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R MRS HERAD CAUCHY RMEDED
RIERIC OV TOSTERE
(A REMARK ON THE ANALYTIC CONTINUATION OF

THE SOLUTION OF THE CAUCHY PROBLEM FOR
LINEAR PARTIAL DIFFERENTIAL EQUATIONS)

RHERERE (Yisaku HAMADA)

1. Introduction and Results.

J. Leray [L] and L. Garding, T. Kotake and J. Leray [GKL] have studied the
singularities and an analytic continuation of the solution of the Cauchy problem in
the complex domain.

[P], [PW] and [HLT] have studied analytic continuations in the case of differential
operators with coefficients of entire fuctions or polynomial coefficients.

Let z = (xo,2') [z’ = (21, -+, %,)] be a point of C"*'. We consider a(z, D) a
differential operator of order m, with coefficients of entire functions on C™*!. We
denote its principal part by g(z, D) and suppose that g(z;1,0,---,0) = 1.

Let S be the hyperplane zo = 0, therefore non-chraracteristic for g.

We study the Cauchy problem

(1.1) a(z, D)u(z) = v(z), Diu(0,2') = wy(z'), 0 < h < m—1,

where v(z), ws(z'),0 < h < m — 1, are entire functions on C**! and C"
respectively. v

By the Cauchy-Kowalewski theorem, there exists a unique holomorphic solution in
a neighborhood of S in C™"*!. How far can this local solution be continued
analytically ? In general, the various complicated phenomena happen.

In [H1], by applying a result of L. Bieberbach and P. Fatou to this problem, we
have constructed an example such that the domain of holomorphy of the solution



has the nonempty exterior in C"*!, that is, it does not contain a ball in C™*!, for
the differential operator with coefficients of entire functions. In [H2], we have given
an example such that, roughly speaking, the domain of holomorphy of the ramified
solution has an exterior point, for the differential operator with polynomial
coeflicients.

In this talk, we give a complement to [H2].

First, in order to explicate this situation, we recall a result of [HLT).

Theorem [HLT]. Suppose that

g(z,D) = DF" + Y Ly(z, DII)D(’,";", where Lg(z,Dy),1 < k <m, is of order k in
k=1
D, and polynomial in z' of degree uk, u being an integer > 0. Then there exists a

constant C(0 < C' < 1) depending only on M(R) such that the solution is
holomorphic on {:c € C™;| 25 |< Cmin [(1+ | =" ||)~ max(k-10), R]} ,

where M(R) is the mazimum modulus on {zo;| zo |< R} of coefficients of
polynomials in z' of g(z, D) and || z' ||= max;<i<n | z; |. (See also [H2]).
Therefore in the case of 4 = 0,1, the solution is an entire function on C™*'. This
has been already shown in [P], [PW] and [HLT].

In this talk, we give some examples such that the domain of holomorphy of the
solution is schlicht and it has an exterior point, for the differential operatos with
polynomial coefficients.

In fact, J. Chazy [C] has studied ordinary differential equatlons of third order and
Darboux-Halphen’s system of ordinary differential equations. (Also see [AF]). W
employ these results.

Consider the Cauchy problems

(12) {D0+ZH D }UIJ( ) _0, Ul,j(va’) =Ty, 1 S] S 3)

[z = (:co,:c) t' = (1,2, 23)]

where ) ;
Hl(.’l,‘,) = 5[(.’172 + .’133)171 - .'132173],
1.
(1.3) H,(z') = 5[(3:1 + z3)zy — 7173,

H3(z') = l[(501 + z3)T3 — T122).

This concerns Darboux— Halphen’s system of ordinary differential equatlons ([C],
[AF]).
Consider the Cauchy problems
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(1.4) {Do + z2D1 + 23D2 + (22123 — 322)D3}U, ;(z) = 0,
U,;(0,z')==x;, 1 <5 <30
This concerns Chazy’s ordinary differential equation. ([C], [AF]).
J. Leray [L] and L. Gérding, T. Kotake and J. Leray [GKL] have studied the
Cauchy problem, when the initial surface has characteristic points. In [H2], we

have studied an exceptional case in [L] and [GKL)]. We give here a complement to
the results of [H2].

Consider the Cauchy problems
3
(1.5)  {d Ai(z")Di}Us;(z) =0, Us,;(0,2") = 2,1 <5 <3,

1=0

[III = (370’ .’L"), ' = (IL’], T2, 1133)]
where
Ao(z") = 223(1 — 21)’a,,
A (z') = Ao(z")x2,
Ay(z') = Ao(2')z3,
As(z') = 3z3(1 — 21)%2} — (1 — &y + 2)z3.
This concerns the ordinary differential equation of modular function.
([C], [Hi], [AF]).

Then we have

(1.6)

Proposition 1.1. The domains of holomorphy D;,1 < i < 3, of the solutions
Ui ;(z),1 < 1,5 < 3, of the problems (1.2),(1.4) and (1.5) are schlicht domains in
C*. They have the nonempty exteriors in c.

By a birational mapping and an algebraic mapping, the problems (1.2) and (1.4)
are transformed to the problems (1.5) respectively.

2. Sketch of the proof of the Proposition 1.1.

The modular function w = A(2) is holomorphic on {z; 3z > 0} and its inverse
z = v(w) is holomorphic on the universal covering space R[C \ {0,1}] of the
domain C \ {0,1}. The domain of existence of A(z) has {z; ¥z = 0} as a natural
boundary.

W= (%i’—g) , a,b,c,d being constants, ad — bc = 1, satisfies the equation

2
{W;t} = —R(W) (i(%/_) , where {W;t} is the Schwarzian derivative:

d (@w /aw\ 1 (&EwW [Jdaw?
{W’t}ﬁ(dtz W)"a(—dtz T.zt')’
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R(W)=(1-W + W?)/2W?*(1 — W)2. ([Hi])
Therefore, z; = W, 2o = dW/dt, z3 = d?W/dt? satisfy

dz, dz, dzz 3z (1-=z+2})z}
= T2, = T3, = - 2 "
dt dt dt 2z, 231(1 - wl)

Then, with the initial conditions z'(0) = y’, we have

a4 KY)
=2 (c(y'>t m d(y'))

where the functions

' "y '1 1/2v
oY) = v(w)dly), d(y)= 2B

A
( ') '\"(’/(yl))yl/2 ’\'(V(yl))l/zys
2N (v(y1))*/? 2t
n_ 1+b(y)ely)
a(y’) = —m—,

are holomorphic in a neighborhood of a point :
y'©) = (y§0),y2 AN e (C\{0,1}) x (C\ {0}) x C and they are continued
analytically to R[(C\ {0,1}) x (C\ {0})] x

The solutions Us ;(z),1 < j <3, of the problems (1.5) are holomorphic in a
neighborhood of a point (0,2'®) of {z;z, = 0,2’ € (C\ {0,1}) x (C\ {0}) x C}

and we obtaln

Us () = A ( ((x)) sgi) ,Usa(z) = —DolUs(2), Usa(z) = —DoUs(2)-

By observing the ramification of v(w), we see that
Q(a") = Sla(a")e(@)), M(a') = a()d(a') - b(z')<(2") and N(a') = Sla(a")d(s")] are
analytic functions of real variables Rz, 32’ at the point z’ ©) and they are uniform
and analytic functions of Rz', Iz’ on (C \ {0,1}) x (C\ {0}) x C.
Then P(z') = iM(z')/2Q(z"), R(z') = 1/2 | Q(z') | are uniform and analytic
functions of Rz, Fz’ on {z' € (C\ {0,1}) x (C\ {0}) x C; Q(=') # 0}.

Define the following domain

Ds = {z = (z0,2') € C x (C\ {0,1}) x (C\ {0}) x C,
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| 2o — P(z') |[> R(z') for Q(z') > 0
| zo — P(2') |< R(a') for Q(z') < 0,
S[M (z")zo] — N(2') < 0 for Q(z') = 0}.
The domain Dj is schlicht and it has the nonempty exterior in C*.

By the Cauchy-Kowalewski theorem, the representations of the solutions and using
a technique of analytic continuations in [HLT] (Proposition 7.1 in [HLT]), we see
that the domains of holomorphy Us ;(z),1 < j < 3, are Ds. This proves the
Proposition 1.1 for U; ;(z),1 < j < 3.
Next, we study U, j(z),1 <5< 3.
Consider a birational mapping from
{z' = (21,22, 23) € C?, 2, # 5,2, # 3,22 # z3} onto
{X'=(X1,X3,X3) € C*, X; #0,1,X, # 0} :
Xy = Xi1(2') = (21 — 23) /(21 — 72),
Xz = Xo(2') = (22 — z3) (21 — 23) /(21 — 23) = (22 — z3) X1 (z'),
X3 = X3(2') = (21 + 25 — z3) (22 — z3) (21 — r3)/(z1 — )
= (21 + 23 — 73) X2(2"),

and therefore we get

Xs X,
— I S s vt Cm—
I = 371(X) X, Xl,
X X,
m=nlX) =+ 5
X3 X, Xz

By this mapping, the Cauchy problems (1.2) is transformed to the following
Cauchy problems.

3
{Z Ai(X’)‘DXi}U&j(X) = 0’ [X = (XO?X')’ X' = (XI,X2aX3)]
1=0
with the initial data

A X3 X,

, e et— o— ——
U3,1(O’X )_ X2 Xl,

X3 X,

, ——————
U32(0 X) X2+1—X1’

, X X X
Us 5(0, X") = 2 2

TTox, Xy
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Uri(z) = Us j(z0, X'(z")), 1 < j < 3.
From this, it follows that

) _ Uss(X)  Usa(X)

Uz (X) = Us 2(X) B Usy(X)’

o Usa(X) | Usa(X)

Usa2(X) = Usa(X)  1-Usi(X)’

(73;3(X) = Us3(X) Us2(X) Uaa(X)

Usa(X)  1- Usy(X)  Usa(X)

Set & = {z = (z0,2') € C*, 2’ = (21, 22,23), &1 # T2, T2 F T3,%3 7 T1, Xo =
o, (Xo, X'(2')) € Ds}, then U, ;(z),1 < j < 3, are holomorphic on &;.

Denote by D, = (Z’T)M the interior of the closure &; of &. We obtain then
D \ {zr = 21,1 <k <1< 3} = &. On the other hand, by the Cauchy-Kowalewski
theorem, U, ;(z),1 < j < 3, are holomorphic in a neighborhood of
SN{zy = z;,1 <k <1 <3}. Therefore by Hartogs’s theorem, Uy ;(z),1 < j <3,
are holomorphic on D;. We can easily see that the domain of holomorphy of
Uy ,;(z),1 <5 <3,is D;. D, is a schlicht domain and it has an exterior point in
C*. This proves the Proposition 1.1 for Uy ;(z),1 < 3 < 3.

Finally we study the problems (1.4).

Consider the mapping of C* onto C3:

) =z(X") = X1 + X2 + X,

1
Ty = zo(X') = ‘2‘(X1X2 + X X5 + X5X,),

3
I3 = .’L'3(X,) = §X1X2X3.

Let X;(z'),1 < j < 3, be the branches of the algebraic function defined by

2
3 — 272 4 2,7 — gwg =0,

at a point 2'® of {z' = (x,z,,z3) € C°,A(z’) # 0}, A(z’) being the discriminant
of this algebraic equation.

X;(z"),1 < j <3, are continued analytically to their Riemann surfaces R, that
is, the covering spase of the domain {z’ = (21,22, z3) € C*, A(z') # 0}.



X; =X;(&),% € R,,1<j <3, maps R, onto

{(X1,X2,X3) € C°, X, # X3, Xz # X3, X3 # X1}. By the mapping

zo = Xo,z; = z;(X’),1 < j < 3, the problems (1.4) are transformed to the
following problems

3
{Dx, + > Hi(X")Dx,}th ;(X)=0,1<35 <3,

i=1

with the initial conditions

Ur1(0, X') = X1 + X2 + Xs,

1
Ur2(0, X') = =(X1 X2 + X2 X5 + X3.X,),
2

3
u1,3(0, X') = §X1X2X3.

Then we have, in a neighborhood of a point (0, z"®)) of
{zo = 0,2' € C? A(z") # 0},

Us,i(z) = U j(20, X'(2)),1 < j < 3.

Therefore we obtain, in a neighborhood of the point (0, z'®),
3
Uza(z) = X U0, X'(2")),
Jj=1

Unal@) = 50 5 Usi(eo, X'(a)Uri(z0, X'()},

1<j<k<3

Uaa(z) = %Ul,l(xo,X'(x'))Ul,z(xo,X'(fc'))Ul,S(xo,X'(x'))-

Take an arbitray point z’ of {z’; A(z’) # 0} and a path v in {z’; A(z’) # 0} from
the fixed point z'® to z’. Continue analytically all (X;(z'), X;(z"), Xx(z")),
(1<1,5,k<3,i# 3,7 # k,k # 1), along v and define the following domain
& = {z;A(z") # 0, (20, Xi(2'), X;(2"), Xi(2")) € Dy,1 < 2,5,k < 3,
i # . # bk # i}

Denote by D, = (8_2)(°) the interior of the closure & of &. We get
D, \ {z'; A(z') = 0} = &,. For each point z of D, N {z'; A(z') = 0}, there exists
then a neighborhood W (z) in D, such that the functions U, ;,1 < 7 <3, are
holomorphic, uniform and bounded in W(z) \ {z'; A(z') = 0}, and therefore by
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holomorphic, uniform and bounded in W (z) \ {z'; A(z’) = 0}, and therefore by
virtue of the Riemann removable singularities theorem, they are holomorphic on
D,. Of course, as in U j,1 < j < 3, we can also show it, by using the
Cauchy-Kowalewski theorem and Hartogs’s theorem. We can easily see that the
domain of holomorphy of U, ;,1 < j < 3, are D,. D, is a schlicht domain and it
has an exterior point in C*.

This proves the Poposition 1.1 for U, ;,1 < j < 3.

The detailed proof of our results will be published elswhere.

References.

[AF] M. J. Ablowitz and A. S. Fokas, Complex Variables: Introduction and
Applications, Cambridge Texts in Applied Mathematics, Cambridge University
Press, 1997. '

[C] J. Chazy, Sur les équations différentielles du troisieme ordre et d’ordre
supérieur dont I'intégrale générale a ses points critiques fixes, Acta Math. 34
(1911), 317-385.

[GKL] L. Garding, T. Kotake et J. Leray, Uniformisation et développement
asymptotique de la solution du probleme de Cauchy linéaire a données
holomorphes; analogue avec la théorie des ondes asymptotiques et approchées,
Bull. Soc. Math. France 92 (1964). 263-361.

[G] R. C. Gunning, Introduction to Holomorphic Functions of Several Variables,
Vol. 1, Wadsworth & Brooks/Cole, 1991.

[HLT] Y. Hamada, J. Leray et A. Takeuchi, Prolongements analytiques de la
solution du probleme de Cauchy linéaire, J. Math. Pures Appl. 64 (1985), 257-319.
[H1] Y. Hamada, Une remarque sur le domaine d’existence de la solution du
probleme de Cauchy pour 'opérateur différentiel a coefficients des fonctions
entieres, Tohoku Math. J. 50 (1998), 133-138.

[H2] Y. Hamada, Une remarque sur le probleme de Cauchy pour ’opérateur
différentiel de partie principale a coefficients polynomiaux, Téhoku Math. J. 52
(2000), 79-94.

[Hi] E. Hille, Ordinary Differential Equations in the Complex Domain, John
Wiley,1976.

[L] J. Leray, Uniformisation de la solution du probléme linéaire analytique de
Cauchy pres de la variété qui porte les données de Cauchy (Probleme de Cauchy
I), Bull. Soc. Math. France 85 (1957) 389-429.



[N] T. Nishino, Theory of Functions of Several Complex Variables [Tahensu Kar
Ron] (in japanese), Univ. of Tokyo Press, 1996.

[P] J. Persson, On the local and global non-characteristic Cauchy problem whe;
the solutions are holomorphic functions or analytic functionals in the space
variables, Ark. Mat. 9 (1971), 171-180.

[PW] P. Pongérard et C. Wagschal, J. Probleme de Cauchy dans des espaces de
fonctions entires, J. Math. Pures Appl. 75 (1996), 409-418.

Yisaku HAMADA
61-36 Tatekura-cho, Shimogamo, Sakyo-Ku, Kyoto, 606-0806, Japan

138



