt50Rh50 has a minimum at T�300 K. The former can be qualitatively interpreted by
taking account of the on-site energy only. The latter is due to the occurrence of sublayer-confined phase
transition from ��3��3�R30° order to disorder alloys.
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I. INTRODUCTION

Pt-Rh alloys are widely found in technical applications
due to their selective catalytic properties for automotive pol-
lution control,1 resistance to corrosion, and thermal stability.
Thus phase stability of Pt-Rh alloys has been one of the most
attractive subjects of experimental and theoretical research.
Pt-Rh bulk alloys are known to show a complete mutual
solid solution in A1 structure at high temperatures.2 How-
ever, it has been argued that Pt-Rh alloys favor phase-
separation or form an ordered structure when temperature
decreases. For the former, the existence of miscibility gaps at
T�1000 K has first been proposed by Raub et al.,3 though
subsequent attempts to observe these miscibility gaps have
consistently failed.4–6 Later in 1995, first-principles-based
study7 predicted the Pt-Rh to be an ordering system: Pt50Rh50
alloys form “40” ordered structure below T=210 K. A recent
diffuse x-ray scattering study8 has confirmed the presence of
local order in Pt-47 at. % Rh at T=923 K, and measured the
position of the diffuse maximum at 1 1

20, which satisfies the
corresponding position of predicted structure “40.” However,
from a theoretical point of view, the effect of lattice vibration
has not been examined in the above calculation. On the con-
trary, the importance of vibrational effects on bulk phase
stability has been actively examined both experimentally9–12

and theoretically;13–16 for instance, lattice vibrational effects
can reverse the stability of � and �� phases for the Al2Cu
system.16 Therefore, in order to confirm the phase stability of
bulk Pt-Rh, further investigation including vibrational effects
is highly desirable.

Meanwhile, the configurational thermodynamics of Pt-Rh
surfaces, in particular surface segregation behavior, is well
examined not only for their technical applications, but also
for the interest from a theoretical point of view; small differ-
ences of sublimation enthalpy and atomic size between Pt
and Rh are both insufficient to predict the segregation behav-
ior. Furthermore, due to the low mixing enthalpy in bulk
Pt-Rh,7 ordering tendencies in the surface region are consid-

ered to have negligible effects on segregation. This is in con-
trast to Pt-Ni surfaces, where a strong ordering results in a
reversal Ni segregation to the top layer, despite a negative
segregation energy of Pt.17 Early experimental studies of the
surface segregation of Pt-Rh alloys utilized ion scattering
and Auger electron spectroscopy �AES�.18–21 Probing the sur-
face and first subsurface layers, Pt enrichment at the surface
layer was revealed. Absolute compositional depth profiles of
the first several layers for �111� and �100� surfaces were
investigated through time-of-flight �TOF� atom-probe
analysis.22,23 These studies found the enrichment of Pt at the
top layer while depleted Pt at the second layer. Subsequent
experimental investigations by low-energy electron diffrac-
tion �LEED�, low-energy ion scattering �LEIS�, scanning
tunneling microscopy �STM�, and medium-energy ion scat-
tering �MEIS� have confirmed the early studies’ statement,
and also elucidated the absence of long-range order at the top
layer for a wide range of temperature.24–27

Theoretical investigations of surface segregation for the
Pt-Rh alloy were mostly confined to semiempirical ap-
proaches: the tight-binding Ising model �TBIM�,28 Monte
Carlo simulation with the bond model,29 and thermodynamic
calculation by means of the quasichemical theory30 were em-
ployed to derive the surface composition profile at high tem-
peratures. First-principles-based investigation was performed
by Ruban et al.31 using the Green’s-function approach. They
combined the first-principles calculation with the surface
version of cluster expansion techniques for the Pt25Rh75 al-
loy. The derived on-site interactions were used in single-site
mean-field simulation. The resultant concentration profiles
for �111� and �100� surfaces at 1373 K agree well with ex-
perimental data. However, all the ordering or correlation ef-
fects, which can be particularly important at low and inter-
mediate temperatures, are neglected in the on-site mean-field
calculation. Thus, up to date theoretical understandings of
ordering effects on the surface phase stability are lacking.

In the present study, we have combined the first-principles
calculation with the cluster expansion technique, which is
applied to Monte Carlo statistical simulations in order to
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investigate the ordering effects on the bulk and surface sta-
tistical thermodynamics of Pt-Rh alloys. We first investigated
Pt-Rh bulk phase stability. The effect of lattice vibration was
taken into account within the harmonic approximation,
which led to the temperature-dependent effective cluster in-
teractions. Then we investigated the surface phase stability
using a recently proposed Monte Carlo technique32 based on
the grand canonical ensemble.

This paper is organized as follows. In Sec. II, we briefly
describe computational schemes of first-principles calcula-
tion, the cluster expansion technique for bulk and surfaces,
inclusion of the effects of lattice vibration, and their applica-
tion to Monte Carlo simulations. In Sec. III A, bulk configu-
rational thermodynamics such as ground-state structure,
order-disorder phase transition, and short-range order are
well examined in order both to confirm the bulk phase sta-
bility and to assess the applicability of the present computa-
tional schemes to the surfaces. Calculated surface segrega-
tion profiles and ordering tendencies are discussed in Sec.
III B.

II. METHODOLOGY

A. Computational details of first-principles calculations

The first-principles calculations were carried out using a
density-functional theory �DFT� code, the Vienna ab-initio
simulation package �VASP�.33–35 The all-electron Kohn-Sham
equations were solved by employing the projector
augmented-wave �PAW� method.36 The exchange-correlation
functional was described by the generalized gradient ap-
proximation �GGA� of Perdew-Wang91 form.37 Plane-wave
cutoff energy was set to 360 eV throughout the calculation.
The numerical error was estimated to be of the order of
1 meV/at by cutoff convergency tests. To deal with the pos-
sible convergence problems for metals, the Methfessel-
Paxton scheme38 was used with a smearing parameter � of
0.08 eV.

For Pt-Rh bulk phases, geometry optimization for 32-
atom supercells, constructed by 2�2�2 expansion of the
fcc unit cell, was performed using k points sampled on the
basis of the Monkhorst-Pack scheme39 with 8�8�8 grids.
Atomic positions were relaxed until the residual forces be-
came less than 1 meV/Å. Through k-point convergence
tests, the numerical error was estimated at the order of
1 meV/at. Calculated equilibrium lattice constants at T
=0 K of pure Pt and Rh are 3.98 and 3.84 Å, respectively,
which are both slightly larger than experimental values at
room temperature of 3.92 and 3.80 Å.40 This overestimation
is typical of the GGA. In order to estimate the vibrational
effects, we constructed force constant matrices on the basis
of the direct method;41 Hellmann-Feynman �HF� forces42

were obtained by directly moving a chosen atom i from its
equilibrium position along direction � by a displacement of
0.02 Å. All the symmetrically nonequivalent displacements
were considered in the calculations.

In the case of surfaces, geometry optimization for both
42-atom and 63-atom surface slabs �seven layers of the alloy
with 17 Å of vacuum thickness� was performed using k
points with 4�6�1 and 4�4�1. Details of the geometry

optimization technique for the surface slabs are described in
Sec. II B. The numerical error of surface energy due to the
present k-point grid was estimated of 2 meV/at. Using 17 Å
vacuum layers, the dependence of surface energy of both Pt
and Rh with respect to the slab thickness converge within
3 meV/at at the seven-layer slab. The above numerical er-
rors in the calculation on phase stability should be rather
small due to cancellation of errors when taking energy dif-
ferences.

B. Cluster expansion of the total energy

The total energy of the bulk and surface at a specific
configuration in the Pt-Rh system is described using the clus-
ter expansion method43,44 here. Let us start from the Helm-
holtz free energy of a system at temperature T described as

F�T� = Eel�T,V� + Fvib�T,V� , �1�

where Eel�T� and Fvib�T� denote the electronic and vibra-
tional contribution to the free energy. When thermal expan-
sion effects are factored out, we can rewrite Eq. �1� as

F�T� = Eel�T0,V0� + Fvib�T,V0� + Ftherm�T,V� , �2�

where T0 denotes the temperature of 0 K, V0 is the equilib-
rium volume at T=0 K, and Ftherm�T ,V� is the contribution
of thermal expansion, induced by lattice vibration, to the free
energy. In this section, we focus on the electronic contribu-
tion at T=0 K, Eel�T=0 K� �hereafter expressed as E�, which
can be directly estimated by the first-principles calculation.
Treatment of the vibrational contribution, Fvib�T ,V0� and
Ftherm�T ,V�, will be discussed in detail in the following sec-
tion.

In the cluster expansion for bulk Pt-Rh, the total energy E
at a specific configuration � can be expanded in terms of the
effective cluster interactions �ECIs�,

E��� = v�0� + v�1���i���� + �
f

v�2,f���i� j����

+ �
f

v�3,f���i� j�k���� + ¯ , �3�

where v�n,f� denotes the n-body effective interaction in clus-
ter type f and ��i� j¯�k���� the average products of spin
variables � over all lattice sites in configuration �. Practi-
cally, the expansion of Eq. �3� should be truncated up to a
finite order in a proper way. In this study on the Pt-Rh binary
alloy, spin variables �i were taken to be +1 when the Pt atom
occupies a lattice site i, and −1 when the Rh atom occupies
the site i. For a given set of structure �m	, we can determine
the effective interactions v�n,f� by solving the following equa-
tion with respect to a set of v�n,f�:45

�
m

EDFT

�m� − �
n,f

v�n,f���i� j ¯ �k��m�
2
= min, �4�

where EDFT
�m� represents the energy of structure m via DFT

calculation.
We have calculated the total energies of 15 fcc-based or-

dered structures: Pt �Fm3̄m�, Pt0.75Rh0.25 �I4/mmm, Pm3̄m,
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P4/mmm�, Pt0.625Rh0.375 �P4/mmm�, Pt0.5Rh0.5 �I41/amd,

P42/mmc, P4/nmm, P4/mmm, R3̄m�, Pt0.375Rh0.625

�P4/mmm�, Pt0.25Rh0.75 �I4/mmm, Pm3̄m, P4/mmm�, and

Rh �Fm3̄m�. These 15 input structures are based on an opti-
mal set of ordered structures for CE of the fcc lattice, which
Lu et al. suggested,46 and additional structures chosen by the
present authors to reduce the CV score discussed later. For a
given set of inputs, clusters used in the cluster expansion are
chosen so that errors of predicted energy using the fitted
effective interactions are sufficiently small. We have mea-
sured the errors by using the cross-validation �CV� score.47,48

While least-squares �LS� errors measure the reproducibility
of the known energies of EDFT

�m� , the CV score estimates an
uncertainty of predicted energies. The CV score, �, is given
by

�2 =
1

Ns
�
m=1

Ns

�EDFT
�m� − ÊCE

�m��2, �5�

where Ns denotes the number of input structures and ÊCE
�m� the

energy of structure m predicted by cluster expansion without
using EDFT

�m� . In the present case, after several trials to choose
clusters and additional input structures, we finally obtain the
above 15 input structures and multibody clusters as shown in
Fig. 1. The resultant CV score, �, is 1.2 meV/at and the LS
error is 0.7 meV/at, which is expected to give a sufficiently
accurate description of the energetics of bulk ordered struc-
tures.

In the case of cluster expansion for surfaces in Pt-Rh,
ECIs should become layer-dependent. Therefore, the expres-
sion of the bulk cluster expansion of Eq. �3� is rewritten as

Esurf��� = v�0� + �
�
�v�

�1����;i���� + �
��,f

v���
�2,f����;i���;j����

+ �
��,��,f

v�����
�3,f� ���;i���;j���;k���� + ¯ � , �6�

where � specifies the layer index. It is clear that the effective
interactions depend not only on the structure type of f , but
also the layers to which the corresponding cluster belongs.
The top two layers are treated as surface, and the rest are
treated as bulk: in this case, the eight bulk ECIs split into 18
ECIs for the �111� surface. The resultant cluster type in the
�111� surface cluster expansion are shown in Fig. 2.

A general approach to select input structures for cluster
expansion is based on the ground-state search;45 starting
from ECIs using randomly selected structures, the ground-
state search is performed and newly found structures near or
on the ground-state line are added to the input structures
iteratively. This procedure was indeed successfully applied to
bulk systems. However, in the present case of surface cluster
expansion, situations are a bit different. Considering the cou-
pling between bulk and surface directly in the surface slab
models, the surface ground-state configuration can be de-
fined only for one bulk configuration, i.e., the surface ground
state varies when the thermodynamic state of bulk varies.
Therefore, the surface ground-state search followed by selec-
tion of input surface structures are effective, particularly for
a discussion of a surface state in a fixed bulk concentration
or configuration. However, we focus here on the surface state
in the whole bulk concentration range, including both bulk
ordered and disordered structures. It therefore becomes dif-
ficult in the present case to determine surface input structures
in terms of the ground-state lines. In the present work, we
employed an alternative approach based on the concept of
sweeping across the correlations of a point cluster, i.e., con-
centrations: The input surface structures are chosen in terms
of a combination of “concentration grid” between surface
and bulk parts. The top two layers, described as surface lay-
ers, have six atoms in each layer, which makes a layer-
concentration grid every 16.67% for each layer. Conse-
quently, the number of all the combinations of concentration
grid for the top two layers becomes 7 times 7, i.e., 49. Con-
sidering that each surface slab can have two surfaces, 25
surface slabs are enough to sweep across the surface concen-
tration grid. In addition to the surface layers, we have con-
sidered the bulk concentration grid in every 25%. Consider-
ing that pure bulk Pt and Rh �0% and 100%� should not have
binary alloys in the surface, there are three kinds of bulk
concentration that couple with the surface concentration grid.
Therefore, we first prepare the 3 times 25 plus 2 �pure Pt and
Rh�, i.e., 77 surface slabs for input structures. We have added
another 17 structures in order to reduce the CV score, and
finally, a total of 94 surface structures are chosen.

FIG. 1. The four pair, and one triangle and one tetrahedron
clusters used in the cluster expansion for bulk Pt-Rh. The clusters
are represented by bold lines.

FIG. 2. �Color online� n-body clusters, 	
���¯
�n,f�

in type f and in
layer �, ��,…, used in the cluster expansion of the �111� surface. �
represents the layer in surface.
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As described in Sec. II A, these 94 surface structures are
relaxed through DFT calculations. Therefore, surface relax-
ation effects, which are quite important for an accurate pre-
diction of surface segregation, are included in the surface
ECIs through Eq. �6�. In the DFT structure optimization, the
in-plane lattice parameter for a surface slab should be fixed
to a certain value corresponding to one bulk concentration.
In the present case, the bulk concentration corresponds to the
concentration in the middle three layers in the surface slab,
which is treated as bulk, as described above. Thus we have
estimated the in-plane lattice parameters for 94 surface struc-
tures by the following: In a similar fashion to expanding total
energy given by Eq. �3�, we can expand volume in terms of
the ECIs.46 Therefore, first, we have applied a cluster expan-
sion technique to a volume for bulk Pt-Rh input structures.
ECIs are estimated up to a point cluster, which makes a CV
score 0.096 Å3 in volume for the fcc-unit cell, corresponding
to �0.002 Å in the lattice parameter. Then the resultant ECIs
are applied to estimate a volume for the bulklike middle
three layers, and we obtain an in-plane lattice parameter cor-
responding to the bulklike layers by taking a cubic root of
volume. This procedure allows us to obtain surface ECIs
including changes in the in-plane lattice parameter induced
by changes in bulk concentration, i.e., we can treat surface
ECIs including different bulk concentration together.

The numerical errors of predicted energy in surfaces are
evaluated by the CV score. In the present case, the CV score,
�, is 4.1 meV/at with LS errors of 3.2 meV/at. These are
both slightly larger than the bulk values, but the surface ECIs
with errors of this level can still provide reasonable descrip-
tions of the relative energetics of input structures. These bulk
and surface ECIs are used in the Monte Carlo simulation as
described in the following section.

C. Effect of lattice vibration

The effect of lattice vibration is treated using a combina-
tion of first-principles lattice dynamics within the harmonic
approximation and the cluster expansion in the present study.
First, we assess the thermal expansion contribution to the
free energy, Ftherm�T ,V� of Eq. �2�, within the simple anhar-
monic model.49 Under this model, Ftherm�T ,V� can be ex-
pressed as50

Ftherm�T,V� = −
B0

2V0
�
V�2, �7�

where B0 denotes the bulk modulus at T=0 K, and 
V=V
−V0. Table I shows the calculated bulk modulus B0 and equi-
librium volume V0, experimental values of linear thermal
expansion � at T=900 K measured from T=0 K,51 and the
calculated thermal expansion effect Ftherm�T ,V� using Eq. �7�
for Pt and Rh. The calculated difference of Ftherm�T ,V� be-
tween Pt and Rh is less than 1 meV/at at T=900 K. We have
also estimated Ftherm�T ,V� for the other 11 ordered structures
at Pt0.75Rh0.25, Pt0.5Rh0.5, and Pt0.25Rh0.75 as described in Sec.
II B, assuming that the linear thermal expansion � of these
structures is identical to that of Pt or Rh ��=1.007�. The
resultant Ftherm�T ,V� of ordered structures measured from
that of Pt were all less than 1 meV/at at T=900 K. These

facts indicate that the thermal expansion effect on free en-
ergy should be almost perfectly vanished in Pt-Rh alloys.
Therefore for vibrational effects, only the rest term
Fvib�T ,V0� 
hereafter called just Fvib�T�� should be consid-
ered.

When a partition function is described in terms of atomic
configurations � given by Eq. �A2� in Appendix A, the vi-
brational contribution can be expanded in a similar way to
the electronic contribution E given in Eq. �3�, namely,

Fvib�T,�� = w�0��T� + w�1��T���i���� + �
f

w�2,f��T���i� j����

+ �
f

w�3,f��T���i� j�k���� + ¯ , �8�

where w�T� denotes the vibrational contribution to the effec-
tive cluster interaction. Note that w depends on temperature
T, contrary to electronic contribution, v. Therefore, in order
to include the contribution of lattice vibration, �w�T�	, the
vibrational free energy for a chosen set of structures at tem-
perature T should be estimated.

In the present work, lattice vibration is treated within the
harmonic approximation; the vibrational contribution to the
Helmholtz free energy at temperature T, Fvib�T�, is given by

Fvib�T� = kBT�
0

�

n�
�ln�2 sinh� �


2kBT
��d
 , �9�

where KB represents the Boltzmann constant, n�
� the vibra-
tional density of states �VDOS�, and 
 the vibrational angu-
lar frequency. We use only diagonal elements of the dynami-
cal matrix52 to construct VDOS because in the supercell
approach, much larger supercells are required to obtain ac-
curate values of off-diagonal elements than the case of diag-
onal ones, and thus substantial computational effort is
required.53 A compatible way to obtain VDOS using only
diagonal elements is an effective-medium approximation of
the second moment expansion of the Green’s function, which
has been successfully applied to the vibrational free-energy
calculation of the Fe-Cu system.50 In the effective-medium
approximation, VDOS is described as

nj��
� =
4


�� j�
�1��2�


�� j�
�1��2 − �
2 − � j�

�1��2�1/2, �10�

where j denotes the atom site, � the Cartesian coordinates,
and � j�

�1� corresponds to the diagonal element of the dynami-
cal matrix. In this description of VDOS, vibrational free en-
ergy Fvib of Eq. �9� should be rewritten as

TABLE I. Calculated bulk modulus B0 and equilibrium volume
V0, measured linear thermal expansion � at T=900 K, and calcu-
lated thermal expansion effect Ftherm�T ,V� in meV/at at T=900 K.

B0

�GPa�
V0

�Å3� �
Ftherm�T ,V�

�meV/at�

Pt 257.6 507.5 1.007a −7.46

Rh 250.6 454.9 1.007a −6.51

aReference 30.
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Fj� = kBT�
0

�

nj��
�ln�2 sinh� �


2kBT
��d


=
16kBT

�
�

0

1

y2�1 − y2�1/2 ln�2 sinh� cj�y

2
��dy ,

�11�

where

cj� =
��2� j�

�1��1/2

kBT
, y =




�2� j�
�1��1/2 . �12�

Therefore, we can estimate the vibrational contribution to the
free energy from the j atom in the � direction, Fj�, from the
corresponding diagonal element of the dynamical matrix,
which can be obtained through the direct method as de-
scribed in Sec. II A.

D. Monte Carlo simulation for bulk Pt-Rh

In order to obtain the configurational properties of the
bulk, Monte Carlo statistical thermodynamic simulations in
the canonical ensemble have been carried out on a METROPO-

LIS algorithm,54 using a 16 384-atom cell �16�16�16 ex-
pansion of the fcc unit cell� under three-dimensional periodic
boundary conditions. Including the effect of lattice vibration,
the flipping probability from old state i to new state j is
chosen as �see Appendix A�

Pi→j = exp�−

Estat

i→j + 
Fvib
i→j�T�

kBT
� , �13�

where 
Estat
i→j and 
Fvib

i→j represent static and vibrational con-
tributions to the free energy of state j measured from that of
state i, respectively. A 32 000-atom cell was also used to
assess the cell-size dependence of the Monte Carlo results,
which found the 16 384 atoms to be sufficient for the bulk
simulation. A total of 10 000 Monte Carlo steps per site were
performed for equilibration, followed by 2000 Monte Carlo
steps per atom for sampling at each temperature and compo-
sition. For the simulation at low temperatures, a simulated
annealing algorithm55,56 was employed in order to overcome
the difficulty in flipping probability: starting at a sufficiently
high temperature above the order-disorder transition tem-
perature, the temperature of the simulation box is subse-
quently decreased by 10 K after 2000 Monte Carlo steps per
site. In each sampling step, the total energy of the system,
atomic position, and ordering parameters were stored, and
the statistically averaged properties were then obtained.

E. Monte Carlo simulation for Pt-Rh (111) surface

Since phase equilibrium in the surface region is achieved
by the coexistence of the bulk phase, surface Monte Carlo
simulation would be carried out in the grand canonical en-
semble. A typical procedure to achieve the phase coexistence
on the basis of the grand canonical Monte Carlo is to calcu-
late the dependence of composition on chemical potential �
for a given temperature, which has been previously applied
to studies on segregation at surfaces or twist boundaries.57–59

However, this technique requires an excessive number of
Monte Carlo calculations at each temperature until a trial
chemical potential reproduces a desired bulk composition.

In the present study, an alternative approach, direct ex-
change Monte Carlo �DEMC�,32 has been adopted, which is
based on a grand-canonical ensemble but requires no knowl-
edge of chemical potential in the bulk. The essence of this
technique is as follows: A bulk simulation box works only as
the reservoir of atoms for a surface slab. Equality of the
chemical potentials in both bulk and surface phases is
achieved through the transfer of atoms from one box to an-
other, which is based on a Gibbs ensemble Monte Carlo
simulation.60 Trial energy of transferring atoms for DEMC
simulation is given by


E = 
Ebulk�A → B� + 
Esurf�B → A� , �14�

where 
Ebulk�A→B� represents the change in bulk energy by
flipping a randomly chosen A atom to B, and 
Esurf�B→A�
represents change in energy of the surface by flipping a ran-
domly chosen B atom to A. The decision of atom flipping has
been made following the trial energy 
E, and only the atom
in the surface slab is changed. This operation should be jus-
tified by the fact that bulk is sufficiently large compared to
the surface, thus the change in surface has no effects on the
thermodynamic state of bulk. Therefore, the equilibrium
phase coexistence between bulk and surface can be achieved
for a desired bulk composition if the bulk simulation box has
been equilibrated beforehand.

The computational procedure is as follows: First, a bulk
simulation box of 16 384 atoms in a desired composition is
equilibrated by a canonical Monte Carlo simulation. Second,
surface DEMC starts using the equilibrated bulk box. We
have used a surface slab of 6804 atoms �18�18�21 layer�,
which was confirmed to be sufficiently large in terms of the
finite-size effect using a larger size surface slab. Similar to
the bulk MC calculation, 10 000 MC steps per atom for
equilibration and 2000 MC steps per atom for sampling were
performed at each temperature and bulk composition. For
simulations at low temperatures, simulated annealing de-
scribed above was applied.

III. RESULTS AND DISCUSSION

A. Configurational thermodynamics of bulk Pt-Rh

1. Ground-state properties

First, we have calculated formation energies of all pos-
sible fcc-based structures consisting of 16 atoms based on an
expanding fcc unit cell to investigate the ground-state struc-
tures, i.e., structures at T=0 K. In order to assess lattice vi-
brational effects on the ground state, we have used two sets
of ECIs without and with vibrational contribution, as de-
scribed in the first �no vib� and second rows 
with vib �T
=0 K�� in Table II. We show in Fig. 3 the resultant ground-
state convex hull for the case without vibrational contribu-
tion, because with the two sets of ECIs, we have obtained the
same ground-state ordered structures. Circles are predicted
energies for possible structures, and the full line represents
the ground-state line. The ground-state structures of “40” and
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D022 indicated in Fig. 3 are included in 15 input structures of
cluster expansion, but other ground-state structures are not.
Therefore, in order to confirm the ground-state structures, we
have first evaluated the total energies of the structures on the
ground-state line indicated in Fig. 3 through DFT calcula-
tions. The DFT energies for these structures are all success-
fully reproduced within an accuracy of 1 meV/at by ECIs
obtained from our input structures. Including these new
ground states as input structures of cluster expansion, we
have then obtained a set of improved ECIs. However, no
significant changes have been found in the improved ECIs:
before and after including the new structures, the differences
of all ECIs do not exceed 0.1 meV. Consequently, all the
ground-state structures for the improved ECIs are identical to
that for the original ECIs from 15 input structures. Therefore,
we have confirmed that the ground-state lines in Fig. 3 are
found to be reasonable.

The ground-state structures of “40” for Pt50Rh50 and D022
for Pt25Rh75, which are both superlattices along the 
210�
direction, are in agreement with predictions of both early
theoretical7,61 �without vibrational effects� and experimental
studies.8 The left-hand columns of Table III show the calcu-
lated formation energies of these ordered structures. The val-
ues without vibrational effects, −17.5 and −21.4 meV/at for
D022 and “40,” are in reasonable agreement with first-
principles results of Ref. 61, −16.8 and −24.3 meV/at, where
structures are fully relaxed, rather than that of Ref. 7, −25.2
and −29.5 meV/at, for unrelaxed structures. The small but
negative formation energies indicate ordering tendencies of
the Pt-Rh alloy rather than phase separation. Furthermore, it

is clear from the comparison of values with and without vi-
brational effects that the contribution of lattice vibration at
T=0 K, i.e., the zero-point motions, to the formation ener-
gies are 0.7 and 0.2 meV/at for D022 and “40,” which are
almost in negligible order. Therefore, the formation of Pt-Rh
ordered structures can be interpreted almost by the electronic
contribution, not by the vibrational one.

The order-disorder transition temperatures of ground-state
structures were estimated by MC simulations: critical tem-
perature Tc is determined by the maximum of the tempera-
ture derivative of the statistically averaged total energy. Fig-
ure 4 shows the calculated configuration energy Econfig
including the vibrational effects and its temperature deriva-
tive dEconfig /dT for the Pt50Rh50 alloy as a function of tem-
perature. The phase transition from “40” to disorder occurs
around T�110–120 K. When the vibrational effects are ne-
glected, the critical temperature became T�100–110 K,
which indicates that lattice vibration increases the critical
temperature slightly. For Pt25Rh75, we have found critical
temperature T�70–80 K. Since at these low transition tem-
peratures the diffusion of atoms is too slow to form the or-
dered phases, the predicted ground states of “40” and D022
would be hardly detected by experiments.

2. Disordered alloys in Pt-Rh

First, we have estimated the formation energies of the
disordered Pt-Rh alloy at T=1100 K, with and without con-
sidering vibrational effects. The results are given in the two

TABLE II. The effective cluster interactions �in meV/at� for bulk PtRh.

Pairs
Triplets

v�3,1�
Tetrahedron

v�4,1�v�2,1� v�2,2� v�2,3� v�2,4�

No vib 8.1 −5.6 1.7 9.9 −3.0 0.3

With vib �T=0 K� 8.3 −5.7 1.6 9.6 −3.0 0.3

With vib �T=900 K� 10.2 −4.1 −1.1 8.6 −2.6 −0.5

TABLE III. Formation energies of random 
Hform
rand and ordered

alloy in PtxRh1−x �in meV/at�. Calculated formation energies for the
random alloy are given at T=1100 K.

Ordered alloy Random alloy


Hform
D022 
Hform

40 
Hform
rand �x=0.25� 
Hform

rand �x=0.5�

Present work
�no vib�

−17.5 −21.4 −12.3 −14.8

Present work
�with vib�

−16.8 −21.2 −15.0 −25.3

Calc.a −16.8 −24.3

Calc.b −25.2 −29.5 −11.8

Expt.c −21.3 −28.4

aReference 61: US-LDA calculation at T=0 K.
bReference 7: Cluster expansion with FP-LAPW calculation at T
=0 K for ordered, and T→� �no vib� for random alloy.
cReference 62: Pseudosubregular model with measured activity at
T=1100 K.

FIG. 3. Ground-state convex hull for Pt-Rh alloys. Circles are
predicted energies for possible structures, and the full line repre-
sents the ground-state line.

YUGE et al. PHYSICAL REVIEW B 74, 174202 �2006�

174202-6



right-hand columns in Table III with available theoretical7

and experimental62 data. For the Pt50Rh50 random alloy, the
formation energy without vibrational effects is close to that
previously reported.7 With vibrational effects, an explicit de-
crease of 10.5 meV/at is recognized. The resultant formation
energy of −25.3 meV/at is in good agreement with the ex-
perimental value of −28.4 meV/at. In the case of Pt25Rh75,
vibrational effects also decrease the formation energy, but the
amount is smaller, 2.7 meV/at. The large vibrational contri-
butions to the formation energies of the disordered Pt-Rh
alloys come from large changes of vibrational free energies
themselves for input ordered structures that are used in the
cluster expansion when temperature increases. The vibra-
tional free-energy changes for input structures should affect
the corresponding ECIs: in the Pt-Rh system, a non-
negligible vibrational contribution clearly appears for par-
ticular pair cluster interactions v�2,f� �f =1, . . . ,4�, as is seen
in Table II. Positive vibrational contribution to v�2,1� and
v�2,2� at T=900 K indicates that vibrational free energy de-
creases when Pt and Rh atoms are mixed randomly, while we
see a negative contribution to v�2,3� and v�2,4� indicating an
increase of vibrational free energy. A significant decrease of
formation energies at x=0.25 and 0.5 due to lattice vibration
therefore mainly comes from the large changes in pair cluster
interactions, but cannot be simply interpreted because of
competition between the above-mentioned positive and
negative vibrational contribution in the same order.

Following the previous section, predicted ordered struc-
tures are difficult to detect experimentally due to the rela-
tively low transition temperatures. However, since ordering
tendency still remains at finite temperature in a random alloy,
comparison of theoretical order parameters and available ex-
perimental ones should be quite important in order to assess
the impact of alloy ordering. We have calculated the diffuse
x-ray scattering intensity and Warren-Cowley SRO
parameters63 at T=900 K using ECIs with and without the
vibrational effects �see Table II� for the Pt50Rh50 alloy. We
have found that with and without vibrational effects, calcu-
lated maximum intensity appears at W=1 1

20 point, which

agrees with an experimental report.8 The results for Warren-
Cowley SRO parameters are shown in Fig. 5 in comparison
with experimental values previously reported.8 Calculated
and experimental values are in reasonable agreement with
each other. From Fig. 5, the lattice vibration slightly in-
creases the ordering and clustering tendency along 
110� and

211�, while it decreases the clustering tendency along 
200�.
These ordering and clustering tendencies can be intuitively
interpreted by the associated increase of v�2,1� and v�2,2� and
the decrease of v�2,3� when including the vibrational effects
as shown in Table II. However, the features of local ordering
are unchanged even when including the vibrational effects.
To summarize, the vibrational effect on Pt-Rh phase stability
is almost negligible in particular at low temperatures; pre-
dicted ordered structures, their formation energy, and critical
temperature are satisfactorily estimated without vibrational
effects. For disordered alloys at high temperatures, the for-
mation energies of random alloys are slightly affected by the
lattice vibration, yet their SRO parameters are reasonably
reproduced without considering the vibrational effects.
Therefore, we conclude that the bulk phase stability can be
successfully predicted by the temperature-independent effec-
tive cluster interactions, �v	.

B. Surface segregation and ordering in Pt-Rh (111)

1. Surface segregation profiles at high temperatures

Surface segregation behavior in a phase-separating binary
system can be uniquely predicted by the difference in the
surface energy of pure constituent systems, since mixing of
alloy components always results in positive energy costs; the
alloy component with the lower surface energy is expected to
segregate to the surface. On the contrary, in an ordering sys-
tem, concentration profiles are indeed determined by the
competition between ordering and segregation tendencies.
Following the previous discussion, Pt-Rh is labeled as an

FIG. 4. Calculated configuration energy Econfig �open circles�
and its temperature derivative dEconfig /dT �dashed line� as a func-
tion of temperature T for the Pt50Rh50 alloy.

FIG. 5. Warren-Cowley short-range-order parameters. Calcu-
lated values in the present work are obtained for Pt50Rh50 at T
=900 K. Experimental values are for Pt47Rh53 at T=923 K, fol-
lowed by a subsequent quench. 
Line with solid circles indicates
diffuse x-ray scattering study �Ref. 8��.

FIRST-PRINCIPLES STUDY OF BULK ORDERING AND… PHYSICAL REVIEW B 74, 174202 �2006�

174202-7



ordering system, yet its ordering tendencies are relatively
small. Thus, at a first insight, surface segregation behavior at
sufficiently high temperatures should be roughly predicted
by the surface energy difference between Pt and Rh, defined
as


Esurf = Esurf
Pt − Esurf

Rh , �15�

where Esurf
Pt and Esurf

Rh represent the surface energies of Pt and
Rh, respectively. Present calculation estimated 
Esurf
of −0.40 J /m2, where early ab initio calculations64–66 esti-
mated −0.43, −0.17, and −0.34 J /m2, respectively, and
experiment67 showed −0.22 J /m2. The negative sign of

Esurf indicates the lower surface energy of Pt than that of
Rh, which leads to the pronounced Pt segregation to the sur-
face. However, since the first several or more layers would
contribute to the surface energy, layer-dependent concentra-
tion profiles cannot be estimated only by the surface energy
difference.

Further quantitative estimation of surface segregation ten-
dencies can be achieved by comparison of the calculated
on-site energies v�1� between surface and bulk, which is
made in Table IV along with other effective cluster interac-
tions. Note that ECIs in Table IV do not contain the effects of
lattice vibration. Twice the on-site energy differences,
2�v�

�1�−vbulk
�1� � in Table IV, represents the on-site energy cost

of flipping the Pt atom in bulk and Rh in surface layer �.
Therefore, the negative sign of the on-site energy differ-
ences, 2�v�

�1�−vbulk
�1� �, of the top layer �−335.8 meV� favors Pt

segregation to the top layer, while the positive sign of the
second layer �110.6 meV� favors Rh segregation. Addition-
ally, from Table IV, pair and higher-order effective interac-
tions are relatively smaller than the on-site energy differ-

ences. These facts allow us to predict the Pt and Rh
segregation to the top and second layers, respectively, of the
Pt-Rh �111� surface at high temperatures.

Figure 6 shows calculated surface concentration profiles
for Pt25Rh75 at T=1373 K using the effective interactions in
Table IV and DEMC, in comparison with experimental data
previously reported.25,27 Closed circles denote the calculated
segregation profiles including all the ECIs �hereafter called
“full-ECI” calculation�, while open circles show those only
with the on-site energy interactions. From the comparison of
on-site and full-ECI calculation, we found a significant de-
crease of Pt and Rh segregation to the top and the second
layer. Calculated Pt and Rh concentrations at respective lay-
ers are reduced to cPt=0.746 and 1−cPt=cRh=0.871 com-
pared to the results of on-site energy calculation, cPt=0.833
and cRh=0.896, which indicates that ordering effects sup-
press the Pt and Rh segregation to the respective layers. Be-
tween the calculated and experimental results of Fig. 6, we
see a reasonable agreement: �i� Pt and Rh segregate to the
top and second layer, respectively, and �ii� Pt concentration
for deeper than the fourth layer becomes almost identical to
that for bulk, indicated by the broken line. For the third layer,
calculated results of cPt=0.221 are in agreement with the
MEID �Ref. 27� results of 0.25 rather than the LEED results
of 0.38, which still shows an oscillation of Pt composition.

The dependence of layer-resolved surface Pt concentra-
tion cPt

s on bulk composition cPt
b has been investigated at T

=1373 K. The results are presented in Fig. 7. It can be
clearly seen that for all the bulk composition, the top layer
favors Pt segregation and the second layer Rh segregation,
while Pt composition in deeper layers than the third layer
becomes rapidly close to that in bulk.

In the above discussion of segregation behavior, the ef-
fects of lattice vibration have not been considered. Following
Sec. III A, bulk phase stability can be reasonably interpreted
only by taking account of the temperature-independent ECIs,
�v	. However, compared to the Pt-Rh bulk, the vibrational
effects can be enhanced in the surface region since the vibra-
tional entropy of atoms in the surface region, in particular

TABLE IV. Effective cluster interactions for the Pt-Rh �111�
surface and bulk counterparts �in meV/at�.

�

1 2 3 �bulk�

2�v�
�1�−vbulk

�1� � −335.8 110.6 0

v��
�2,1� 3.9 6.2 4.1

v��+1
�2,1� −6.4 2.0 2.0

v��+1
�2,2� −4.3 −2.8 −2.8

v��
�2,3� 4.4 −15.5 0.4

v��+1
�2,3� 6.1 0.4 0.4

v��+2
�2,3� 0.2 0.2 0.2

v��
�2,4� 9.4 23.0 5.0

v��+2
�2,4� 2.5 2.5 2.5

v���
�3� −6.8 −1.7 −0.8

v���+1
�3� −3.1 −0.6 −0.6

v��+1�+1
�3� 0.2 −0.6 −0.6

v����+1
�4� 4.4 0.1 0.1

v��+1�+1�+1
�4� 2.4 0.1 0.1

FIG. 6. Layer composition of Pt for Pt25Rh75 at T=1373 K.
Closed circles denote the results of calculation including all the
ECIs, and open circles those of calculation taking account of only
on-site interactions. Open triangle, LEED study �T=1373 K� �Ref.
25�; closed triangle, MEID study �T=1300 K� �Ref. 27�.
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perpendicular to the surface plane, is expected to deviate
from that in bulk. Intuitively speaking, alloy components
with lower vibrational contribution to surface free energy
prefer to segregate to the surface. In the present work, in
order to investigate the vibrational effects on surface segre-
gation qualitatively, the vibrational contribution to the on-site
energy, v�1�, was investigated. In the cluster expansion
method, the vibrational contribution to twice the on-site en-
ergy difference 2�v�

�1�−vbulk
�1� � in layer �, Fvib

on-site,�, can be de-
scribed as

Fvib
on-site,��T� = 2�
Fvib

Pt,��T� − Fvib
Rh,��T��

− 
Fvib
Pt,bulk�T� − Fvib

Rh,bulk�T��	 , �16�

where Fvib
A,��T� and Fvib

A,bulk�T� denote the vibrational free en-
ergy in surface layer � and that in bulk for alloy component
A. For the vibrational free energy in surface layer �, we have
applied the direct method and Eq. �11� to the estimation of
Fvib

A,��T�. The calculated vibrational contribution Fvib
on-site,� for

the first two top layers is shown in Fig. 8 as a function of
temperature T. The results show the negative sign of Fvib

on-site,�

both for the top and second layers, indicating that lattice
vibration increases Pt segregation to the first two layers. In
particular, at high temperatures, the effects of lattice vibra-
tion should not be negligible; for instance, at T=1373 K,
Fvib

on-site,� is estimated to be −46.5 and −11.6 meV/at for �

=1 and 2, which are around 11–14% of 2�v�
�1�−vbulk

�1� �, respec-
tively. When we take into account the vibrational contribu-
tion only to the on-site energy, the resultant surface concen-
tration for Pt25Rh75 at T=1373 K becomes cPt=0.810 and
cRh=0.863 for the top and second layers, which deviate by
+0.064 and −0.008 from the values without vibrational ef-
fects. Meanwhile, with the decrease of temperature, the vi-
brational contribution Fvib

on-site,� shows an almost linear de-
crease, and finally it becomes almost zero at T=0 K, which
is in negligible order to 2�v�

�1�−vbulk
�1� �.

2. Surface segregation at low temperatures

In this section, we will extend our discussion to the Pt
segregation behavior at low temperatures. When temperature
decreases, segregation tendency to the surface region is ex-
pected to enhance due to the decrease of configurational en-
tropy contribution, if all the ordering effects are negligible.
Furthermore, from the above discussion, we have seen that
the vibrational contribution to the surface thermodynamic
state is decreased significantly with the decrease of tempera-
ture. Therefore, the effects of the lattice vibration will be
neglected in the following discussions.

We have first calculated Pt concentrations of the top two
layers using full-ECI and on-site energy, respectively, for
Pt25Rh75 as a function of temperature. The results are given
in Fig. 9 along with experimental values.25 For all three re-
sults in Fig. 9, Pt and Rh segregation to the top and second
layers exhibit a monotonous enhancement with a decrease of
temperature. Pt and Rh concentration of the top and second
layers by the full-ECI calculation �open circles with solid

FIG. 7. Calculated surface Pt composition cPt
s for the first four

layers, as a function of bulk composition cPt
b �T=1373 K�.

FIG. 8. Calculated vibrational contribution to twice the on-site
energy difference in Table IV.

FIG. 9. Temperature dependence of Pt composition of the first
two top layers for the Pt25Rh75 �111� surface. Open circles with
solid curves denote the results of calculation including all the ECIs,
and dashed lines taking account of only on-site interactions. Solid
circles, LEIS study �Ref. 25�.
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lines� is lower than that of the on-site energy �dashed lines�
in all the temperature range. Therefore, ordering effects al-
ways suppress the segregation of Pt and Rh. When tempera-
ture decreases, calculated Pt concentration of the top layer,
cPt, becomes almost 1.0 around T=500–600 K, while the
experimental one shows cPt�0.8 at T=573 K. Moreover, ex-
perimental Pt concentration �closed circles� increases more
slowly with the decrease of temperature than that for the
full-ECI calculation �open circles�. This may be attributed to
experimental difficulty in the achievement of equilibrium
due to slow diffusion of atoms at low temperatures.

Second, we have calculated Pt concentration of the top
and second layers for the Pt50Rh50 surface �Fig. 10�. For the
top layer, Pt segregation exhibits monotonous enhancement
with the decrease of temperature for both on-site and full-
ECI calculations, which is a similar behavior to the case of
Pt25Rh75. However, for the second layer, an explicit differ-
ence in temperature dependence of Pt concentration can be
seen: for full-ECI calculation, Pt segregation shows a mini-
mum around T=300 K, while for on-site energy calculation,
Pt concentration decreases monotonously. This anomalous
behavior of the temperature dependence of Pt concentration

should be due to the ordering effects. In order to investigate
this anomalous temperature dependence of the Pt segrega-
tion, we have calculated the intralayer-confined short-range-
order parameters of the Pt50Rh50 second layer as a function
of temperature. The calculated first three intralayer SRO pa-
rameters, �110, �211, and �220, are shown in Fig. 11. Corre-
sponding to the minimum of Pt concentration in Fig. 10, the
three SRO parameters exhibit significant change around T
=200–250 K. This can be ascribed by the occurrence of a
layer-confined order-disorder phase transition at a critical
temperature between 200 and 250 K. The simulated ordered
structure at T=10 K in the DEMC calculation is illustrated
in Fig. 12, whose primitive unit is represented by the rhom-
bus framed by bold lines, which is designated as a
��3��3�R30° structure in a composition of Pt33.3Rh66.7. The
predicted ordered structure has a layer-confined superlattice
along the 
211� direction, which consists of alternating one
Pt and two Rh rows as clearly seen from Fig. 12. In other
words, this structure favors like-atom pairs along all the in-
tralayer 
211� direction, which satisfies the corresponding
negative sign of the effective pair interaction, v��

�2,3�=
−5.2 �meV�, in Table IV. However, as shown in Table IV,
effective interactions for interlayers and intralayers are really
complicated, thus the formation of the ��3��3�R30° is dif-
ficult to interpret simply in terms of the signs of effective
interactions. Table V summarizes the predicted ground-state
structures of the first two surface layers and bulk for Pt25Rh75
and Pt50Rh50, and the corresponding simulated structures of
the first five top layers for Pt50Rh50 and Pt25Rh75 at T
=10 K are shown in Fig. 13. Since the order a structure
��3��3�R30° of the second layer for Pt50Rh50 has not been
reported so far, it should be interesting to perform quantita-
tive experiments of layer-resolved atomic arrangements for
this surface.

TABLE V. Predicted ground-state structures of the first two top
layers and bulk. Ordered structures are written with their transition
temperatures Tc in parentheses.

Pt25Rh75 Pt50Rh50

Top layer Pt Pt

Second layer Rh ��3��3�R30° �200–250 K�
Bulk D022 �70–80 K� “40” �110–120 K�

FIG. 10. Temperature dependence of Pt composition of the first
two top layers for the Pt50Rh50 surface. Open circles with solid lines
denote the results of calculation including all the ECIs, and dashed
lines taking account of only on-site interactions.

FIG. 11. Calculated intralayer-confined short-range-order �SRO�
parameters of the Pt50Rh50 second layer as a function of
temperature.

FIG. 12. Simulated ��3��3�R30° structure of the second sur-
face layer in Pt50Rh50 at T=10 K viewed from the 
111� direction.
The closed circles denote Pt atoms, and the open circles Rh atoms.
The rhombus framed by bold lines denotes the primitive unit of the
ordered structure.
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IV. CONCLUSIONS

We have investigated the configurational thermodynamics
of the bulk and �111� surface of Pt-Rh alloys using the com-
bination of cluster expansion and Monte Carlo statistical
simulation, on the basis of the density-functional theory. The
first-principles-based lattice-dynamics calculations revealed
that �i� thermal expansion effects on bulk phase stability are
fairly negligible, �ii� the lattice vibration has no significant
effects on formation energies of the ground state, and �iii� the
formation energies of Pt-Rh random alloys are significantly
decreased by lattice vibration, which became close to the
experimental values. Including the vibrational effects, we
have confirmed the ground-state order structures of D022 and
“40” for Pt25Rh75 and Pt50Rh50, which are in agreement with
previous theoretical and experimental predictions. The simu-
lated surface composition profiles at T=1373 K show the Pt
enrichment at the top layer while Pt depleted at the second
layer for all the composition. Comparison of the on-site en-
ergy and full-ECI calculation revealed the ordering effects
significantly suppress the Pt and Rh segregation to the re-
spective layers. The calculated vibrational contribution to the
on-site energy difference between bulk and surface indicates
that lattice vibration enhances the Pt segregation to both the
top and second layers in particular at high temperatures,
while at low temperatures, the vibrational effects on surface
segregation become negligible. The calculated surface com-
position showed a monotonous increase with increasing tem-
perature for Pt and Rh segregation to the first two top layers
of Pt25Rh75, and Pt segregation to the top layer of Pt50Rh50,
which can also be predicted by the on-site energy only. On
the contrary, Pt composition of the second layer in Pt50Rh50
exhibits a minimum around T=300 K in the full-ECI calcu-

lation. This can be attributed to the occurrence of the layer-
confined order-disorder transition between 200 and 250 K.
The simulated ordered structure is designated as ��3
��3�R30° in a composition of Pt33.3Rh66.7, which is a super-
lattice along the intralayer 
211� direction. Since this ordered
structure has not been reported experimentally, accurate mea-
surements of ordering tendency for the Pt-Rh �111� surface
are highly desirable.

Note added. Recently, a DFT-based study of surface seg-
regation, relaxation, and ordering for the Pt25Rh75 �111� sur-
face by Müller et al. 
Appl. Phys. A 82, 415 �2006�� was
brought to our attention. Using a combination of the cluster
expansion technique and Monte Carlo simulation, they cal-
culated the surface segregation profile, which is similar to
those shown in the present study. Some differences between
their work and the present work may come from differences
in computational details. Although these studies address
similar subjects, the major points of the discussion are dif-
ferent: They discuss the segregation profile with a focus on
atomic structure, and also SRO parameters at the top layer.
Meanwhile, we focus on the contribution of the mixing en-
ergy and lattice vibration to the segregation, and discuss
atomic ordering in the surface, comparing with bulk ordered
structure.
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APPENDIX A

The flipping probability P of Eq. �13� including the vibra-
tional effects is derived here. Let us start from a partition
function of a system, given by

Z = �
s�states

exp�−
Es

kBT
� . �A1�

In the present article, we have considered the configurational
and vibrational contributions to the partition function, and all
the other contributions have been neglected. Since the life-
time of a particular configuration � should be long enough to
achieve vibrational equilibrium,44 summation of state s can
be independently performed for configurational and vibra-
tional contribution, namely,

Z � �
�
�exp�−

Estat���
kBT

��
v

exp�−
Evib

v ���
kBT

�� , �A2�

where Estat��� denotes a static contribution to the internal
energy at each configuration �, and Evib

v ��� is the vibrational
contribution of state v at each configuration �. Thus the vi-
brational partition function can be given for each �,

Zvib��� = �
v

exp�−
Evib

v ���
kBT

� . �A3�

FIG. 13. �Color online� Simulated structures of five top layers of
�111� surface in MC simulations at T=10 K. The upper figure
shows the Pt50Rh50 alloy, and the lower the Pt25Rh75. The yellow
spheres represent Pt atoms, and green spheres Rh atoms.
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Now we can describe corresponding vibrational free energy
as

Fvib��� = − kBT ln Zvib��� . �A4�

The vibrational free energy Fvib��� depends only on tempera-
ture T and configuration �, which is similar to the expression
of Eq. �8�. Therefore, we can finally rewrite the partition
function Z of Eq. �A2� as

Z = �
�

exp�−
Estat��� + Fvib���

kBT
� . �A5�

It is clear from Eq. �A5� that for MC simulations of configu-
rational thermodynamics, a canonical ensemble can be actu-
alized by sampling each state with its weight to be
exp�−
Estat���+Fvib���� /kBT	. This immediately yields the
flipping probability of a trial state, given by Eq. �13�.
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